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Abstract. In the theory of normed spaces, we have the concept of bounded linear function-
als and dual spaces. Now, given an n-normed space, we are interested in bounded multilinear
n-functionals and n-dual spaces. The concept of bounded multilinear n-functionals on an
n-normed space was initially intoduced by White (1969), and studied further by Batkunde
et al., and Gozali et al. (2010). In this paper, we revisit the definition of bounded multilin-
ear n-functionals, introduce the concept of n-dual spaces, and then determine the n-dual
spaces of /P spaces, when these spaces are not only equipped with the usual norm but also
with some n-norms.
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1. INTRODUCTION

Let n be a nonnegative integer and X a real vector space of dimension d > n.

A real-valued function ||-,...,-|| on X™ satisfying the following four properties,

(1) ||z1,-..,2n|| =0 if and only if 1,...,x, are linearly dependent,

(2) ||z1,...,2n| is invariant under permutation,

(3) oz, ... x| = |af||x1, ..., zn] for all « € R,

(4) |lxer+ 24,z < ||z, 22, . x|l + |2h 22, - o 2,
is called an n-norm on X, and the pair (X, |-, ..., ||) is called an n-normed space [2],
[3], [4]. Note that on an n-normed space (X, |[|-,...,-||) we have ||x1,x2,..., 2| =
||lz1 + y, x2, ..., x,|| for any linear combination y of xo,...,xs € X.
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To give an example, let 1 < p < oo and 1/p+ 1/¢ = 1. Then we can equip the

space (P of p-summable sequences with an n-norm ||, ..., ||§ which is given by
[e.e]
G._
lz1,. .. 2l = sup det[ E xikyjk] , X1,y...,Xn € P
y; €09, |ly;llq<1 k=1 i,j
Here ¢7 is the dual space of (P, and || - ||, denotes the usual norm on ¢? (see, for

instance, [8]). The above n-norm is due to Géhler [2], [3], [4]. Another n-norm can
be defined on /P, namely

1 & ) 1/p
Hxl,...,l‘an = (E Z Z |det[$ikj]i,j|p) , XL1y...,Tp € /P,

T ki=1 kn=1

This n-norm was introduced by Gunawan [6]. As shown in [12], these two n-norms
on /P are equivalent, that is,

11 @)Y ozl < e zallS < DY 2, ||

for all z1,...,xz, € (P.

Any real-valued function f on X™, where X is a real vector space of dimension
d > n, is called an n-functional on X. Furthermore, an n-functional f satisfying the
following two properties:

(1) f(x1+y1a7xn+yn): Z f(hla"'7hn)a
hi€{zi,yi}, 1<i<n
(2) flonzy,...,0nxy) =1 ...anf(T1,...,2n),

is called a multilinear n-functional on X.
Next, suppose that f is an n-functional on a normed space (X, ||-||) [an n-normed
space (X, |-, ...,||)]. If there exists a constant K > 0 such that

[fer, e an)l S Kl flzall (1@ wn)| < Kl anll]

for all y,...,z, € X, then f is said to be bounded on (X, |||) [bounded on
(X, I, - -], respectively], see [5] and [11].
It is easy to check that every bounded multilinear n-functional f on an n-normed
space (X, |-, ...,||) satisfies
flz1,...,2,) =0

whenever x1, ..., x, are linearly dependent. Further, it is antisymmetric, that is,
f(xla s 7xn) = Sgn(a—)f(xa(l)v oo 7xa(n))
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for any x1,...,x, € X and any permutation o of (1,...,n). Here sgn(c) =1 if o is
an even permutation and sgn(o) = —1 if o is an odd permutation. These properties
do not hold for bounded multilinear n-functionals on a normed space (X, || - ||).

Inspired by the concept of the dual space of a normed space, the space of bounded
multilinear n-functionals on (X, ||||) [on (X, ||-,...,||)] is called the n-dual space of
(X, ||)]) [the n-dual space of (X, ]|-,...,-||), respectively]. This space can be equipped
with the norm

||f|| L= sup |f(371a7$n)|
n,l -— —_—
Izt llomliznli0 22l - [lznl
|f(z1,. .. 20)] .
= su ————— —~ respectively|.
(1 lln,n s SR respectively

In the subsequent sections, we shall focus on X = ¢P, where 1 < p < oco. For
convenience, we shall first discuss the 2-dual spaces of ¢, and then generalize the
result for all n > 2. This work is part of the first author thesis [10].

2. THE 2-DUAL SPACES OF /(P

We shall here identify the 2-dual space of /P as a normed space, and then use the
result to determine the 2-dual space of #P as a 2-normed space, equipped with Géhler’s
2-norm as well as Gunawan’s 2-norm. From now on, we shall always assume that
1 < p < oo and g is the dual exponent of p, that is, 1/p + 1/¢g = 1, unless otherwise
stated.

To achieve our goals, we need to introduce the following normed space. We say
that a double index sequence 6 := (6y;) (of real numbers) belongs to the space Y,y

if
' 00 | % a\1/4q
101y, = | sup ( E E 2k Ok;j > < 0.

lzllp=1 \ 5=11k=1
Here ||- ¢ defines a norm on Yq . For ¢ = 00, a double index sequence 6 := Hk'
Yl NxN ’ J
X

.. o
is in Yy if

o0
Zl‘kekj < 0.

k=1

[0]ly>e. == sup sup
lzlli=1 jeN

Our first result is

Theorem 2.1. If 1 < p < oo, then the 2-dual space of (¢*,||||,) is identified
by (Yiins [lye, ). Moreover, the mapping f — 0 := (f(ex,€;)) is an isometric
bijection from the 2-dual space of (¢7,]|-||,) to (Yl .|l - llya,)-
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Proof. For 0 := (0);) € Y, we define a 2-functional f on (7 by

f(z,y) = Z Z ©kY;0k;,

j=1k=1

where x := (z;) = Y z;e; and y := (y;) = . yse;. Note that f(ex,e;) = 6g; for
=1 i=1
k,j € N. Further, f is a bilinear 2-functional on (I?,|-||,), and for z,y € ¢ with

llzll, = llyll, = 1, we have

00 oo o 1/p , o© | o© a\1/q
sl = |3 (o mo)| < (Slur) ([ mm| )
j=1 k=1 j=1 j=1lk=1
0 | a\1/q x| % a\1/q
—(S[Cawtn| )< s ([ wt] ) =10l
i=11k=1 llzllp=1 \ ;71—
Hence, for x,y # 0 we have

f(z,9)]
T S N0l -
llp 1yl

This means that f is a bounded bilinear 2-functional on (€7, ||-||,) with

(2.1) [fll2 < [1Bllys -

Conversely, let f be a bounded bilinear 2-functional on (¢7, ||-||,). We claim that
0 := (f(er,€;)) € Y - For each z € ¢ with [|z||, =1, let f, be the functional on
(€7, [|[],p) given by

faly) = flz,y), yeLr

It is clear that f; is a linear functional on (¢7, || - ||,). Moreover, if y # 0, then

L) _ 1f(zv)]
lylle lllpllylly

< fll2,

Hence f, is bounded with ||fz| < || f]l2,1- Since the dual space of (¢7,] - ||p) is
(€9, llq), the bounded linear functional f, is identified by (fz(e;)) = (f(z,e;)) with

> 1/q
(Z|f(x7€j)lq> = lfall < [[fll22-
j=1
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Therefore, we obtain

a\1/q
) <

It follows from (2.1) and (2.2) that the mapping f +— 6 := (f(ex, e¢;)) is an isometric
bijection from the 2-dual space of (€7, [|-[|,) to (Y. [I-llve_)- O

NX

(2.2) 1llys = sup (

lzllp=1

00 | 00
E xkf ekvej

and this proves our claim.

For p = 1, we can also prove easily that the 2-dual space of (¢!, ||-||1) is identified
by (Y¢S, [Illyes, ). Hence we have the following corollary.

Corollary 2.2. For 1 < p < oo and 1/p+ 1/q = 1, the 2-dual space of ({7, |-||)
is identified by (Y., || - Iy, )-

Now we shall discuss the 2-dual space of (¢, ]|-, || Icf ). For this purpose, we need to
invoke the concept of g-orthogonality on ¢P, where g is the semi-inner product on £?
given by the formula

oo
gz, y) o= lZ7P Y fagP tsen(ay)ys, @ i= (25),y = (y5)-
j=1
If g(z,y) = 0, then we say that = and y are g-orthogonal, and we write z L, y.
(See [9] for some properties of g-orthogonality.)
As in [7], we may define the “volume” of the parallelepiped spanned by linearly

independent z1,...,xz, € P by the formula

Viwy,...ozn) o= 21l 25 lp,
where {z9,...,25} is the left g-orthogonal sequence obtained from {zi,...,z,}
through a Gram-Schmidt process. If z1,...,x, are linearly dependent, then we

simply define V(x1,...,2,) =0.
In [12] it is shown that

(23) V(xil""7mi7z)< Hxlaaxn”fj

for all x1,...,2, € ¢’ and any permutation (i1,...,4,) of (1,...,n). Using this fact
(for the case n = 2), we get the following theorem.

Theorem 2.3. A bilinear 2-functional f is bounded on (¢, ||-,-||$) if and only if
f is antisymmetric and bounded on (¢?, ||-||,). Furthermore, we have

1
SlFllax < A8 < [1F ]2,

where H||§2 is the norm on the 2-dual space of (¢?, |-, ||§)
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Proof. Suppose that f is bounded on (¢7,]-, Hf) It is clear that f is anti-
symmetric, that is, f(z,y) = —f(y, ) for all z,y € ¢P. Next, for z,y € ¢ we have
. ylly < 27l ylly" (by (1.1) for n = 2) and [,y < 2717z, ]lyll, (see [6]),
so that ||z, y||§ < 2||z|pllyllp- Thus, for any linearly independent z,y € ¢P we obtain

LIfG@ oyl _ |f(=y)]
5 < o < I/l
llpllylle — Ml yll5
Hence f is bounded on (47, ||-||,) with
1 G
(24) Sl < 171

Conversely, suppose that f is antisymmetric and bounded on (¢%,]-||,). Given
linearly independent x,y € ¢P, we observe that f(z,y) = f(z°,y°) where {z°,y°} is
the left g-orthogonal set obtained from {z,y}. Moreover, we have

[fy)| _ [yl 1f@° )]
lz.yllg = Vie,y)  llzlpllyll

< |/

2,1-

Since f is also antisymmetric, we have

[f (@ 9)l < |/]

21llz, yllS

for all z,y € ¢P, that is, f is bounded on (¢7, |-, Hff) with

(2.5) 1S < 1 Fll21-

Finally, from (2.4) and (2.5) we conclude that

1
Sl < 112 < 1/ ]12.1,

as desired. 0

To identify the 2-dual space of (¢7,]]-,-||$), we consider some subspace of Y{, .
A double index sequence 0 := (0y;) belongs to Z{_, if 6 € Y, and 0y; = —0;, for
all k,j € N. Note that ZJ, can be viewed as a normed space equipped with the
norm inherited from Y, .

Previously, we have shown that the 2-dual space of (¢7,]| - ||,) is identified by
(Yduns [Illyze ). Hence the space of all antisymmetric bounded bilinear 2-functionals
on (7, |]-]|p) can be identified by (Z{ . ||- [[ya, ). From this and the previous theorem
we get the following corollaries.
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Corollary 2.4. The function ||-||$. on Z_, defined by
I XN

Z > TkY;0k;

G ._ J=1k=1
||0HZ[‘11><H'* sup H yHG

llz,yllg #0
defines a norm on Zy . Furthermore, ||-|$. and [[ly-2,, are equivalent norms on
I XN
Z,ng, with
e
<600 < l6llys_

|| vz, <

for all 0 € Z¢ .

Corollary 2.5. The 2-dual space of (€7, |-,-||S) is identified by (Z{ .|| 5. )-

XN

Using (1.1) for the case n = 2, we obtain the following corollaries.

Corollary 2.6. The function || - |2, on Z_ defined by
I XN

Z > w0k,
162, = sup JElke=l
2 agiiizo Moyl
defines a norm on Zy . Furthermore, |- ||, and ||, are equivalent norms
N XN N XN

on Z ., with
210G, < 0l < 2776)S,

RXN

for all 6 € Zf(\llxN'

Corollary 2.7. The 2-dual space of ({7, ]|, -||1) is identified by (Z{ . 15 ).
I XN

Remark. Here |- |4, |- , and ||[ly;a, , are three equivalent norms on
N XN I XN

q
ZNXN
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3. THE n-DUAL SPACES OF /P

The results for the case n = 2 can be extended easily to the case n > 2. For
1<p<ooand1/p+1/g =1, we define Y, to be the space of all (real) n-index
sequence 0 := (6, .., ) where

o s q11/q
101y, = sup [ g g 1k - On—1 k1 Ok1 . i, } < 00.
larllp=--=llan—1llo=1 L5, 1

For ¢ = o0, an n-index sequence 6 := (0, . 1, ) belongs to the space 3% if

o0

E Ak - - Qn—1,kp_1 k1.

ki, kn—1=1

||0Hyuo3 = sup sup < 0.

lai|li=...=|lan—1]|l1=1 kn€EN

Here N™ :=N x ... x N (n factors). Note also that the inner sum above is a multiple
sum.

We also define the generalization of Z{_ , spaces as follows. An n-index sequence
0 := (0,...k,) belongs to the space Z, if 6 € Y, and Ok, .x, = 5g0(0)0s (s, )...o(k0 )
for all k1,...,k, € N and any permutation o of (ki,...,kp).

Analogously to the case n = 2, we have the following result for n > 2. (We leave
the proof to the reader.)

Theorem 3.1. The n-dual space of (¢?,||-|,) is identified by (Y., |{lys,). More-
over, the mapping f — 0 := (f(ek,,...,€k,)) is an isometric bijection from the
n-dual space of (€%, ]| ,) to (Vi [-ys,).

Using (2.3) and the following two inequalities from [6], [12]:
Iz, .. zallS < ()YP|21, . | F

and
1, szl < () Pzl - L,
we can prove the following theorem by using arguments similar the case n = 2.

Theorem 3.2. A multilinear n-functional f is bounded on (%, |-,...,-||S) if and
only if it is antisymmetric and bounded on ({7, ||-||,). Furthermore, we have

1
Il <] o < £l

where || - Hgn is the norm on the n-dual space of (¢, ||, ..., ||I(f)
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From Theorems 3.1 and 3.2 we get the following result.

Corollary 3.3. The n-dual space of (¢, ||, ..., ||§) is identified by (Z.., |~||gqm),
where |||, is given by
'
oG, > ket T1ky - Tk Ok, ke,
01, = sup "
|1, 20 |G #0 |x17"'7anp
Using (1.1), we also get the following theorem.
Corollary 3.4. The n-dual space of (¢*,]-,..., Hf) is identified by (Z3.., ||| 2 ),
!

where ||-||%, is given by
L

|Z:‘i =1 T1k1 - - - Trky, Ok ke

HRhn=

HQH% = sup
lz1,...,znllFF#0

[z1, . x|

4. CONCLUDING REMARKS

In the theory of normed spaces, we know that the dual space of (¢, ||-||,) is (iden-
tified by) (£9,|-||l4), where 1 < p < oo and 1/p + 1/q = 1. Here we show that the
n-dual space of (¢7,|-|,) is identified by (Yil.,
the two results. Similar relations also occur for the n-dual space of /¥ when (7 is

| - [ly;s,). We see similarities between

viewed as an n-normed space with Géhler’s n-norm or Gunawan’s n-norm. All these
results are identical in the case where n = 1. For n > 2, however, we still have
a question whether the norm |[-[|ys, on Y., as well as the norms ||ngJ and HH%;J
on Z{,, can be reduced to

oo 1/q
W= (Y Bl

k1,....kn=1

and

0 1/q
0, = (% )

ki, kn=1

One may easily check that if § := (0, . x, ) satisfies

n

o0 1/q
( > |9k1...knq> < 00,

ki, kn=1

then [|0]]yq

N

0 1/q
, H9||§Iq , and H9||gq are all dominated by ( > |9k1,,.kn|q> . We
i i k1,..kn=1

just do not know whether the converse is also true. See [1] for related problems.
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