Mathematica Bohemica

Yuji Liu; Xingyuan Liu
New existence results of anti-periodic solutions of nonlinear impulsive functional
differential equations

Mathematica Bohemica, Vol. 138 (2013), No. 4, 337-360

Persistent URL: http://dml.cz/dmlcz/143508

Terms of use:

© Institute of Mathematics AS CR, 2013

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143508
http://dml.cz

138 (2013) MATHEMATICA BOHEMICA No. 4, 337-360

NEW EXISTENCE RESULTS OF ANTI-PERIODIC SOLUTIONS OF
NONLINEAR IMPULSIVE FUNCTIONAL DIFFERENTIAL
EQUATIONS

Yuut Liu, Guangzhou, XINGYUAN LIU, Shaoyang
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Abstract. This paper is a continuation of Y. Liu, Anti-periodic solutions of nonlinear first
order impulsive functional differential equations, Math. Slovaca 62 (2012), 695-720. By us-
ing Schaefer’s fixed point theorem, new existence results on anti-periodic solutions of a class
of nonlinear impulsive functional differential equations are established. The techniques to
get the priori estimates of the possible solutions of the mentioned equations are different
from those used in known papers. An example is given to illustrate the main theorems ob-
tained. One sees easily that Example 3.1 can not be solved by Theorems 2.1-2.3 obtained
in Liu’s paper since (G2) in Theorem 2.1, (G4) in Theorem 2.2 and (G6) in Theorem 2.3
are not satisfied.

Keywords: anti-periodic solution; impulsive functional differential equation; fixed-point
theorem; growth condition

MSC 2010: 34B16, 34C25

1. INTRODUCTION

Functional differential equations with periodic delays appear in a number of ecolog-
ical models. In particular, our equation can be interpreted as the standard Malthus
population model 3y’ = —a(t)y subject to a perturbation with periodical delay, this
is 3/ (t) = —a(t)y(t) + A() F(y(t —7(2)) (see [9]).

It is well known that a function z: R — R is called anti-periodic function with
anti-period T > 0 if x(t + T) = —x(t) for all ¢ € R. Furthermore, z is a periodic

The research has been supported by Natural Science Foundation of Guangdong Province
(No. S2011010001900), Guangdong Higher Education Foundation for High-Level Talents,
Natural Science Foundation of Hunan Province (No. 12JJ6006) and Science Foundation
of Department of Science and Technology of Hunan Province (No. 2012FJ3107).
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function with period T if x is an anti-periodic function with anti-period 7'/2 > 0.
So we can get periodic solutions of a functional differential equation by obtaining
anti-periodic solutions of the corresponding functional differential equation.

Anti-periodic boundary value problems for ordinary differential equations with or
without impulses effects have been studied extensively in the last ten years since these
problems appear in a variety of applications. For example, for first order ordinary
differential equations without impulses effects, a Massera criterion is presented in [6],
quasilinearization methods are applied in [27] and in [10], [12], [13], [14], [15], [21],
[24], [26], [27] and [28] the validity of lower and upper solution methods coupled with
the monotone iterative technique is shown.

The anti-periodic boundary problems for partial differential equations, abstract
differential equations, evolution equations or higher order ordinary differential equa-
tions were considered in [1]-[8] and [25] and the references cited there.

We note that, in the above mentioned papers, the problems are discussed on a finite
interval. For example, it is easy to see that the anti-periodic BVP on finite interval

{x’(t) =-1, te(0,1),

of the form

2(0) = —x(1),
has a unique solution x(t) = —t 4+ 1/2. But one sees that the equation
2 (t) = -1
has no solution x satisfying x(¢t) = —z(t + 1) for all ¢ € R what we call an anti-

periodic solution with anti-period 1. This shows us that the existence of solutions of
an anti-periodic boundary value problem for a first order differential equation does
not imply, in general, the existence of anti-periodic solutions of the corresponding
differential equation.

In fact, the study of anti-periodic solutions for nonlinear evolution equations is
closely related to the study of periodic solutions, and it was initiated by Okochi [23].
In the recent papers [11] and [17], the authors studied the existence of anti-periodic
solutions for a class of differential equations.

The theory of impulsive differential equations describes processes which experience
a sudden change of their state at certain moments. Processes with such a character
arise naturally and often, for example, phenomena studied in physics, chemical tech-
nology, population dynamics, biotechnology and economics. For an introduction to
the basic theory of impulsive differential equations, we refer the reader to [16].

One important question is whether the impulsive functional differential equation

{ y'(t) +a(t)y(t) =h(t)f(y(t —7(t)), teR,
A:L‘(tk) = Ik(x(tk)), ke Z,
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can support periodic solutions or anti-periodic solutions. This question has been
studied extensively by a number of authors, see for example [19], [20] and [18] and
the references therein.

In this paper, we study the nonlinear impulsive functional differential equation of
the form

(L1) ' (t) + alt)z(t) = f(t,x(t), x(ar(t)),. .., x(an(t)), tER, t £ ty, k€ Z,
' Al‘(tk) = Ik(x(tk)), ke,

where Z,R denote the integer set and the real number set, respectively, T" > 0 is
a constant, ... < t_, < ... <ty <t <...<ty < ...are constants, Ax(ty) =
z(t))—x(ty), I: R — Ris continuous, and a: R — R, f: R"™? - Rand o;: R —
R (i=1,...,n) are functions.

This paper is a continuation of [18]. The purpose is to establish new results on
the existence of anti-periodic solutions of the equation (1.1). This is the first time
that the Schaefer fixed point theorem [15] or [22] is used for studying the existence
of anti-periodic solutions of an impulsive functional differential equation.

The remainder of this paper is divided into two sections, the main results are
established in Section 2 and an example is given in Section 3 to illustrate the main
results.

2. MAIN RESULTS

Let X be defined by

i R—R, @, 10.0) € COltkstisr), kKEZ

there exist the limits lim z(t) = z(tx),
X = t—ty,

lim+ x(t), k€ Z and x(t) = —x(t+T) forallt € R
t—t,

Define the norm ||u|| = sup |u(t)| for all w € X. It is easy to show that X is a real
teR

Banach space.

A function f: R x R™! — R is called an impulsive continuous function if

> f(-,uo,u1, ..., u,) € X for each u = (ug,...,u,) € R"*1;

> f(t,-,...,-) is continuous for all t € R.

By a solution of the equation (1) we mean a function z: R — R satisfying the
following conditions:

> o € X is differentiable in (tx,tx+1) (kK € Z), there exist the limits lim 2/(¢) =

t—t,

x'(ty) and lim 2/(t) (k € Z);

t—t
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>z’ e X;
> x(t) =—x(t+1T) for all t € R;
> the equations in (1) are satisfied.

Let us list some assumptions:

(A1) there exists a positive integer [ such that ¢ + 7T = tx4; and I (x) = — I (—x)
for all £ € Z and x € R; denote

lo =min{l > 0: ty + T = txy; and Ix(x) = —Ixy(—x)
forall k € Z, x € R};

(A2) aly tr,r) € COt, tryr) satisfies a(t +T) = a(t) for all t € R and there exist
the limits lim a(t) and lim a(t) for all k € Z;

t—t; t—t;,
(A3) ax € CY(R), the inverse function of ay is denoted by 3 and there exists the
numbers
|lar(t +T) — o ()]
HE I?Eaﬂi{ T ’ ) » 13

(A4) f is an impulsive continuous function satisfying
fO+T,—xo,—x1,...,—xn) = —f(t,x0,21,...,24)

for all t € R and (xg,x1,...,2,)) € R

(A5) Iy (k € Z) are continuous functions.
For x € X, we define the nonlinear operator L by

1
1+ exp(fOT a(u) du)

« Uj” exp (/:a(u) du)f(s,x(s),x(ozl(s)),...,x(an(s)))ds
+ > exp (/tt a(u) du)Ik(x(tk))], teR.

t<t<t+T

(La)(t) = —

Lemma 2.1. Suppose that (A1)—(A5) hold and x € X. Then Lx € X.
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Proof. It is easy to see for t € R that
1

1+ exp( [, a(u)du)
x [/:HT exp (/t a(u) du>f(s,x(s),x(a1(s)),...,x(an(s)))ds

+T +T

b3 ([ ata) i)

LT <ty <t+2T +T

BT flT o) du) [/tHT P (/HT; o) du)

0
x f(T+v,2(T +v), (a1 (T +v)),...,x(an(T +v)))ds

b Y e[ dwan) )

t<ty—T<t+T +T

T +exp(f1T a(u) du) [/tHT P </t+T; () du)

0
X f(T 4+ v, —z(),z(T + a1(v)),...,2(T 4+ an(v)))dv

+ > exp (/ttk_lOJrT a(u) du) T (2 (te-1o + T))]

t <t g <t+T +T

(La)(t+T) = —

1
1+ exp(fOT a(u) du)

exp ([ atw)du) (-0, 2(@a), .. aan o)) do
(]

+ > exp (/ttk_lo a(u) du>1k(_x(tk—lo)):| = L+ o .

T
t<tp—1y <t+T fo a(u) du)

X [/tHT exp (/tva(u) du)f(v,x(v),:c(ozl(v)),...,x(an(v)))dv
- Y exp < /t " a(u) du>Ik(x(tS))} — _(La)(t).

t<ts <t+T

X

On the other hand, one can easily show that (Lz)|, ¢,.,) € CO(tg,trs1), k € 7, and
there exist the limits lim (Lx)(t) = (Lx)(tx) and 1im+(Lx)(t) for all k € Z. This
N t—t,

g

completes the proof. O

Lemma 2.2. Suppose that (A1)-(A5) hold. Then = € X is a anti-periodic
solution of the equation (1.1) if and only if x is a solution of the operator equation
x = Lzx.
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Proof. Suppose that € X satisfies x = Lx. Then
1
1+ eXp(fOT a(u) du)

X [/tHTexp (/:a(u)du)f(s,x(s),x(al(s)),...,x(an(s)))ds
+ ) exp </tt a(u)du)]k(x(tk))}, teR.

t<t <t+T

z(t) = —

For t # ti, since f and z € X are continuous at t, we know that x is differentiable
at t and

oy 1
1+ eXp(fOT a(u) du)

y [exp (/tt+Ta(u)du>f(t+T,x(t+T),x(a1(T+t)),...,x(an(t—i—T)))

~att) [ e ( J atw du)ﬂs,x(s), 2(@1()) - #{an(s))) ds

Then

I exp(fOT a(u) du)

= f(t,z(t), z(a1(t)),...,z(a.(t))), teR.

On the other hand, it is easy to show that z(t + T) = —xz(¢) for all t € R and
lim z(t) = z(t;) and Ax(t;) = lim+ x(t) — x(ty) = Ix(z(ty)) for all k € Z.
t—t, t—t)
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Now suppose that z is an anti-periodic solution of the equation (1.1). We get that

{x'(t) +a(t)z(t) = ft,z(t), z(ai(t), ..., z(an(t))), t €R,
A(E(tk = Ik(x(tk)), kel.

Then
(2.1)

(x(t) exp (/Ota(s) ds))l = f(t,2(t), 2(a1(t)), .. ., z(an(t))) exp (/Ota(s) ds>.

Integrating (2.1) from ¢ to ¢t + T, one gets that

o(t+T) exp </Ot+T alu) du) — a(t) exp (/Ota(u) du)

- /t“fT exp (/OS a(u) du>f(8,:c(s),x(a1(s)), . x(an(s))) ds
+ t@;JrTexp </0tk a(u) du> In(z(ts)).

Then z(t + T) = —z(t) implies that

1
1+ exp(fOT a(u) du)

X [/tHT exp (/:a(u) du)f(s,x(s),x(al(s)),...,x(an(s)))ds
+ ) exp < /t " a(u) du>Ik(x(tk))} = (Lz)(t).

t<t<t+T

z(t)y = —

The proof is complete. O

Lemma 2.3. Assume that (A1)—(A5) hold. Then L is a completely continuous
operator.

Proof. Let ng be the number of impulse points on [0,7"). It suffices to prove
that L is continuous and L is compact. We divide the proof into two steps:

Step 1. Let zg € X. Prove that L is continuous xg.

Suppose z,, € X and z,, — g € X. Then

sup  sup |z, ()] =17 < oco.
n=0,1,2,... teR
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Since f(t,-®,...,-) and I are continuous, we get that f(¢,-®,...,:) and I are

uniformly continuous on [—7r,7]"*! and [~r, ], respectively.
For any € > 0, there exists § > 0 such that

[f(t uo,y .. un) — f(tvo,.. . 0n)| <eg, tER, Ju;—vi| <9, i=0,1,...,n

and
In(u) — In(v)| <e, |u—v|<0, kel

Since x,, — xo as n — o0, there exists N > 0 such that

|zn(t) — zo(t)] <6, t€R, n>N.

1
1+ exp(fOT a(u) du)

x Utwexp </t a(u)du>f(s,xn(s),xn(a1(s)),...,xn(an(s)))ds
+ ) exp(/ttk a(u)du)]k(xn(tk))], n=0,1,....

t<t <t+T

It follows for n > N and t € R that
1
T
1+ exp( [, a(u)du)

<[/ . ([ 0t au) 5.9 anfan (o)) alan(9)

— f(s,20(8),x0(1(8)), ..., xo(an(s)))|ds
+ ) exp ( t k a(u) du) [k (0 (k) — Ik(xo(tk)ﬂ]

t<tp<t+T

oL o (feoa)es B oo [laoa)

t<t <t+T

et v (s oe & ([ o)

<t <t+T
-~ exp(fZT 2w ) [T + no] exp (/0 a(u) du> .

So Lz, — Lxg as n — oo. Thus the continuity of L follows.

|(Lan) () = (Lao)(t)] <

A

N
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Step 2. Prove that L is compact.

Let 2 C X be a bounded set. Suppose that Q C {z € X: ||z|| < M}. For z € Q,
we have

1
1+ exp fo u) du)

(L) ()] =

/t . ( / " () du) F(s,2(s),2(a1(s), .., w(an(s)) ds
+ Z exp </ttk a(u) dU>Ik($(tk))‘

1<ty <t+T
t
teR, ‘%‘3}}1{ 0.1,.. ,n|f( » L0y L1 7xn)| t+T s
< exp a(u)du | ds
1+ exp fo u) du) ¢ ¢
tr
+ max |[I(z)] Z exp (/ a(u)du)
|z| <M t
1<t <t+T
max |f(57$0,1'1,...,$n)| T
teR, |z;|<M,i=0,1,...,n
< T exp (/ |a(u)|du) ds
1+ exp fo w) du) 0

|x|<1\rlng?:‘([0 n |Ik ((E)| T
n o] Z exp </ |a(u)|du).
I+ exp fo u)du) o Spr 0

Hence L maps bounded sets into bounded sets.
Note that Lz is periodic with period 2T. For ty,t5 € [0,2T] with t; < t2, we have

1
1+ exp (fOT a(u) du)

y H/tHT eXp(/: a(u) du)f(s,x(s),x(al(s)),...,ac(ozn(s)))ds

|(La)(t1) = (La)(t2)] <

_ /*T exp ( /<u> du)f(5715(8)a$(041(5))7 (e (s)) ds

+ t1<t§1+Texp (/: a(u) dU> T (x(tr))
_ tzgt;ﬁT exp (/: a(u) du) Ik(x(tk))‘ ]
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t
<tE[R |x,‘<HI\l/Ii(Ol |f(,$0,$1, 71‘n)|

1+ exp fo u) du)

y [/MT eXp(/: a(u)du) —exp(/ia(u)du)‘ds
[ ([ ] T

> exp</tltk alu) du) - Z exp </tt alu) du>

t1<tp<t1+T to<tp <tz +T

— 0 ast1—>t2.

This shows that (Lx)(t) is equi-continuous on R. The Arzela-Ascoli theorem guar-
antees that L(f2) is relatively compact, which means that L is compact. Hence the
continuity and the compactness of L imply that L is completely continuous. O

The following abstract existence theorem will be used in the proof of the main
results of this paper. Its proof can be found in [22].

Lemma 2.4. Let X be a Banach space. Suppose L: X — X is a completely
continuous operator. If there exists an open bounded subset ) such that 0 € Q) C X
and x # ALz for all x € D(L) N0 and A € [0,1], then there is at least one x € Q
such that x = Lx.

Now, we establish existence results for at least one solution of the equation (1.1).

Theorem 2.1. Suppose that (A1)—(A5) hold and
(B1) In(z)(2z + Ix(z)) <0 and z(z + Ix(z)) > 0 for allz € R and k € Z;

(B2) there exist impulsive continuous functions h: R x R" — R, g: R x R” — R,
and o, 3: R — [0, 00) such that
(i) f(t,zo,...,xn) = h(t,x0,...,Tn)+9(t, o, ..., Tyn) holds for all (t,xg, ..., x,) €
R x R
(i) h(t,zo,...,7n)T0 < 0 holds for all (t,x,...,zy) € [to,to + T] x R"TL;
(iii) there exists tg € R such that |g(t,xo,...,Zn)|] < a(t)|zo| + B(t) holds for all
(t,xo, R ,xn) € [to,to + T] x R

Then the equation (1.1) has at least one anti-periodic solution.
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Proof. Let A € [0,1]. Consider the operator equation x = A\Lz. If z € X is
a solution of x = ALz, we get that

+ ) exp < /t "’ a(u) du>Ik(x(tk))} = (Lz)(t).

t<t<t+T

Then

{x'(t) +a(t)z(t) = Af(t,x(t), z(ar(t)), ..., z(an(t))), t €R,
A{E(tk) = )\Ik(x(tk)), kel.

It follows that

(x(t) exp (/t:a(s) ds))l = M(t,z(t), 2(ar (D)), ..., z(an(t))) exp (/tt a(s)ds>.

Since (B1) implies that a(z 4+ Ix(xz)) > 0 for all x € R and k € Z, we get that
z(tf)z(te) > 0 for all k € Z. Then z(ty) = —z(to + T) implies that there exists
& € [to, to + T) such that x(£) = 0. Hence for t € [ty + T, integrating above the
equation from £ to ¢, one sees that

o) B

;2 (et (2 / o(s)ds )

- A/ F(s,2( (o (5)))z(s) exp (/t alu) du) ds.

One sees from (B1) that

(@(t))? = (2(tr)? = (2(t) — 2(te)) (2 () + x(tx))

= Au(ty)(2z(tr) + Ax(ty))
(22(tr) + M (x(tr)))
(2z(tg) + I (z(tx))) < 0.

= A}, (J)(tk

< M, ({E(tk

)
)
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Then (B2) implies that

P (2 als)ds)

o " Fls (), 20 (5)) .. 2l ())(s) exp ( / () as
—)\/;g(s,x(s),x(al(s)) ..... 2(ain(s)))2(s) exp (/t:a(u) du) ds

)

]
V' (t) = at)|z(t)]* + B)|z(t)] - at)u(t).
Hence
V(1) < 2a(t)v(t) + B(E)\/20(t) — a(t)v(t) = (2a(t) — a(t))v(t) + B(t)\/2v(t).

It follows that

(\/@exp(— /; (a(s) - @) ds>>/ - @exp<— /: (2a(s) - @) ds>.

Integrating from £ to ¢, we get that

0 eXp<— /: (a() - @) ds) < /:@exp(— /g (20(u) - #) du> ds.
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Thus for ¢ € [, tp + T'], we have that

o(t) < exp <2 /; (a(s)— @) ds> </; @ exp<— /E (2a(u) - @) du) ds>2.

Hence there exists a constant M > 0 such that v(t) < M for all t € [¢,to+T]. Hence
|z(t)] < vV2M for all ¢t € [€,t0 + T]. Then we get that |x(to)| = |z(to + T)| < V2M.
Now, we consider ¢ € [tg,&]. Integrating the equation

from ty to t, one sees that

et exp /<> )

o} 5 [(sro0 [ or0)) ~ (e[ 0}

E<tr <t

2 2

cared 3 [(oton( [ o)~ oo [ 00
+ )\/t:f(s,x(s),x(ozl(s)) ..... z(an(s)))z(s) exp (/t:a(u) du) ds.

Similarly to the discussion above, we get that

La(0)? < Mesp ( / " a(u) du) " /t:<a<s)|x<s>|+5<s>>|x<s>| exp ( [ atw du) ds.

Thus there exist constants A, B, C' > 0 such that
t
[z(t)]? < A +/ (Blz(s)|* + Clz(s)|) ds.
to

Let w(t) = [; (Bla(s)|? + Clz(s)|) ds. Then

w'(t) = Blz(t)]* + Clz(t)| < B(A+ w(t)) + C/A +w(t).

It follows that

2(v/ A +w(t)e B < Ce B
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Integrating the last equation from ¢y to ¢, we get that

t
2V/A+w(t)e Bt <2V Ae Bl 1 [ Cem B ds.
to
Hence there exists a constant M’ > 0 such that w(t) < M’ for all ¢ € [to,£]. Then
[z(1)]? < A+ M’ for all t € [to,&].

It follows from the above discussion that |z(t)| < max{v/A + M’,/2M} for all
te [to,to + T]

Since x is anti-periodic, we get that |z(t)| < max{y/A + M’ v/2M} for all t € R.
Thus ||z|| < max{yvA+ M’,v/2M} for all 2 € Q = {x € X: 2 = ALz for some \ €
0,1]}.

Choose M = max{yvA+ M',v/2M}. Let Qo = {x € X: ||z|| < M; +1}. Then
x # ALz for all A € [0,1] and all z € 9. Lemmas 2.1 and 2.3 imply that L: X — X
is completely continuous. It follows from Lemma 2.4 that there is x € X such that
2 = Lz. Then Lemma 2.2 implies that the equation (1.1) has at least one anti-
periodic solution x € X. The proof is complete. ([

Theorem 2.2. Suppose that fOT a(u)du < 0 and (A1)—(A5) hold and
(H1) zli(z) >0 forallz € R and k € Z;
(H2) there exist impulsive continuous functions h: R x R” — R, g;: Rx R — R
and r € X such that N
1) f(t, zo,...,zn) = h(t,x0,...,2n) + D gi(t,x;) + r(t) holds for all (t,xo,...,
T,) € R x R, =
(ii) there exists to € R and constants m > 0 and 8 > 0 such that

¢
h(t,zo,...,Tn)To€Xp (/ au) du) > Blzo|™
to

holds for all (t,xg,...,7,) € [to,to + T] x R*+1;
(iii) there exist the limits

t
i(t, )| ex a(uw)du
lim sup l9:(¢, @) p(fto @) ):riE[O,oo), i=0,...,n.
|| =00 telty,to+T] |z|™

Then the equation (1.1) has at least one anti-periodic solution if

n
(2.2) ro+ il Bl ™ D (] + 1) D <
k=1

where ] denotes the maximum integer not greater than py.
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Proof. Let A € [0,1]. Consider the operator equation x = A\Lz. If z € X is
a solution of x = ALz, we get that

1
1+ exp(fOT a(u) du)

y [/tHT exp (/:a(u) du)f(s,x(s),x(al(s)),...,x(an(s)))ds
+ Y e ( /t " o) du)[k(x(tk))} — (La)(b).

t<t<t+T

x(t) = — A

Then

(2:3) {x’(t) +a(t)z(t) = Af(t,z(t), z(ar(t)), ..., z(an(t))), tER,
’ Ax(ty) = My(z(ty)), k€ Z.

To complete the proof of the theorem, we do the following three steps.
Step 1. Prove that there is a constant M > 0 so that fttoﬁT |z(s)|™ 1 ds < M.

Transform the first equation in (2.3) into

(x(t) exp </tt als) ds) > = Af(t,z(t), 2(ar (1), - .., 2(an(t))) exp </tt a(s) ds) .

Multiplying both sides by z(t) exp(f:0 a(s)ds) and integrating from ¢y to to + T,
we get using (H2) that

2 (vter+ye ([ :°+T a(s) d)) - L)

s (e[ aa)) = (s [ aa))

to<tip<to+T

= A[/tO+T h(s, 2(s), 2(a1(s)), ..., z(an(s)))a(s) exp </t alu) du) ds

to

[ g atoats)exp ([ atwrau)as

to

> / " it on(s))als) exp ( /<u> du) ds

i=1"7to

4 /t :O+T r(s)a(s) exp ( /t :a(u) du) ds}
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It follows from (H1) that

(2(t)? = (2(te)? = (@(t)) — 2(t)) (@ () + = (t))
= Ax(ty) (2 (te) + Ax(ty)) = Mk (z(te) 2z (tr) + Mi(z(t)))
2 2>\$(tk)-[k(x(tk)) 2 0.

Together with fOT a(u)du <0 and z(to +T') = —z(to), we get

%(mo +T)exp (/:” a(s) ds>)2 _ %(m(to))Q <0

It follows from (H2) that

»3/t:0+T lz(s)|m T ds < — /t:OJrT go(s, z(s))x(s) exp </t: a(u) du> ds

- Z [ atsstatspee e ([ atwau)as

— /t:OJrTr(s)x(s) exp </tos a(u) du> ds
S T | atwan) ate)as
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From (2.2), choose € > 0 so that
n
C4) o)+ Do ln + B ] + ) <
k=1
For such € > 0, together with (H2), there is é > 0 such that

(25) em(ﬂmwwywmm<m+amm

uniformly for ¢ € [0,T] and |z| > d, 1 =0,1,..
Let, fori=1,...,n

Sy M

)

Al,i = {t: te [OaT]v |x(az(t))| < 6}; i= ]-a sy 1y
Aoy ={t: t€[0,T), |x(ai(t))| > o}, i=1,...,m,

= ma: (t,x)|, e=0,1,...,n
9s,i tE[O,T],}\(z\§5|gl(7 )|a s Ly 3 10y

Ar={te[0,T), |e(t)] <5},
Ay = {t € [OaT]v |{E(t)| > 5}7

0 =max{gs;: i =0,...,n}.

Then we get
to+T to+T
5[ R s < roe) [ fas) s
to to

+§:7%+5(/Q¥H$WA®HmM®HdS+HHNMO<ATquﬁm>
to+T to+T n to+T
></ |x(s)|ds+5/ |x(s)|ds—|—5;/to 1o(s)| ds

to to

to+T
<m+q/ j2(s)" 1 ds

to

to+T m/(m+1) to+T 1/(m+1)
+Z (rg +¢) U |z(0u (s)) | ds} [/ ()| ds

to

+ {(n—kl)é—i— ||7"||exp</OT a* (u) duﬂ /:H |z(s)| ds
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to+T
< (ro+e) / j2(s)" 1 ds

to

n a (to+T) m/(m+1) to+T 1/(m+1)
+3 (e +e) [ / ()™ |8 )] du] [ [ et ds]
k=1 @

k(to) to

4 {(n+1)5+ |7“||eXp</0T ot (u) duﬂTm/(mUUtﬁT l(s)[™ 1 ds

to

} 1/(m+1)

to+T n
< (7“0 + 5)/ |x(3)|m+1 ds + Z(Tk + E)||ﬁl/€|‘m/(m+1)

to k=1
a(to+T) m/(m+1) to+T 1/(m+1)
X {/ |x(u)|1+mdu} [/ |lz(s)|™ ! ds]
ag(to) to

:| 1/(m+1)

4 {(n+1)5+ |7“||eXp(/0T ot (u) duﬂTm/(mUUtﬁT l(s)[™ 1 ds

to

Since (A3) implies that

| (t +T) — ax(?)]
Sl A

we have
[1x] T < an(to + T) — ar(to) < ([a] + DT,
where [y] denotes the maximum integer not greater than y. The fact that |z(t)| is
T-periodic implies that
to+T

to+T
P l2(s)[™+ ds < (7“0—1—5)/ lo(s)[™+L ds

to to

n
+ 2+ B (] + 1) Y
k=1

to+T m/(m+1)r pto+T
X [/ | (u) [T du] {/ lz(s)[™ T ds

to to

4 [(n+1)5+ 7 exp (/OT ot (u) du)]Tm/<m+1>[/to+T lo(s)[™ 1 ds

to

n to+T
- [(7“0 +8)+ 3 (e + ) B D (] + 1)”“"”*”} / [ (s)[" 1 ds
k=1

:|1/(m+1)

]1/(m+1)

to

- [(n+1)6+ ||| exp (/OT a™ (u) du)]Tm/(m“)[/tOJrT lz(s)|™F ds

to

:|1/(m+1)

It follows from (2.4) that there is a constant M > 0 so that ftO+T z(s)|™ T ds < M.
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Step 2. Prove that there is a constant M7 > 0 so that ||z]ec < M.
It follows from Step 1 that there is & € [to, to + T so that |2(&)| < (M/T)/(m+1),

Case 1. If ty < t < & multiplying both sides of the equation (4) by x(t) x
exp fo s)ds) and integrating it from ¢ to &, we get, using (B1) and (B2), that

%{x(ﬂ exp (/t:a(s) ds)r - %[m(ﬁ) exp (/f a(é’)dsﬂz
3 2 [(rnew( [ awa)) (oo ([ )]

t<tp <€

-  Fs.2(8),2(ar (). (0 ()a(s) exp ( /<u> du) ds.

It follows that

(0P = 5 |e@ e [ " a(s) d)]

Bl o)
[ ot [ )
<3(3)"ew( o) as)

n
K ro+)+ > (4 2)IBl™ ([a] + )™ ””*”)M
k=1

+ ( /:” Ir(s)] exp ( /t alu) du> ds) m/(mH)M1/<m+1>] exp (2 /0 ' |a(u)|du>

T
+ (n 4 1)T™/ (D Y mFD expy (2/ la(u)] du) =: Ms.
0

1
2

Hence one sees that

{EQ(t) <2My=: M3 forte [to,ﬂ.

This implies 22(0) < Ms. So 22(T) = z%(0) < M3.
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Case 2. For t € [£,t9 + T, we have

%[m) exp < /tt a(s)dsﬂQ _ %[m(to +T)exp < /t:o” a(s)dsﬂz
_ % Z [(m(t+) exp (/Ttk a(s) d5>)2 - (x(tD oxXp (/Ttk als) ds))?

t<tp<to+T

to+T s
- )\/ i f(s,2(8), x(a1(8)), ..., x(an(s)))z(s) exp (/ a(u) du) ds.
t T
Similarly to the above discussion, we get that there is My > 0 so that 2%(t) < My
for t € [¢,to + T]. All the above discussion implies that there is M; > 0 so that
|z(t)] < M for all t € [to,to + T

Since z is anti-periodic, we get that |z(¢)] < M; for all ¢ € R. Thus ||z|| < M; for
allz € Q= {x € X: z = ALz for some X € [0,1]}.

Step 3. Apply Lemma 2.4 to get a solution of the equation (1.1).

Let Qo = {z € X: ||z|| < My +1}. Then = # ALz for all A € [0,1] and all
x € 0Qp. Lemmas 2.1 and 2.3 imply that L: X — X is completely continuous. It
follows from Lemma 2.4 that there is x € X such that + = Lzx. Then Lemma 2.2
implies that the equation (1.1) has at least one anti-periodic solution € X. The
proof is complete. O

Theorem 2.3. Suppose that fo u)du > 0 and (A1)—(A5) hold and
(H3) Ix(z)(2x + Ix(x)) <0 for all x € [R and k € Z;
(H4) there exist impulsive continuous functions h: R x R" - R, g;: Rx R — R
and r € X such that (H2)(i) and (H2)(iii) hold and
(ii) there exist to € R and constants m > 0 and > 0 such that

¢
h(t,xo, ..., xn)T0€Xp (/ a(u) du) < —fxo[™ T
to

holds for all (t,xq,...,xy) € [to,to + T] x R* L.
Then the equation (1.1) has at least one anti-periodic solution if

(2.6) ro + ZrkHﬁka/(mH)([Hk] 1)m/mt) < g
k=1
where [y denotes the maximum integer not greater than .

Proof. The proof is similar to that of Theorem 2.2. We get (2.3). (A2) implies
that fHT )ds = fo uw)du > 0.
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Multiplying both sides of the equation (2.3) by z(t) exp(ftt0 a(s) ds) and integrating
it from tg to to + T, we get using (H4) that

(o) (o]
Loy [(x@;)exp(/mk )) (x eXp(/ka(s)ds>H

to<tp<to+T
to+T

= F(5,2(5), 2(a1 (), - . ., 2(cn(s)))z(s) exp (/t a(u) du) ds.

to

From the assumption (H3), we get that

(@(t0))? = (2(t;)* = () — 2t D () +2(ty)
= Ax(ty,)(22(ty,) + Ax(ty)) = My (x(ty) (22t ) + M (2(1,)))
< 2M (2 ()t ) + ALk (t;)]* = Mi(2 () (22(ty) + Iu(z(t;)) <0,

It follows that

/:H h(s,(s), (01 (5)), .., 2(an(s)))a(s) exp ( / a(u) du) as
+ 7 g, w()als) exp ( / a(u) du> ds

to

+3 [ atsstansore ([ awa) e

i=1

[ e ( afu)du) ds > 0.

to

The remainder of the proof is similar to that of the proof of Theorem 2.1 and is

omitted. O

Remark 2.1. One can easily see that the assumptions imposed on ay, I (k =
1,2,...,n) and f are weaker than those in [18], see (B1), (B2), (H1)-(H4) in this
paper and (G1)—(G6) in [18]. So the results in this paper are new.
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3. AN EXAMPLE

Now, we present an example, whose solutions can not be obtained by theorems in
other known papers, to illustrate the main results.

Example 3.1. Consider the following equation
' (t) + (1 4 sin 2t)z(t)
(3.1) =alz(t)]? + 3 bi[x(t —i72)]?9F! +sint, t € R,

k=1
Az(ty) = ck[x(tk)]B, ke,

where ¢ > 0 is an integer, ¢, = kn+ /2, k € Z, a, by, (k =1,...,n) are constants.
The question is, under what conditions the equation (8) has at least one anti-periodic
solution with anti-period r.

Corresponding to the equation (1.1), we find that
a(t) =14sin2t, Iy(z) =cpz® (k€ 7Z),

flt,zo, @1, ... @) = azg?™ + Zbixf‘”l +sint and ax(t)=t—k? (ke 7).
k=1

It is easy to check that (A1)-(A5) hold.
It is easy to see that I (z) >0 if ¢ >0 for all k € Z.
Choose h(t,zo,x1,. .., xn) = azg?™', gi(t, z;) = biz?*", r(t) = sint. Then

flt,zo,21,. .., xn) = h(t, o, x1,...,2,) + Zgi(t,xi) + r(t).
i=1
It is easy to check that (H2) holds if @ > 0 with ¢o =0, 8 = a and m = 2¢ + 1 and
ri = |bil(2+7) (i =1,...,n). Since ax(t) =t — k=2, we get that By(t) =t + k2
and pr = 1. Then Theorem 2.2 implies that the equation (3.1) has at least one
anti-periodic solution if

(3.2) Z |bk|2(2q+1)/(2q+2) < a.
k=1

Remark 3.1. This paper is a continuation of [18]. But the techniques used to
get the a priori estimates of solutions in this paper are different from those used
in [18]. One sees easily that Example 3.1 can not be solved by Theorems 2.1-2.3
obtained in [18] since (G2) in Theorem 2.1 [18], (G4) in Theorem 2.2 [18] and (G6)
in Theorem 2.3 [18] are not satisfied.
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