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THE STRONGEST T-NORM FOR FUZZY METRIC SPACES

DoNG Qiu, WEIQUAN ZHANG

In this paper, we prove that for a given positive continuous t-norm there is a fuzzy metric
space in the sense of George and Veeramani, for which the given t-norm is the strongest one.
For the opposite problem, we obtain that there is a fuzzy metric space for which there is no
strongest t-norm. As an application of the main results, it is shown that there are infinite
non-isometric fuzzy metrics on an infinite set.
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1. INTRODUCTION

Triangular norms (t-norms for short), introduced by Schweizer and Sklar [9], play a key
role in the theory of fuzzy metric spaces. For a given fuzzy metric space in the sense
of George and Veeramani [2] (GV fuzzy metric space for short), there is generally more
than one t-norm to choose from. Specifically, if (X, M,T) is a GV fuzzy metric space
and a continuous t-norm 7" is weaker than 7', then (X, M, T") is also a GV fuzzy metric
space [8]. Furthermore, the properties of the triangle inequality are greatly dependent
on the corresponding t-norm in the GV fuzzy metric space. It follows, in general,
that the stronger t-norm, the more information one has about the structure of the GV
fuzzy metric space. Hence it is natural to ask whether, for a given t-norm, there is a
corresponding GV fuzzy metric space for which the given t-norm is strongest. Similarly
it is interesting to know whether, for a given GV fuzzy metric space, there is a strongest
t-norm.

It should be noted that the same issues have been discussed for probabilistic metric
spaces in [II]. Since any fuzzy metric space in the sense of Kramosil and Michélek [6]
(KM fuzzy metric space for short) is equivalent to a Menger space [@], the results of [I1]
hold for the KM fuzzy metric spaces. However, because a GV fuzzy metric space has
the stricter “separation” condition and continuity condition than a KM fuzzy metric
space, the conclusions and the constructive proofs in [I1] no longer apply to the GV
fuzzy metric spaces. In this paper, we solve the former problem for all of the positive
continuous t-norms by a new constructive way which is different from the one in [IT]. We
also investigate the latter problem. Unfortunately, the answer is negative for continuous
t-norms. Finally, as an application of the main results, it is shown that there are infinite
non-isometric GV fuzzy metrics on an infinite set.
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2. PRELIMINARIES

Throughout this paper the letters N, Q and R will denote the set of all positive integers,
rational numbers and real numbers, respectively.

Definition 2.1. (Klement et al. [5]) A t-norm is a binary operation on the unit interval
[0,1], i.e., a function T : [0,1]? — [0, 1], such that for all a,b,c,d € [0,1] the following
four axioms are satisfied:

(T-1) T(a,1) =a. (boundary condition)
(T-2) T(a,b) <T(c,d) whenever a < ¢ and b < d. (monotonicity)
(T-3) T(a,b) =T(b,a). (commutativity)
(T-4) T(a,T(b,c)) =T(T(a,b),c). (associativity)

A t-norm 7T is said to be continuous if it is a continuous function on [0, 1]2.

Example 2.1. (Klement et al. [5]) The following are the four basic t-norms Ty, Tp,
T, and Tp given by, respectively, Tps(z,y) = min{z,y}, Tp(x,y) = x -y, Tr(z,y) =
max{z +y — 1,0} and

0 if (z,y) € [0,1F,
min{z,y} otherwise.

Tp(x,y) :{

The t-norms Ths, Tp and T}, are continuous but Tp is not.

Definition 2.2. (Klement et al. [5]) If, for two t-norms 7} and Ty, T} (a,b) < Ts(a,b)
holds for all (a,b) € [0,1]?, then we say that T is stronger than T3, and we write in this
case T1 < Tp. We write T} < T whenever T; < T and 17 # T5, and we say that T5 is
strictly stronger than 77.

Although it is true that Tp < T, < Tp < T and, for an arbitrary t-norm T,
Tp <T < Ty, the relation < is not a total order, i.e., there are incomparable t-norms.

Example 2.2. The family 7' )?6[0 o0) Of Dombi t-norms [1] is given by

Tp(z,y) if A\=0,

TP (z,y) = { Tm(z,y) if A= o0,

L T otherwise.
(2P +(EE)M)Y

Now we show that TAD and Tp are incomparable whenever A €]0, 1[. In fact, the incompa-
rability of the diagonal sections is sufficient for the incomparability of the corresponding
t-norms. For this reason, by solving the equation

1
——— —2* =0,
1425 (%)

we get a solution z9 = 1/(2% — 1) €]0, 1], which means that TP (x,2) > Tp(z,z) if
0 <z < xg, but TP (z,2) < Tp(z,2) if 20 < 7 < 1.
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Definition 2.3. (Schweizer and Sklar [I0]) A t-norm 7 is said to be positive if T'(a, b) > 0
whenever a, b €]0,1].

Remark 2.1. Since the family TAe[O o] of Dombi t-norms is strictly increasing with

respect to A [5], Example 2.2 also shows that there are infinite comparable positive
continuous t-norms.

Definition 2.4. (Schweizer and Sklar [9]) A probabilistic metric space(briefly, a PM
space) is a pair (X, F) such that X is a nonempty set and F is a mapping from X x X
into A the set of distribution functions, whose value F(x,y) denoted by Fy,, satisfies
for all x,y,z € X:

PM-1) F, (0) =0,

PM-2) F,,(t) =1 for all ¢ > 0 if and only if x =y,

PM-3) F. ( ) = Fya(t),

PM-4) If ny( ) =1and Fy.(s) =1, then F,.(t +s) = 1.

PRy

Definition 2.5. (Schweizer and Sklar [9]) A Menger space is a triple (X, F,T') such
that (X, F) is a PM space and T is a t-norm such that for all z,y,z € X and t,s > 0:

(PM-A)’ Fou(t + ) > T(Fyy (), Fyu(s)).

Remark 2.2. In the original formulation [7] the operation T doesn’t need to meet the
request of associativity. To permit the extension of (PM-4)’ to a polygonal inequality,
Schweizer and Sklar added the associativity condition to T' [9]. Since we will need
these operations which meet all the other conditions of t-norm but might not meet the
associativity, we call such operations symmetric semicopulas.

Definition 2.6. (Kramosil and Michélek [6]) The 3-tuple (X, M, T) is said to be a KM
fuzzy metric space if X is an arbitrary nonempty set, T is a t-norm and M is a fuzzy
set on X? x [0, oo satisfying the following conditions, for all z,y,2 € X,t,s > 0:

(KM-1) M (x,y,0) =0,

(KM-2) M (z,y,t) =1 for all t > 0 if and only if z = y,
(KM 3) M(.’E Y, ) - M(yaxvt)a

(KM-4) M (z,z,t+s) > T(M(x,y,t), M(y, z, 5)),
(KM-5) M (z,y,-) : [0,00[— [0,1] is left continuous.

Remark 2.3. (Kramosil and Michédlek [6], Corollary of Theorem 1) Any KM fuzzy
metric space is equivalent to a Menger space.

Definition 2.7. (George and Veeramani [2]) The 3-tuple (X, M, T) is said to be a GV
fuzzy metric space if X is an arbitrary nonempty set, 7" is a continuous t-norm and M is
a fuzzy set on X?x]0, oo satisfying the following conditions, for all ,y,2 € X,t,s > 0:

(GV 1) M(z,y, ) > 07.

v, z,t+5) > T(M(z,y,t), M(y, 2, 5)),

(z,
Ex 'Y, ):M(yﬂs,t),
(x,y,-) : ]0,00[—]0,1] is continuous.



144 D. QIU, W. ZHANG

Definition 2.8. (Gregori and Romaguera [3]) Let (X, M,T;) and (Y, N,Tz) be two
GV fuzzy metric spaces. A mapping f from X to Y is called an isometry if for each
z,y € X and each t > 0, M(x,y,t) = N(f(z), f(y),t).

Definition 2.9. (Gregori and Romaguera [3]) Two GV fuzzy metric spaces (X, M, T})
and (Y, N,Ty) are called isometric if there is an isometry from X onto Y.

3. MAIN RESULTS

Problem 3.1. For any continuous t-norm 7', is there a nonempty set X and a fuzzy
set M on X?2x]0, oc[ for which T is the strongest t-norm which makes (X, M, T) to be
a GV (or KM) fuzzy metric space?

Since any KM fuzzy metric space is equivalent to a Menger space, the definite answer
in [II] is also true for KM fuzzy metric spaces. However, the conclusions and the
constructive proofs in [I1] no longer apply to GV fuzzy metric spaces because the GV
fuzzy metric spaces have the stricter conditions (GV-2)’ and (GV-5) than the conditions
(KM-2) and (KM-5). For the GV fuzzy metric spaces we solve this problem for some
subclass of the continuous t-norms.

Theorem 3.1. Let T be an arbitrary positive continuous t-norm. Then there is a
nonempty set X and a fuzzy set M on X?2x]0, 00| for which T is the strongest t-norm
which makes (X, M, T) to be a GV fuzzy metric space.

Proof. Let X be a set with an infinite number of elements and f : X —]0,1] be a
function such that the range f(X) of f is dense in [0,1] and only one point z¢ of X
takes the value 1. Define M by ([4] Example 14):

M(z,y,t) = { T(f(x), f(y)) ifx#£y, and t > 0.

Then (X, M,T) is a GV fuzzy metric space [4].

Next, we show that for this GV fuzzy metric space the given T is the strongest
possible. Suppose there is a continuous t-norm 7" such that 7" is stronger than T
and (X, M,T’) is also a GV fuzzy metric space. For any two-tuple (a,b) € {(c,d) €
f(X) x f(X):c#d, and ¢,d €]0,1[}, there are two different points z,y € X such that
f(x) =a and f(y) = b. Then for the three different points g,z and y, in the GV fuzzy
metric space (X, M, T") we have that

T(a,0) =T(f(2), f(v)) = M(z,y,t) = T'(M(x,0,t), M(w0,y,t))

(
= T'(T(f(x), f(x0)), T(f(x0), f(y)))
= T'(T(f(x),1), T(1, f(y)))
= T'(f(2), f(y))
= T'(a,b)

which implies T'(a,b) > T"(a,b) for all (a,b) € {(c,d) € f(X) x f(X):c#d, and ¢,d €
10,1[}. In addition, we have assumed that T” is stronger than 7. So we obtain that
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T(a,b) = T'(a,b) for all (a,b) € {(c,d) € f(X) x f(X) : ¢ # d, and ¢,d €]0,1][}.
Since the set {(c,d) € f(X) x f(X) : ¢ # d, and ¢,d €]0,1[} is dense in [0, 1]?, by the
continuity of t-norms T and T” we have that T = T". O

Remark 3.1. It should be noted that the associativity of t-norms is not used in the
proof of Theorem 3.1. Thus Theorem 3.1 is also true for all of the positive continuous
symmetric semicopulas. The number of points in the resulting GV fuzzy metric space is
at least countable infinite in Theorem 3.1. Indeed we can construct a GV fuzzy metric
space with a countable infinite number of points.

Example 3.1. Let T be a positive continuous t-norm, X =]0,1] N Q and f be the
identity function in |0, 1]. Define M as the same as the one in Theorem 3.1. Similarly,
we can prove that T is the strongest t-norm which makes (X, M,T) to be a GV fuzzy
metric space.

From Theorem 3.1 and Example 3.1, we have actually proved the following theorem.

Theorem 3.2. Let T be a positive continuous t-norm and X be a set which has at least
a countable infinite number of elements. Then there exists a fuzzy set M on X?x]0, 00|
for which T is the strongest t-norm which makes (X, M,T) to be a GV fuzzy metric
space.

Example 3.2. Let X =|1,+o00[ and f(z) = 1/z. Define M by

{1 if v =y,

miy ifx#y, and t > 0.

M(z,y,t) =

In [4], Gregori, Morillas and Sapena have shown that (M, Tp) is a GV fuzzy metric but
(M, Tyy) is not. In fact, by Theorem 3.1 we have that Tp is the strongest t-norm for M.

Next we will investigate the opposite problem of Problem 3.1:

Problem 3.2. For a given GV fuzzy metric space (X, M, T"), is there a strongest t-norm
T which makes (X, M, T) is a GV fuzzy metric space?

Unfortunately, the answer is negative for continuous t-norms.

Lemma 3.1. [§] Let X be a nonempty set. If (M, T) is a GV fuzzy metric and 7" is a
continuous t-norm (or symmetric semicopula) such that 7" < T, then (M,T") is a GV
fuzzy metric on X.

Theorem 3.3. There exists a GV fuzzy metric space for which there is no strongest
t-norm.

Proof. We have shown that T and Tp are incomparable whenever A €]0,1[ in Ex-
ample 2.2. Now for A = 1/2, let T = max{T327Tp}. It is easy to see that T satis-
fies the conditions (T-1), (T-2) and (T-3) of Definition 2.1, which implies that T is a
symmetric semicopula. Nevertheless, it is not associative since T(7'(1/4,3/7),7/9) =
T(3/28,7/9) = 1/12 £ T(1/4,T(3/7,7/9)) = T(1/4,1/3) = 1/(6 + 2/6).
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Furthermore, since T is obviously positive and continuous, by Remark 3.1 we can
apply the construction of Theorem 3.1 to yield a GV fuzzy metric space which makes T’
is the strongest symmetric semicopula satisfying the conditions (T-1), (T-2) and (T-3)
of Definition 2.1 and (GV-4) of Definition By Lemma this GV fuzzy metric
space is also a GV fuzzy metric space under T1 5 and Tp. Thus if there were a strongest
t-norm it would be stronger than 7. Since this is impossible, we have completed the
proof. O

Now we give an application of the main results to show that there are infinite non-
isometric GV fuzzy metrics on an infinite set.

Theorem 3.4. If two GV fuzzy metric spaces (X, M, T}) and (Y, N,T5) are isometric,
then (X, M, T) and (Y, N,Ty) are GV fuzzy metric spaces.

Proof. From the hypothesis, it follows that there is an one-to-one mapping f from X
to Y such that M(x,y,t) = N(f(z), f(y),t) for each z,y € X and each ¢ > 0. Thus for
any xz,y,z € X,t,s > 0, we have that

M(z,z,t+s) = N(f(z), f(2),t+5) = Ta(N(f(z),f(y),1),N(f(y), f(2),5))
TZ(M(x7 Y, t)v M(y7 2, S))
which implies (X, M,T») is a GV fuzzy metric space. Similarly, we can prove that
(Y,N,Ty) is a GV fuzzy metric space. O

From Theorem 3.4, we can easily obtain the following criterion.

Corollary 3.1. For any two GV fuzzy metric spaces (X, M, Ty) and (Y, N, T5), if either
(X, M, Ts) or (Y,N,T) is not a GV fuzzy metric space, then (X, M,T) and (Y, N, T»)
are non-isometric.

Example 3.3. The 3-tuple (N, My, Ths) where My(x,y,t) = t/(t + d(z,y)), is a GV
fuzzy metric space [2]. In addition, we define a fuzzy set N by

N(z,y,t) = {

for all z,y € N and ¢ > 0. Then (N, N,Tp) is also a GV fuzzy metric space [2]. Since
(N, N, Tyy) is not a GV fuzzy metric space [2], by Corollary 3.1 we have that (N, My, Th)
and (N, N,Tp) are non-isometric.

ifz <y,
if y <u,

8le< |8

Theorem 3.5. Let X be a set that has at least a countable infinite number of elements.
Then there exist infinite non-isometric GV fuzzy metrics on it.

Proof. For any two positive continuous t-norms 77 and 75 with 77 < 75, by Theorem
3.2, we have that there exist two corresponding GV fuzzy metric spaces (X, M;) and
(X, M) such that Ty and T, are, respectively, the strongest t-norms. Then (X, M7, T»)
is not a GV fuzzy metric space. By Corollary 3.1, we have that M; and M, are two non-
isometric GV fuzzy metrics on X. From Remark 2.1, it follows that there are infinite
comparable positive continuous t-norms. Thus there are infinite non-isometric GV fuzzy
metrics on X. g
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4. CONCLUSION

In this work we have discussed the relationships between GV fuzzy metric spaces and
continuous t-norms. As an application of the main results, it is shown that there are
infinite non-isometric GV fuzzy metrics on an infinite set. However, in general, the
following problem remains open:

Open problem 4.1. For any continuous t-norm 7', is there a nonempty set X and a
fuzzy set M on X?x]0, 00| for which T is the strongest t-norm which makes (X, M, T
to be a GV fuzzy metric space?

Even the following problem but except for the trivial case in which the set is of no more
than two elements still remains open:

Open problem 4.2. For a given positive continuous t-norm 7" and a given nonempty
finite set X, is there a fuzzy set M on X?x]0, oo[ for which 7 is the strongest t-norm
which makes (X, M, T) to be a GV fuzzy metric space?
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