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Abstract

The object of the present paper is to study decomposable almost
pseudo conharmonically symmetric manifolds.
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1 Introduction

Let (M™, g) be a Riemannian manifold of dimension n, (n > 3). It is well know
that the conformal transformations of (M™, g) do not change the angle between
two vectors at a point. But a harmonic function, which is defined by a vanishing
Laplacian, is not transformed into a harmonic function by the conformal trans-
formation in general. The condition under which a harmonic function remains
invariant was studied by Ishii [11] who introduced the conharmonic transforma-
tion as a subgroup of conformal transformation satisfying a special differential
equation and defined the conharmonic curvature tensor a geometrical invariant
under conharmonic transformation.

The conharmonic curvature K of type (0,4) of a Riemannian manifold
(M™,g) (n > 3) is given by [11].

K(Y,Z,UV) = RY, Z,U,V) - — [S(Z,0)4(Y,V) ~ SV, U)g(Z,V)
SV, V)g(Z,U) = S(Z,V)g(Y,U) M

where S is the Ricci tensor of the manifold of type (0,2). In [17] Shaikh and
Hui found out that the conharmonic curvature K satisfies all the symmetries
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properties of the Riemannian curvature tensor R. The conharmonic tensor K
has many applications in physical field. Abdussattar [1] showed its phsical
significance in general relativity. This tensor has also been studied by Siddiqui
and Ahsan [18], Ghosh, De and Taleshian [10] and many others.

A non-flat Riemannian manifold (M™,g) (n > 2) is called an almost pseudo
symmetric manifold whose curvature tensor R of type (0,4) satisfies the condi-
tion [6]

(VxR)(Y,Z,U,V) = [A(X) + B(X)]R(Y, Z,U,V)
+ A(Y)R(X,Z,U, V) + A(Z)R(Y, X,U,V)
AR, Z, X, V) + AV)R(Y, Z,U, X)  (2)

where A and B are nowhere vanishing 1-forms such that
A(X) =g(X,p) and B(X)=g(X,Q) 3)

for all X and p and @ are the vector fields associated with the 1-forms A
and B, respectively. An n-dimensional almost pseudo symmetric manifold has
been denoted by A(PS),. If A = B in (2), then the manifold reduces to a
pseudo symmetric manifold (PS),, introduced by Chaki [3]. It is pointed out
that the notion of pseudo symmetry in the sense of Chaki [3] is different from
that of Deszcz [8]. Pseudo symmetric spaces, generalized symmetric spaces,
were also studied by Mikes [13, 14]. It is to be noted that the almost pseudo
symmetric manifold is not a praticular case of a weakly symmetric manifold
(WS),, introduced by Tamassy and Binh [20].

The notion of locally symmetric manifolds has been weakened by many au-
thors in several ways to a different extent such as conformally symmetric man-
ifolds by Chaki and Gupta [4], recurrent manifolds introduced by Walker [21],
conformally recurrent manifolds by Adati and Miyazawa [2], projective sym-
metric manifolds by Soos [19], projective-symmetric and projectively recurrent
affinely connected spaces by Mikes [12], pseudo conformally symmetric spaces
by De and Biswas [5], almost pseudo conformally symmetric manifolds by De
and Gazi [7], weakly conharmonically symmetric manifolds by Shaikh and Hui
[17], etc.

The present paper is concerned with a non-conharmonic flat Riemannian
manifold (M™,g) (n > 3) whose conharmonic curvature tensor K satisfies the
condition

(VxK)(Y,Z,U,V) = [AX)+ B(X)| K(Y, Z,U,V)
+ AY)K(X,Z,U, V) + A(Z)K(Y, X,U,V)
+ AWK, Z, X, V)+ AV)K(Y, Z,U,X) (4)

where A and B have the meaning already stated. Such a manifold will be called
an almost pseudo conharmonic symmetric manifold and denoted by A(PCHS),,.
Since the conformal curvature tensor vanishes identically for n = 3, we assume
the condition n > 3 throughout the paper.
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The paper is organized as follows: In Section 2, it deals with an A(PCHS),,.
In Section 3, it is concerned with a decomposable A(PCHS), and exactly
defined each decomposition of an A(PCHS),,. In Section 4, it is shown that the
integral curves of the unit torse-forming vector field p in an Einstein A(PCHS),,
are geodesics. Hence it is also found that the vector field @ is the torse-forming
vector field and its the integral curves are geodesics. Finally in Section 5, it is
given non-trivial two examples of a decomposable A(PCHS),,.

2  A(PCHS),

L denotes the symmetric endomorphism of the tangent space at each point of
the manifold corresponding to the Ricci tensor S of type (0,2), that is

9(LX,Y) = S(X,Y) ()

Let {e;}, (1 <i < n) be an orthonormal basis of the tangent space at any
point of the manifold. From (1), we have

n

F(Z,0) =Y K(Zeie,U) =Y K(ei, Z,U,e;) = —ﬁg(Z, U)

i=1 i=1
n (6)

n

> K(ej eV, Z) =Y K(Y,Zeie;) =0

i=1 i=1

where r is the scalar curvature of the manifold.
From (4) and (6), it follows that

(VxF)(2,U) = —LQ{[A(XHB(X)]Q(Z,U)
A(2)9(X,U) + A(U)g(Z, X)}
A(R(X, 2)U )—m{s( U)A(X) = S(X,U)A(2)
A(LX )( U) - A(LZ)g(X,U)}
A(R(X,U)Z )—n—{S( Z)A(X) - S(X, Z2)A(U)
(LX)( Z) = A(LU)g(X, Z)} (7)

putting Z = U = ¢; in (7) and taking summation over 4, (1 < i < n), it follows

from (6) that
erzr{<n+4> A(X)+B(X)} (8)

n

Hence we can state the following:

Theorem 1 The scalar curvature r of an A(PCHS),, is satisfied the following
relation:

err{("+4) A(X)+B(X)} for all X 9)

n
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We now suppose that an A(PCHS),, of non-zero constant scalar curvature.
Then, from (9) and r # 0, we get

(" + 4) A(X)+ B(X)=0 forall X (10)

n
Thus we can state the following;:

Theorem 2 The two associated 1-forms in an A(PCHS), of non-zero con-
stant scalar curvature are linearly dependent.

3 The torse-forming vector field p

We consider an A(PCHS),, defined by (4) which is an Einstein manifold. Then
its Ricci tensor S satisfies

S(2.U) = ~9(2,U) (1)
It follows that
dr(Z)=0 and (VxS)(Z,U)=0 (12)
We suppose that p is a unit torse-forming vector [22] defined by

Vxp=AX+w(X)p (13)

where ) is a non-zero scalar and w is a non-zero 1-form, called the scalar and
1-form of the vector field p, respectively. Some properties of torse forming vector
fields in Riemannian spaces have been studied by Rachunek and Mikes [15] and
various mathematicians.

Now, due to (12), we get

(VxS)(Z,p)=0 (14)
Remembering that (VxS) (Z,p) = VxS(Z,p) — S(VxZ,p)—S(Z,Vxp) and
using (3) and (11), we have

-
~(VxA4)(2) = 5(2,Vxp) =0 (15)
Substituting (13) in (15) and using (11), we obtain

% (VxA)(Z) = AS (Z,X) — %w(X)A(Z) =0 (16)
Putting Z = p in (16) and remembering that p is a unit vector, thus the equation
(16) takes the form

(VxA) (p) = AM(X) + w(X) (17)

Since p is a unit vector, we get

(VxA)(p) = —A(Vxp) (18)
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From (13) and (18), it follows that
(VxA4) (p) = —AA(X) — w(X) (19)
From (17) and (19), we get w(X) = —AA(X). It means that
A= —w(p) (20)
Substituting (20) in (13), we obtain
Vxp=-w(p)X +w(X)p (21)
Hence it follows that V,p = 0. Therefore we can state the following:

Theorem 3 If in an Einstein A(PCHS),, the vector field p is a unit torse-
forming vector field, then the integral curves of the vector p are geodesics.

Remembering that an Einstein manifold is a constant scalar curvature, so
from Theorem 2, two associated 1-forms in an Einstein A(PC H S),, whose scalar
curvature is non-zero are linearly dependent. Also, it follows from (3) and (10)

that
p:_<ni4>Q (22)

In virtue of (21) and (22), the vector field @ is also a torse-forming vector
field. Thus, from Theorem 3, the integral curves of the vector field ) are also
geodesics.

4 Decomposable A(PCHS),

A Riemannian manifold (M™",g) is called decomposable if it can be expressed
as the product M? x My ™" for (2 < p < n — 2), namely, if coordinates can be
found so that its metric takes the form [16]

ds? = g;jda’da? = g,dada® + g;‘éﬂdaﬂ“daﬂﬂ (23)
where g, are functions of 1,22, ..., 2P and 9,5 are functions of Pt P2
" only: a,b,c, ... are taken to have range from 1 to p and «, 3,7, ... are taken

to have range from p + 1 to n. The two parts of (23) are the metrics of M}
(p >2) and My"? (n—p > 2) which are called the decomposable spaces of M™
[9].

In virtue of (23), it follows that

9ab = Tapr  Gap = gogr 90 =7, 9P =g"? gpp=9g"=0 (24)

Let (M™, g) now be a decomposable Riemannian manifold such that it is the
form: M™ = MY x M) (2 < p <n —2). Throughout the paper each object
denoted by a ‘bar’ is assumed to be from M; and each object denoted by a ‘star’
is assumed to be from M.
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Let X,Y,Z,U,V € x(M;) and X*,Y*, Z*, U*,V* € x(M3). In decompos-
able Rlemanman manlfold the follovvlng relatlons hold [23]:

=R(X,Y*,Z,U") = R(X,Y*, Z2*,U")
= (VxR)(Y,Z*,U,V*) = (VxR) (Y, Z2*,U,V*)

(X,Y); (25)

r=Tr+r"

We consider a decomposable A(PCHS),, , which is decomposable M? and
M3™" (2 <p<n-—2). Then, using (25), it follows from (1) that

K(X*Y,Z,U)=K(X,Y*, 2*,U*) =0
1

K(X"T.2,0%) = - [S(7, 2)g(X".U") + S, U0, )] )
from (4), on the manifold M; we have
(VxK)(Y,Z,U,V) = [AX)+ B(X)|K(Y,Z,U,V)
+ AY)K(X,Z,U,V)+ AZ)K(Y,X,U,V)
+ AU)K(Y,Z,X,V)+A(V)K(Y,Z,U,X) (27)
replacing X and X* in (27) and using (25) and (26), it follows that
[A(X*) + B(X*)| K(Y,Z,U,V) =0 (28)
Similarly, replasing Y and Y*, we have
AYNK(X,Z,U,V)=0 (29)
putting X = X* and U = U* in (27), we get
AYVYK(X*, Z, U V) + A(Z)K(Y,X*, U, V) + A(V)K(Y,Z,U*, X*) :( |
30

Similarly, putting Y = Y* and V = V* in (27), we obtain

[AX)+ B(X)|K(Y*,Z,U,V*) + A(Z)K(Y*,X,U,V*)
+ AOK(Y*, Z, X, V*)=0 (31)



On decomposable almost pseudo conharmonically symmetric manifolds 117

Setting X = X*,Y =Y* and V = V* in (27), we get

(VxK)(Y*, Z,U,V*) = [A(X*) + B(X"| K(Y*, Z,U,V*)
+AYNK(X*, Z,U,V*)
)

+AVHK(Y*,Z,T,X* (32)
In the similar way from (27), we have the following relations:
AZHK(Y, X, U V*) + AUNK(Y,Z*, X,V*)
+ A(VHK(Y,Z*,U*,X) =0 (33)
[AX)+B(X)| K(Y*,Z*,U*,V*) =0 (34)
AY)K(X*,Z*, U, V*)=0 (35)
(V- K) (Y, 27,U%,V*) = [A(X*) + B(X")] K(Y*, 2°,U%, V")
+ AYK(X*, Z*, U, V*)
A(ZHK (Y™, X*, U* V™)
AUNKY™, 27, X5, V7)
A(VHK(Y™*, Z*,U* X*) (36)

Thus from (28), (29), (34) and (35) we can state the following:

Theorem 4 Let an A(PCHS),, be a decomposable space such that M"™ = M¥ x
MJ™" (2 <p<n-—2). Then one of the decomposition is conharmonically flat
and on the other is A= B = 0.

Let us now deal with each decomposition individually. Let one of the de-
composition be conharmonically flat. Then we get

K(Y,Z,UV)=0 for Y,Z U,V € x(M)
Using (1), we obtain

R(Y.Z,U,V) =

[\

n —

+S(V.V)9(2.0) - S(Z.V)g(¥.0)]
contracting over Y and V, we get

S(Z.0) = ——4(Z.0) (37)

Hence we see that the manifold M, is an Einstein manifold. So it is of constant
curvature. - o
Again, taking the contraction over Z and U, we obtain

(n—2p)F=0 (38)

It implies that either 7 =0 or p = 3.
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Let us consider the other decomposition, that is, A = B = 0 on Ms. Then
from (32), we get o
(Vx«K)(Y*, Z,U,V*)=0

which implies that
(Vx:S) (Y, V") =0 (39)

Hence we see that the manifold My is Ricci-symmetric. By virtue of (36), it
follows that
(VX*K) (Y*,Z*7U*,V*) =0 (40)

From (1), we get

1
(VX*R) (Y*,Z*,U*,V*) = m{g(Y*,V*)VX*S(Z*,U*)
- 9(2*7 V*)VX*S(Y*7 U*)
+9(Z*,U")Vx-S(Y*,V*)
—g(Y*, UVx:S(Z*,V*)} (41)

Contracting over Y* and V*, we obtain
1
(Vx:8)(2",U") = » (Vx«r*) g(Z2*,U") (42)

Substituting (42) in (41), we have

(Vx-R) (Y*, 2*, U, V*) = ﬁ (V) {g(Y*, V)g(2*,U")

—g(Z*,V*)g(Y*,U")} (43)
Contracting in (42) over Z* and U*, we get
(Vx+r*)=0 (44)
From (43) and (44), it follows that
(Vx+R)(Y*,Z*,U*,V*) =0 (45)

Hence M is a locally symmetric manifold. Moreover, from (40), we can say
that Ms is a conharmonically symmetric manifold.

If it is repeated the above operations for (34) and (35), then it is obtained
similar results. Therefore we can all state the following:

Theorem 5 Let A(PCHS),, be a decomposable Riemannian manifold M"™ =
MY x My™? (2<p<n-—2). Then the following holds:

(i) If one of the decomposition is conharmonically flat, then it is of constant
curvature. Also, either its the scalar curvature vanishes or its dimension is
equal to half of that of M.

(ii) If 1-forms A and B vanish on the other, then both this decomposition is
Ricci-symmetric and locally symmetric, also it is conharmonically symmetric.
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Now, contracting in (30) over X* and U*, we get

AY){(n=p)S(Z, V) +19(Z,V)} = AZ) {(n—p)S(Y,V) +r*g(Y,V)} =0

(46)
Again contracting over Z and V, we obtain
v\ (p - 1) * — N
A(LY) = { (= p)r + 7’} A(Y) (47)
Repeating similar operation for (31), we have
0= [AX)+BX)|{(n—p)S(Z,U)+r*g(Z,U)}
+ A(Z){(n—p)S(X,U) +r*g(X,U)}
+ AU) {(n—p)S(Z,X)+1*9(Z,X)} (48)
and
AX){(n = p)T+ (p+2)r"} + B(X) {(n — )T + pr*} + 2(n — p) A(LX) =( :
49
From (47), it follows that
3A(X)+B(X)=0 (50)

Thus we can state the following.

Theorem 6 Let (M, g) be a decomposable Riemannian manifold, MY x M3 ™",
2<p<n-2). If M is an A(PCHS),, then the following relations are
satisfied

ALX) = { (p— ]19)) r* +r} AX) and 3AX)+B(X)=0
on M.
Contracting in (33) over Y, X and Z*,V*, respectively, we obtain
ALU™) = {r* + %%1)7} A(U™)
on Ms. Hence we can state the following.

Theorem 7 Let (M, g) be a decomposable Riemannian manifold, MY x M3 ™",
(2<p<n-2). If M is an A(PCHS),,, then the following relation is satisfied

Aot = {r+ L= Drd )

on Ms.
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5 Examples of a decomposable A(PCHS),

Example 1 Let M" = {(2',2% 2%, ...,2") € R": 0 < 2* < 1} be a manifold
endowed with the metric

ds® = g;;dz'da? = [(z4)% - 1] [(dz')? + (dz?)? + (da®)?] + Sapdz®dz®  (51)

where 4, is the Kronecker delta and each index runs over 1,2,...,n. Then the
only non-vanishing components of the Christoffel symbols and the curvature
tensors are

2
My, =1%==-—
14 24 347 3010
2
Fﬁ = ng = Fg:s = _5(954)1/3 (52)

2
Riyqn = Rogao = R3quz = —5(354)_2/3

and the components obtained by the symmetry properties.
In the metric considered, the covariant and contravariant components of the
metric are as follows
e
g1 =92 =gs3=(2*)*, gu=gs5=""=gnn=1

_4
gl=g2 =g = (a4)75, gd—gh—...—gmm_

(53)

Due to (52) and (53), the non-vanishing components of the Ricci tensor are
— _ _ 2 a2 _ 2 4y
S11= S = S33 = 9(33 )7, Saa = 3(33 ) (54)

From r = g% S;; = g*'S11 4+ g2 S22 + ¢*3S33 + - - - + ¢"" Sy, using (53) and (54),
we can be easly seen that the scalar curvature of (M™, g) is the following

r=—c(h) (55)
3
Therefore (M™, g) is of non-zero and non-constant scalar curvature.
Now let us calculate the conharmonic curvature tensor K. In virtue of (1),

we obtain that the only non-vanishing components of the conharmonic curvature
tensor K of (M™,g) are

4 2
Koo = K331 = Koszo = — (2%)°®
1221 1331 2332 9(n — 2) (CU )
2(n —6 -2
K441 = Koggo = K3g43 = 95” - 2; ( 4) ? (56)

Kpgep = 9 —2)
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and the components obtained by the symmetry properties. Hence (M™, g) is of
non-conharmonic flat. From (56), it can be easily shown that the only non-zero
terms of VK jm are

V4Ki921 = V4Ki331 = V4 K339 = ———

4(n—06 5

V4Ki441 = ViKoggo = V4 K3zg43 = 4n —6) (z*) 3 (57)
9(n—2

4 5

VK pqqp = _m (554)7 )

All other components of V; Ky, vanish identically. Thus our M™ with the con-
sidered metric ¢ in (51) is a Riemannian manifold with non-zero scalar curvature
which is neither conharmonically symmetric nor conharmonically flat.

If we consider the 1-forms

2
——47 fOI' Z = 4
A; =0 for all ¢ and B; = (z*) (58)

0, otherwise

then (4) reduces with these 1-forms to the following equations. It is sufficient
to check this equations in order to verify (4) in M™:

1. V4Ki901 = [A4 + By] Ki221 + A1 K21 + Ao K491 + A2 K241 + A1 K204
2. VyKi331 = [Ag + By] K331 + A1 Kuz31 + A3 K431 + As K341 + A1 K334
3. VuKi4a1 = [Ag + Ba] Kiaa1 + A1 Kyaa1 + AgK g + Ao Kyaa1 + A1 Kigaa
4. VaKpgqp = [As + Ba] Kpagp + ApKagap + AqKpagp + AgKpgap + ApKpgqa
As for the case other than (1)—(4), the components of K;xjm, and Vi K;gjm
vanish identically and the equation (4) holds trivially. It can be easly seen that

the relations (1)—(4) are satisfied. Thus (M™, g) is an A(PCHS),, with non-zero
scalar curvature and conharmonically recurrent. It can be stated the following;:

Theorem 8 Let M"™ = {(ml,xg,x?’, M) eERM:0<at < 1} be an open sub-
set of R™ equipped with the metric

ds? = g;jda'da? = [(334)% - 1] [(d2')? + (d2?)? + (d=®)?] + Sapda”da®

where dqp is the Kronecker delta and each index runs over 1,2,...,n. Then
(M™,g) is a conharmonically recurrent A(PCHS),, with non-zero and non-
constant scalar curvature which is neither conharmonically symmetric nor con-
harmonically flat.
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Example 2 Let M* be an open subset of R* equipped with the metric
oo 4
ds* = gijda‘da’ = (x*)® [(da')? + (dz?)? + (da®)?] + (dz?)? (59)

Then the only non-vanishing components of the Christoffel symbols and the
curvature tensors are in the form (52). In the metric considered, the covariant
and contravariant components of the metric are as follows

4
g1 =922 =gs3=(2*)*, gu=1

4
3

gl=g2=g8= (a3, gH=1

(60)

Due to (52) and (60), the non-vanishing components of the Ricci tensor are the
same as in (54). Therefore, by performing the same as calculation, we can easily
see that the scalar curvature of (M*,g) is r = —3(2*)72. That is, (M*, g) is of
non-zero and non-constant scalar curvature.

In virtue of (1) we obtain that the only non-vanishing components of the
conharmonic curvature tensor K of (M4, g) are

i

2 2
K221 = Ki331 = Kasze = 9 (z*)
2 (o1

2

K41 = Kogaz = K3qa3 = 9 (z*)®

and the components obtained by the symmetry properties. From (61), the only
non-zero terms of V; Ky, are

(62)

4 _1
ViK1201 = V4 Ki331 = V4 Ko332 = -3 (z*)®
4
VK441 = VaKogso = Vi K3443 = -3

All other components of V;K;pj,, vanish identically. Thus our M 4 with the

considered metric g in (59) is a Riemannian manifold with non-vanishing scalar

curvature which is neither conharmonically symmetric nor conharmonically flat.
if we consider the 1-forms

2 .
‘ ——, fori=4
A; =0 for all ¢ and B, = (z4)

0, otherwise

then (4) reduces with these 1-forms to the following equations. It is sufficient
to check this equations in order to verify (4) in M*:

1. VuKi991 = [A4 + Ba| K221 + A1 K01 + Ao Kia01 + A K241 + A1 K124
2. V4Ki331 = [A4 + Ba] K1331 + A1 Kazz1 + AsKia31 + AsKi341 + A1 K334
3. VuKiga1 = [As+ By] K1aa1 + A1 Kaaar + AsKiaa1 + Ao Kyaa1 + A1 K444



On decomposable almost pseudo conharmonically symmetric manifolds 123

As for the case other than (1)—(3), the components of each term Ky, and
V1K jm vanish identically and the equation (4) holds trivially. It can be easly
seen that the relations (1)—(3) are satisfied. Thus (M?*,g) is an A(PCHS),
with non-vanishing and non-constant scalar curvature and conharmonically re-
current. It can be stated the following:

Theorem 9 Let M* be an open subset of R* equipped with the metric
o 4
ds® = g;jda‘da? = (2*)® [(da")? + (dz?)? + (d2®)?] + (dz*)?

Then (M*,g) is a conharmonically recurrent A(PCHS), with non-vanishing
and non-constant scalar curvature which is neither conharmonically symmetric
nor conharmonically flat.

Let us denote the metric (59) by g and (M*,3) be a Riemannian manifold
in Example 2. Also, let (R"~%, ¢*) be an (n — 4)-dimensional Euclidean space
whose the metric ¢g* is a standard metric. Then we can say that (M",g) in the

Example 1 is a product manifold of (M*,g) and (R"~*, g*). Hence we can state
the following:

Theorem 10 Let (M™,g), (n > 4) be a Riemannian manifold equipped with
the metric given in (51). Then (M™,g) is a decomposable almost pseudo con-
harmonic symmetric manifold M™ = (M*,g) x (R"™%, ¢g*) whose the scalar
curvature is non-vanishing and non-constant and neither conharmonically flat
nor conharmonically symmetric but conharmonically recurrent.
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