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Abstract. Finite element methods with piecewise polynomial spaces in space for solving
the nonstationary heat equation, as a model for parabolic equations are considered. The
discretization in time is performed using the Crank-Nicolson method.

A new a priori estimate is proved. Thanks to this new a priori estimate, a new error
estimate in the discrete norm of W (£2) is proved. An £ (#!)-error estimate is also
shown.

These error estimates are useful since they allow us to get second order time accurate
approximations for not only the exact solution of the heat equation but also for its first
derivatives (both spatial and temporal).

Even the proof presented in this note is in some sense standard but the stated W (£2)-
error estimate seems not to be present in the existing literature of the Crank-Nicolson finite
element schemes for parabolic equations.

Keywords: parabolic equation; finite element method; Crank-Nicolson method; new error
estimate
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1. PRELIMINARIES AND A BRIEF DESCRIPTION OF THE MAIN RESULTS

Let us consider the following the nonstationary heat equation, as a model for
parabolic equations:

(11) ut(xvt) - Au(xat) = f(xat)v ({E,t) € x (OvT)v

where (2 is an open bounded domain in R¢ (d = 1, 2 or 3) with a polyhedral boundary
0, T > 0, and f is a given function.
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An initial condition is given by:
(1.2) u(z,0) = u’(x), ze€Q,

and, for the sake of simplicity, we consider homogeneous Dirichlet boundary condi-
tions, that is

(1.3) w(z,t) =u(l,t) =0, (z,t) €00 x(0,T).

Heat equation is typically used in different applications, such as fluid mechanics, heat
and mass transfer, etc., and it is the prototypical parabolic partial differential equa-
tion which in turn arises, for instance, in many different models like Navier-Stokes
and reaction-diffusion systems. It describes the distribution of heat (or variation in
temperature) in a given region over time. Therefore parabolic equations are impor-
tant from the mathematical viewpoint as well as in practice.

Let {7n: h > 0} be a family of shape regular and quasi-uniform triangulations of
the domain 2. The elements of 7;, will be denoted by K. For each triangulation 7y,
the subscript h refers to the level of refinement of the triangulation, which is defined

by h = Il(na%( hx, where hx denotes the diameter of the element K.
€Tn

Let V" be the standard finite element space of continuous, piecewise polynomial
functions of degree k > 1, i.e.,

Vh={vec®): v|lg € P, VK € T},
and we denote by
(1.4) V=V nH(Q).

The time discretization is performed using a constant time step 7 = T/(M + 1),
where M € N\ {0}, and we shall denote t,, = nr, for n € [0, M + 1].

Throughout this paper, the notations C;, where ¢ € N\ {0}, stand for positive
constants independent of the parameters of the discretization.

The discretization scheme we want to consider is implicit and it is based on the use
of the Crank-Nicolson method as discretization in time and on the use of the finite
element mesh described above. We shall denote by v"~!/2 the following arithmetic

mean value, when (v")MH! is a discrete function, between the two time levels n — 1
and n:

T ,Unfl
(1.5) e

2 )
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and v~ 1/2 denotes the arithmetic mean value (1.5) by replacing v with v(t,) and
v~ by v(t,—1), when v € C([0,T)), i.e.,

n—1/2 _ v(tn) + v(tn-1)

(1.6) v 5 , Yvel(o,T)).

To define the finite element approximation for our problem (1.1)—(1.3), we need to
use the following discrete first time derivative

n _ ,n—1
(1.7) ol = % Vn e 1, M+1]

The discretization of the initial condition (1.2) is performed as: Find u) € V} (see
(1.4)) such that

(1.8) a(uj,v) = —(Au’,v)2(q) = a(u’,v), Yo € V.

The discretization of the heat equation (1.1) is: for any n € [0, M], find ul! € V}
such that, for all v € V}

tnt1
(1.9) <aluz+1,v>g2<m+a<uZ“/2,v>=(1 / f(t)dt,v> ,
t

T Jtn, £2(Q)

where a(+,-) denotes the bilinear form defined for all (u,v) € H'(Q2) x H1(Q) by

a(u,v) = /QVu(x) -Vo(z)dz.

To compute the solution of the finite element scheme (1.8)—(1.9) (see either [3],
page 385, or [4], pages 172-173), we first compute the initial solution ! using (1.8).
Equation (1.8) can be written in to the following matrix form

(1.10) AU® =P,

where A is a symmetric and positive definite matrix, n° is known, and U" =
N
(Up,...,UNT with ul! = 3 Ulp; where ¢; are the basis functions of V".
i=1
Equation (1.9) leads to the following linear systems, for each time step n € [1,

M +1]
(1.11) (M + %A>U” =n",

where M + $A is a symmetric, positive definite matrix and " is known from the
previous steps.
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The following discrete second time derivative will help us during the convergence
analysis of the finite element scheme (1.8)—(1.9):

,UnJrl — 2™ + ,Unfl 1

(1.12) 9*n T = > (@™t —9%™), Vne[l, M].
T

T

The following rules will be useful for our analysis, for any smooth function v defined
on [0,T]

tnt1 t

tnil
(1.13) 0™)(tny1) 2% t Yi(t)dt and  0*(tpy1) = %/t i t Pt (s) ds dt.
The existence and uniqueness of a solution to the finite element scheme (1.8)—(1.9)
stems from the fact the matrices A and M + 17A are positive definite (see also [3],
pages 385-386, and [4], pages 171-173).

The following error estimates are known:

1. L£%(L%)-error estimate. Under the regularity assumption u® € HFT1(Q),
ug € LY(0, T; HFL(Q)), and uyy € L£1(0,T; L£2(R)), the following £°°(L2)-error esti-
mate holds (see [2], where the piecewise linear finite element space is used, [3], Corol-
lary 11.3.1, page 394, and [4], Theorem 7.5.2, pages 177-178), for all n € [0, M +1]:

lup — utn)ll 20

T 2 T
-
< Clhk+1(||u0||7-t’€+1(ﬂ) +/ ([t (8) |31 () dt) + g/ Jaete ()] 22 ey At
0 0
T T
< Cg(hk-l-l +7—2)(|UO|H"+1(Q) +/ ||ut(t)HHk+1(Q) dt+/
0 0

el )
2. L2(HY)-error estimate. Under the regularity assumption u € C(0,T; H¥T1(Q))
and wuyy € L£2(0,T; L£%(Q)), the following £2(H!)-error estimate holds (see [1]):

M 1/2
1/2
(Z T||€ZJr / |%¢1(Q)) < C:S(hlc + T2)(HUHC(0,T; HE+1(Q)) T ||uttt||£2(0,T;£2(Q)))v

n=0

where e} = u(t,) — u} and the notation v"*1/2 is defined in (1.5)—(1.6).

3. L%(H1)-error estimate when the piecewise linear finite element space (k = 1)
is used. Under the assumption that f =0, u® € HF(2), k = 1 (piecewise linear finite
element space), and a suitable choice for quadrature replacing the first term on the
left of (1.9), it is proved in [2] that the error is of order h + 72 in the discrete norm
of L®(H1).

4. L>®(HY)-error estimate when biquadratic finite volume element methods are
used on rectangular spatial domain . Thanks to the estimate in [5], Theorem 5.1,
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pages 1064-1065, the error is of order h? + 7% in £>°(#H')-norm when biquadratic
finite volume element methods based on some optimal stress points are used in the
particular case of a rectangular spatial domain €.

However, we are not aware of the existence of any error estimate in the discrete
norm of W1:°°(£2). We think also that there is no explicit statement for an error in
the discrete norm of £L>°(H!) for arbitrary k (recall that the £>°(H!)-error estimate
provided in [2] is stated when k = 1, i.e., using piecewise linear trial functions).

We aim in this contribution to provide a new W1°°(L£?)-error estimate. An
L% (H1)-error estimate for arbitrary k& will be also derived. We will prove, under
the assumption that the exact solution is smooth, that the error is of order h¥+1 472
in the discrete norm of W'*°(£?) and is of order h* + 72 in the discrete norm of
L£>°(H1). The proof of the results we want to present is based on a new a priori
estimate stated in Lemma 2.1.

It is clear that deriving error estimate of order h**% + 72, with s is either 0 or 1,
in the norms of W (£2) and £>(H!) yields approximations of order h*+* 4 72
in the discrete norm £°°(£?) for the first derivatives (both temporal and spatial)
of the exact solution. Such results are important from mathematical point of view.
In addition to this, the approximation of the first derivatives of the exact solution
is useful in practice since the time derivative u; represents the rate of changes of
temperature at point over time and temperature gradient is a physical quantity that
describes in which direction and at what rate the temperature changes the most
rapidly around a particular location. The temperature gradient is a dimensional
quantity expressed in units of degrees (on a particular temperature scale) per unit
length. Temperature gradients in the atmosphere are important in the atmospheric
sciences (meteorology, climatology and related fields).

If w(x,t) is a function of the space variable x and time ¢, then it is sometimes
suitable to separate these variables and consider w as a function w(t) = w(-, t) which
for each ¢t under consideration attains a value w(t) that is a function of x and belongs
to a suitable space of functions depending on z, see [4], page 155.

We assume that f € £2(0,T;£%(Q)) and ug € £L2(2). Then, see for instance [4],
pages 156-158, for more details, there exists a unique weak solution for (1.1)—(1.3)
in the following sense: there exists a function u € £2(0,T;H(Q2)) N C(0,T; L3(Q))
such that:

(1) In the sense of distributions on |0, 7’|

(114) S u(t), o) + alu(t),v) = (7)), 0), Yo € HY(O)
(2) and
(1.15) u(0) = uo.
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The following coercivity will be useful, for all v € H(Q)

(1.16) a(v,v) :/Q|Vv|2(x)dx: |v|fQ

The Poincaré inequality (see [3], Theorem 1.3.3, page 11) states, for some positive
constant C,

(1.17) HU||£2(Q) < Cpl’UlLQ, Yov e H(l)(Q)

The convergence of the finite element scheme is analyzed using the spaces C™ ([0, T7;
H'(Q)), where m and [ are integers, of m-times continuously differentiable mappings
of the interval [0, 7] with values in the Sobolev space H!(f2), see [4], page 156. The
space C™([0,T]; H()) is equipped with the norm

[

dJu
em((o,7); 1) = Thax {teOT Hdtﬂ ’wm)}'

j€fo,m]

2. STATEMENT OF THE MAIN RESULTS

We first begin by a regularity assumption for the problem (2.1) below. For any
r € L2(Q), let o(r) € HL(Q) be the exact solution of the following problem (the
existence and uniqueness are ensured by the Lax-Milgram lemma)

(2.1) a(p(r),v) = (r,v), Yv € Hp(Q).

Assumption 2.1 (Regularity assumption, see [3], Remark 6.2.1, page 173).
For any r € L£2(Q), we assume that the solution ¢(r) of (2.1) belongs to HZ(Q)
and there exists a constant Creg > 0 such that |[¢(r)|lx20) < Cregll7]|22(q), for all
r e L3(Q).

Among the main results of the present contribution is the following theorem:

Theorem 2.2 (New W1>°(0,T; £L2(2))-error estimate). Under Assumption 2.1,
let u € £2(0,T; H}(2)) be the weak solution of (1.1)—(1.3) in the sense of (1.14)—
(1.15). Let {Tn; h > 0} be a family of shape regular and quasi-uniform triangulations

of the domain Q2 and h = Il(na%( hx, where h denotes the diameter of the element K.
€Th

Let V} be the standard finite element space defined by (1.4) where k € N\ {0}.
We assume that the time discretization is performed using a constant time step
T=T/(M + 1), where M € N\ {0}, and we define t,, = nt, for n € [0, M + 1].
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Then, there exists a unique solution (uf)MHE € (Vp)M+2 for (1.8)(1.9). Assume

that the exact solution u is of class C3([0,T]; H¥*1(Q)). Then, the following error
estimates hold:
> Discrete WH°(0,T; L3(Q))-estimate: for alln € [1, M + 1]

(2.2) 10 (uy — u(tn)) | 2(0) < Ca(h™ +72)[lulles o,17: 2+ ()
> Discrete £°(0,T; H§(2))-estimate: for all n € [0, M]
(2:3) fu 172 = w0 < Ca(h® ) [ulleso.ry e )

where 0! denotes the discrete temporal derivative (1.7), and the notation v" /2 is
defined in (1.5)—(1.6).

To prove Theorem 2.2, we need to use the following new a priori estimate.

Lemma 2.1 (A new a priori estimate). Under Assumption 2.1, let {Tp,; h > 0} be
a family of shape regular and quasi-uniform triangulations of the domain 2 and h =

Il(na%( hx, where hi denotes the diameter of the element K. Let Vél be the standard
[SY

finite element space defined by (1.4). We assume that the time discretization is
performed using a constant time step T = T/(M + 1), where M € N\ {0}, and we
define t,, = nt, for n € [0, M + 1].

Assume that there exits (n})M' € (Vp)M*2 such that nj) = 0 and for all n €
[0, M]
(2.4) (817];LL+1, ’U)£2(Q) + a(?]Z-H/Q, v) = (’yn, U)L2(Q), Vv e VSL,
where y" € L2(Q), for all n € [0, M].

Then the following estimates hold:

(2.5) 10" il 22y < Cs(v +7),  Vn e [1,M+1],
and
(2.6) e < Co(y +7), e [0, M],

where the notation v"*1/2 is defined in (1.6), the seminorm (it is a norm on H}(Q))
||1,0 is given in (1.16), and

M n _ M n
(2.7) Y= I}LIES(H’Y ||L2(Q) and 7= I}}j{(Hal’Y ||£2(Q)-
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Proof. We will prove Lemma 2.1 item by item.
Proof of (2.5): acting the discrete operator 9 on (2.4) we get, for all n € [1, M]

(2.8) (O, 0) 22 () + @2 0) = (0197, ) 220

Taking v = 9'n) ™' + 0y in (2.8), using (1.12) together with (1.16), and multiplying
the result by 7 we get

1 T
10 0 22y = 10" R 220y + 5 (0" (" + k) |1Q

—_ T(al,}/n,81( n+1 +77h))£2(9)'

Thanks to the use of the Cauchy-Schwarz inequality together with (1.17), the previ-
ous inequality implies that

.
(2.9) 10y 1220y — 19" 0 1 72 () + §|31( ™+ nnlia
< 7C 10" | 22 [0 (T + M) |1,

Using the inequality ab < 4a® + b2 /4, the previous inequality yields that
[0 n+1”£2(9) - ||‘91772H%2(Q) <A(Cy)*r (7).

Summing the previous inequality over n € [1,j], where j € [1, M], and using the
fact that M7 < T we get

(2.10) ke j+1”£2(9) HalnhH£2(Q) +4T(Cp)* (7).

Thanks to the previous inequality, any estimate on ||0'n} || £2(q Will yield an estimate

on |0t H'1||L2(Q) Let us move to estimate ||8177h|‘£2(9) Take n =0 in (2.4) to get
(note that 1) = 0)

1
(alnflwv)LQ(Q) + ga(ﬂiav) = (’Yoav)ﬁmy

Taking v = 07} in the previous equality, using that fact that d'n} = n}/k (since
7 = 0), and using (1.16) leads to

(2.11) 10" 04 lIZ2y < (4%, 0" mi) 220
This with the Cauchy-Schwarz inequality yields that

(2.12) 10 3| 220) < -
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This with (2.10) implies that, for all j € [0, M]
10", 22y < (1) +4T(Cy)* ().

The last inequality with the rule va + b < v/a + Vb, for all positive a and b, implies
(2.5) with C5 = max(1,2VTC,).

Proof of (2.6): Taking v = n;'** + ' in (2.4) and using the Cauchy-Schwarz
inequality together with (1.17), we get, for all n € [0, M]

n+1/2
0 < o0 0 220y + 7)-

This with (2.5) which has been proved in the previous item yields (2.6). This com-
pletes the proof of Lemma 2.1. O

PROOF OF THEOREM 2.2

1. Existence and uniqueness of the discrete solution. The existence and
uniqueness for the scheme (1.8)—(1.9) stems from the fact that the matrices involved
in the linear systems of this scheme are either the matrix A or the matrix M + %TA
(see (1.10) and (1.11)) which are positive definite.

2. Proof of estimates (2.2)—(2.3). The proof of the estimates (2.2)—(2.3) of
Theorem 2.2 is based essentially on the comparison with the following finite element
scheme: for each n € [0, M + 1], we compute 4} € V} (see (1.4)) such that

(2.13) a(uy,v) = —(Au(ty), v)c2) = alu(ts),v), Vve V.

The scheme (2.13) has a unique solution thanks to the coercivity (1.16).
The following convergence result is known (see for instance [3], Theorem 6.2.1,
pages 171-172)

(2.14) |af = u(tn)l 0 < Crh*|lulleo,ry; wrer(2))-

Acting the discrete operator &’ (see (1.7) and (1.12)), j € {1,2}, on the both sides
of (2.13) yields

(2.15) a(duy,v) = —(Adu(ty), v)e2q), Yo eV
This with the known convergence result [3], Proposition 6.2.2, page 173, and (1.13)
implies

107 ah — & ultn)ll c2) < Coh* M ulleio,1y; 3r+1(0))-
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This with the fact that [[ul|cs jo,77:206+1 () < [[ulle2(jo,77;2+1 () (since j < 2) implies
that

(2.16) 187 af; — &7 u(tn)ll c2) < Crh™ H|ulle2 o 10041 (<))

The convergence results (2.14) and (2.16) will be used later.
We consider the auxiliary error given by

(2.17) & = up —ap.

Taking n = 0 in (2.13), using (1.2), and comparing the result with (1.8) we get the
following useful property

(2.18) ey =0.
Writing (2.13) in the level n 4+ 1 and adding the result to (2.13) we get
(2.19) a(@y ™2 v) = —(Au"TY? v) gy, Yo € VL.

Subtracting (2.19) from (1.9), adding —9'u} to the result, and substituting f by
us — Au (the subject of (1.1)), we get

(2.20) (@' v) 2o + a(e;™? v) = (K™~ K™%, 0) 220,

where

| fhes Au(tnir) + Aulty
K™ = 0 (u(tysr) — @) and K™? = 2 / Au(t)dr — 2L “); ultn)
T Jt

n

Note that e} satisfies (2.18) and (2.20) and therefore €} satisfies the hypotheses of
Lemma 2.1, so one can apply Lemma 2.1 to obtain

(2.21) 10" & | c2) < Cs(v +7),  Vne [, M +1],
and

(2.22) e 0 < Col(y+7), Vn e [0, M].
where

M n n i M n n
(223) 7 =max||K™ —K"?|2) and 7 =max o' (K™ — K™?)|2(0).
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The error estimates (2.16) imply that, for j € {0,1}
(2.24) 17K™ | 220y < Crh™ Hulle2(jo,71705+1 (2)) -

We use the following known representation (it is easy to check using integration by
parts):

(2.25) K™? = %/OT (% - T—S)Autt(t +t,) dt.

We can easily check that 3 (¢t — 7/2)? — 272 is non-positive for ¢ € [0, 7] and by some
elementary calculations, we get

T _7/9)2 72 +3
A(gﬁfi‘§9“=‘ﬁ-

This with the first representation of (1.13) and the triangle inequality implies that,
for j € {0,1} (recall that Q is a subset of R?)

2
. T
(2.26) 107K 22() < dggllulesomye(@)-

Gathering now (2.21)—(2.24) and (2.26) we get

(2.27) 0" el c2(0) < Cs(hFTH + 72)|ullca (o, 1041 ()
and
(2.28) En 10 < Co(MH +72) Jullea o, 71,201 52 -

Noting that u}} — u(t,) = u} — @} + @} — u(ty,) = €} + @} — u(t,), one can deduce
from (2.14), (2.16), and (2.27)—(2.28) together with the triangle inequality the desired
estimates (2.2)—(2.3). O
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3. CONCLUSION

We considered a Crank-Nicolson finite element scheme for the nonstationary heat
equation. The existing literature, see for instance [1], [3], [4] and the references
therein, concerning the convergence of the error state that the convergence order is
hETY 4+ 72 or h¥ + 72 in the discrete norms £>°(L£2) or £2(H1), respectively, and [2]
states that for k = 1 (piecewise linear finite elements) the order is h+72 in £L°(H1).
We proved in the present contribution that the error is of order h**! + 72 in the
discrete norm of W1:>°(£2). Tt is also shown that the error is of order h* + 72 in
the discrete norm of £>°(H!'). These simple results seem not to be present in the
existing literature. The stated results can be extended to parabolic equations with
time independent variable coefficients.
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