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Abstract

We extend, in this paper, some known results on the boundedness of
solutions of certain second order nonlinear scalar differential equations to
system of second order nonlinear differential equations.
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1 Introduction

Let R denote the real line —oo < t < 0o, and let R™ denote the real n—dimensional
Euclidean space equipped with the usual Euclidean norm which will be repre-
sented throughout the sequel by ||.||. We shall consider here differential equa-
tions of the form

X+ F(X, X)X +H(X) =P(t, X, X) (1.1)
in which X: R —-R", H: R” - R™, P: RxR" xR” — R", Fis an n X n con-

tinuous symmetric positive definite matrix function for the argument displayed
explicitly, and the dots as usual indicate differentiation with respect to ¢t. The
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equation is the vector version for the system of real second-order differential
equations

n
Z; + Zfik(xh e Ty D1y ) B 4 Ry, T)
k=1

=pi(t, 21, Ty &1y, E0), (1=1,2,...,0).

It is also assumed that H and P are continuous for the argument displayed
explicitly. Moreover, the existence and uniqueness of the solutions of (1.1) will
be assumed (see Picard-Lindelof theorem in [10]).

Our study of (1.1) here is concerned primarily with the problems of the
boundedness of solutions of (1.1). For over four decades, many authors have
dealt with extension of results obtained for scalar differential equations ([11])
to vector differential equations. See, for example, [1-4, 6-9, 12, 15, 16] and the
references cited therein for third and higher order cases.

However, only few results on second order scalar differential equations have
been extended to second order vector equations. The special case in which
F(X,X) is an n x n matrix A in (1.1), and (1.1) is an n vector and matrix
equations have been studied [5, 14]. In [5], for example, the author dealt with
the boundedness problem in connection with his study of convergence properties
of solutions, while in [14] the asymptotic stability, boundedness and existence
of solutions was discussed. The conditions obtained in each of these previous
investigations are generalization in some form or the other, of the conditions:
a > 0 and b > 0 for the scalar equation

I+ at + bx = p(t),

with a,b constants, which conditions ensure the ultimate boundedness of all
solutions if p is bounded and the existence of periodic solutions if p is periodic
in t. Our motivation comes from [13]. With respect to our observations in
the literature, no work based on [13] was found. Consequently, our present
investigations are related to [13], and we shall provide extensions of some of the
results obtained to n-dimensional equations of the form (1.1).

2 Notations

We shall use the notation as given in [1]. Throughout this paper, §’s, A’s and D’s
with or without suffices will denote positive constants whose magnitudes depend
on an n X n matrix function F(X,X) and vector functions H(X), P(t, X, X).
The 6’s, A’s and D’s with numerical or alphabetical suffixes shall retain fixed
magnitudes, while those without suffixes are not necessarily the same at each
occurrence. It should also be noted that «g,a1,&p, 3,y are positive constants
as defined later.

Also, we shall denote the scalar product (X,Y) of any vectors X,Y in R™,
with respective components (1,2, ...,%,) and (Y1,Y2,...,Yn) By Doy Tili.
In particular, (X, X) = ||X||?. Finally, by sgn X, we mean (sgnzj,sgnas,...,
sgnx,) and || sgn X|| = /n > 0.



Boundedness of solutions of certain system of second-order ODEs 109

3 Main results

Before stating our main results, we give a well-known algebraic result which will
be required in the proofs.

Lemma 1 Let A be a real symmetric positive definite n X n-matriz. Then for
any X € R”
Jal X < (AX, X) < Aa]l X2,

where 6, and A, are, respectively, the least and greatest eigenvalues of the ma-
trixz A.

Proof See [7], [12], [16]. O

Our main theorems are the following.

Theorem 1 Let all the basic assumptions imposed on F, H and P hold, and
that F(0,0) =0, H(0) = 0. Suppose further that for any arbitrary X € R",

(i) JH(X) is symmetric and positive definite;
(ii) the eigenvalues \;(F(X, X)) of F(X,X) satisfy

0<d; <N(F(X,X)) <Ay, (3.1)
where §¢, At are respectively, the least and greatest eigenvalues of matriz
F(X,X);

(iii)
HXllilm {a(H(X),sgn X) — 2vAs} > 270, (3.2)
—00

where o = sgn((H (X),sgn X)), and v = \/n, 8 are positive constants.
(iv) the finite constants 65 and § are such that
5p— B> 0; (3.3)

(v) the function H(X) satisfies either
(H(X),sgnX) = +00 as || X|| — oo (3.4)

or
(H(X),sgnX) = —o0 as || X|| = o0 (3.5)

and

(vi) for allt,X and X, .
[P(t, X, X)| < 8. (3.6)

Then, there exists a constant D,0 < D < oo, whose magnitude de-
pends only on the constant 3,6¢, Ay as well as on F(X,X),JH(X) and

P(t, X, X) such that every solution X (t) of (1.1) ultimately satisfies
IX@)l <D, |X(@®)]<D. (3.7)
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Suppose we relax the restriction on P(t, X, X) in (3.6) so that we have

Theorem 2 In addition to the conditions (i), (it), (iv) and (v) of Theorem 1,
suppose

X am {a(H(X),sgn X) — 2987} > 295, (3-8)
where 5 v b o
- =max { H(Af +8)%(6; - 97,8} (3.9)
(ii) for allt,X and X . .
120 X, Xl < AlIX- (3.10)

Then, there exists a constant D,0 < D < oo, whose magnitude depends
only on the constants B, 65, Ay as well as on F(X,X), JH(X) and
P(t, X, X) such that every solution X (t) of (1.1) ultimately satisfies (3.7).

4 Some preliminaries

The following result will be basic to the proofs of Theorems 1 and 2.

Lemma 2 Let H(0) = 0 and assume that the matrices A and JH(X) are
symmetric and commute for all X € R™. Then

(H(X),AX) = /0 1 XTAJH(0 X)X do. (4.1)

Proof See [7], [12], [16]. O

Lemma 3 Let H(0) = 0 and assume that JH(X) is symmetric for arbitrary
X € R™. Then

d

E/o (H(0X),X)do = (H(X),X) forall X € R" (4.2)

Proof See [7], [12], [16]. O

5 Proof of Theorem 1

Let us replace system of differential equations of form (1.1) in the equivalent
system form

X=Y, Y=-FX,Y)Y—-HX)+PtX,Y) (5.1)

for which a typical solution will be (X (¢),Y (¢)). Define the continuous function
V =V(X,Y) adapted from [13], with suitable modification by

V=V + Vs, (5.2)
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where .
21 = (1Y) +/ (H(cX),X)do (5.3)
0
afY,sgn X)) if [V < [|XT};
h = _ (5.4)
(XysgnY) if [ X[ <Y
We shall show that V(X,Y) satisfies
V(X,Y) = +oo as | X|* + [|[Y]|* = +oo (5.5)

and that, for any solution (X (t),Y(¢)) of (5.1) the derivative of V = V(X,Y)
exists and satisfies )
V < =Dy if | X|]”+ ||V > Dy (5.6)

for some finite constants Dy > 0, D1 > 0. As will be clear from Yoshizawa-type
technique employed in [9, 17], the two results (5.5) and (5.6) together imply
ultimately that

IXI*+Y|* <D

and hence (3.7).

To verify (5.5), note from (5.4) that |Va| < §||Y]| where § is a positive
constant.

Also, by Lemma 1 with A = I,, and Lemma 2, we have that

1 1 1
/ (H(cX),X)do :/ / oXTJH(ro X)X dr do > 6, X |
0 0 0

since JH(X) is positive definite.
Therefore V satisfies

2V > 26,)|X |12 + [V |2 6V ]| = 1 (|X 2+ [YII?) — o]V,
where 6; = min{1, 26, }. The right hand side here tends to +oo as
IXIE + Y )2 — +oo.
We are now left to show that V exists and satisfies (5.6) thus,
V=Vi+V,
Using Lemma 3 and (5.1), we have that
Vi = —(F(X,Y)Y,Y) + (Y, P(t, X,Y)) (5.7)
and

—a{{F(X,Y)Y,sgn X) + (H(X),sgn X) — (P(t,X,Y),sgn X )}
if [V < 1X]]; (5.8)

(YisgnY) if [[X|| < [[Y]].

Vs
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Thus,

V =—a(H(X),sgnX) — (F(X,Y)Y,Y) — a(F(X,Y)Y,sgn X)
+ Y +asgnX, P, X,Y)), if|Y] <|X| (5.9)

or

V=—(FXL,Y)Y,Y)+(Y,sgnY) + (Y, P(t,X,Y)), if [X[|<[Y]. (5.10)

V < —a(H(X),sen X) — (F(X,Y)Y,Y) + |(F(X,Y)Y,sgn X)|
+ (Y[ +0IPE X, V), if [V < [|X]] (5.11)

V=—(FX,Y)Y,Y)+(IPCXY)I+NIY], i [X]|<Y].  (5.12)

The condition (3.2) implies the existence of finite constants oy > 0, Dy > 0
such that

IX]| > ap = a{H(X),sgn X) —2yA; — 2v3 > Ds. (5.13)
Let
oy = max{l, ag, i}, (5.14)
where
=07 (B+).

We assert that, for some finite constants D3 > 0,
V< —Dg if | X| > . (5.15)

Indeed, if V|| < || X|| so that V satisfies (5.11) and, if ||Y|| > 1, then by (3.1)
and (3.6),

V < —a{H(X),sgn X) — Y67V = vA7) + BUY ] +7)
< —a(H(X),sgn X) — (57 [Y[| =vAz) + BUY ] +)
< —a(H(X),sgn X) — (5f —BYI+~(B+Af)
< —a(H(X),sgn X) +29(6 + Ay).

Thus, )
V<-D, i |X]>a (5.16)

by (5.13) and (5.14).
Suppose however, that ||Y]| < 1, then
V < —a(H(X),sgn X) = 67 [Y|* + A Y[+ BUY ] +7)
—a(H(X),sgn X) +7A7 + S(1+7)
—a{H(X), 56n.X) + 29(8 + Ay),

IA A IA
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so that (5.13), (5.16) still hold in this case. We are now left with the case:
[IX|| < ||Y] for which V satisfies (5.12). If we note that || X|| > oy implies that
Y|l > a1, with ay fixed by (5.14), we have that

V < —SIYIP Y I+ BIYI = — {5 Y ] — (v + B Y] < 1
for [V = 1 = (v + 8)57 .

That is, | X|| > a; = V < —1. This together with (5.16) show that (5.15) holds
with D3 = max{1, Dy}.
To complete our discussion, suppose, on the contrary, that || X|| < a; and
assume for a start that |Y'|| > ay. Then ||Y|| > || X || and so V satisfies
V< IV [P +AllY I+ BIY] < =1 for [Y] > p. (5.17)
The results (5.15) and (5.17) show clearly that
V<-Dy i X2+ VI 2 20,

D3 = max{1, Dy}. This concludes the proof of (5.6) and, as earlier remarked,
the theorem now follows.

6 Proof of Theorem 2

The procedure here is the same as that used for Theorem 1. The proof of
Theorem 2 is immediate as soon as we show (5.5) and (5.6). The verification of
(5.5) given in §5 carries over with obvious modifications.

To verify (5.6), our starting point will be the estimate (5.11) and (5.12) which
are still valid in this case. In view of (3.8) there are constants «g > 0, Dy > 0
such that

11| > ap = {a(H(X),sgn X) — 2yAs —298.} > Ds. (5.18)
Suppose also that £y > 0 is a constant such that
Y[l > & =~ =DIVIF+ Y] < -1 (5.19)

and set
oy = max{1, ag, &} (5.20)

First, we show that for some constant D5 > 0,
|X]|| > a; =V < —Ds. (5.21)

As before we consider the two cases ||Y|| < || X|| and || X]|| < ||Y] separately.
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Let ||Y|| < ||X]|| and suppose that ||Y|| > 1. Then on using (5.11), we have
V < —a(H(X),sgn X) = 6 |[Y[> + A4 Y]+ BIYIY ] +7)

Y(Af +B) }2 n Y2(Af+ B)?
2(6r — B) 4(65 — B)

= —a(H(X),sgn X) — (65 — B) {|Y| -

’YQ(Af +6)?
4005 — B)

1V (Ay+B8)°
< —a(H(X),sgn X) +29Ay + 46, -B)

< —a(H(X),sgn X) +

If, however, ||Y]| <1,
= —a(H(X),sgn X) — (0 = B)IY > ++(As + B)|Y]
< —a(H(X),sgn X) + 2v(Af + ).

V < —a(H(X),sgn X) = 67 [Y|* + A YT+ BIYIY ] +7)

By (5.18), (3.8) and (5.20) it is clear that in either case (5.21) holds.
Suppose now that || X|| < ||Y||. Then || X|| > «; implies that |Y]| > aq > &
by (5.20). Thus,

V<=6 = BIIYI?+AIY] < 1 for [[Y] = ~(67 = B8)~ "

Suppose on the contrary that || X| < «; and assume ||Y] > «a3. Then
IY']] > || X and so we have

V<@ =BIIY =Yl <=1 for Y] =~(6; —5)~
since ||Y|| > ay. This together with (5.21) show that
V<-Ds i X+ [Y]? 2 204
which verifies (5.6).

Remark 1 For the case n = 1, (that is in R) Theorems 1 and 2 reduce to
Theorems 1 and 2 in [13], with obvious modifications.
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