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Abstract

In this paper, we prove the stability of Noor iteration considered in
Banach spaces by employing the notion of a general class of functions
introduced by Bosede and Rhoades [6]. We also establish similar result
on Ishikawa iteration as a special case. Our results improve and unify
some of the known stability results in literature.
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1 Introduction

Many stability results have been obtained by various authors using different
contractive definitions.

Let (E,d) be a complete metric space, T: E — F a selfmap of E; and
Fr={pe€ E:Tp=p} the set of fixed points of T in FE.

For example, Harder and Hicks [10] considered the following concept to
obtain various stability results:

Let {x,}52, C E be the sequence generated by an iteration procedure in-
volving the operator T, that is,

Tpt1 = f(T,z,), n=0,1,2,..., (1)

where xg € E is the initial approximation and f is some function. Suppose
{zn}52, converges to a fixed point p of T in E. Let {y,}5°, C F and set

€n :d(yn+17f(T7yn))7 n:071727"' (2)
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Then, the iteration procedure (1) is said to be T-stable or stable with respect to
T if lim,, 00 €, = 0 implies lim, o0 Yy, = P.
By observing that metric is induced by the norm, (2) becomes

en:”yn-‘rlif(T?yn)”? 77,:0,]_727...7 (3)

whenever E' is a normed linear space or a Banach space.
If in (1),
f(Taxn):Txny 71:07].,2,...7

then, we have the Picard iteration process. Also, if in (1),
f(Tzn) =1 —ap)zy, + Tz, n=01,2,...,

with {@,}52, a sequence of real numbers in [0, 1], then we have the Mann
iteration process.
For any zg € E, let {z,}52, be the Ishikawa iteration defined by

Tpte1 = (1 — ap)zy + apnTuy,

Up = (]- - 6n)xn + /BTLTITH (4)

where {a, }°2, and {8,}52, are sequences of real numbers in [0,1].
For arbitrary =g € E, let {x,,}22, be the Noor iteration defined by

Tpt1 = (1 — an)tn + @nTqn

T = (1 —yp)zn + T Ty, (5)

where {a, 1520, {Bn}o%, and {7y, }7%, are sequences of real numbers in [0, 1].

2 Preliminaries

Several researchers in literature including Rhoades [23] and Osilike [20] obtained
a lot of stability results for some iteration procedures using various contractive
definitions. For example, Osilike [20] considered the following contractive defi-
nition: there exist L > 0, a € [0, 1) such that for each z,y € E,

d(Tz,Ty) < Ld(z, Tx) + ad(z, y). (6)

Later, Imoru and Olatinwo [12] extended the results of Osilike [20] and
proved some stability results for Picard and Mann iteration processes using the
following contractive condition: there exist b € [0, 1) and a monotone increasing
function ¢: Rt — RT with p(0) = 0 such that for each z,y € E,

d(Tz, Ty) < p(d(xz, Tx)) + bd(z,y). (7)

Recently, Bosede and Rhoades [6] observed that the process of “generalizing”
(6) could continue ad infinitum. As a result of this observation, Bosede and
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Rhoades [6] introduced the notion of a general class of functions to prove the
stability of Picard and Mann iterations. (For Example, See Bosede and Rhoades
6]):

Our aim in this paper is to prove the stability of Noor iteration for a general
class of functions as well as establish similar result on Ishikawa iteration as a
special case.

We shall employ the following contractive definition: Let (E, ||.||) be a Ba-
nach space, T : E — E a selfmap of F, with a fixed point p such that for each
y € Eand 0 <a <1, we have

lp— Tyl <allp—yl. (8)

Remark 1 The contractive condition (8) is more general than those considered
by Imoru and Olatinwo [12], Osilike [20] and several others in the following
sense: By replacing L in (6) with more complicated expressions, the process
of “generalizing” (6) could continue ad infinitum. In this paper, we make an
obvious assumption implied by (6), and one which renders all generalizations of
the form (7) unnecessary.

Also, the condition “@(0) = 0” usually imposed by Imoru and Olatinwo
[12] in the contractive definition (7) is no longer necessary in our contraction
condition (8) and this is a further improvement to several known stability results
in literature.

In the sequel, we shall use the following Lemma which is contained in Berinde

[2].

Lemma 1 Let § be a real number satisfying 0 < 6 < 1, and {e,} a positive
sequence satisfying lim, o €, = 0. Then, for any positive sequence {u,} sat-
isfying

Up+41 S 6un + €n,

it follows that lim,, o uy, = 0.

3 Main results

Theorem 1 Let (E,|.||) be a Banach space, T: E — E a selfmap of E with a
fized point p, satisfying the contractive condition (8). For xg € E, let {x,}5%,
be the Noor iteration process defined by (5) converging to p, where {0},
{Bn}s2y and {v,}52, are sequences of real numbers in [0,1] such that

O<a<a, 0<B8<B, 0<~v<pB,, foralln. (9)
Then, Noor iteration process is T-stable.

Proof Suppose that {z,}>2, converges to p. Suppose also that {y,}52, C £
is an arbitrary sequence in E. Define

€n = Hyn+1 _<1_a’ﬂ)y’ﬂ_anTQ1’L||7 TL:0,17...,
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where ¢, = (]— - ﬂn)yn + BnT'ry, and 7y, = (]- - ’Yn)yn + Brn T Yn.
Assume that lim,,_,, €, = 0. Then, using the contractive condition (8) and
the triangle inequality, we shall prove that lim,, ., y, = p as follows:

yns1 =2l < NYns1 — (1 = an)yn — anTanl| + [[(1 = an)yn + anTgn — p|
= en + (1 = an)yn + nTqn — (1 — an) + )|
en + (1 = an)(Yn — p) + an(Tqn — p)|
€n + (1= an) lyn — pll + an [[Tgn — pl|
+ (1= an) |[yn — pll + an llp — Tqu||
+ (1= an) lyn — 2l + analp — gal|
+ (1= an) lyn — pll + anallgn — pll- (10)

IN

IN

For the estimate of ||g, — p|| in (10), we get

llgn —pll = (1 = Bn)yn + BnTrs — pll
= H(l - Bn>yn + BTy, — ((1 - ﬁn) + ﬁn)pll
= ”(1 - 5n)(yn _p) + Bn(TTn _p)”
(1= 82) [lyn = pll + B | Trn — p|
(1= Bn) llyn = pll + Ballp — Tra|
(1= Bn) [lyn — pll + Bnallp — ral
(1= B2) [lyn — pll + Bnarn — pll- (11)

Substitute (11) into (10) gives

IIA

IN

||yn+1 - pH <én+ (]- - (]- - a)an - O‘nﬂna) Hyn 7p|| +anﬂna2 ||Tn 7p|| . (12)
For ||r, — p|| in (12), we have

rn =2l = (1 = ¥)¥Yn + v Tyn — pll
H(l - 'Yn)yn + YT Yn — ((1 - 'Yn) + 'Yn)pll
= |1 = 7)Y — ) + W (Tyn — D)l
< (1 =9) lyn = pll + v 1Tyn — pl|
= (1 =) lyn — pll + 70 llp = Tynll
(1 =) [lyn — Il + mallp — yall
= (1 =Y +a) [lyn —pll- (13)

Substituting (13) into (12) and using (9), we get

IA

IN

lynsr =Pl < e+ (1= (1= @)an = anBua) lyn = pl
+ anﬁnGZ(l —Yn + 'Yna) ||yn - pH
= et (1= (1= @) = (1 = auBua — (1 = a)anBurna? ) v — o]

< (1-(1-aa—(1-a)apa— (1 - a)asya®)ly. —pll + e (14)
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Observe that

0< (1 —(1-a)a—(1—-a)afa—(1-— a)aﬁ’yaQ) < 1.

Therefore, taking the limit as n — oo of both sides of the inequality (14), and
using Lemma 1, we get lim,,_, ||yn — p|| = 0, that is,

lim y, = p.

n—oo

This completes the proof. O

Theorem 2 Let (E,|.||) be a Banach space, T: E — E a selfmap of E with a
fized point p, satisfying the contractive condition (8). For xg € E, let {x,}5%,
be the Ishikawa iteration process defined by (4) converging to p, where {a, 152
and {Bn 152 are sequences of real numbers in [0,1] such that

O<a<a, and 0< B < By, foralln. (15)
Then, Ishikawa iteration process is T-stable.

Proof Assume that {z,,}22, converges to p. Assume also that {y,}5>, C F
is an arbitrary sequence in E. Set

en = [Yn+1 — (1 — an)yn — aTuy ||, n=0,1,...,

where w, = (1 — B,)yn + BnTYn. Assume that lim,,_,, €, = 0. Then, we shall
prove that lim,, o ¥y, = p.
Using the contractive condition (8) and the triangle inequality, we have

[Yn+1 =Pl < |yn+1 — (1 — an)yn — anTuy||
+ (L = an)yn + anTun — pl|
en + [|(1 = @n)yn + anTuy, — (1 — ap) + an)p||
=& + (L — an)(yn — p) + an(Tun — p)|
€+ (1= an) lyn — pll + an [ Tur — p|
en + (1 —an) lyn — pll + an [[p — Tuy||
en + (1 —an) lyn — pll + anallp — ||
+ (1= an) [lyn — pll + anallun — pl|- (16)

IN

IN

We estimate ||u,, — p|| in (16) as follows:

”(1 - ﬂn)yn + BnTYn — p”
”(1 - ﬁn)yn + ﬁnTyn - ((1 - 671) =+ 6n)p”
||(1_ﬁn (yn )+5n Tyn_ )H

lun —pll =

IN

(1 = Bu) llyn — pll + Bn 1Tyn — pl|
(1= Ba) lyn = pll + Ballp — Tyul|
(1—
(1—

IN

ﬁn) ”yn _pH + ﬁna Hp - ynH
Bn + ﬁna) ||yn _p” . (17)
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Substituting (17) into (16) and using (15), we have

lyns1 =Pl < €+ (1= (1= )an = (1 = @)acnfn) lyn — P

< (1 —(l—aa—(1- a)aaﬂ) Iy — DIl + €n. (18)

Since
0< (1—(1—a)a—(1—a)aa5> <1,

then taking the limit as n — oo of both sides of (18), and using Lemma 1, we
have

lim |y, —pl =0,
n—oo
that is,
lim y, = p.
n—oo
This completes the proof. O
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