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Abstract. We first introduce the notion of a right generalized partial smash product
and explore some properties of such partial smash product, and consider some examples.
Furthermore, we introduce the notion of a generalized partial twisted smash product and
discuss a necessary condition under which such partial smash product forms a Hopf algebra.
Based on these notions and properties, we construct a Morita context for partial coactions
of a co-Frobenius Hopf algebra.
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INTRODUCTION

Partial group actions were first defined by Exel in the context of operator algebras
and they turned out to be a powerful tool in the study of C*-algebras generated
by partial isometries on a Hilbert space in [8]. The developments originated by the
definition of partial group actions, and soon became an independent topic of interest
in ring theory in [6]. Now, the results are formulated in a purely algebraic way,
independently of the C* algebraic techniques which originated them.

Partial Hopf actions were motivated by an attempt to generalize the notion of
partial Galois extensions of commutative rings in [7] to a broader context. The
definitions of partial Hopf actions and coactions were introduced by Caenepeel and
Janssen in [5], using the notions of partial entwining structures. In particular, partial
actions of a group G determine partial actions of the group algebra kG in a natural
way. In the same article, the authors also introduced the concept of partial smash
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of Science and Technology Department of Guizhou Province (No. 2014GZ81365).
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product, which in the case of the group algebra kG turns out to be the crossed
product by a partial action A X, G. Further developments in the theory of partial
Hopf actions were done by Lomp in [9], Alves and Batista extended several results
from the theory of partial group actions to the Hopf algebra setting in [1]. They also
constructed a Morita context relating the fixed point subalgebra for partial actions
of finite dimensional Hopf algebras, and constructed the partial smash product in [3].

Motivated by the above ideas, this paper is organized as follows. In Section 2, we
study the generalized partial smash product A# B°P where A is a left H-module
algebra and B°P is a left partial H-comodule algebra and explore some properties of
the generalized partial smash products A#fl B°P and A#ZL B°P (see Proposition 2.5).
In Section 3, we first study the generalized partial smash product and discuss a nec-

essary condition for Ax H* to be a Hopf algebra (see Theorem 3.5). In Section 4,
we show a Morita context relating the generalized partial smash product A x H*rat
and the partial bicoinvariants A2H for co-Frobenius Hopf algebra H, where A is
a partial H-bicomodule algebra (see Theorem 4.4).

1. PRELIMINARIES

Throughout the paper, we let k be a fixed field and we work over k. Let M be
a vector space over k and let idy; denote the usual identity map. Let ® be over k.
For the comultiplication A in a coalgebra C with a counit ¢, we use the Sweedler-
Heyneman’s notation (see Sweedler [10]): A(c) = ¢1 ® cg, for any c € C.

We recall some basic results and propositions that we will need later from Alves
and Batista [3] and Beattie et al. [4].

1.1. Right partial comodule algebra. Let H be a Hopf algebra and A an
algebra. A is said to be a right partial H-comodule algebra if there exists a k-linear
map ¢: A — A® H which is a partial comodule structure, such that the following
conditions are satisfied:

(ida ®e)o" =ida;
(0" ®idg)e"(a) = (0(1a) ®@idy)(ida ® A)o"(a);
0" (ab) = o"(a)o" (b)

for all a,b € A; we use the standard notation ¢"(a) = ajg) ® apy] for a € A.

1.2. Integral. Let H be a Hopf algebra. A left (right) integral for H is a k-linear
form A € H* such that, for all f € H* (g € H*),

fA=FfA (Ag=g)A).
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Recall that H*'*" is the unique maximal left (right) rational submodule of the left
(right) H*-module H*. Since H*'*' is an ideal of H* equal to the sum of all finite
dimensional left (right) ideals of H*, cf. [10], H***" is an H*-H*-bimodule.

1.3. Co-Frobenius Hopf algebra. A Hopf algebra H is called co-Frobenius if
H has a nonzero space of left (right) integral [, ([ ).
Let H be a co-Frobenius Hopf algebra. We have:

(1) There exists a group like element x of H such that Ah* = (h*,z)A, for all
h* € H*; A\(S(h)) = A(hz) and A(S~1(h)) = A(zh), for all h € H.

(2) H* is afree left (right) H-module for action defined for any f € H* and h,l € H,
by (h — f)(I) = f(Ih) ((f = h)(l) = f(hl)). The subalgebra H*'** of H* is
a H-H-bimodule under these actions.

2. GENERALIZED PARTIAL SMASH PRODUCT

Now, we give the definition of a left partial H-comodule algebra.

Definition 2.1. Let H be a Hopf algebra and A an algebra. A is called a left
partial H-comodule algebra if there exists a k-linear map o': A — H ® A such that
the following conditions are satisfied:

(e ®ida)o" = ida;
(idy @ 0")o'(a) = (A ®@ida)e'(a)(idu @ o' (14));
¢'(ab) = ¢'(a)d' (b)
for all a,b € A. We use the standard notation ¢'(a) = aj_1] @ ajo) for a € A.

Let A be a left H-module algebra and B°P a left partial H-comodule algebra. We

first define a multiplication on the vector space A ® B°P by

(a#"D)(c#1"d) = a(b_1) — c)#{ bjgd

forall a,c € A, b,d € A, which is automatically associative. In order to make a unital
algebra, we project onto

A#II_IBOp — (1A ® 1Bop)(A ® Bc’p)7

then we can deduce directly the form and the properties of typical elements of this
algebra
a#f{b = 1[_1] —a® 1[0]b,
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and finally verify that the product of typical elements satisfies

(2.1) (a# b)(c# d) = a(b_ — c)#

for all a,c € A, b,d € B°P.

Proposition 2.2. A#ﬁBOp is an associative algebra with the multiplication given
by Equation (2.1) and with the unit 1 s#/ 1 gos.

Proof. It is straightforward to check the associativity of the multiplication.
We only check the unitary properties as follows:

(La# 1ger) (a#t]'b) = (11_1) = a)#{ Ljgb = a#{'b,

and

(a#'b)(1a#1p) = a(b_1) = La)#{ b 1 per = a#{'b

This completes the proof. O

Corollary 2.3. If A = H, then H#{ B°P is an associative algebra with the unit
Lg# 1 gos.

Similarly, L is a Hopf algebra. Suppose that B°P is a right L-module algebra
and A is a right partial L-comodule algebra. We can form a generalized right par-
tial smash product denoted by A#LB°P with the multiplication (a#Zb)(c#Ld) =
ac[o]#lLb ~cpd for all a,c € A, b,d € B°P. -

Example 2.4. Let H be a finite dimensional Hopf algebra; the algebra H*™at is
a right H-module algebra via (f < h)(g) = f(hg), g,h € H, f € H**", Thus if A
is a right partial H-comodule algebra, we may form the right partial smash product
A#H*rat .

Proposition 2.5. Suppose that A is a left H-module algebra and B°P is a left par-
tial H-comodule algebra, and furthermore that A is also a right partial L-comodule
algebra and B°P is a right L-module algebra such that for alla € A, b € B°P,

af) ® b apy = bj_y) — a® by

Then there is a natural algebra isomorphism from A#{ B°P to A#tL B°P defined by
the mapping a#l b to a#Lb
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Proof. Defining £: A#H BP — A#LB°P by @(a#i1b) = a#Lb for a € A and
b € B°P, we have

E((a#t{'b) (c#{ d)) = E(alb_1) = )#{ bgd) = a(bp_y) = )#{ byd
= ac#[b — cpd = (a#Lb) (c#Ld)
= &(a# b)E (e d).

O

This example of partial coaction comes from [2]. Let G be a finite group. If

N is a normal group of G with char(k) { |N|, then ex = [N|™" 3 n is a central
neN
idempotent in kG. Let B = enkG be the ideal generated by en. Consider the partial

kG-coaction induced on A by A: kG — kG Q kG, i.e.,

1
oleng) = Aleng)(1® en) = eng @ eng = 1o > mg@ng.
m,neN

Then B is a left partial kG-comodule algebra.

Example 2.6. Suppose that A = epkG’ is a left kG-module algebra and
B = enkG is a right kG’-module algebra, where M is a normal group of G’ with

char(k) t |M|. Then e, = |[M|™' > m is a central idempotent in kG’, then
meM
B = enkG is a left partial kG-comodule algebra and A = ep/kG’ is also a right

partial kG’-comodule algebra such that for any g € G, h € G,
emh®eng — epyh =eng — eph Q@ eng.

Then there is a natural algebra isomorphism from A#fGB to A#ffGlB defined by
the mapping a#f“Gb to a#’ﬁG'b.

Definition 2.7. We call an algebra A a left (right) L-H-dimodule algebra if A
is a left (right) L-module algebra and a left (right) partial H-comodule algebra such
that the H-comodule structure map is an L-module map, i.e.,

(m = a)j—y ® (m = a)jo) = aj—1) ®m — ajg]

and
((a <= m) ® (a = m)) = ajg — m®apy)

forallme L, a € A.
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Remark 2.8. Definition 2.7 which involves partial actions of two different groups
is considered as follows. Let e € kG be an idempotent such that e® e = A(e)(e®1)
and e(e) = 1. Obviously A = k is a left (right) £G’-module algebra, and a left
(right) partial kG-comodule algebra, then the algebra A is called a left (right) kG’-
kG-dimodule algebra.

Lemma 2.9. Let H and L be two Hopf algebras. Then we have the following
statements:
(1) Suppose A is a left H-module algebra and B is a left L-H-dimodule algebra.
Then A#H B is a left L-module algebra under the left L-action induced by that
on B, i.e., | — (a#f'b) = a# (1l —=b) for all | € L.
(2) Suppose A is a left L-H-dimodule algebra and B is a left partial L-comodule

algebra. Then A#lL B is a left partial H-comodule algebra under the left partial
H-coaction induced by A, i.e., (a#lLb)[,l] ® (a#lLb)[o] = a[—1] ® ajg Ep.

Proof. Straightforward. U

Example 2.10. Let G and G’ be two groups. Then we have the following state-
ments:

(1) Suppose A is a left kG-module algebra and B = k is a left kG’'-kG-dimodule
algebra. Then A#FYB is a left kG'-module algebra under the left kG’-action
induced by that on B, i.e., h — (a#FCb) = a#Sb for all h € G', b € B.

(2) Let e € kG be an idempotent such that e®e = A(e)(e®1) and e(e) = 1. One can
easily check that A =k is a left kG’-kG-dimodule algebra and B = e kG’ is a
left partial kG’-comodule algebra. Then A#fG/B is a left partial kG-comodule
algebra under the left partial H-coaction induced by A, i.e., (x#fc/b)[_l] ®
(a#’“G b)[o] =eQz#"b kG'p for any z € A.

Theorem 2.11. Suppose A is a left H-module algebra, B a left L-H-dimodule
algebra, and C' a left partial L-comodule algebra. Then the map taking (a#f{ b)#lL c

to a# (b#L¢c) is a natural isomorphism from (A#H B)#FC to A#H (B#FC) where
the partial smash products (A#{' B) and (B#FC) have the left L-module and left
partial H-comodule structures defined in Lemma 2.9 (1) and (2), respectively.

Example 2.12. Let e € kG be an idempotent such that e ® e = A(e)(e ® 1) and
g(e) = 1. One can easily check that B = k is a left kG’-kG-dimodule algebra and C =
emkG' aleft partial kG’'-comodule algebra. Suppose A is a left kG-module algebra.
Then the map taking (a#fcb)#fc/c to a#tr¢ (b#fGlc) is a natural isomorphism from

(A#fGB)#fG/C to A#fG(B#fG/C) where the partial smash products (A#F¢ B)
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and (B#fG'C) have the left kG’-module and left partial kG-comodule structures
defined in Example 2.10 (1) and (2), respectively.

Remark 2.13. We can get a right version of Theorem 2.11 for another generalized
right partial smash product. We omit it.

3. GENERALIZED PARTIAL TWISTED SMASH PRODUCT

In this section, we introduce the notion of partial coactions of a Hopf algebra
containing partial left and right coaction, and define a partial bicomodule algebra.
On the base of these notions, we introduce a new partial twisted smash product
A x H*. Furthermore, we find a necessary condition for A x H* to be a Hopf algebra.

Definition 3.1. Let H be a Hopf algebra with antipode S and A an algebra.
A is called a partial H-bicomodule algebra if A is not only a left partial H-comodule
algebra with the left partial comodule coaction o' but also a partial right H-comodule
algebra with the right partial comodule coaction o", and satisfies the compatibility

condition, i.e., (¢! ®idg)o" = (idg ® o")d.
We denote

aj—1] ® ajo] ® aj1) = ajoj[-1) & aojjo] & a[1] = a[-1] @ a[o][0] @ A[o][1]-

Let H be a finite dimensional Hopf algebra and A a partial H-bicomodule algebra.
Then A is a partial H*-bimodule algebra via f — a = > (f,ap))ap) and a — g =
(9,aj—11)aj for a € A, f,g € H*.

We first propose a multiplication on the vector space A ® H*,

(ax f)(bxg) = aby) x (S(bj_1)) = f « bu))g

forall a,c € A, b,d € A, which is automatically associative. In order to make a unital
algebra, we project onto

AxH* =(AQ H*)(14® 1g«);

then we can deduce directly the form and the properties of typical elements of this
algebra
a#f{b = 1[_1] —a® 1[0]b,

and finally verify that the product typical elements satisfies
(3.1) (ax f)(bxg) = abjoy* (S(b_1)) = f < bu))g

foralla,be A, f,g € H*.
From the above definition and using the compatibility condition, we have
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Proposition 3.2. Let H be a finite dimensional Hopf algebra and A a partial
H-bicomodule algebra. Then the tensor space A x H* is an associative algebra with
the multiplication in (3.1) and the unit 14 * 1.

Proof. We only prove the unit and omit the associativity.

(axf)(laxlge) =Y alg+S(1_y) = f < 1y

= > gl © S yliy) = f < 1yl
=axf=Oaxlg)(axf).

O
Proposition 3.4. Let ax1g+,14 % f € Ax H*. Then
(1) (axlg)1axf)=ax*f,
(i) (laxf)laxly-)=ap *(S(aj_1)) = f + apy),
(111) (a* 1H*)(b* 1H*) =abx* 1y~
Proof. Straightforward. O

Theorem 3.5. Let H be a finite dimensional Hopf algebra with antipode S, let
A be a bialgebra and a partial H-bicomodule algebra.

(1) The partial twisted smash product algebra Ax H* equipped with the tensor
product coalgebra structure makes Ax H* into a bialgebra, if the following
conditions hold:

(a) >oealfi = a=S5*(f2)) =eala)en-(f),

(b) As(Dfi = a—=S*(f2)) = X (f1 = a1 — 5*(f2)) ® (fs = a2 — S*(f1)),
(c) Y(fi =~ a)® fa =3 (f2 = a)® f1,

(d) > (a = S*(f1))® f2 =) (a = S*(f2)) ® f1.

)

(2) Furthermore, if A is a Hopf algebra, and we assume that the formula

DS la e S (fe) = en(f)la

holds, then A x H* is a Hopf algebra with antipode Sa,p~ defined by:

Saxr(ax f) = (1x57(f))(Sa(a) x1).
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Proof. (1) First we verify that A 4, g+ is an algebra morphism with the multi-
plication on A * H* and the tensor product coalgebra structure on A x H*:

Apeir (@ £)bx9)) = 3 A (abio * (S(b-1) = £  bup)g)
= D Apar(@a(fy = b= 57(f3)) * fog)
= S (@i = b= S (f3)1 * (20)1 @ (aa(fr = b= S (f5))o * (f20)s
=Y ai(fi = b= S (fa)1 * fogs @ az(fy = b= S*(f2))2 * f39

2 D ai(fy = b S*(f3)1 * fogr ® as(fi = b= S*(f3))2 * faga

2 D ai(fy = b 87 (f2))1 * fagr ® as(fi = b S*(f2))2 * faga

2 D ai(fy = b= S*(f2) * fsgr ® az(fs = ba = S*(f2)) * foga

& D ai(fy = by = S*(f2)) * fagr ® az(fs = by — S*(fs)) * foga

2 > ai(hy = by = S*(f2)) * fags @ az(fs — by = S*(fo)) * fsg2

2 D ai(fy = by = S*(f2)) * fagr ® az(fs = by — S*(fs)) * f592

© Zm(fl — by — S*(f3)) * fag1 @ aa(fs — ba — S*(fs)) * f592
= Alax [)A(bxg)-

Next, we verify that € 4,5~ is also an algebra morphism. It is easy to verify that

eaxn=(ax f) =eala)en-(f).
In fact,

cane(ax f) =D eau-(alfy = 1a = 5*(f3)) @ f2)
=Y eala(fi = 1a = S*(f3))en-(f2)
=cea(a)en-(f),
ear=((ax f)(bxg)) = > eaun=(abj) * (S(b_1) = f < byy)g)
= > caen-(alfs = b= S*(f3)) * fo9)
= > eala(fr = b= S5*(fs)en-(f29)
& ca(@en-(Nealb)en-(9)

= eaxmg (ax feasm(b* g).

Hence, Ax H* is a bialgebra.
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(2) It is easy to check that (Sawm~ *id)(a* f) = ca(a)eg=(f)laxlyg- = (id *
Saxm=)(ax f).

Therefore, A x H* is a Hopf algebra. O

Remark 3.6. In Theorem 3.5, the conditions (b), (c) and (d) of the item (1) can
be easily verified for the case when H* is cocommutative (therefore, H is commuta-

tive). If a Hopf algebra H satisfies these three conditions, then H* is not necessarily

cocommutative.

A concrete counterexample is presented as follows.

Recall the definition of Hy. As a k-algebra, Hy is generated by two symbols ¢ and
x which satisfy the relations ¢ = 1, 22 = 0 and zc+cx = 0. The coalgebra structure
on H, is determined by

Ale)=c®e, Alx)=z01+c®z, c(c)=1, ¢(x)=0.

Consequently, H, has the basis 1 (identity), ¢, z, cx. We now consider the dual
H} of Hy. We have Hy = Hj (as Hopf algebras) via

1l=1"4c¢", c—1"4+c", z—a"+(cx)", cx— " — (cx)",

where {1*,¢*,2*, (cx)*} denotes the dual basis of {1,¢,z,cx}. Then we let T =
1*+c¢*, P = 2" + (cx)*, TP = z* — (cx)*, getting another basis {1,7T, P,TP}
of Hj. Recall from [5] that if A is the subalgebra k[z] of H4, then A is a right
partial Hy-comodule algebra with the coaction o(1) = 1(1® 14+ 1® c+ 1 ® cx),
0"(z) =i(x®14+2®@c+z®cz). In asimilar way we can define A as a left partial
Hj-comodule algebra with the coaction o(1) = 1(1®1+c®1+cx ® 1), o'(z) =
%(1 ®Rr+cR®x+cr®x). It can be easily checked that A is a partial Hy-bicomodule
algebra, hence A is a partial Hj-bimodule algebra via f — a = > (f,an))ajg and
a“—g={(g,a_1)ajy, forac A, f,gc H".
We only consider the element P of H; and check the condition (b) as follows:

Aa( Y P st (P)
= Au(P =z S* (1) +T =z~ §°(P))

= AA(<P, %(1 —|—c—|—ca:)>a:<1, %(1 +c+cx)>
1

2(1 +c+cm)><P, %(1 +c+cm)>x>

1
= <P,§(1+c+cx)>(x®1+1®x)
1
2
1
= <P,§(1+c+cx)>(x®1+1®x),

+(T
+ <T,%(1 +c+cx)><P,

(1+c+cm)>(x®1+1®a:)
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and

> (P =z — §7(P)) @ (Ps = mp — S*(Py))
=Y (P =2 §'(P)) @ (P = 1+ 5%(Py))
+) (P =1 S(P)® (Ps =z — S*(Py))
=Y P-z=S()e(1—1<S5()

_ <P,%(1+c+cx)>(x®1+1®x)-

By direct computation we can check that conditions (c) and (d) in Theorem 3.5 hold.

4. MORITA CONTEXT

In this section we construct a Morita context between AP and A x H***  where
A is a partial bicomodule algebra, generalizing M. Beattie et al.’s work [4].

In what follows, we always assume that 1jo(f1,11){f2,S(1;=1))) lies in the center
of A for each f € H*rat,

Remark 4.1. By virtue of Remark 3.6 that A is a partial Hy-bicomodule algebra,
we obtain that

Lo (1 ), SO ) = 5 (L Do, S} + L ), S(0))
+ 1<f17 C$><f2, S(CJ)»)

= S0+ el o) + 1 fu,e) o)
_ %(1+1) _1
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Proposition 4.2. Let H be a co-Frobenius Hopf algebra and A a partial H-
bicomodule algebra, define

AbicoH {Cl € A; (Ql ® idH)gT(a) = 1[,1] & al[o] & 1[1] = 1[,1] & 1[0]a (9 1[1]}.

Then the partial H-bicoinvariants A2 js a subalgebra of A.

Proof. Straightforward. O

Lemma 4.3. Let A be a partial H-bicomodule algebra. Then A is a left A x H*"3'-
module and a right A x H***'-module with module structure maps defined as follows:
for all a,b € A, f € H*™,

(axf)>b=3"alf,bu)), (f2, S(r1))bjol.

and

Q(axf)= Zb[O]a[O] f1, 87 bpap)) (f2, S (b-nai-1))-

Proof. Forall a,b,c€ A, f,g € H*' it is easy to check that (14 x 1gwrat) >
¢ = ¢, and we have

((ax f)(bxg) > c="> (abg * (S(b1) = f < bu))g) > ¢
=Y abgeio(f1, S(—1)) (f1, by (91, ) (fag2, S(e1))
=Y abjoLjoycio) (fr: bpay) (f2, 1) (fagn, eqyy)
% (fag2, S(cr—))(f5, S(L—1))) (fe, S(b[-1)))
= aboyLiojeqo (fr, by Tpngeqn) (oo S (b -1je-12)
X (g1, ci1)2) (92, S(cj—111))
= > abjoLigjcpo) (f1, bpuyepu) {fo, SO 111 1jer-1j2))
X (g1, cap) g2, S(ep)- 1]1)>
=Y abgero{f1, bryem) (2, S(b-yyei-1)))
x (g1, cpy) (g2, S(ci-1)))
= (axf)>((bxg)>c).

Hence, A is a left A H***-module.
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Now, we show A is a right A« H**.module. It is not hard to prove that b <
(14 * 1gwar) = b, and we have

b<((axf)cxg)) beac S(ci—1y) = f < cpp)g)
= > bojape)(fa. S (C[—11)><f1,0[1]><f29hS*I(b[uamqu»
% (fag2, S*(bi_1jai—1)¢(—1)))
=Y bgjajo) Lojcio) (Fa, S (1)) (Frs i) (fagr, S~ (byap Lyepn))
x (f392, 8% (bi-1jai-11{-1j¢(-112))
=Y boapcp(f1, S (C[o] ) (s es) (fa, S~ bppzapacqe))
x (91,8~ 1(b[1}1a )><f3a ( —1]28[— 1]20[—1}2»
% (g2, S*(bi—110 [0][—1]10[0}[—1]3»
=Y baep(fi. ST (bupage)) (91, S (bupapien))
x (f2, 5% (bj—1j2a(-1)2)) (92, S* (bj—_11a[-1)1¢[-1)))
= > Yobjagco (fr, S (bpjzap2)) (o1, S~ (Lpybupiapien))
X (f2,8 (1[7115[71]2a[71]2)><92732(5[71]160[71]16[71]»
=Y bac(f1, ST map)) (91, ST (bnagen))
X <f2,Sz(b[—1]a[—1])><92aSQ(b[—l]a[—l]c[—H»
=(b<(axf)) <(cxg).

O

Theorem 4.4. With the notation as above, and a nonzero left integral t, we have
a Morita context (AM<H A« H*™a [ (,)) where the connecting maps are given by

[[]: A® gbicon A — A% H*mt, [a,b] = Z ab[o] * S(b[_l]) — 1 b[l],
() A®pegerae A — APCH (g, b) = Z afopbioy(t1; apbp) (t2, S(a—11b-11))-

Proof. (1) We will check that [,], (,) are well defined, i.e., [,] is A2 _balanced
and (,) is Ax H*™" balanced.
First, for the map [,], if a,b € A and ¢ € AP then we have:

[ac,b] = Zacb *xS(bj_y)) =t < by

—Zacl *S 1[ 1]b[ 1])—>t<—1[]b[]
= Z (eb)jo) * S((eb)[=1]) = t = (cb)py = [a, cb].
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Hence, [,] is AP _halanced.

Now, for the second map (,), if a,b,c € A and f € H*'*' then we have:

(a<(cx f),b) = Z(a[ ]C[o]<(3*)_1(f1) (ayem))((S*)?(f2), ap—1y¢—1)), b)

= ()7 () (apep)) (5™ (f2), ap—nyei—1)ao o bpo
x (t1,a C[l]b (S*(t2), aj_1jci—11b—1))
= > (S (f1), (apgac2)) (S (f2), aj—1j1ei-11) Lo aj0)clopbjo)

X {t, Imapn [111bm><5 (t2), L-1a[-1)2€[-1]2b[-1])
= ()7 () (apae2)){(S*) (f2), ap—1pci—u1)ao o bpo
X (t1, appreppbpy)(S* (t2), ap-1j2¢;-1)2;-1)
= Z«S*)_l(fl), (a[1]20[1]2)><(5*)2(f2);a[—l]lc[—1]1>a[0]C[O]b[O]
% (t1, apprep) (b2, buy) (S (), ap1joci-y2)(S™ (t3), b))
= > (t1(S) M (f1), (apep))((S*)? (f2) 8™ (ta), ap—1y¢i-1))ajo)co)bpo]
X (ta, b)) (S™ (ts), bjoj—1))
= Z<t1f2(5*) Y(f1)s (apgepy ) {(S*)? (f2)S™ (tafs), aj—yje—1)ago)cio o)
x (t2f3, bpy)(S™ (t3f1), bi-1))
=3 (t1, (apyep))(S* (ta), a—yye—1p)ago copbpo)
x (t2f1,bp1)(S™ (t3f2), bi-1))
= Z<t1,(a[ JC[11)><3*(754) a-11¢[-11)aqo] o) L0} Djo]
X (t2, Lnpbpyn) (f1, bg2) (™ (f2), b—11) (5™ (t3), 1—11b[-1)2)
= (t, (a[1]6[1])><3 (ta), a—yjci—17)ao)cpo)bpo)
X (t2, bpay) (1, bap) (S™(f2), 1)) (S (t3), bi—1)
= (a,(cx f) > D).

Hence (,) is well defined.

(2) A is an A x H* 3t AbicoH himodule.

Since A has a canonical AR _himodule structures on A, we only need to check
the compatibility condition as follows.

For alla € A, b e APM©H and cx f € Ax H*™" we have

(cxf) > =Y cagbo{f1, apbpy) (f2, ap-bi-1y)

= > _ca{frap){fz,ai)b
= ((¢x f) > a)b.
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(3) Ais an APICOH _A 4 H*rat_bimodule.
Foralla € A, b € AMH and cx f € Ax H*'* we have

(ba) < (cxf) =D bojagery(f1, 5 (bapmep)) (f2, 8% (b-ai-1e-1))
= > b (1, 5™ apen)(F2, 5 (o))
x(f3,5 (b[—11)><f4752( 1¢-11))
= > bageofr, S apen))(fo, S (a-rje-n))
=bla < (cx f)).
(4) [,] is an A x H****_bimodule map, so we only check [, ] is a left A x H****-module

map.
Foralla e A, be AP ¢y h e Ax H* we have

(cx f) - [a,b] = Y (ex f)abgy * (S(b_1)) = t < bpy)))
= > cagboy(f1, apbpy){f, S(ar-1br-1))
X (L1, bpy)(ts, S(b[O] —1)) fate
= an[o]lo (fr, apy b (f3, S(aj—yli—yb-1)))
x (t1, bpy) (ts, S(bj-1))) fat2
=Y caggbo(f1, apbpyn) (fs, S(a—1b-1j2))
X (t1, bruj2)(ts, S(b—111)) foto
= an[o]b 11y ap) (f2, b)) (fa, S(b—1)2))(f5, S(aj—1)))
x (t1,bpj2) (ts, S(b-11 )>f3t2
(
(
a)

*ZCG[O]b Froap) (fatr, b)) (fats, S(b-1)){(fs, S(ai_1))) fata

=Y caggbpo{f1, apy) (tr, by (s, S(b— 1) (f2, S(aj-1))t2
((C*h) b[o]*( (b )—)t(—b[])
= [(cxh) > a,b].

(5) (,) is an AP _bhimodule map, so for all a,b € A, ¢ € AP we have
(ca,b) = cjojajobio) {t1, cpyapubp) {tz, S(e-rjag-1 b))
= D ety e {t2; apbpy) (s, S(ap-1bp-)) (ta, S(e-n))
=Y cagbpy(t1, apbp) (b2, S(ai_ybr1))) = c(a,b),
(a,be) = Y aggibpojeio){t1, apubpuyep) iz, S(aj-1b-1jei-1y))
=Y apb! tl,a[l]bm)(tg, S(aj—1b-1)))e = (a,b)c.
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(6) Finally, it is easy to verify that [,] and (, ) satisfy associativity, so we omit the

proof. O

1]
2]

3]

4

[5]
[6]
[7]
8]
[9]

[10]

References

M. M. S. Alves, E. Batista: Enveloping actions for partial Hopf actions. Commun. Alge-
bra 38 (2010), 2872-2902.

M. M. S. Alves, E. Batista: Globalization theorems for partial Hopf (co)actions, and some
of their applications. Groups, Algebras and Applications. Proceedings of XVIII Latin
American algebra colloquium, Sdo Pedro, Brazil, 2009 (C. Polcino Milies, ed.). Contem-
porary Mathematics 537, American Mathematical Society, Providence, 2011, pp. 13-30.
M. M. S. Alves, E. Batista: Partial Hopf actions, partial invariants and a Morita context.
Algebra Discrete Math. 2009 (2009), 1-19.

M. Beattie, S. Dascalescu, S. Raianu: Galois extensions for co-Frobenius Hopf algebras.
J. Algebra 198 (1997), 164-183.

S. Caenepeel, K. Janssen: Partial (co)actions of Hopf algebras and partial Hopf-Galois
theory. Commun. Algebra 36 (2008), 2923-2946.

M. Dokuchaev, R. Exel: Associativity of crossed products by partial actions, enveloping
actions and partial representations. Trans. Am. Math. Soc. 857 (2005), 1931-1952.

M. Dokuchaev, M. Ferrero, A. Paques: Partial actions and Galois theory. J. Pure Appl.
Algebra 208 (2007), 77-87.

R. Exel: Circle actions on C*-algebras, partial automorphisms, and a generalized
Pimsner-Voiculescu exact sequence. J. Funct. Anal. 122 (1994), 361-401.

C. Lomp: Duality for partial group actions. Int. Electron. J. Algebra (electronic only) 4
(2008), 53-62.

M. E. Sweedler: Hopf Algebras. Mathematics Lecture Note Series, W. A. Benjamin, New
York, 1969.

Author’s address: Shuangjian Guo, School of Mathematics and Statistics, Guizhou

University of Finance and Economics in Huaxi University Town, Guiyang, Guizhou
Province, 550 025, P. R. China, e-mail: shuangjguo@gmail.com.

782



		webmaster@dml.cz
	2020-07-03T21:13:59+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




