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Diagonals and discrete subsets of squares

DENNIS BURKE, VLADIMIR V. TKACHUK

Abstract. In 2008 Juhasz and Szentmikldssy established that for every compact space
X there exists a discrete D C X x X with |D| = d(X). We generalize this result in two
directions: the first one is to prove that the same holds for any Lindel6f ¥-space X and
hence X is d-separable. We give an example of a countably compact space X such that
X% is not d-separable.

On the other hand, we show that for any Lindel6f p-space X there exists a discrete
subset D C X x X such that A = {(z,z) : « € X} C D; in particular, the diagonal
A is a retract of D and the projection of D on the first coordinate is dense in X. As
a consequence, some properties that are not discretely reflexive in X become discretely
reflexive in X x X. In particular, if X is compact and D is Corson (Eberlein) compact for
any discrete D C X X X then X itself is Corson (Eberlein). Besides, a Lindelof p-space
X is zero-dimensional if and only if D is zero-dimensional for any discrete D C X x X.

Under CH, we give an example of a crowded countable space X such that every
discrete subset of X x X is closed. In particular, the diagonal of X cannot be contained
in the closure of a discrete subspace of X x X.

Keywords: diagonal, discrete subspaces, d-separable space, discrete reflexivity, Lindel6f
p-space, Lindelof X-space, finite powers, Corson compact spaces, Eberlein compact
spaces, countably compact spaces
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0. Introduction

A property P is called discretely reflexive if a space X has P whenever D
has P for any discrete D C X. Tkachuk established in [Tk1] that a space X is
compact if and only if the closure of every discrete subspace of X is compact, i.e.,
compactness is a discretely reflexive property. Alas, Tkachuk and Wilson proved
in [ATW] that quite a few cardinal functions are reflected by closures of discrete
subspaces. For example, a compact space X has countable character (tightness)
if and only if the closure of every discrete subspace of X has countable character
(or countable tightness respectively).

The paper [BT] provided some results on discrete reflexivity for countably
compact spaces generalizing the corresponding theorems of [ATW] established for
compact spaces. Such a generalization turned out to be possible for the case of
weight less or equal to wy. It was proved, in particular, that countable tightness
and countable character are discretely reflexive in countably compact spaces of
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weight less or equal to wy. It was also shown in [BT] that, at least, countable
compactness cannot be omitted in these results.

It turns out that some non-discretely reflexive properties improve their behavior
in X x X for an arbitrary X. It was proved in [BT] that for any countably compact
space X, if D is metrizable for any discrete D C X x X then X is metrizable
and hence compact. Another result from [BT] states that, for any topological
property P preserved by continuous maps, if X is compact and D has P for any
discrete D C X3 then X has P. It was asked in [BT] whether X3 could be
replaced with X2. We give a positive answer to this question developing an idea
of Juhdsz and Szentmikldssy in [JSz] where they proved that for every compact
space X, we can find a discrete D C X x X with |D| = d(X).

We show that for every Lindelof p-space X there exists a discrete D C X x X
such that A C D and therefore the projection of D onto the first coordinate is
dense in X; in particular, the set A is a retract of D. Here A = {(z,z) : 2 € X} is
the diagonal of the space X. As a consequence, if X is compact and D is Corson
(Eberlein) compact for any discrete D C X x X then X itself is Corson (Eberlein),
i.e., we give a positive answer to the corresponding questions from [BT]. The same
conclusion cannot be derived if the closures of discrete subsets of X are Eberlein
since there exist examples of compact spaces X which fail to be Corson while
D is second countable for any discrete D C X. Another property, which is not
discretely reflexive is zero-dimensionality. However, a Lindelof p-space X is zero-
dimensional if and only if D is zero-dimensional for any discrete D € X x X.

As a generalization of the mentioned result of Juhdsz and Szentmikléssy in
another direction, we establish that for any Lindelof ¥-space X we can find a
discrete set D C X x X such that |D| = d(X) and hence X% is d-separable. We
also give an example of a countably compact space X such that X« is not d-
separable. Another example constructed under CH shows that a countable space
X can be maximal while all discrete subspaces of X x X are closed. Therefore,
under CH, the diagonal of a countable space is not necessarily contained in the
closure of a discrete set.

1. Notation and terminology

All spaces under consideration are assumed to be Tychonoff. Given a space X,
the family 7(X) is its topology and 7%(X) = 7(X)\{@}. We denote by R the
real line with the natural topology, the set Q consists of the rational points of
R and N = w\{0}. The expression X ~ Y means that the spaces X and Y are
homeomorphic. A space X is Lindeldf p if it is a perfect preimage of a second
countable space. The space X is crowded if it has no isolated points. A crowded
space X is called mazimal if any strictly stronger (not necessarily Tychonoff)
topology on X has isolated points. The space X is ultradisconnected if any two
disjoint crowded subspaces of X have disjoint closures. We say that a space X is
w-bounded if A is compact for any countable A C X.
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Given a space X, a family A of subsets of X is a network modulo a cover C
of X if for every C' € C and U € 7(X) with C C U there exists N € A such
that C € N C U. A network of X modulo the cover {{z} : z € X} is called a
network in X. The spaces with a countable network are called cosmic. A space
X is Lindelof ¥ if it has a countable network modulo a compact cover of X.
Furthermore, nw(X) = min{|N| : N is a network in X}. The cardinal nw(X) is
called the network weight of X. Let s(X) = sup{|D| : D is a discrete subspace
of X}; the cardinal s(X) is called the spread of X.

The set Ax = {(z,2) : © € X} is called the diagonal of the space X; we denote
the diagonal of X by A if X is clear. Given a topological property P, we say that
a space X is discretely P if D has P for any discrete subspace D C X. A property
P is called discretely reflexive if a space X has P if and only if X is discretely P.

The rest of our terminology is standard and can be found in [En] and [Tk2].

2. Large discrete subspaces of squares

This work was inspired by a theorem of Juhasz and Szentmikléssy about exis-
tence of large discrete subsets in X x X for compact spaces X. Our purpose is to
show that the same result holds for Lindel6f -spaces and strengthen it for the
compact case.

2.1 Definition. If X is a space and U C 7%(X), we say that a set A C X is
dense in U if ANU # 0 for any U € U.

2.2 Lemma. Given a Lindel6f Y-space X, suppose that k is a cardinal and
U C 7(X) is a non-empty family of cozero subsets of X such that nw(U) > &
for any U € U. Consider the following conditions:
(a) |U| < &;
(b) |D| < k for any discrete set D C X x X;
(c) there exists a discrete set D C X x X dense in the family U = {U x U :
Ueuy}.

Then (a) implies (c) and (b) implies (c).

Proor: We will prove both implications simultaneously. If k < w then both (a)
and (b) imply that U is finite so (c) trivially holds. Therefore we can assume,
without loss of generality, that « is an infinite cardinal and hence each U € U
is infinite. Observe first that every U € U must be a Lindelof 3-space being an
Fy-subset of X. Choose an enumeration {Gq, : a < A} for a family U; if we prove
that (a)==(c) then A = k.

Take a point zg € Gp; pick any yg € Go\{xo} and let z9 = (g, y0). We can
find disjoint open sets Uy and Vj such that xg € Uy and yg € V). Proceeding by
induction let zg = (xp,y0) and assume that o < x and we have a set {z5: 8 < a}
and a family {Ug, Vg : B < a} C 7(X) with the following properties:

(1) 28 = (28,y8) € (X x X)\A for any 8 < a;
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2) z3 € Ug, yg € Vg and UﬁﬂVﬁz(Z)foreveryﬁ<a;
3) zg ¢ {zy 1y < B} forall <o

4) zg ¢ Hg = J{Uy x V4 : v < B} for each § < o;

5) {zy:7 < B}N(Gg x Gg) # 0 for any § < a.

Let Do = {25 : B < a}. If the set Dy is dense in U then we set D = D, and

stop the induction for both proofs. If D, is not dense in u , then the property (5)
shows that v = min{f : Do N (Gg x Gg) =0} > .

Suppose that the set (G x Gy)\A is contained in Ho = J{Ug x Vg : 8 < a},
Then the family H = {Ug NG, VgNGy : B < a} is Tr-separating in G. If k = w
then we obtain a finite Th-separating family on an infinite set which is impossible.
If K > w then it follows from [Gr, Corollary 7.10] that nw(Gy) < |H|-w < &
which is a contradiction.

Therefore (G x G)\A is not contained in H, and hence we can find distinct
points T, Yo € G such that zo = (Za,Ya) ¢ Ha. Choose disjoint open sets
Uq, Vo such that zo € Uy and yo € V. It is immediate that the conditions
(1)—(5) are still satisfied for all § < a.

If our inductive construction stops for some o < k then D is dense in U for both
proofs so assume that we have the set D = {zo : @ < }. If we prove (a)==(c)
then the set D is dense in Z/ by the property (5). If we prove that (b)==(c) then
(b) holds and hence D cannot be discrete.

Therefore it suffices to show that D, is discrete for any a < k. Fix any
B < a and observe that it follows from (3) that zg ¢ {2y : v < 3}. Besides, we
have the inclusion {zy : v > B} C (X x X)\(Ug x Vg) by the property (4) so
2g ¢ {2y : v > B} and hence the set Dy, is discrete. O

(
(
(
(

The following result generalizes Theorem 3 of [JSz].

2.3 Theorem. If X is a Lindelof Y-space then there exists a discrete subspace
D C X x X such that |D| > d(X).

ProoF: Call a non-empty open set U C X adequate if nw(U) = nw(V) for any
V € 7*(U). Every non-empty open subset of X contains a non-empty cozero set of
minimal network weight; it is evident that such a set will be adequate. Therefore
the family B of adequate cozero sets is a w-base of X. Let G be a maximal disjoint
subfamily of B; then |JG is dense in X and hence Y {d(G) : G € G} = d(X).

If we find a discrete set Dg C G X G such that |Dg| > d(G) for every G € G
then D = |J{Dg : G € G} C X x X will be a discrete subspace of X x X such
that |D| =Y {|Dqg|: G € G} > d(X).

So take any set G € G and observe that G is a Lindel6f Y-space because it
is an Fy-subset of X. Let k = nw(G). If there is a discrete Do C G x G with
|Dg| > & then there is nothing to prove because d(G) < nw(G) = k. If such a
set does not exist then we can apply the implication (b)==(c) of Lemma 2.2 for
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the family & = 7*(G) to see that there exists a discrete Dg C G x G such that
D¢ is dense in {U x U : U € U} and hence the projection of the set D¢g on the
first coordinate is dense in G so |D¢g| > d(G). O

2.4 Corollary. If X is a Lindeléf Y-space then X% is d-separable.
ProoF: Apply Theorem 2.3 and Theorem 6 of [JSz]. O

Recall that X is a Lindelof p-space if there exists a perfect map of X onto a
second countable space. Evidently, all compact spaces and all second countable
spaces are Lindelof p-spaces. The following theorem also generalizes Theorem 3
of the paper [JSz].

2.5 Theorem. For any Lindelof p-space X there exists a discrete D C X x X
such that Ax C D and hence p1(D) is dense in X. Here py(x,y) = x for any
(x,y) € X x X, i.e, p1: X x X — X is the projection onto the first coordinate.

PRrROOF: Call a non-empty open set U C X adequate if nw(U) = nw(V) for
any V € 7*(U). Every non-empty open subset of X contains a non-empty open
Fy-set of minimal network weight; it is evident that such a set will be adequate.
Therefore the family B of adequate open F,-sets is a w-base of X. Let G be a
maximal disjoint subfamily of B; then | J G is dense in X.

If we find a discrete set Dg C G' x G such that Ap, C Dg, for every G € G
then D = |J{D¢g : G € G} C X x X will be a discrete set such that Ax C D. So
take any G € G and observe that G is a Lindelof X-space because it is Lindelof p
being a cozero subset of a Lindel6f p-space. Besides, nw(G) < w(G) = nw(G) (see
Corollary 4.3 of [Ar]) so we can choose a m-base U in G with U] < k = nw(G).
The set G being adequate, we have nw(U) = k& > |U| for any U € U so we
can apply the implication (a)==(c) of Lemma 2.2 to conclude that there exists
a discrete Dg C G x G such that D¢ is dense in {U x U : U € U} and hence
ADG C EGf. (]

2.6 Corollary. Suppose that X is a Lindelof p-space and P is a closed-hereditary
topological property. If the closure of every discrete D C X x X has P then X
also has P.

PROOF: It suffices to observe that the diagonal A x of the space X is homeomor-
phic to X and apply Theorem 2.5. O

2.7 Corollary. Suppose that X is a Lindelof p-space and P is a topological
property preserved by quotient maps. If the closure of every discrete D C X x X
has P then X also has P.

PROOF: By Theorem 2.5 there exists a discrete D C X x X such that A C D.
The set A is a retract of X x X so it is also a retract of D. Finally observe that
A is homeomorphic to X and every retraction is a quotient map. ([
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2.8 Corollary. Given a cardinal k suppose that X is a Lindel6f p-space and P
is a property from the following list Mg = {character<k, weight<k, i-weight<,
pseudocharacter<k, tightness<k, k-monolithity}. If the closure of every discrete
subspace of X x X has P then X has P.

2.9 Corollary. Suppose that X is a Lindelof p-space and P is a property from the
following list M} = {Fréchet-Urysohn property, sequentiality, k-property, zero-
dimensionality, the covering dimension dim does not exceed n for some n € N}.
If the closure of every discrete subspace of X x X has P then X has P.

The following corollary answers Problems 4.8 and 4.9 from [BT].

2.10 Corollary. Suppose that X is a compact space and D is Corson (Eberlein)
compact for any discrete D C X x X. Then X is Corson (Eberlein) compact.

2.11 Example. Zero-dimensionality is not discretely reflexive even in compact
metrizable spaces.

Proor: If X = [0,1] C R then the closure of every discrete subset of X is nowhere
dense in X and hence zero-dimensional. However, X is not zero-dimensional. [J

We are going to show next that, at least, Theorem 2.5 cannot be proved for
Lindelof Y-spaces. We precede the corresponding example with two technical
lemmas.

2.12 Lemma. If Z is any space and A C Z is a countable metrizable crowded
subspace of Z then, for any a € A, we can find a crowded set B C A such that
a € B and B is nowhere dense in Z.

ProorF: It suffices to find a crowded B C A such that a € B and B is nowhere
dense in A. Using the fact that A ~ Q ~ Q x Q, it is easy to find a disjoint family
{An : n € w} of nowhere dense crowded subspaces of A such that A = J,,c, An.
There exists n € w with a € A, so we can take B = A,,.

2.13 Lemma. Suppose that Z is a second countable crowded space and D C
Z x Z is a discrete subspace of Z x Z. Then

(a) if x # y and (x,y) ¢ D then there exist disjoint nowhere dense crowded
sets P,QQ C Z such that (z,y) € P x Q C (Z x Z)\D;

(b) if x € Z and (x,x) ¢ D then there exists a nowhere dense crowded set
P C Z such that (x,x) € P x P C (Z x Z)\D.

PROOF: Take a metric d on the space Z which generates the topology of Z and
let d(a, A) = inf{d(a,b) : b € A} for any a € Z and A C Z. To prove (a) let
xg = x, yo = y and consider the sets Py = {xg} and Qg = {yo}. Proceeding by
induction, assume that n € w and we have finite sets P,... , P, and Qq,... ,Qn
with the following properties:

(6) P; C Piyq and Q; C Q441 for any i < n;
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7) P,NQ; =0 for any i < n;

8) (P, x Q;)ND =0 for any i < n;

9) if i < n and p € P; then there exists a point p’ € P;;q such that p’ # p
and d(p,p’) < 274

(10) if i < n and q € Q; then there exists a point ¢’ € Q;41 such that ¢’ # q

and d(q,¢) < 27

(
(
(

For any point p € P, the set {z € Z : (p,z) € D} is discrete and hence
nowhere dense in Z. Therefore the set H = {z € Z : (p,z) € D for some
p € Py} is the finite union of nowhere dense subsets of Z and therefore the set
E=Z\(HUP,UQy) is dense in Z. As a consequence, we can choose a finite set
Q' C E such that d(q,Q") < 27" for any q € Qp; let Qpi1 = Qn U Q'.

Analogously, the set H' = {z € Z : (z,q) € D for some q € Qp+1} is the finite
union of nowhere dense subsets of Z and therefore the set E' = Z\(H'UP,UQp+1)
is dense in Z. As a consequence, we can choose a finite set P/ C E’ such that
d(p, P') < 27" for any p € Py; let P11 = P, U P,

It is straightforward that the conditions (6)—(10) are still satisfied if we replace
n with n + 1 so our inductive procedure can be continued to construct families
{Pp : n € w} and {Qy : n € w} for which the properties (6)—(10) hold for all
n € w. Letting S = U,e, Pn and T = J,,c,, @n We obtain crowded sets such
that (z,y) € SxT C (Zx Z)\D. Use Lemma 2.12 to find nowhere dense crowded
sets P,Q C Z such that t € P C S and y € Q C T. This gives the promised sets
P and @ so (a) is proved.

To prove (b) make the evident changes in the above construction to obtain
a family {P, : n € w} satisfying the conditions (6), (8) and (9) for P; = Q;
for all ¢ < n. It is immediate that T = Unew P, is a crowded set such that
(x,2) € T xT C (Z x Z)\D. Finally, use Lemma 2.12 to find a nowhere dense
crowded set P C Z such that x € P C T'; this gives the promised set P. O

Recall that a space X is mazimal, if it is crowded but no strictly stronger (not
necessarily Tychonoff) topology on X is crowded.

2.14 Example. Under CH, there exists a maximal countable space X such that
every discrete subspace of X x X is closed.

PROOF: Let Y be the set Q and denote by 7p its usual topology of subspace of
R. We will also need the set L of all countably infinite limit ordinals. Let £ be
the family of all infinite subsets of Y and choose an enumeration {Eq : « € L} of
the family £.

It is easy to choose an enumeration {Dq : & € wi\L} of the family D of all
infinite subsets of Y x Y such that every D € D occurs wi-many times in the
family {Dg+n : « € L} for any n € N. Let {(zn,yn) : n € N} be a faithful
enumeration of the set Y x Y.
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We will inductively construct a collection {74 : @ < wi} of crowded regular
second countable topologies on Y with the following properties:
(11) if @ < B < wy then 74 C 75;
(12) if @ > 0 is a limit ordinal then 7 is the topology generated by (J{73 :
B <al;

(13) if « is a limit ordinal and both E, and Y\E, are crowded subsets of
(Y, 7q) then {Eq,Y\Eq} C Tat1;

(14) if n € N, a € L, the set D = Dy, is discrete in (Y, 7o4n) X (Y, Tatn)
and (n,yn) € D\D (the closure is taken in (Y, 7a4+n) X (Y, Ta+n)) then
there exist U,V € 7o qn+1 such that (zp,yn) €U x V C (Y x Y)\D.

We already have 19 so assume that 0 < § < w; and we have constructed a
topology 7o for each a < . If B is a limit ordinal then let 75 be the topology
generated by the family (J{7o : @ < S} as a base. This guarantees that the
property (12) will hold.

If 5 =a+1 for a limit ordinal « then look at the sets E, and Y\ E,. If one
of them is not crowded then we let 73 = 7. If they are both crowded then let 75
be the topology generated by the family 7o U {Eq} U{Y\Eq}. It is evident that
this guarantees that we will have the property (13).

Now, if B = a + n + 1 for some limit ordinal @ and n € N then consider
the set D = Dgyp and the point z = (zp,yn). If the set D is not discrete or
z ¢ D\D in (Y,Taqn) X (Y, Tatn) then let 73 = Tain. If the set D is discrete
and z € D\D in (Y, Ta4n) X (Y, Tatn) then we can use Lemma 2.13(b) if z,, = yp,
(or Lemma 2.13(a) if =5, # yp) to find a nowhere dense crowded set P (disjoint
nowhere dense crowded sets P and Q) such that z € P x P C (Y x Y)\D (or
z € PxQ C (Y xY)\D respectively) and let 75 be the topology generated
by Ta+n U {P} U {Y\P} as a subbase (or the topology generated by the family
Ta+n U{PTU{Q}IU{Y\(PUQR)} respectively). Clearly, this shows the property (14)
so we can construct the promised wi-sequence {Ta o< wl}.

Denote by 7 the topology generated by the family | J{7o : @ < wj} and consider
the space X = (Y, 7).

Suppose that A is a crowded subspace of X such that X\A is also crowded.
There is a limit ordinal @ > 0 such that A = Ey; it follows from the property (13)
that A € Tq+1 C 7 and X\ A € 7441 C 7 which shows that A is a clopen subset
of X, i.e., X is ultradisconnected.

Suppose that some discrete subset D of X x X is not closed in X x X and fix
a point z € D\D. There exists a countable family 2/ C 7 such that U witnesses
discreteness of the set D, i.e., for every d € D there are U,V € U such that
(UxV)NnD ={d}. Since B=|J{ra: @ < w1} is a base of 7, we can assume,
without loss of generality, that &/ C B and hence there exists v < wy such that
U C 7y and hence D is a discrete subset of (Y, 7) x (Y, 7q) for any o > . There
exist @« > v and n € N such that z = (zp,yn) and D = Dgyp. It follows from
(14) that there exist U,V € Toqn+1 such that z € U x V C (Y x Y)\D. The set
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U x V is also open in X x X so z ¢ D which is a contradiction.

Thus, every discrete subset of X x X is closed in X x X and therefore every
discrete subspace of X is closed in X. This together with ultradisconnectedness
of X implies that X is a maximal space (see Fact 1.15 and Theorem 2.2 of [vD]).
Since all discrete subsets of X x X are closed, there is no discrete D C X x X
such that Ay C D. O

2.15 Proposition. If X is a pseudocompact space with w(X) < wy then there
exists a discrete D C X x X such that |D| > d(X).

PROOF: There is nothing to prove if d(X) < w. So assume that d(X) = w; and
hence X has a left-separated subspace L with |L| = wi. If s(X x X) < w and
there is a right-separated R C X with |R| = w; then it is easy to see that L x R
has an uncountable discrete subspace which is a contradiction. Therefore X is
hereditarily Lindel6f and hence compact. So we can apply Theorem 3 of [JSz] to
conclude that s(X x X) > w; which is a contradiction. O

2.16 Corollary. If X is a pseudocompact space and w(X) < w; then the space
XY is d-separable.

PRrROOF: Apply Theorem 2.11 and Theorem 6 of [JSz]. O

We will show next that in some models of ZFC there exist countably compact
spaces X such that X“ is not d-separable. Since the proofs depend heavily on
the construction of certain special trees, let us recall some basic notions and facts
about trees.

A tree is a partially ordered set (5, <) such that for any s € S the set {t € S :
t < s} is well ordered by <. We write S instead of (9, <). A subset S’ C S is
called a subtree of the tree Sif {t € S :t < s} C S’ for any s € S’. A subset
C C S of a tree S is called a chain if s < s’ or s’ < s for any distinct s,s" € C.
A set A C S is an antichain if any distinct a,b € A are incomparable, i.e., neither
a < bnor b < aistrue. If S is a tree and s € S then ht(s) is the order type of
the well ordered set {t € S : t < s} and So = {s € S : ht(s) = a} for any ordinal
a. Given a tree S and an s € S'let Tg(s) = {t € S:s <t}

If Sisatree and {sp : n € w} C Sy for some «, let T = [[,{Ts(sn) :n € w} =
{f:w—8: f(w) C Sgfor some B and f(n) > s, for all n € w}. If f,g € T then
f<gif f(n) < g(n) for all n € w. The pair (T, <) is called the tree product of
the trees {T's(sp) : n € w}.

In this paper we will work with the tree wfw ={f: f is a function from « to
w1 for some ordinal @ < wa} and its subtrees with the order defined by f < g if
g extends f.

Recall that a subset C' C wo is closed unbounded if it is closed in the order
topology on we and cofinal in wy. A subset B C wsg is called stationary if it
intersects any closed unbounded subset of wy. Let w% ={a < wy: cf(la) = wr}.
The set-theoretic principle O(w%) says that for each o < wo there exists a set
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Aq C a such that for any A C wy the set {a € wd : ANa = Ay} is stationary. Tt
is well known that {>(w3) is consistent with CH and the usual axioms of ZFC. It
is not difficult to prove that O(w%) is equivalent to the following statement:

For an arbitrary set A of cardinality we and any a < ws there exists a function
fa : @ = A such that for any map f : wo — A the set {a € wd : fla = fo} is
stationary. The family {fq : @ < wa} is called the O(w%)—sequence for A.

2.17 Example. If we assume CH and {(wi) then there exists an w-bounded
(and hence countably compact) space X such that d(X) = we and s(X¥) < wy.
Therefore there is no discrete D C X x X with |D| = d(X) and X% is not
d-separable.

PROOF: It was proved in Theorem 4.19 of [DTTW] that under CH and <(wi)

there exists a tree S = [J{Sa : 0 < a < wa} C w2 with the following properties:

(15) So C wf and |So| = w1 for any « € [1,ws);

(16) the tree S has neither chains or antichains of cardinality wa;

(17) if 0 < a < f < wg and x € Sy then x has wi-many successors in Sg;

(18) if 0 < @ < wp and {zp : n € w} C Sq then the tree [[ {Ts(zpn) : n € w}
does not have antichains of cardinality wo.

Let 7 be the topology generated on S by the family
S={Ts(s):s€ Sat1, @ €wa} U{S\Ts(s) : s € Sqt1, @ € wa}

as a subbase. Clearly, for each & < wy and s € Su41 the set Tg(s) is clopen
in (S,7). It is an easy exercise to see that (S, 7) is a Tychonoff space. In what
follows we identify S with the topological space (S, 7) and the subsets of S with
the respective subspaces of (S,7). Let X = {z € (S : there is a countable
A, C S such that z € ZZ}. It is clear that X is w-bounded and hence countably
compact. Observe that, given a € [1,w2) and s € Sy, if we take any infinite
subset @ C Tg(s) N Sq+1 then the family {Tg(¢) : t € Q} is a local w-base of s
in S.

Claim. For any n € N, each discrete subset of X™ has cardinality at most wy.

PROOF OF THE CLAIM: We will proceed by induction on n. Let X© be a singleton
(the empty function) so it is clear that it has no big discrete subsets. Assume that
n € N and we proved our claim for all £ < n. For each i < nlet p; : X" = X
be the projection onto the i-th factor. The set A, = {x € X" : p;(x) = pj(x) for
some distinct i, 7 < n} is easily seen to be the finite union of subsets homeomorphic
to X* for some k < n so it suffices to show that s(X™\Ap) < wy.

Suppose that a set D C X™\A,, is discrete and |D| = wy. For every point
d = (do,...,dp—1) € D we can find a disjoint family {Ug7 . ,Ug_l} of open
neighborhoods of the points dy, ... ,d,—1 respectively in such a way that Uz N
D =UyzND = {d} where Uy = U(‘)l X ... x U%_|. Using the remark about
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the m-bases, for each point d = (do,...,dp,—1) € D and s € Ag, N Uid choose
a countably infinite set Ps C S such that {Tg(p) : p € Ps} is a m-base at s in S
and (J{Ts(p) : p € Ps} C Ug, for all i <n. Let By, = J{Ps : s € Ag, N Uy, } for
every i < n. We have the following properties for each d = (dy, ... ,dn—1) € D:

(19) U{Ts(s) : s € By, } C Ug, for all i < n;

(20) the family {Ts(s) : s € By, } is a m-network at d; for each i < n;

(21) if &g = {Ts(to) X ... x Ts(tn—1) : t; € By, for all i < n} then d € J&4

but e ¢ [J&, for any e € D\{d}.

Observe that if s < ¢ then Tg(t) C Tg(s). As a consequence, if d € D and
for every i < n and s € By, we choose in a non-limit level of S an element
f(s) > s then the family {TS( (5)) : s € Bg,} is still a m-network at the point
d; and we have the inclusion (J{T5(f(s)) : s € Bg,} C [U{Ts(s) : s € By, }. The
property (17) for the tree S implies that for any d = (dg, ... ,dp—1) € D and any
s € Uj<n, By, there exists f(s) € Sa11NTs(s), where a = sup{ht(s) : s € By, and
i < n}. Therefore B) = {f(s):s € By} C Sa1, the family {Tis(s) : s € By } is
a m-network at the point d; and |J{Ts(s) : s € B&Z} CU{Ts(s) : s € By} C Uy,
for every ¢ < n. This shows that, without loss of generality, we can assume that the
set Bg,U...UBy, , is contained in some S,41. For any d = (do, ... ,d,—1) € D,
fix an ordinal p(d) < ws such that ;. Ba; C Sy )41

Our plan is to find distinct points d,e € D such that for every ¢ < n and
5 € Be, there is t € By, such that ¢t < s. This will imply (J& C |J&g and hence
e € |J&;4 which is a contradiction with the property (21).

By CH, there are only wi-many countable subsets contained in each level of S
and therefore the set {u(d) : d € D} is cofinal in wy. This makes it possible to
choose an wy-sequence of ordinals {7, : @ < wa} so that the following properties
hold:

(22) va = p(d®) for some d* = (df,... ,d%_;) € D;

(23) vg > sup{ya : a < B} for each B < wo.

Note that it follows from the properties (22) and (23) that d® # dP if o # . Let
C be the closure of {74 : @ < w2} in wy (considered with the interval topology).
Then C'is a closed unbounded subset of wo and therefore £ = C ﬂw% is stationary.
For each A € E consider the ordinal v(\) = min{vyy : A < 7, }; for every i < n
let Ff\ = Byo and eg\ = df¥, where « is determined by the condition vo = /().
Note that A\,0 € E, A < ¢ implies that v(\) < v(d) and therefore the points

ex=(e,...,e}” 1y and e5 = (€9,...,ef™ 1Y are distinct elements of D.

For any A € wg denote by my : S\(U{Sa : @ < A}) — S) the restriction map
defined by the formula my(s) = s|A for any s € S with ht(s) > \. For each A € F
choose a set G4 C F} such that m\|G% : G4 — 75 (F%) is a bijection. Since A has
cofinality wy, there exists B(A) < Asuch that mg.3)|(U;<p G&) ‘Uicn Gg\ = Sp(n)
is an injective map. By the Pressing-Down Lemma, there is § < wq such that the
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set {\A € E: B(\) = §} is stationary. Represent w as Qg U ... U Q,_1 where the
sets {§2; : ¢ < n} are disjoint and infinite.

Using CH, we can find a set P, = {s}§ : k€ Q;} C S5 such that the set
R={\€ E: ﬂg(Gg\) = P; for each i < n} has cardinality we. The sets
{G% : i < n} are disjoint by the property (19) so the family {P; : i < n} is also
disjoint, the set |J;,, P; being an injective image of U{G& ;i <n}forany A € R.

Thus, we can choose a bijection fy : w — J;<, 3\ such that for each ¢« < n we
have the equalities {f)(k) : k € Q;} = Gé\ and 75(fa(k)) = sfg for any k € §2; and
AER. Then F ={f\: A€ R} C H=[[{Ts(s%):i<nandk e Q;} cannot be
an antichain in the tree H by property (18) of the tree S.

Therefore there are distinct A, 3 € R, say A < 3, such that f\(k) < fg(k) for all
k €w. If s € FY, then s|8 = f3(k)|B for some k € w and therefore t = f)(k) € F}
and t = f\(k) < fg(k)|B < s. Recall that, for every i < n, we have F% = B, and
F}\ = By, for some distinct elements d = (do, ... ,d,—1) and e = (eg,... ,en—1)
of the set D. Consequently, for each s € Be, there is t € By, such that { < s. We
saw already that this is a contradiction which completes the proof of our Claim.

As an immediate consequence, we have s(X™) < wj for any n € w and hence
s$(X%) < wy. It follows from the definition of X that, for any point € X there
exists a countable A, C S with € A,. Therefore, for any set B C X with
|B| < wy we can find a < ws such that B C Uy g<, Sp- Take any y € Sp41 and
observe that T'g(y) is a clopen subset of S which contains y and does not meet
Uo< B<a Sg. As an easy consequence, y does not belong to the closure in X of
the set B.

Therefore d(X) = wg so our Claim guarantees that X x X has no discrete
subsets of cardinality d(X). Suppose that Z = (J{Z,, : n € w} is a dense subset
of X¥ and every Z, is discrete. Since d(X“) > d(X) = wg, we must have
|Z| = wg and hence there is n € w such that |Z,| = we which is a contradiction
with s(X“) < w;. Therefore X“ is not d-separable. O

3. Open problems

The authors feel that the topic of this paper is far from being exhausted. An
evidence of this is the fact that there are more unsolved problems here than solved
ones. We list below the most interesting questions we could not answer.

3.1 Problem. Given a Tychonoff space X assume that D is zero-dimensional
for any discrete D C X x X. Must X be zero-dimensional?

3.2 Problem. Given a Lindel6f X-space X assume that D is zero-dimensional
for any discrete D C X x X. Must X be zero-dimensional?

3.3 Problem. Given a space X with a countable network, assume that D is
zero-dimensional for any discrete D C X x X. Must X be zero-dimensional?
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3.4 Problem. Given a space X assume that D is countable for any discrete set
D C X x X. Must X be countable?

3.5 Problem. Suppose that X is a space such that D has countable i-weight for
any discrete D C X x X. Must X have countable i-weight?

3.6 Problem. Suppose that X is a space such that D is o-compact for any
discrete D C X x X. Must X be o-compact?

3.7 Problem. Suppose that X is a Lindelof Y.-space such that D is o-compact
for any discrete D C X x X. Must X be o-compact?

3.8 Problem. Suppose that X is a cosmic space such that D is o-compact for
any discrete D C X x X. Must X be o-compact?

3.9 Problem. Suppose that X is a space such that D is o-compact for any
discrete D C X x X. Must X be Lindelof?

3.10 Problem. Suppose that X is a cosmic space such that D is analytic for
any discrete D C X x X. Must X be analytic?

3.11 Problem. Suppose that X is a space such that D is Cech-complete for any
discrete D C X x X. Must X be Cech-complete?

3.12 Problem. Suppose that X is a Lindeléf Y-space. Does there exist a discrete
D C X x X such that the projection of D onto the first coordinate is dense in
X7?

3.13 Problem. Does there exist in ZFC a countable maximal space X such that
all discrete subspaces of X x X are closed?

3.14 Problem. Does there exist in ZFC a countably compact space X such that
XY is not d-separable?

Acknowledgment. The second author is grateful to the Department of Mathe-
matics of Miami University at Oxford, Ohio for providing excellent conditions for
his work and pleasant stay at the Department in 2011/2012 academic year.

REFERENCES

[ATW] Alas O., Tkachuk V.V., Wilson R.G., Closures of discrete sets often reflect global
properties, Topology Proc. 25 (2000), 27-44.

[Ar] Arhangel’skii A.V., A class of spaces which contains all metric and all locally compact
spaces (in Russian), Mat. Sb. 67 (109) (1965), no. 1, 55-88.
[BT] Burke D., Tkachuk V.V., Discrete reflexivity and complements of the diagonal, Acta

Math. Hungarica, to appear.

[DTTW] Dow A., Tkachenko M.G., Tkachuk V.V., Wilson R.G., Topologies generated by dis-
crete subspaces, Glasnik Mat. 37(57) (2002), 189-212.

[vD] van Douwen E.K., Applications of mazimal topologies, Topology Appl. 51 (1993),
125-139.

81



82

[En]
[Gr]
[JSz]
[Tk1]

[Tk2]

D. Burke, V.V. Tkachuk

Engelking R., General Topology, PWN, Warszawa, 1977.

Gruenhage G., Generalized Metric Spaces, Handbook of Set-Theoretic Topology, Ed.
by K. Kunen and J.E. Vaughan, Elsevier Science Publisher, New York, 1984, pp. 423—
501.

Juhdsz 1., Szentmiklossy Z., On d-separability of powers and Cp(X), Topology Appl.
155 (2008), 277-281.

Tkachuk V.V., Spaces that are projective with respect to classes of mappings, Trans.
Moscow Math. Soc. 50 (1988), 139-156.

Tkachuk V.V., A Cp-theory Problem Book. Topological and Function Spaces, Springer,
New York, 2011.

DEPARTMENT OF MATHEMATICS, M1AMI UNIVERSITY, OXFORD, OH 45056, U.S.A.
E-mail: burkedk@muohio.edu

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD AUTONOMA METROPOLITANA, Av. SAN
RAFAEL ATLIXCO, 186, cOL. VICENTINA, C.P. 09340, MExIico, D.F., MEXico

E-mail: vova@xanum.uam.mx

current address:
DEPARTMENT OF MATHEMATICS, MiAMI UNIVERSITY, OXFORD, OH 45056, U.S.A.

E-mail: tkatchv@muohio.edu

(Received May 4, 2012)



		webmaster@dml.cz
	2013-09-22T12:27:39+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




