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The class of partial semi-hypergroups H = (H, 0) such that Vx e H, x 0 x = ¢ (i.e. with empty
diagonal) is introduced and studied. Their structure is determined when there exists a hyperproduct
x O y of maximum size |H| — 2 or |H| — 3. Finally all their tables are obtained, up to isomorphism,
when the size is less or equal to five.

1. Introduction

In this paper the author studies partial semi-hypergroups with empty diagonal
(briefly EDPS). A partial hypergroupoid H = (H, O) is said to be an EDPS if
the following two conditions are satisfied:

(M V(x,y,z)e H* (x0y) 0z =x0(yOz)

dI) Vxe H, x O x = ¢.

If H satisfies only the first condition, then it is called a partial
semi-hypergroup. ([3])

In Section 2, we prove some general properties of the partial semi-hypergroups.

In Section 3, we characterize completely the EDPS when there exists a hyper-
product x O y of maximum size |[H| — 2 and in some particular cases when there
exists a hyperproduct x O y of maximum size |H| — 3.

In Section 4, we use such characterizations to obtain, up to isomorphism, all
partial semi-hypergroups with empty diagonal and size less or equal to four. As
regards the size five, we find all the EDPS which are not groupoids. In this last
section the combinatorial aspect of the theory appears.

We remember that a partial hypergroupoid H = (H, O) has class o if there
exist exactly o pairs (x, y) € H* such that x O y + ¢. ([4], [5])

We shall write CI(H) to indicate the class of H.

We shall denote by Ny the following set
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Ny={xeH:x0x = ¢}

It is obvious that a partial hypergroupoid H = (H, O) is an EDPS if and only
if Ny = H.

In [6], the partial semi-hypergroups such that Ny = ¢ (i.e. with full diagonal)
have been studied and interesting relations with graph theory have been found.

2. First theorems

We begin with the following
Proposition 1. If H = (H, O) is a partial semi-hypergroup then
V(x,y)eN}, xOy=M+ ¢=[xOM=MOy=4¢]

Proof. Being {x,y} = Ny, weobtainx OM = x0(xOy) = (xOx)Oy = ¢
andMOy=(xOy)Oy:xO(yOy):qS' ]

As a consequence of the preceding proposition we can state two corollaries:
Corollary 2. If H = (H, O) is a partial semi-hypergroup then
V(x,y)e N}, xOy + ¢=[(y¢xOH)and (x ¢ HO y)]
Corollary 3. If H = (H, O) is a partial semi-hypergroup then
V(x,y)eNh xOyn{x,y}=¢

Proof. Suppose x O y # ¢. If, on the contrary, x € x O y, then by Prop. 1, we
should have x O y = ¢. Analogously yexOy=x0y=¢. B

We prove now the following result:
Proposition 4. If H = (H, O) is a partial semi-hypergroup then
V(x,y))eN}, x +y, xOy + ¢ =[VzexOy,(x¢yOz) and (y¢zOx)]

Proof. By Prop. 1, x Oz = z O y = ¢. Because of associativity, (y o) z) Oy=d¢,
whence X ¢y Oz Analogously starting from x O(zO x) = ¢, one obtains
yézox. N

Moreover we have that:
Proposition 5. If H = (H, O) is an EDPS then
Vx €Ny, 3(z,2)e(H — {x}} suchthat xOz =12 Ox = ¢.

Proof. If x O z % ¢ for every ze H — {x},then, due to Coroll. 3, we H — {x}
for every we x O z, and so x O w = ¢ by Prop. 1, a contradiction. W
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Corollary 6. If H = (H,O) is an EDPS and H has size n, then CI(H) <
(n* — 2n).

Proof. From Prop. 5 (since H is an EDPS), we see that at least n empty
hyperproducts will be out of the diagonal. W

3. Two particular cases

In what follows we shall assume H = (H, O) € EDPS and |H| = n. Moreover
we will indicate with M = x O y a hyperproduct of maximum size and with P the
set P=H — {M U {x,y}}. Obviously, by Coroll. 3, [M|<n —2 and |P| =

n — (M| + 2). In this paper we will study the cases when |[M|€ {n — 2,n — 3} or
when |P| e {0,1}.

We begin to consider the first case:
IM|=n—2; P=0;(n=3)
We have H =M v {x, y}; taking in account Prop. 1, we obtain:
VAeP(H), (x0OA=Mifyed) and (xOA=0if y¢A)
(Aoy=MifxeAd) and (AOy=0if x¢A).
From Coroll. 3 it follows:
yOM=yo(x0y)=(yox)oy=290
MOx=(x0y)Ox=x0(yox)=9.
Moreover, being x ¢ x O y O x, one obtains:
MOM=(x0y)0(x0y)=(x0y0ox)0y=0.

Finally, putting y O x = Q, with Q < M, we obtain always associative tables
which have the following final configuration:

(TAB. 3.1)

y | M
M| 0@
00
0|0

Zl<|x|O
S 0| S| ™

where Q < M.
In fact, one can verify easily that:

V(a,b,c)e H? (a0b)Ooc=a0(bOc)=0.
Moreover, it is evident that, up to isomorphism, one obtains (n — 1) tables as

many as the number of the subsets of M which are pairwise non-equipotent.
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We consider now the case:
M| =n — 3; |P|=1;(n24)

As usually, we put xOy = M and let P = {z}

It follows from Prop. 1 that:

Bl xoM=Moy=90

Moreover Coroll. 2 implies that:

(32) x¢ HOyand y¢ x O H.

By Coroll. 3 and (3.2) we obtain:

B3 x0z=M;zOy=cs M;xOH=HOy= M.

Therefore yOM =y O (xOy)=(yOx)OycHOy=M.ButyoM * M,
since otherwise Yue M, [ue yOM = yOu = ], and so y O M = ¢ whence,
being M + 0,

34) yOM c M.

In an analogous way, we can prove that:

(B4 MOx c M.

Moreover zOM =20 (x0y)=(z0x)0y < (H — {x,z})O y = 0 and then:

(B35 zoM = 0. ‘

In a similar manner, we have also:

35 Moz =4¢.

Furthermore, MOM = (x Oy)OM = xO(yOM) = xOM = §, and so

36) MOM = 0.

Finally:

37 yozc MandzOx = M.

In fact, if xeyOz, then M =x0y c(y0z)Oy=y0(zOy)syOM
but, for (3.4), this is absurd. Similarly, one shows the other inclusion.

Therefore we obtain the following table:

o) X y z M
x| 0 | M [sM]| 0
y 0 cM | M
z|sM|[ M| 0 0
M(cM| 0 0 0

In order to complete the table, we consider the following two cases:
(A) z¢yox; (B) zeyO x.

Case(A):z¢yOx.
In that case, we obtain:

yOM=MOx=0.



In fact if z¢ y O x, then, by Coroll. 3, yOx = M, whence (yOx)Oy <
Moy=0andso yo(xOy)=yOM = 0. Analogously, from yOx = M it
follows x O (y O x) = x O M = 0, and therefore (x O y) O x = M O x = §.

With regard to the hyperproducts x Oz, yO x, y O z,z O x, z O y, defining any
of them with an arbitrary subset of M, we obtain associative tables; in fact, since
V(a,b)e H,aO0b=0oraOb < M, it follows that (a Ob) Oc =a O (b O c) = §,
VY(a, b, c) € H*.

Case(B):zey O x.
Immediately from Prop. 1, it ensues:
yOz=2z0x=0.
Moreover,
x0z=x0(yOx)=(x0y)Ox=MOx <=M and
zOy: (yOx)Oy: yO(xOy)=yoM oM.
Therefore we can write

xO0z=MOxc M
zOy=yOMcM.

We point out that if |M| = 1 then n = 4 and putting M = {u}, it results at once
the following unique table:

(TAB. 3.2)

N ESEACH S e}

S| SN[ X
A=Y=V =V = ]
oSSl SN
A= R R =R =N

We test now the case |[M| = 2 (n = 5); we put M = {u,v}.
We can start from the following table:

o X y z u v
x| 0 M |[Mox| @ [)
y | z.. 0 0 cM | M
z 0 |yoM| 0 0 0
u| <M 0 0 ()} i}
v M 1) 0 0 0

where MOx c Mand yOM < M.



We prove now some results which are valid in general in the case (B), whatever
the size of M may be.
Reasoning as in Prop. 5 we can obtain the following.

Remark 7. (3teM:yOt =0)and (Ise M:s0 x = ().
Moreover, it results:

Lemma 8. (YeeyOM,xOx = @) and (YyeM Ox,y 0y = 0).

Proof. We have (yOx) 0z < (H — {x,y})Oz =0, hence ) = (yO0x) 0z =
yO(x0z)=y0O(MOx)=(yOM)O x, therefore Ve e yO M, 2 O x = 0.

Besides zO(yOx)czO(H—{x,)})=0=>0=z0(yOx)=(z0y)0x =
(yoM)ox=yo(MOx)=(VyeMOx,yOy = 0).

As an immediate consequence, we can state:

Corollary 9. (Vye M, yOx +0=y¢yOM) and (VoeM,yO0 + 0=
0¢EMO x).

Now we come back to the case n = 5.

In view of Rem. 7, up to isomorphism, we can assume

yov = 0.

As concernes the hyperproduct y O u, there are two possibilities:

B)you=0; By) you= {v}.

Taking in account Lemma 8, we have that y Ou = {v}= v O x = @), whence
rejecting the isomorphism, the following four cases remain:

(@) you=0,u0x =0v0x = 0,

B) you=0u0x={vhv0x =0

() you={huox=v0x = 0;

(0 you={vhuox = {vjpox=49.

Therefore, it is enough to consider

vOx=0.

Case (): yOu=u0Ox = 0.
It follows M Ox = yOM = (), whence x Oz = z O y = (). One obtains the
following two non-isomorphic tables:

@) X y z u v
x| 0 |uv| 0|0 |0
(TAB. 3.3) Z ; g g g 3
u |00 |00 |0
vio|o|o|o]0




A=A
s

(TAB. 34)

S| S

<l |(N|<|»|[O
N
£

A==V R =1 R =1 R

S S| S S| S| N
A= R=R=C A= A=l
A= R=SR=S RS R =1

Case (B): you =0;u0x = {v}.

We have xOz=MOx = {v}andzOy=y0O M = §.
Moreover u O x # § = u ¢ y O x and thus y O x € {{z},{z,v}}.
Therefore we obtain other two tables:

(TAB. 3.5)

<|le|nl<|>=]|0O
olalae|ln|sf x
aslae|laelel?

olelae|le/c|N
oslelale|el =
alolals|lal <

A= ]
S

(TAB. 3.6)

<|le|n|w|x|0O
SNEE

aolaelalaelT |«
slelelaelc|N
olelaelae|sl =
olelalels| <

Case (y): you = {vjuox=0.

It results yO M = {v}and M O x = () whence x Oz = P and zO y = {v}.

Furthermore y Ou + § = u¢ y O x = y 0 x € {{z}.{z,v}}.

Considering that if y O x = {z, v} then the resulting hypergroupoid is isomorphic to
the second one of the case (f8), we can conclude that this case leads to a unique table:

@) X z u A
x| 0 |luo|0 |00
(TAB. 3.7) Z ; 2 g ; g
u (0[O0 [0|0 |0
v, io|lolo|o]|0




Case (§): yOu=uox = {v}.

WehavezOy=yOoM = {v}andez =MOoOx = {v}
Moreover u ¢ y O x and thus y O x € {{z},{z,v}}.

In consequence one obtains tWo more tables:

O|x|yl|lz|[u]|v
x |0 |luv| v |0 ]0
y|lz|[0]|0]|v |0
(TAB. 3.8) ) 5 G100
ulv {0000
v io|o|lo|o]|0
oO|lx |y lz|u|lvV
x |0 |luv| v |00
ylzv| 0|0 |v |0
(TAB. 3.9) 210 ’ 01010
u o | 0|00 ]|0
v io|o|lo|lo]|o

Finally we can affirm that, up to isomorphism, there exist seven EDPS of size
five, such that |[M| =2 and ze y O x.

4. Isomorphism classes in the set of EDPS of size < 5

In this section, we will find, up to isomorphism, all the tables of partial
hypergroupoids with empty diagonal and size less or equal to five, except the
groupoids with five elements.

By Coroll. 3, the only table with two elements is the trivial table:

In case of size equal to 3, we come by the first case of section 3 (see (TAB. 3.1)),
and so we obtain the following three tables:
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N|<|>]| O
=R =t
I=IR=IR=E
oSS N
N|<|>®[O
A=SR=S =N
S| S| N |<
oSS N
N|<|>|O
ol n ||
oSN |«
ol olel N

Let now n = 4 and suppose H = {x,y, z, u}.
If M| =2 =n — 2, then we come again by the first case of section 3, and
therefore we get other three tables:

O|lx|ylz|u Olx|ylz|u Olx|y|z|u
X [0 |zul 0|0 X [0 |zu[ 0|0 X |0 |zuf 0|0
y|0]|0]|0]|0 ylz|[0[0]|0 y|zul 0 [0]|0
z|0]0|0]0 z|[0|0|0]0 z|[0[0[0]0
ul{0 |00 |0 ul|0|0|0]|0 ul0[0|0|(0

If IM| =1 =n — 3, then we come by the second case of section 3. Putting
x Oy = {u}and {z} = P = H — {x,y, u}, we have to consider two cases:

O {zf=yox;
Gp {z} £ yox.
In the case (j), we obtain at once the table just indicated as (TAB. 3.2).

If {z} + y O x, then we can refer to the case (A) of the preceding section, to
obtain tables of the following type:

Ooflx|ylz]u
x[0|u 0
y 0 0
z 6|0
ul|0|0|0|0

where everyone of the five undefined products can be equal to the empty set or to
the singleton {u}.

Therefore there exist 2° = 32 possible EDPS, which can be partitioned in six
equivalence classes in accordance with the number o = Cl(H)e {1,..., 6}. For
every o, we shall denote by £92, the set of such EDPS of class a which are
pairwise non-isomorphic.

It is immediate that in case of @ = 1, all the five hyperproducts are empty and so

EDPF| = 1.

We suppose now a = 2, for these five possibilities:
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Al | Ay | As | Ay | As
xO0z | u
yOx u
yOz u
zOXx u
zOy u

In the following we will identify the hypergroupoids among the letters in the top
row of the matrices which list the possible cases.
It results A, = A, and thus 622, = {A,, A,, As, As}. Therefore:

169D = 4.

Let now a = 3. There are ten hyperoperations:

B, | Bo | By | B4 | Bs | B¢ [ B | B | By | Byg
xOz u u u u

yOox | u u|uj|u

yOz u u u | u
zOXx u u u
zOy u u u

It results B; =~ B; and B, =~ B, by the permutation (yz); B; = Bs and Bs =~ B,
by the permutation (xy); Bs = B, by the permutation (xyz); and finally B, =~ By,
by the permutation (xzy). In conclusion, §22%; = {B,, B,, Bs, Bg} and

69PF) = 4.

If o = 4, then we have again ten hyperoperations:

CL|G |G |G |G |G |G |G |G |G
xOz u u u u u u

yOox | u u u u u u
yOz u u u

zOXx u u u u u u
zOy u u u u

We obtain that C; =~ C¢ and C; =~ C, by the permutation (yz); C, = Cy
and C; =~ C; by the permutation (xy); Cs =~ C, and C; =~ C,, by the permutation
(xz).
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Therefore §22%, = {C, C,, C;, Cs} and
EDPS) = 4.

If « = 5 then we have to consider five hyperoperations:

D, | D, | Dy | D, | D;s
xOz u u
yOx u u
yOz u u
zOXx u u
zOy u u

It results D, =~ D, by (xy); D, = D; by (yz); D, = D, by (xzy); D, = Ds by
(xyz).
Then 225 = {D,} and
|EDPSF| = 1.
Obvisously if @ = 6 then there is an unique hyperoperation, whence
|EDPSF| = 1.

Considering also the trivial hyperoperation where every hyperproduct is empty,
we infer that there exist 20 partial hypergroupoids with empty diagonal and
size equal to four.

In conclusion we will study the hypergroupoids of size five.

We put H = {x,, z, u, v}.

If M| =n — 2 = 3 then P = () and we obtain at once four tables:

olx y z|u|v

x| 0 |zuv |0 |00

0 |[0(0|0

(T4B. 4.1) | % CILEE
ul|0 0 )

viog| 0 [0(0]0

where Q € {0,{z}.{z,u}, {z,u, v}}.

Let now |M| =n — 3 = 2; |P| = 1. As usually, we put xOy = M = {u,v}
and P = {z}.

If z e y O x, then one obtains seven hypergroupoids ((TAB. 3.3), ..., (TAB. 3.9))
as we have verified just in the preceding section.

If z ¢ y O x, then we can start from this partial configuration:
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o |x y zZ|u|v
x| 0| uv 00
y 9 0|0
(TAB. 4.2) - BRI
ul0| 0 (0|00
vio| 0 |[0[0]0
where the missing cells can be filled with subsets of M = {u,v}.

Since there are four subsets of M:

0, {u}.{v}.{u,v}

we have to examine 4° hyperoperations.
We can classify the corresponding hypergroupoids according to the number y of
the cells which contain hyperproducts of maximum size two (that is equal to M).

We have:
ye{l,..., 6}.

For every 7, we shall denote by §22%, the set of distinct (i.e. up to
isomorphism) EDPS, such that there are exactly y cells filled with M.
If y = 6 then immediately one obtains the following unique table:

ol x y z |ulv
X uv | uv | 0|0
y | u 0 |uv |00
z | wv | wv O |00
u| 0 0 0 |0]|0
v| 0 )} o |0]0
hence
EDPS) = 1.

If y = 5 then we have to complete (TAB. 4.2) with four hyperproducts equal to
M, while the remaining cell can be defined, up to isomorphism, with §) or with the
singleton {u}

This is the list of all the possibilities:

A | A | Az | As | As | As | A7 | As | Ay | Ay
xO0z |u,v|uv|iguv iguviguv|iyv|uviuv| 0 | u
yox (w,viuwv|inv|uv|inuv|ieuv| @ | u [uv|uv
yoz |uv|iuviguv|iuv| 0 | u [uv|uv gV gy

zOx (u,v|uv| 0 u [g,wviwvigyviwviuviuyv

zOy 0 u [wv|iwv|iyviyuviguvigv|iuyv|uv
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For each (i, j) woth i, j odd numbers, the hypergroupoids A4;, 4; are isomorphic
(in fact, supposing that aOb =0 in 4, and cOd = @ in A;, are the empty
hyperproducts in the above list, the permutation (ac) (bd) yields an isomorphism).
The same thing occurs when (i,j) is a pair of even numbers (in this case
the isomorphism is given by the permutation which turns the singleton {u} to
itself).

Therefore £9P%; = {4, A,} and

|EDPS| = 2.

If y = 4, then there are, up to isomorphism, four possible types of tables. We
list these tables, failing to write the rows and the columns of the elements u, v
which don’t contain any element.

olx|y|z olx|y|z
rveeqy S AIMIML pp g |20 MM
y [ M|0 M) y M| 0 ’
z 0 z |M 0
O|x |y |z O|lx |y |z
TYPE (III) |~ 0 MM . TYPE (IV) |~ 0 MM
y (M| 0 ’ y 0 [M/|
z M| 0O z M| 0

Rejecting the isomorphisms induced by the permutation (uv), the remaining cells
can be filled in five different ways, according to the below list, where the cells are
in the lexicographical order:

M| |@ |G
First cell 0 u u 0 u
Second cell | @ u v u 0

As regards the types (I), (IT), (IV), it follows (4) = (5), respectively by the
permutations (xy), (yz), (yz). The type (III) gives always non-isomorphic hyper-
groupoids.

Therefore |§PP%| = 3 -4 + 5; that is:

622, = 11.

If y = 3, then we can start from the following four types of tables:
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olx[y]z olx|y]|z
) x| 0| MM | x |0 [MM
TYPE (I') v M0 ; TYPE (I1I') y 3 M ;
z 0 z 0
O|lx |y |z O|x |y |z
x| 0 M Sl x|0 M
TYPE (Il |yt 1 TYPE V) | el
z |M 0 z | M 0

Using again the lexicographical order, the remaining three cells can asssume, up
to the isomorphism induced by the permutation (uv), the following hyperproducts:

1)) {3 [@)|(5)[(6)|(7) [(8) (99| (107) | (117) [(12) |(13") [(14')
First cell O[O0 ul|0|0|ul|lul|u u u u v
Secondcelll [ O |u |[O|u|u |00 |u| vV u u v u
Thirdcell | @ |u |0 |QO|lu|viua|lo]|0] 0 u v u u
CI(H) 3141414 ]|5|5]5]5]5 5 6 6 6 6

As regards the type (I'), we observe that any isomorphism f between hyper-
groupoids of this type is such that

J(xoy)=f(M)=f(x)o () M
S0 fle) = f)ofx) =

Therefore necessarily Vo€ {x,,z}, f(«) = «, and so all the fourteen hyper-
groupoids are pairwise non-isomorphic.

A similar reasoning works also for the types (II'), (IIT').

The type (IV’) gives rise to the following six hypergroupoids that are pairwise

non-isomorphic:
(1), @) (5, (6), (11'), (12).
Consequently [§22% = 3-14 + 6 = 48:
|EDPS| = 48.

Let now y = 2. In this case there are, up to isomorphism, four possible types of tables:

O|x |y |z O|XxX |y |z
TYPE (I") |— O MM ypp arry = 0 |M

y 0 ’ y (M| 0

z 0 z 0

16



TYPE (III")

y
M
0

M

N|[<|>]|O
=

()

; TYPE (IV")

y
0 |M
0

N|<|[»=]| O

M|

After rejecting the isomorphisms induced by the permutation (uv), the remaining
four cells can assume the following fortyone hyperproducts:

A" 1@ 13" @) |6 [(T7) ][ |(107)
First cell O (O | 0] 0| ul| 0|0 ][00 |u
Second cell O |00 | ul| 0|00 u|ul60
Third cell 0|0 | ul|lOd]0|ululod]|0]0o
Fourth cell O |l u | 0|00 |u|Vv |6 u|vVv]|u
CI(H) 2 3 3 3 3 4 4 4 4 4
(117 {(12")[(137)|(14") [(15")|(16")|(17"){(18") [(19"){(20")
u [ O] 0l ululululo]o]0
0 u 0 0 u v u u u
O lu | v iu|v ][0 |0|[u]|u]|yvV
v iOo[{0o[{0]|0][0]|0|u]|V|u
4 4 4 4 4 4 4 5 5 5
(217)](227)|(23")|(24")|(25") [(26") [(27") |(28") |(29")|(30")
0 u u u v u u u v u
v io|o|o]0luljul|lv|u]|nu
u |lu|u v ]|u|[0 0|00 ]|u
u | u|v|ul]ulu v |ulu 1]
5 5 5 5 5 5 5 5 5 5
(31") (32")1(33")[(34")|(35")|(36") [(37")|(38")|(39") [(40") |(41")
u|lu{v | u|lu|lu|lu|[Vv |[u]u]mu
u | v iu|lu|lu|lu|v]|]u|u]|v]|yv
viuwu|u|lu|lu]|v]|]u|lu|[v]|]u]yv
{010 |u|lv | iulufulv]|v]u
5 5 5 6 6 6 6 6 6 6 6

We have that an isomorphism f between hypergroupoids of type (I") has to

satisfy the conditions
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f@of)=fx)oflz)=M

whence it must be f(x) = x and {f(y), f(2)} = {y, z}. Therefore if fy,,,.) is not the
identity, then it must coincide with the permutation (yz) and turns the first cell (y © x)
into the third cell (z O x), the second cell (y O z) into the fourth cell (z O y), the third
cell (z O x) into the first cell (y O x), the fourth cell (z O ) into the second cell (y O z).

Consequently, it is easy to verify that in case of hypergroupoids of type (1),
only 25 of the 41 hyperoperations are left:

(1) @) (3 (6 (7). (') (). (1) (13, (14°), (15"), (18°). (19",
(20°), (21"), (227), (23"), (24"), (25"), (34"), (35"), (36"), (39"), (40", (41").
As regards the type (II”), reasoning as in the precading case, we obtain that only

the permutation (xy) can give rise to isomorphisms. Therefore, one can verify that
in this case, the following 25 distinct hyperoperations remain:

(1) @) (4, (67, (7) () () (1) (13, (16°), (17") (187), (19",
(207),(21"), (26"), (27"), (28”), (29"), (34"), (35"), (37"), (39"), (40"), (41").
We come to the type (III”). This time the isomorphism must satisfy the conditions:

feof(y) =)o flz) =M
whence {f(x), /(y)} = {x,y}and {f(y), f(2)} = {y,z}. It follows that f i, is the
identity.
Consequently the type (III") gives rise to 41 hypergroupoids, pairwise non-isomorphic.
With regard to the type (IV”), the isomorphisms f are such that:
f)ofy) = fl)of(y) = M.

Hence {f(x), f(z)} = {x,z} and f(y) = y. That is, if f)y,,.; is not the identity,
then fj,, ., = (xz). Therefore, after verifying, one obtains other 25 hypergroupoids
of type (IV"):

(1) (2, () (6. (7) (), ) (10°), (1), (12°), (13°), (187), (19°)

(20”), (217), (227), (23"), (24"), (25"), (34"), (35"), (36"), (39"), (40”), (417).
Finally, we have that |[§922%| = 3- 25 + 41 = 116:
|EDPS| = 116.

We deal now with the case y = 1. Up to isomorphism, we can assume that the
hypergroupoids have the following table:

Ol x|y
0 |M
0

X
y
z

18



If f is an isomorphism between hypergroupoids of this type, then:

fx)ofly) =

whence necessarily f|,, ; is the identity. After rejecting the isomorphisms (uv),
for every « = CI(H) € {2,..., 6}, we obtain a number of distinct hyperoperations
equal to 272+ (,° l) whence |é°@9y1| =14 Y5,[227% (,2))] = 122:

6925 = 122.

We can resume all the results of this section in the following table:

|H| = |H =3 | |[H =4 | |H =

M| =0 1 1 1 1

M| =1 2 16 ?

M| = 2 3 306

M| = 3 4
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