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KYBERNETIKA — VOLUME 50 (2014), NUMBER 4, PAGES 473-490

STATE ELIMINATION FOR NONLINEAR
NEUTRAL STATE-SPACE SYSTEMS

MIROSLAV HALAS AND PAvVOL BISTAK

The problem of finding an input-output representation of a nonlinear state space system,
usually referred to as the state elimination, plays an important role in certain control problems.
Though, it has been shown that such a representation, at least locally, always exists for both the
systems with and without delays, it might be a neutral input-output differential equation in the
former case, even when one starts with a retarded system. In this paper the state elimination
is therefore extended further to nonlinear neutral state-space systems, and it is shown that
also in such a case an input-output representation, at least locally, always exists. In general,
it represents a neutral system again. Computational aspects related to the state elimination
problem are discussed as well.

Keywords: mnonlinear time-delay systems, neutral systems, input-output representation,
linear algebraic methods, Grobner bases

Classification: 93C10, 34K40, 93B25

1. INTRODUCTION

The majority of techniques and methods for the analysis and synthesis of nonlinear con-
trol systems, taking into account the systems with delays as well, consider as a starting
point a state-space representation. However, knowing an input-output representation is
sometimes essential for finding a solution to a specific control problem. Typical represen-
tatives are various system equivalence and controllability problems [I8|, 19} 22| 26| B0],
model matching problems [8] [15] [16], observer design [9] 14} 2], observability and iden-
tifiability of parameters [T}, 29], and others. Eventually, any transfer function approach
to a control problem deals, in general, with input-output properties of a system. See for
instance [T, [25] for the applications to the systems with delays, and for instance [10} 1]
for the extension of the transfer function formalism to the nonlinear case.

In the linear case any system described by state equations can equivalently be de-
scribed by an input-output differential equation. From that point of view Laplace trans-
forms play a key role. In the nonlinear case the situation is more complicated, and several
techniques have been developed to find the corresponding input-output equations, see
for instance [7] or [5]. The latter shows that for a given state-space representation a cor-
responding set of input-output equations can be, at least locally, always constructed by
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applying a suitable change of coordinates. The problem is usually referred to as the state
elimination. The idea of the state elimination has recently been carried over by [I] to
nonlinear systems with delays, and it has been shown that even for a state-space system
with delays there always exists, at least locally, a set of input-output differential-delay
equations. However, such a state elimination might result in a set of input-output equa-
tions representing a system of neutral type, even when one starts with the state-space
equations being of retarded type. Note that by retarded one means a classical (non-
neutral) system and by neutral a system having delays in the highest derivative. As an
example, one can consider a first order system plus dead time which when combined
with an (ideal) PID controller generate a closed loop system being of neutral type.

That the nonlinear time-delay systems can have an input-output representations of
a neutral type was discovered in [16] and then, in details, studied in [13]. Though, this
can also be suspected from the inversion algorithm of [20]. It represents a strictly non-
linear phenomenon, for this cannot happen in the linear time-delay case where retarded
systems always admit an input-output representation of retarded type. Since the state
elimination can for a nonlinear retarded state-space system yield a neutral input-output
equation, the natural question can be asked whether it is possible to extend the ideas of
[1, 3] further to neutral state-space systems, and, if so, what type of an input-output
representation one gets. The aim of this work is to give an answer to that question and
to show that even for a nonlinear neutral state-space system there always exists, at least
locally, an input-output differential-delay representation which is, in general, of neutral
type again.

The preliminary discussion on this topic has been given in the conference paper [12],
and there are contact points to the results of [13] as well. With respect to these works,
in this paper the results are extended, in general, to multi-input multi-output nonlinear
neutral systems, while in both [I2] and [13] the attention was restricted to the single-
output case only (the latter discussing retarded state-space systems only). Additionally,
the problem solution is reformulated here such that it does not rely on applying the
Poincaré lemma. Therefore, one does not need to inspect the integrability of the re-
spective differential one-forms, as the Frobenius theorem is not available for infinite
dimensional systems. Finally, the computational aspects of the problem of finding an
input-output representation for a nonlinear neutral system are discussed as well. In
that respect the use of Grobner bases technique plays a key role for the polynomial and
rational systems.

2. PRELIMINARIES

In this paper we use the mathematical setting of [, 13} 21} 28] extended hereinafter to
the nonlinear neutral state-space systems.
The nonlinear neutral state-space systems considered in this paper are objects of the
form
() = f({at—i)alt - §)ult— k)i > 0,k > 0})
y(t) = h({z(t—i)i>0})

where the entries of f and h are real meromorphic functions, and z(t) € R, u(t) € R™,
and y(t) € RP denote state, input, and output to the system respectively.
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Remark 2.1. We assume the system has commensurable delays. Hence, it is not re-
strictive to comnsider ¢,j,k € Z,, for all commensurable delays can be interpreted as
multiples of some elementary delay 7.

Let us denote by K the field of real meromorphic functions of real variables {&(t —
i), &t — j),uD(t — k);i > 0; 4, k,1 > 0} and by

£ = spanyc {d€(1); (t) € K}

the formal vector space of differential one-forms. That is, the standard differentials of
the functions in C are elements of £.
Let o denote now the delay operator defined as

o(&(t) =&t —1)

for any £(t) € K. The operator ¢ induces the delay operator, which is by abuse of nota-
tion denoted by the same symbol o, that acts on & as follows. Let v(t) = Y, o (t)d&; (t)
be in £, then

o(w(t)) = 3 ailt = 1)d&i(t —1).

The delay operator o also induces the (non-commutative) skew polynomial ringﬂ ()]
with the usual addition and the non-commutative multiplication given by the commu-
tation rule

5§(t) =¢(t—1)0
for any £(t) € K. Hence, the elements of [C(d] represent the linear ordinary time-delay
operators that act on any v(t) € £ as follows. Let p(d] = Zf:o a;(t)6" € K(8], then

k k k
p(6]v = <Z ai(t)5’> o(t) =Y ait)o' (w(t) =Y ai(t)v(t —i).

i=0 i=0 i=0

In plain words, ¢ is interpreted as a time-delay operator o and we thus have § £(t) =

&(t —1)d for any £(t) € K, but dv(t) = v(t — 1) for any v € £.

Example 2.2. To any function in K, and therefore also to any one-form in &£, one can
now associate polynomials from the ring K(8]. For example, let p(t) = x(t—1)+z(t—2)%.
Then

de(t) = da(t —1)+2x(t — 2)dz(t — 2)
dp(t) = dda(t) +2z(t — 2)62 dx(t)
de(t) = (§+2x(t —2)62)dz(t).

The ring K(4] is Noetherian and a left Ore domain.

Lemma 2.3. (Ore condition) For all non-zero a(d],b(d] € K(d] there exist non-zero
a1(8],b1(8] € K(8] such that aq(8]b(8] = by (d]a(d].

1The notation “(]¢is used only to highlight the non-commutativity of a ring or a polynomial. It is
used here in order to be consistent with the notation introduced in the earlier works from this area.



476 M. HALAS AND P. BISTAK

See [23] 24], and for instance [28] for the case of nonlinear systems with delays.
The properties of the nonlinear neutral state-space systems can now be analyzed by
introducing the formal module

M = spany5{d€(?); £(t) € K}
The rank of a module over the left Ore domain K(§] is well-defined [4].

Remark 2.4. In plain words, one can now work with polynomials from the non-commu-
tative polynomial ring (9] rather than with the delays of the respective variables, see

Example

To simplify the notation we often denote £(¢t) € K by £ only and a meromorphic
function (&1 (t), ..., &1 (t—11), ..., & (t), ..., &(t—ik)), where i1, ..., i) are nonnegative,
by ©(6,&1,...,&k) only. Using this notation, the nonlinear neutral state-space systems
studied in this paper are objects of the form

T f(o, &, x,u)
y = h(dzx). (1)

For the sake of simplicity, we also introduce the following notation. Let ¢ be an
r-dimensional vector with entries ¢;(d,&1,...,&). Then, let /0§ denote the r x k

matrix with entries 5 5
4 i ¢
— = ——— € K(6
fori=1,...;kand j=1,...,r.

Remark 2.5. Note that this notation allows us to simply write for instance dp =
Oy /0x dx in Example with dp/0z = § + 2z(t — 2)4°.

Finally, for the system we assume that

o — f())
k =n. 2
rankc s i n ( )
Remark 2.6. The above assumption is not restrictive as it only means we, indeed, have
a dynamical system here. In the linear counterpart it means that the system is of the
form E[0]& = A[d]x + B[d]u with E[d] full rank, where A[d], B[d], and E[J] are matrices
with entries in the (commutative) polynomial ring R[J].

Remark 2.7. Strictly speaking, the term & — f(-) in is zero by (). However, for
checking the rank condition we understand it formally as a nonzero function.
2.1. Notation and symbols

To help the reader get through the paper we summarize the notation and symbols used
in the paper.
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x or z(t) state of the system

u or u(t) input of the system

y or y(t) output of the system

Zy set of nonnegative integers

R field of real numbers

K field of real meromorphic functions (of real variables)

& formal vector space of differential one-forms

é derivative of & with respect to ¢

o delay operator that takes ¢t tot — 1

1) indeterminate of a polynomial ring representing the action
of the operator o

R[d] commutative ring of polynomials in ¢ over R

K (4] non-commutative ring of polynomials in § over K

M formal module of differential one-forms

©(6,&1, -+, k) stands for o(&1(t), ..., &t —d1),. ., §(t), .-, &kt —ix))

spang{vi,...,vn} set of all linear combinations of v4, ..., v, over a field

ranky 51 M rank of a matrix M over the non-commutative ring IC(J]

degp degree of a polynomial p

klz1, .., Zn] commutative ring of polynomials in zq,..., z, over a field k

(fi,-- fm) ideal generated by polynomials f1,..., fm € k[21,. .., 2n]

>lex lexicographical ordering of monomials

3. STATE ELIMINATION

In this section we extend the state elimination of [I, [5l 3] further to the nonlinear
neutral systems.

First, we explain intuitively certain aspects of the problem by the following introduc-
tory example.

Example 3.1. The following system was considered in [13]

T = u
y = x?+at-—1).

Following the ideas of the state elimination for the systems without delays [5] one can
compute

y = @’ +a(t-1) (3)
gy = 2zu+u(t—1). (4)

However, one cannot go any further, since from one cannot express x and substitute
to . In other words, the equations and are independent over K. However, they
are dependent over K(4], for 0y/0x = 0 + 2z, 9y/0x = 2u, and thus rank 5 [0y/0x] =
ranky(51[0(y, y)/0z] = 1.

The latter implies that one can consider the equations and , and a sufficient
number of their time delays to get a set of dependent equations over K. In concrete
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terms
y = z?2+x(t-1)
g = 2zu+tu(t—-1)
gyt —1) = 2z(t—Du(t—1)+u(t—2).

One can, therefore, eliminate x(t — 1) from the last equation which yields the input-
output equation

dtu(t — 1)y —u(t — 1) — u(t — 1)) = 2u*(y(t — 1) —u(t —2)) = 0. (5)

However, represents a neutral system. Note that the delay is present in the highest
derivative of the system output.

Remark 3.2. The algebraic methods are very useful mainly for characterizing system
structural properties. Hence, the neutrality of equation needs to be understood
from such a point of view (i.e. the equation is neutral in the sense that the delay is
present in the highest derivative of y, and there is no other first-order input-output
differential equation for the system not being neutral in this sense). However, this
does not guarantee the system exhibits behaviour we expect of neutral systems (as for
instance infinitely many oscillating frequencies). Such aspects can possibly be verified
using rather analytical than algebraic tools.

Example 3.3. Naturally, one can expect similar problems (as in Example |3.1) appear
when working with the neutral state-space systems. Consider, for instance, the system

= (t—-1) (6)

= z2 (7)
Then

Y =2zt (8)

and we observe that we need to eliminate & first. Unfortunately, & cannot be expressed
from (6) directly, as the system is neutral. Technically speaking, the equations @
and (8) are independent over K. However, they are dependent over (6], for 9(& — (¢t —
1))/0% = 1 =4, 9y/0& = 2z, and thus rankxs)[0(¢ — @(t — 1))/0%] = ranky 4 [0(% —
z(t —1),y)/0x] = 1. This suggests us to apply a similar idea as in Example Here,
one can take the equations (6) and (8), and a sufficient number of their time delays,
namely

z = z(t—1)
= 2zx
gt—1) = 2z(t—-1Da(t—-1)

which constitute now a set of dependent equations over K. Therefore, &(t — 1) can be
eliminated from the last equation

yr(t—1)—zy(t—1) =0. (9)
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Finally, we can continue with the elimination of x. This time, the equations @ and @[)
are considered. Again, the equations are independent over X but dependent over K(J].
By considering a sufficient number of their time delays, in this case

2

Wi-1) = -1
gt —1)—ga(t—1) = 0

we can eliminate x and z(¢ — 1) from the last equation which gives us the input-output
representation

Plt—1)y—9’yt—1)=0

for the system.

The ideas presented in the example can technically be generalized as follows.

3.1. State elimination for neutral systems

It will be shown now that for the system there always exists, at least locally, a set
of input-output differential-delay equations of the form

Fi(évyvyw"7y(k)7u7ﬂa~~~7u(l)):0 (10)

with ¢ = 1,...,p, k,I > 0, and F; being meromorphic, such that any pair (y,u) that
solves the system also satisfies .

Remark 3.4. The notion “locally” refers, in general, to the local nature of a problem
one studies. That is, the solution found is valid in the neighborhood of any point from
some suitable set, while there might not exist a global solution valid for all the points
from such a set at the same time.

Theorem 3.5. Given a system of the form , there exist an integer [ and an open and
dense subset V of R"™™ such that in the neighborhood of any point of V there exists
an input-output representation of the system of the form .

Proof. The proof is constructive and is presented as an algorithm.

Step 0
For the system set s;:=0and h]* :=y; — hy(d,z) for alli =1,...,p.
Remark that s; in A} is understood only as a superscript.

Set 4 := 1.

Step 1
If i > p go to End.
If Oh}*/Ox = 0 then i :== i+ 1, and go to Step 1.
Compute hf’ Under the assumption , one has

0@ — f()) o — f(), i)

k
TR g 0i

= rankgs)
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Thus, there exists a nonzero polynomial p(§] € (8] such that

p(é] 8; S Span;c(a]{a(j: 5xf()) }

sy

That is

ah’Sl ip] f]( )) (11)

for some p; (8] € K(6], j =1,...,n. The polynomials p(é] and p;(d], j =1,...,n
can be found by Ore condition, and one can, without loss of generality, assume
that they have no common (left) factors other than 1.

Therefore, there exists a finite set of equations

-fi =0 x.l(t—Tl)—fl(t—Tl) = 0

E P E 12
__fn = 0 Cbn(t—Tn)—fn(t—Tn) = ( )
o= 0 Bit—1) = 0

where the highest delay considered for the respective equation is given by the degree
of the respective polynomial in . That is, 7; = degp; (0], and 7 = deg p(4].
Since (11| . ) holds, the set of equatlons is (algebralcally) dependent, and the variables

Ejy...,d(t— ) j=1,...,n, can be eliminated from the equation i (t —7) = 0.
Proceed with the eliminatlon set s; := s, + 1, and denote by h;’ the left hand side
of the equation hfiil(t —7) =0 where &;,...,&;(t —7;), j = 1,...,n, have been

climinated. (Note that since s; has been incremented the eqaution 4~ (t—7) = 0
is now identical with the last equation in )

Step 2
If
o101 SN i
rank;g((;] ( 1 1 am % )
Oy, .. R RY RS
k b ) ) ) 77 ) 1
< rankg(s) Oz
go to Step 1.
If
A(hY, ... hs = RO RS
k (R "7
ran K (5] o
o103 Y L 1 S 4
= ranky () (kY L E i) (13)

and ¢ = p, then go to End. Otherwise, ¢ := i+ 1, and go to Step 1.
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End

The definition of s; impliesﬂ that for each i = 1,...,p there exists a nonzero
polynomial b;(8] € K(d] such that

ohs AhY, .. WS RO, RS
bz((S] O ESpanK(é]{ O .
That is ‘
) —— Ohi—1
bi(d] g =3 bey() B (14)

r=1j=1

for some b, ;(0] € K(0]. Therefore, there exists a finite set of equations

h? = 0 h?(t*TLl) = 0
Tt =0 Nt —T1s) = O
it =0 et —1s) = 0

he = 0 Wt —7) = 0

where the highest delay considered for the respective equation is given by the degree
of the respective polynomial in (I4)). That is, 7,,; = degb,;(0], and 7; = deg b;(9].
Since holds, the set of equations is (algebraically) dependent, and the variables
Zj,...,x;(t—=7.;),for j =1,...,n,and all 7, ;, can be eliminated from the equation
hf’(t — Ti) =0.

Finally, proceed with the elimination to get

s1—1 s;—1 S5 .
Fi(é,yl,...,y§ ! )7...,yi,...,y§ ),yl( )7u,u,...,u(l)) =0

with F; € I and [ > 0.

As a result, we have obtained an input-output representation for the system

Fi((syyvyv'"ay(k)vuvﬂa"wu(l)) =0

for some k,l >0,and i =1,...,p. a

Example 3.6. Consider the system

i‘l = 7131(157 1) —+ 2o
jL‘Q = j?g(t — 1)u
y = z1—z1(t—1).

2Note that it also implies the integer s = s1 + - - - + sp can be called an observability index.
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Assumption is satisfied

a(x — f(- 0+1 0
rank,c((;}% = ranky (4] ( 0 b1 ) =2.

Step 0 First, we set s1 := 0,
R =y —a 4+ xi(t—1),

and 7 := 1.

Step 1 We have 0h9/0z = (§ —1 0) #0.
Therefore, compute

hY =y — I +i‘1(t - 1).
Note that 9h9/8z = (6 — 1 0), and we have
onY (i — fi() iz — f2(-)
PGy == T r =

where p(0] =0+ 1, p1(6] = 6 — 1, and p2(6] = 0 can be found by Ore condition.
Hence, we consider

.1.?1+1.71(t71)71‘2 =

i’l(tf 1) +i’1(t* 2) 71’2@7 ].)
Yy — T +i,‘1(t— ].)

glt=1) —dr(t=1) +a1(t - 2) =

Il
cocoo

which constitutes a set of (algebraically) dependent equations. The first three
equations are used to eliminate #1(¢t — 1) and #1(¢ — 2) from the last equation,
which yields

gt —1)+g+a2(t—1) —a2 =0.

Therefore s; := 1, and denote
hi =gt —1)+ g+ xo(t — 1) — xo.
Step 2 Since Ohi/0x = (0 6 — 1), we have

OhY a(hY, hi
rank,c((;]a—xl =1< rank;q(;]%

Therefore go to Step 1, the condition is not yet satisfied.

=2

Step 1 Compute )
hi =it — 1) +§j + @o(t — 1) — d.

Now, 0hl/di = (0 & — 1), and we have

p(ﬂ% = pl(é]w + pz(d]w
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where the polynomials p(d] = —u(t — 1)§ + %, p1(0] = 0, and po(8] =
o0+ % have been found by Ore condition.

Hence, we consider

iz*ig(t*l)u =

Fa(t —1) —&2(t —2)u(t — 1)

Gt — 1) + 4+ da(t — 1) — iz

Gt =2)+ 3§t —1) + izt —2) —da(t —1) =

Il
cocoo

which constitutes a set of (algebraically) dependent equations. The first three
equations are used to eliminate @o(t — 1) and #2(t — 2) from the last equation,
which yields

@t =)+ 4t = 2))ult = (w—1) = (w(t —1) = 1)(§ +4§(t - 1)) = 0.
Therefore s; := 2, and denote
hi = (Gt = 1) + 4t = 2))u(t = 1)(w—1) = (u(t = 1) = (G +3(t - 1)).
Step 2 Now, the condition is satisfied

o(hY, hi) _ O(hY, hi, h?)

p = ranky (4] O =2

rankycs]

and since i = p, go to End.

End Note that 0h?/0x = (0 0), and thus holds for any nonzero polynomial
b1 (0] € K(3] (of degree 0), and by ,1(6] = b1,2(6] = 0. Therefore, we have found the
input-output representation for the system

@t =1+ 4 =2)ult - w—-1) = (wt -1) = 1)(F+§(t - 1)) =0

without necessity to proceed further with the elimination of states.

4. COMPUTATIONAL ASPECTS

As one can notice the problem of finding an input-output representation for the system
of the form consists of solving a set of equations of the form

gi(67m)i7y7y7"'7y(k)7u7u""7u(l)):0 (16)

for some g; € K, and i,k,l > 0, where it is necessary to eliminate states, their deriva-
tives and time delays. Depending on the type of the given system this process has to
be repeated several times according to the number of steps in the algorithm introduced
above. However, in order to find the input-output representation it is not necessary
to express the exact solution of each individual variable included in the set of equa-
tions and, respectively, . In general, it suffices only to eliminate the respective
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variables from these sets of equations. In case the functions f and h in are polyno-
mial (or rationaﬂ), such a process of the elimination can be carried out by the Grébner
bases technique. Using this technique it is possible to transform one set of polynomial
equations

g1(z1,...,2n) = 0
gm(z1,...,20) = 0
to another set
QI(217227"'azn) — 0
q2(z2,...,2n) = 0
qk(zn) = 0

for some m,n,k > 0, and g;,q; being polynomial for all i, where the new set can be
solved more easily. This technique has many applications in control theory (see e.g.
[27]), and can be applied here to the elimination process of the system of polynomial
equations and in order to get the input-output representation . That is, to
find a representation with the variables corresponding only to the inputs, outputs, their
derivatives, and time delays.

Remark 4.1. Note that Grobner bases, due to the fact the transformed set of equations
has an upper triangular form, generalize the usual Gauss reduction from linear algebra,
the Euclidean algorithm for computation of univariate greatest common divisors and
the simplex algorithm from linear programming [2, [6]. For instance, in the latter one
aims to minimize a function of the form c - x, subject to the condition Ax = b, where
A, b, c are matrices with entries in R of appropriate dimensions. To do so, one needs to

bring the following matrix
1 - 0
0 A b

B. Buchberger was the one who defined Grobner bases and developed an algorithm
for computing them, see e.g. [3]. The algorithm is a finite algorithm that takes in a
finite set of generators for the ideal I in k[z1, ..., z,] and returns a Grébuner basis [27].
It is a division type algorithm characterized by the aim to cancel leading terms of the
respective polynomials and replace them with smaller ones. First, it is necessary to
specify a total ordering of monomials in the polynomial ring k[z1, ..., z,], where k is a
field. For instance, the ordering defined by the ordinary lexicographical order >,.,, that
is

in to an upper triangular form.

21> ... > 2 (17)

can be used.
Grobner bases can then be defined introducing the notion of a leading term. To

simplify the notation we define 2® := 21" 25 ... 20", where a = (a1,...,®y) is in Z7.

3Note that any rational equation of the form (I6) can easily be replaced by a polynomial one if we
multiply it by the least common multiple of all the denominators.
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Using this notation we can write a polynomial f in k[z1,...,2,] as f = aqz®. Then
the multidegree of f is defined as follows

multideg(f) = max{a € Z%;a, # 0}.

Note that according to the lexicographical ordering one has a >, 3, where a =
(a1,...,ap) and B = (B1,...,3,) are in Z7, if in the vector o — 3 the leftmost nonzero
element is possitive.

Let us denote the leading term of f by LT(f). Then we have

LT(f) = amultideg(f)Zmultideg(f)~

Now a Grobner basis can be defined as a finite subset G = {g1, . .., gr } of polynomials
from an ideal I C k[z1,...,2,] if the ideal generated by LT (g;), for i = 1,...,k, equals
the ideal generated by the leading terms of all the elements of T

(LT(g1), - -, LT (gk)) = (LT(I)).

It is important to emphasize that every nontrivial ideal I has a Grobner basis G and
any Grobner basis G of [ is a generating set of I.

In our case, the set of generators will be given by the left-hand side of equations (12)
and (15)), respectively.

A nice property of the Buchberger’s algorithm is that it assures the variables are
consequently eliminated, and the resulted Grébner basis will include just one univariate
polynomial. This follows from the elimination theory of Grébner bases.

Let us define the jth elimination ideal of I as

Ij ZIﬂ]{}[Zj+1,...,Zn]
where j =0,...,n— 1, and we set [y = I. If G is a Grobner basis of I then
Gj :Gﬂk[z]qrh...,zn]

is a Grobner basis of I;, 5 = 0,...,n — 1. That is, G; is given by the elements of
G not involving z1,...,2;. Hence, G,—1 will depend only on z, and, therefore, will
finally determine the univariate polynomial that can be identified with the input-output
representation (10]).

Note that z,, as the variable with the lowest order according to , is the only one
included in the resulting univariate polynomial. Therefore, z, has to be identified with
a system variable that we want to appear in the polynomial. For that reason, we choose
the ordering

Bi(t) > . > a(t—T) > > () > > d(t— ) >y T (- 1) (18)

where j,k =1,...,n, for the elimination process of the set of equations .
And similarly, we choose the ordering

i) > o> ait—Tg) > > at) > > apt—Tg) > (=) (19)

i



486 M. HALAS AND P. BISTAK

where j,k =1,...,n, and r = 1,...,4, to carry out the elimination process for the set
of equations ([15]). Then the resulting univariate polynomial represents the input-output
representatio we looked for.

For additional technicalities about Grobner bases the reader is referred for instance
to [2BL[6] .

Example 4.2. Consider the system

1 = @1(t —1)as
To = d@o(t —1Duy
23 = @1(t—1)+ us
Yy = n1
Y2 = T3
Step 0 First, we set
hy = Y1—21,

Step 1 Its time derivative is )
h? = ?)1 - i.Cl.

According to we constitute the following set of equations of the form

j?l — .i‘l(t — 1)1’2 = 0
fpr—a = 0
it —1)—d1(t—1) = 0.

To eliminate %1 and 41 (t — 1) we apply the lexicographical ordering 41 > @1 (t — 1)
> y1(t — 1), and employing the Grébner bases technique we get the polynomiaﬂ

xzyl(t - 1) -

which we denote by
h% = Z‘le(t — 1) — :91-

Step 2 The condition is not yet satisfied.

Step 1 We compute ]
hi i= @y (t — 1) + 2o@ir (t — 1) — §i.

Again, we constitute the set of equations according to and

1'72 — Ig(t - 1)U1 =0
Togi(t — 1) +aafn(t—1) =51 = 0
$2(t—1)y1(t—2)+1}2(t— ].)yl(t—Z) —:I.J.l(t— 1) = 0.

4In the examples the Maple computer algebra system has been used to carry out the computations.
First, one needs to load the Grobner base package by calling the command with(Groebner). Then for
instance for the list of polynomials P := [ — 1 (¢ — 1)x2, 91 — &1,91(t — 1) — 21 (¢ — 1)] and the list of
ordered variables O := [%1,%1(t — 1), 91 (¢t — 1)] the command Solve(P,0) returns the Grobner basis of
which the first element is the polynomial, z291 (¢t — 1) — 1, we looked for.
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After application of the lexicographical ordering &o > Zo(t — 1) > 31(t — 2) we,
this time, get by employing the Grébner bases technique the polynomial

?J1 (t— 1)’LL1£C2(t— 1)y1 (t— 2) —2)1 (t — 1)U1:U1 (t— 1) —xggjl (t— 1):[/1 (t— 2) +y1y1 (t — 2)
which we denote as

h? = g1 (t=1)urxa (t=1)§1 (t=2) =0 (t=1)ur§ia (t=1) i1 (t=1) g1 (£=2)+ij191 (1-2).

Step 2 Since i # p we set i := 2.

Step 1 We denote
hg = Y2 — I3.

Then )
hy =g — i3
and by and we constitute the set of equations

Yo — T3 =

j;‘g —:i‘l(t— 1) — U2

jjl — i‘l(t — 1).%‘2

Gt —1) — ds(t — 1)

ig(t — 1) — SCl(t — 2) — UQ(t — 1)
i’l(tfl)fi'l(t72)l'2(t71) =

I
cocoocococo

After choosing the lexicographical ordering 3 > #3(t — 1) > &1 > #1(t — 1) >
Z1(t —2) > ga2(t — 1) one gets the resulting polynomial

22t —1)y2(t — 1) — z2(t — Dua(t — 1) — g2+ u2
which we denote by

hy = 2ot — D)ot — 1) — za(t — Dua(t — 1) — g2 + ua.

End Finally, we compute the input-output representation for the system. According
to and we, for y;, constitute the set of equations

zoj1(t—1) -9 = 0

?)1 (t — 1)U1£L’2(t — ]-)yl (t — 2) — 1)1 (t — 1)U1y1(t — ].)—
—zoii(t —Dn(t —2) + it —2) = 0
ot —Vju(t—2) —in(t—1) = 0.

The polynomial resulting from the Grobner bases technique, employing the lex-
icographical ordering xo > x2(t — 1) > §1(t — 2), yields then the input-output
equation

gr(t = Vg (t — 2) — i (£ — 1) (t — 2)in
=97 (t = Dugdin (t — D)gn(t — 2) + 41 (t — Dingi(t —2) =0. (20
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For y5 we can constitute the set of equations according to and as

.’EQ(t—l)yQ(t—1)—1’2(t—1)U2(t—1)—92"‘1142 = 0
2ot — D (t—2) — g (t—1) 0.

After choosing the lexicographical ordering xo(t — 1) > y2(t — 1) one can compute
the input-output equation

— 3)1 (t - 1)U2(t - 1) + yg(t - 1)y1 (t - 1) - yl (t - 2)y2 + yl (t - 2)U2 =0. (21)

Thus, the input-output representation for the system is given by and .

4.1. Computational complexity

Grobner bases are implemented in many modern computer algebra systems, as for in-
stance Maple or Mathematica, which enable to solve effectively reasonable sized systems
of polynomial equations. In our case, the complexity of the computations is affected
by the number of the equations and , respectively. Note that the number of
these equations is determined by the polynomials in and , respectively. To con-
stitute the set one needs to consider a corresponding equation for every (nonzero)
summand in every (nonzero) polynomial p(6] and p; (6] in (L1)). In general, the presence
of the respective polynomial corresponds to the presence of the respective row in ,
and the presence of the respective summands in that polynomial corresponds to the
time-delays present int that row. Similarly, for the number of equations in the
polynomials b;(6] and b, ; (0] in play the crucial role.

Besides the number of equations, the computational complexity is affected also by the
choice of the monomial ordering and . Note that the lexicographical ordering
we employed is only one choice among the possible orderings one can consider here.

5. CONCLUSIONS

In this paper the state elimination procedure has been extended further to the class
of nonlinear neutral state space systems. It was shown that for such a system there
always exists, at least locally, a set of input-output differential-delay equations which we
can think of as an external, or input-output, representation of the system. In general,
such an input-output representation is neutral again. In addition, it might possess more
delays than the original state-space system (see e.g. Example . The analysis and
synthesis by using such a representation can then be more complicated.

In case the systems under consideration are polynomial or rational, one can easily
employ the Grobner bases technique to eliminate the necessary states. Note that the
Grobner bases package is implemented practically in every computer algebra system.
In this paper, the computations in the examples were carried out by the computer
algebra system Maple, for besides the Grobner bases package it also has Ore tools
package available, useful for handling non-commutative polynomials. Naturally, the
Grobner bases technique of the state elimination, as presented in this paper, is applicable
also to nonlinear retarded systems and nonlinear systems without delays, as these form
subclasses of neutral systems.
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