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EXISTENCE OF SOLUTIONS FOR TWO TYPES OF
GENERALIZED VERSIONS OF THE CAHN-HILLIARD EQUATION

MARTIN HEIDA, Dortmund
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Abstract. We show existence of solutions to two types of generalized anisotropic Cahn-
Hilliard problems: In the first case, we assume the mobility to be dependent on the concen-
tration and its gradient, where the system is supplied with dynamic boundary conditions.
In the second case, we deal with classical no-flux boundary conditions where the mobil-
ity depends on concentration u, gradient of concentration Vu and the chemical potential
Au—s'(u). The existence is shown using a newly developed generalization of gradient flows
by the author and the theory of Young measures.
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1. INTRODUCTION

This work deals with the existence of solutions to a variety of Cahn-Hilliard models
generalizing the applications in [17]. In what follows, we will introduce three types
of equations that will be discussed in this paper, where we use some notation and
Hilbert spaces as they are introduced below in Section 2.

1.1. Introductory example: Cahn-Hilliard equations on a closed mani-
fold. The first problem in most parts was treated in [17] and we will not spend too
much effort discussing it; we rather consider it as an introductory exercise for the
other two problems, as it will help to improve understanding of the method. In the
aforementioned paper, the author developed and applied a generalized concept of
gradient flows to the following problem:

Given a bounded and open domain 2 C R™, n < 3, with a smooth boundary T’
and outer normal nr, show existence of solutions to the following problem in some
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suitable Hilbert space:

(1.1) Ovu + div[A(u, Vu)V(Au — s'(u))] = 0 on (0,7] x £,
[A(u, Vu)V(Au — §'(u))] -nr = Vu-nr =0 on (0,7] x T,
u(0) = up for t =0,

where we assume for some bounded interval (a,b) C R, 0 € (a,b) that ug(z) € (a,b)
for all x € Q, s(u) = so(u) + s1(u) with
(i) so € C*((a,b)) convex and ilgz sp(z) = —o0, glclg%)sg(a:) = 00,

(i) s; € C?(R).

Furthermore, we will assume that A: R x R” — R™*™ is Lipschitz continuous,
bounded and uniformly elliptic, which means there is a constant C' > 0 such that
C7HEP? < (Ale,d)€) - € < Cl€)? for all (¢,d) € R x R™ and all £ € R". We will
use this problem in order to introduce the basic concepts of the theory. The weak
formulation of the above problem reads

T T
(1.2) /O/Qﬁtuw—/o/Q(A(u,Vu)V(Au—s’(u)))-Vw —0
VZ/J € L2(07T7 H(lo)(Q))v
Vu-nr=0 on (0,7] xT, u(0) =wup fort=0.

Though there is a huge literature on the Cahn-Hilliard equation (we refer to [1],
[3] and references therein), there seems to be only few results on concentration de-
pendent mobility A(u), among the most cited being Cahn, Elliot and Novick-Cohen
[5]. Other works are by Elliot and Garcke [10], Liu, Qi and Yin [21], Liu [6], the
one dimensional treatments by Dal Passo, Giacomelli and Novick-Cohen [7] and Liu
[20] and the works by Novick-Cohen [31], [32]. In these works, A(-) is assumed to be
either strictly monotone or Lipschitz continuous.

To the author’s knowledge there is so far no existence result for (1.2) with the
mobility depending on Vu. A study of a viscous Cahn-Hilliard equation with the
mobility depending on fractional derivatives of order smaller than 1 can be found
in [26]. A recent result treating (1.1) (for A depending only on u) as a gradient flow
in the Wasserstein space is due to Lisini, Matthes and Savaré [19]. Numerical studies
of (1.1) can be found in [44], [45].

Rossi [37] and Grasselli, Miranville, Rossi and Schimperna [14] deal with a Cahn-
Hilliard equation of the form

Ou— Aa(w) =0, w=sy(u) — Au.
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The function a: R — R is then strictly monotone with C(|r|*? + 1) < a(r) <
~1(Jr|?P +1) for some C' > 0 and p > 0. Below, we will treat a Lipschitz-dependence
of A on w with A being strictly positive, see Subsection 1.4. Also note that our result
applies to A depending simultaneously on u, Vu, and w.
The existence result for (1.2) can be formulated as follows:

Theorem 1.1. For 0 < T < oo and any ug € H(O)(Q) there exists u €
HY(0,T; H(O) () N L2(0,T; H*(Q)) satisfying (1.2) with u(t,z) € (a,b) for a.e.
(t,z) € (0,T) x Q, and there is a positive constant C' € R such that the estimate

(13) 100l g oty HI1AU=56(0) 120,61y, )+l 20,0102 < O(S (o) =S (u(®))

holds for all t € (0,T'), where

(1.4) S(u) ::/Q%|Vu|2+/ﬂs(u).

For Q being a bounded domain with smooth boundary I', we can also ask for
existence of a solution to the problem

Oru + divr (A(u, Vru)Vr(Aru — s'(u))) =0 on (0,7] x T,
u(0) = ug for t =0,

where divp, Vp, and Ar are the tangential divergence, tangential gradient, and
Laplace-Beltrami operator on I'. To this aim, let T,,I' be the tangential space to

I'at « € T'" and TT := {J {z} x T,T the tangential bundle. We suppose that
zel
s has the properties as above and A: R x TT" — R™*" is Lipschitz continuous,

bounded and uniformly elliptic, which means there is a constant C' > 0 such that
“He1? < (A(u,e,d)€) - € < CIEJ? for all u € R, (¢,d) € TT and all € € T.I'. The

weak formulation for all ¢ € L*(0, T; H;(T')) reads

(1.5) //&uz/; // (1, Vi) Vi (Art — 5'(w))) - Vigh = 0,

)=wug fort=0.

This problem is of particular interest for numerical simulations in vesicles formation
in biological membranes, see Lowengrub, Ritz, Voigt [22], as well as Mercker and
coworkers [23], [25], [24]. A former mathematical study of the Cahn-Hilliard and
the Allen-Cahn equations on manifolds can be found in [36]. The aforementioned
publication has its focus on singularities of the manifolds and assumes A = const.
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Theorem 1.2. For 0 < T < oo and any ug € H(lo) (T') there exists u €
H'Y(0,T; H(B)l (T)) N L?(0,T; H*(T)) satisfying (1.5) and there is a positive constant
C € R such that the estimate

2 2 2
HatuHL%O’t;H(—O)l(F)) + [|Au — Sl(u)||L2(0,t;H(10>(F)) + ||U||L2(o,t;H2(r))

< CO(S(ug) — S(u(t)))

holds for all t € (0,T'), where

Sy = [ 51VruP + [ sta)

The earliest proof of existence for the Cahn-Hilliard equation the author is aware
of is for A(-,-) = 1, a smooth convex function sg: R — R and a small concave per-
turbation s1, and was given in [11]. Former attempts to the Cahn-Hilliard equation
using an energy functional S with s¢ like above and s; a small concave perturbation
were in [1], [8], [18], [27]. This form of s seems to be more physical (for a choice
(a,b) = (=1,1)) as it forces the difference of the concentrations to remain between
the fixed boundaries —1 and 1.

1.2. Short sketch of the mathematical approach. The proofs of Theo-
rems 1.1 and 1.2 are based on a recent result by the author [17]. The basic idea
is to consider (1.2) as a gradient flow in H(B)l(Q) of the functional S given in (1.4)
and with respect to local scalar products g, (-, ). The scalar products g,(-, ) are only

defined in u € H(lo)(Q) C H(B)l (Q). For r1,m9 € H we define

Gu(r1,m2) = / Vi A(u, Vu)Vps,
Q
where p € H(lo) (€2) solves
—div(A(u, Vu)Vpy) =r; fori=1,2,

with boundary condition A(u, Vu)VpY¥ - npr = 0. As we will see below, with the
Fréchet-subdifferential dS, the problem can be formulated as the gradient flow

9u(Drt, 0) = ~(AS(u). ¢) y Vo € L0 T3 Higl (D)

1.3. Cahn-Hilliard equation with dynamic boundary conditions and non-
linear mobility. The theory of Cahn-Hilliard equation with dynamic boundary
condition is rather young. Mathematical studies and references can be found in
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Miranville and Zelik [28], Gilardi, Miranville and Schimperna [13], Gal [12] and the
initial work by Racke and Zheng [34]. From the modeling point of view, note that
the equations derived below fall within the modeling framework developed in Heida
[16], [15] or by Qian, Wang and Sheng [33].

Here, we prove existence of a solution to the problem

Ou = div(A(u, Vu)V (s’ (u) — Au)) on Q,
0= A(u,Vu)V(s'(u) — Au) -mr onT,
Owu = Ar(u)(Aru — sp(u) — Vu-nr) onT,

with «(0,:) = wo(:) for ¢ = 0 on Q and T', and we assume A and s to be given
like in Section 1.1. Ap is assumed to be bounded and Lipschitz continuous with
0 < C < Ar(-) for some positive constant C' and we assume again

(i) so € C%((a,b)) convex and ilg}z sp(z) = —o0, ilinbsg(x) = 00,

(ii) s1 € C*(R),
(iii) sr = so + s2 with so € C%(R).
The existence to the above problem in case A = Id, Ar = 1 was treated in the
above references for different forms of s and spr. Note that the first and third
equation of the problem are not coupled directly through boundary integrals but
only through Vu - np. Thus, the weak formulation of the problem splits for all
P, € CH0,T;C>(Q)) into two parts:

(1.6) Al}ww-él&u%wmwﬂw_Awvaza
/OT/F O E(u)p — /OT/F Ar(E(u))(ArE(u) — sp(E(u)) — Vu-np)p =0

together with the initial condition, where we use E(u) to denote the trace of u on
I’ and Py the projection operator defined below in (2.2). Our existence result then
reads as follows:

Theorem 1.3. For 0 < T < oo and any ug € H(lo) (Q) N H2(Q) there exists u €
H'(0,T; H(B)I(Q)) N L2(0,T; H*(Q)) with E(u) € H*(0,T; L*(T")) N L?(0,T; H*(T)),

as well as Py(s'(u) — Au) € L?(0, T} H(lo)(Q)) satisfying (1.6), and there is a positive

constant C' € R such that the estimate
2 2
”u”Hl(O,T;H(_O)l(Q))ﬂLz(O,T;Hl(Q)) + [[Po(Au — Sé(u))”Lz(O,t;H(lo))

+ [[ArE(u) — Vu - nr| 207,02y + HEu”?{1(0,T;L2(F))F1L2(O,T;H1(F))

< C(S(ug) — S(ul(t)))
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holds for all t € (0,T'), where

S(u) :=/Q%|Vu|2+/ﬂs(u)—|—/F%|VFE(U)|2—|—/F81~(Eu).

Note that the usual way for treating such equations is different from the gradi-
ent flow theory. In the usual approach, the Cahn-Hilliard problem with dynamic
boundary conditions

Ovu = div(V(s'(u) — Au)) on Q,
0=V(s'(u) —Au) mr onT,
Oy = (Aru — sp(u) — Vu-nr) onT,

is reformulated (for the moment informally) as

~ AV O = —(5'(u) — Au) + (u) on Q,
(1) = (s'(u)) = (Au),

where (u) := f,u and Afvl is the inverse Laplacian for Neumann boundary condi-
tions. This formulation allows to perform integration by parts in the term Awu and
thus to treat the problem in one single weak formulation of the form

/oT/Q —AN O + /OT/Q(S'(UW + Vu - V)
o oo [[f st st <o

However, for the nonlinear dependence of the mobility on u, Vu, the operator A;,l
would have to be replaced by a time-dependent operator, imposing lots of technical
difficulties.

1.4. Cahn-Hilliard equation with mobility depending on the chemical
potential. The third type of the Cahn-Hilliard equation is a generalization of the
first type with an additional dependence on the “curvature” term w := —Au + s'(u)
(see below). Thus, we write down the problem as

Opu — div(A(u, Vu, w)Vw) = 0 on (0,7] x Q,
w+ Au—s'(u) =0on (0,7] x Q,
(A(u, Vu,w)Vw) -np =Vu-np =0on (0,7] x T,
u(0) = ug for t =0,
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where s(u) = so(u) + s1(u) with so(u) = |u|P for some p > 2, and s; € Cg”l([R) is
a three times continuously differentiable mapping with bounded derivatives up to
order 2.

Furthermore, we will assume that A: R x R™ x R — R™*" is Lipschitz continuous,
bounded and uniformly elliptic, which means there is a constant C' > 0 such that
CYHE? < (A(a,b,0)€) - € < C|€|? for all (a,b,c) € R x R™ x R and all £ € R™. The
weak formulation of the above problem reads

T T
(1.7) //8tuw+//(A(u,Vu,w)Vw)-szo VwELQ(O,T;H(lo)(Q)),
0Jo 0Jo
w=—-Au+s'(u), Vu-nr=0 on (0,7]xT, u(0)=uy fort=0.

for which the following existence theorem holds:

Theorem 1.4. For 0 < T < oo and any ug € H(lo)(Q) there exists u €

HI(O,T;H(B)I(Q)) N L%(0,T; H?(Q)), w € L2(O,T;H(10)(Q)) satisfying (1.7) and

there is a positive constant C' € R such that the estimate

HatUIIQL%O,t;H(—O;) + 1A = Po(sty)lIZa 0,401, ) + 10llZ2(0,1,002) < C(S(u0) = S(u(t))

holds for all t € (0,T'), where

S(u) ::/Q%|Vu|2+/ﬂs(u).

The last result is of particular interest for the sharp interface limit. This limit is
obtained by replacing S by

s = [ 51Vl + 5 [ st

and solving a sequence of problems

Opu® — div(A(u®, V', w®)Vw®) =0 on (0,7 x £,
w® + Au® — Eizs'(ue) =0 on (0,7] xQ,
(A(u®, Vu®,w®)Vuw®) -np =Vu®-nr =0 on (0,7] x T,
u(0) =ug for t =0.

For the corresponding sequence of solutions u®, we expect

u® — u,
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where v € BV (Q) with u(-) € {—1,1} almost surely, Vu being equal to a varifold ~
with curvature k, satisfying d,v = k in a weak sense. We refer to the work by Roger
and Schétzle [35], Mugnai and Roger [29], [30] or the survey by Serfaty [39]. Note
that with regard to the limit equations, the dependence of A on u and Vu leads to
anisotropic behavior of the limit problem, where the surface velocity may depend on
the normal direction n. The quantity w® should converge to the curvature x and
thus the dependence of A on w may affect the limit equations as the velocity may
then depend nonlinearly on k. A rigorous study of these reflections is, unfortunately,
beyond the scope of this article. Two interesting modeling papers on the subject are
by Taylor and Cahn [41] and by Torabi, Lowengrub, Voigt and Wise [43].

1.5. Outline of the paper. In Section 2 we will introduce some standard Hilbert
spaces which will be frequently used in this paper and collect some basic facts on
them. We will furthermore introduce basic notation for the work with boundary
derivatives. In Section 3 we will introduce some functional analytical tools, in par-
ticular the theory of Young measures, whereas in Section 4, we will introduce the
theory of gradient flows in the way it is presented in [17].

Since we introduced the three types of problems by complexity of their analysis, we
will then go on first treating the problems from Subsection 1.1, making the reader
familiar with the method and notation in Section 5. The second step will be a
generalization to dynamic boundary conditions in Section 6, making it necessary to
look for a suitable Hilbert space in order to apply the gradient flow theory. Finally,
we will include the dependence of mobility on curvature and prove Theorem 1.4 in
Section 7.

2. NOTATION AND PRELIMINARIES

For any Hilbert space H, we denote by LP(0,7;#) the Bochner space of LP-
functions over (0,T] having values in H# and by H'(0,T;H) the space of functions
u € L*(0,T;H) having dyu € L*(0,T;H). Furthermore, by C([0,T],H) we denote
the continuous functions from [0, 7] to H, by C*([0,T],H) the k-times continuously
differentiable functions and by AC([0,T]; H) the set of absolutely continuous func-
tions over [0, T7.

2.1. Sobolev spaces on ). In order to study the examples below, we will fre-
quently make use of the following Banach and Hilbert spaces: We consider an open,
bounded domain @ C R™ with smooth boundary I' = 90 and outer normal vec-
tor np. Let W (Q) denote the usual LP-Sobolev space and W) () the closure of
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C3°(Q) in WE(€). We will also make use of the notation
(2.1) HF(Q) =W (Q) and HE(Q) = W}y (Q).

We use the definition of the fractional Sobolev spaces W (£2) and W (I") as given
in Adams [2] and set W3 (Q) = (W5 5(Q))~! for s < 0.
Let H~1(Q2) denote the dual of H}(2). Furthermore, we introduce

@)= {o e #'@): [ o=0}

with the scalar product
(o) / Vo Vi Yot € T (@)

and its dual space H (5)1 (Q) with the scalar product

(o) ot = (VAN @, VA W) r2 Voo, 0 € Hig) (),

where Ay is the Laplace operator with Neumann boundary conditions. More gen-
erally, we define

L{)(Q) = { fer* /f m} Cloy(@) := Ly ()NC*(Q) Yk e NU{oo}

and denote by
(2.2) Po: L*(9) — Ly (), f»—>f—/ f
Q

the orthogonal projection onto L(o) (). For simplicity, we may sometimes omit the
(©) if the context is clear (e.g. H' instead of H'()). Then, —~An: H[;,(Q) —
H(B)l(Q) is the Riesz isomorphism.

Lemma 2.1 ([17]). Let A € L>*(2;R™*"™) have the property that there is 0 <
C < 1 such that C|¢|? < €A(x)é < CHE|? for a.e. x € Q and for all £ € R™. For
v E H(B)ln(Q) let p, € Hy () solve
—div(AVp,)=¢ onQ, (AVp,)-nr=0 onl.

Then there is 0 < G < 1 depending only on C such that for all p € H(B)l (Q) we have

Glol?, - < / Vpy - (AVp,) < Gl .
(0) Q (0)

99



2.2. Sobolev spaces on I'. Since I' is C*°, we may introduce the tangential
gradient Vp in the following way: On I', let np be the normal vector field and for
each arbitrary C>®-vector field a:  — R3, let us define the normal part a,, and the
tangential part a, on I' via

Gn:=a-mp, a;:=a—a,nr.
We define the normal derivative
Opa :=Va-npr
and the tangential gradient Vp for any scalar a through
Vra := (Va), = Va — nro,a.

For a smooth manifold, this is equivalent to the Levi-Civita connection on I'. Thus,
we may understand any vector field f, tangential to I' as an element of the 7T, and
define the divergence

divr f; := traceVr f;,

where we find for any sufficiently regular f:
div f = divr fr + 0n(fn)-
The mean curvature of I" is defined by
kr = trace(Vrnr)
and we have the following important result, which can be found for example in [4]:
Lemma 2.2 ([4], Lemma 3.4). Let I' be a closed surface. For any f € C*(T) we

have
/Vrf /fﬁrnr

Furthermore, for any tangentially differentiable field q it follows that

/dinq://@pq-nF.
r T

The Laplace-Beltrami operator Ar on I' is defined as Arf := divp Vrf. For a
nice introduction to surface gradients and the Laplace-Beltrami operator not based
on the Levi-Civita connection, we refer to Buscaglia and Ausas [4].
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Remark 2.3. Lemma 2.2 implies for the closed surface I' that
- [oars= [ Veg- Ve vigecr@.
r r

Via localization, projection and interpolation, we can introduce Ws (') for s € R

[2]. Note that
gy = [ 9rul + [ o
r r

For u € C?(Q), we set Er(u) := ulr, the trace of u on I', and 9,u := Vu - nr, with
Er(u), Opu both being functions on T'. Like in €2, consider the space

(2.3) H{o)(T) := {u e WHT): /Fu = o},

2 2
=
||U||H(10>(1“) /r [Vrul

and introduce H (_0)1 (T') in an obvious way. We summarize the main embedding results

of interest from [2] in a short lemma:

Lemma 2.4. The operators Er: W¥(Q) — WQk_l/Q(F), kE > 1, and 0Oy:
W Q) — W§_3/2(I‘), k > 2, are continuous. Furthermore, W' (Q) — Wi*(Q),
W) < W¥2(T) are continuous and compact for all ky > ky and ki, ks € R.

Remark 2.5. Note that there is 0 < C < 1 such that
Cllullwy ) < IVullLz) + 1 Br(w)| L2y < O Hullwyq),

i.e. the last chain of inequalities shows an equivalence of norms on W ().

Furthermore, for simplicity of notation, we write
(2.4) u= Er(u) € L*T) Yue W) ()

and thus we do not distinguish between W (Q)-functions and their traces, whenever
this will not cause confusion. Finally, we have the following result, which can be
found for example in the book by Temam [42]:
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Lemma 2.6 ([42], Theorem 1.2). Let
E(Q) :={ue L*(Q)": divu € L*(Q)}.

Then the operator
On: B(Q) = H Y?(Q), u—u-npr

is continuous.

3. FUNCTIONAL ANALYTICAL TOOLS AND YOUNG MEASURES

3.1. Tools from functional analysis. We state two fundamental results from
functional analysis which are known in various versions, among which we will use
the following:

Theorem 3.1 (Egorov’s theorem for L?(0,T;H)). Let H be a Hilbert space and
(Vn)nen C L2(0,T;H) a sequence such that v, — v € L*(0,T;H) strongly and
pointwise for a.e. t € (0,T). Then for any € > 0 there is K. C (0,T) compact with
L((0,T)\ K.) < ¢ such that v, — v uniformly on K.

Theorem 3.2 (Lusin). For a Banach space B, let f € LP(0,T;B) for some
1 < p < co. Then for each € > 0 there is a compact set K¢ C (0,T) such that
L((0,T)\ K¢) <e and f € C(K*;B).

3.2. Young measures. For a separable metric space E, we denote by B(FE) the
Borel o-algebra, where £(0, T) is the Lebesgue o-algebra on (0,7) and £(0,T)@B(E)
is the product o-algebra. Let M(0,T’; E) denote the set of measurable functions over
(0,T) with values in E. An £(0,7T) ® B(F)-measurable function h: (0,7) x E —
(—o0, 0] is a normal integrand if v — h(¢,v) is lower semicontinuous for all ¢ € (0, T).

For a Hilbert space H, let B(H) denote the Borel o-algebra with respect to ||| .
We say that an L& B(H )-measurable functional h: (0,T)xH — (—o0, 0] is a weakly
normal integrand if

v = he(v) := h(t,v) is sequentially weakly l.s.c. for a.e. t € (0,T).

Definition 3.3 (Time dependent parametrized measures). A parametrized mea-
sure in E is a family v := {v; },c(0,1) of Borel probability measures on E such that

t € (0,T) — 1n(B) is L-measurable for all B € B(E).
We denote by Y(0,T; E) the set of all parametrized measures.
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For computations below, the most important result on parametrized measures
is a generalization of Fubini’s theorem [9]: For every parameterized measure v =
{Vt}1e(0,) there exists a unique measure v on £(0,7T") ® B(E) defined by

V(IXA):/IVt(A)dt VIeL£0,T), AcB(E).

Moreover, for every £(0,7T) ® B(E)-measurable function h: (0,7) x E — [0, 00|, the
function

- /E h(t,€) dun (€)

is £(0,T)-measurable and the Fubini integral representation holds:

(3.1) /(o,T)xE h(t, &) dv(t,§&) = /OT (/E h(t, &) dut(f)) dt.

If v is concentrated on the graph of a measurable function u: (0,7) — FE, then
Vg = Oy for a.e. t € (0,T), where J,,(;) denotes the Dirac measure carried by {u(t)}.
In this case, by (3.1):

[ 9w = [ heuw)a
(0,T)XE 0

For calculations below, we will study the following situation: given two Hilbert
spaces H and H, we will consider a mapping ge(-,-): HxHxH — R being continuous
in ‘H and bilinear continuous in H with

CHIEl3 < 9u(&,6) < CIIElI3, YueH, EeH
for some constant C' and

(3.2) G (Vms ) = gu(v,0) Vo €H,

whenever u,, — u strongly in H and v, — v weakly in . Starting from Section 4
below, we will assume H — H continuously, which is actually not needed for the
results in this section.

Corollary 3.4 ([17]). As a consequence of (3.2), we find for u,, — u strongly in
‘H and ¢, — ¢ weakly in H:

gu(p, ) < liminf gy, (¢n, @n).
n— o0

The following statement is a generalization of [38], Theorem 3.2 and a direct
consequence of Corollary 3.4 and Theorem 4.3 of [40].
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Theorem 3.5 ([17]). Let {vy}nen be a bounded sequence in L?(0,T; H) for some
p > 1, and let {u,}nen be a sequence in LP(O,T;’;Q) with u, — u € L”(O,T;?—Nl)
pointwise a.e. in (0,T). Then there exists a subsequence k — vy, and a parametrized
measure v = {Vs }1e0,1) € V(0,T;H) such that for a.e. t € (0,T)

o0
lim sup ||vn, (¢)||% < 00, w4 is concentrated on L(t) := ﬂ {on, (t): k> q}w
g=1

k— o0

of weak limit points of {vy, }nen, and

lim inf /0 ’ h(t, vn, (1)) dt > /O ' ( /H h(t,€) dyt(g)) dt

for every weakly normal integrand h such that h™(-,v,, (+)) is uniformly integrable
and

(3.3)  liminf /0 e (om0 o (B)) dt > /O ' ( L 9u(6,€) dut(§)> dt.

k— o0
T T
/ (/ Iflidw(ﬁ))éliminf | e
0 H k—oo 0

In particular,

and, setting
v(t) == / Edve(§), we have vy, — v in LP(0,T;H).
H

Finally, if v; = 6, for a.e. t € (0,T'), then

1 1
(Uny, W) — (VWY in Ll(O,T) Vwe LY0,T; H), }—j + 5 =1,

and up to extraction of a further subsequence independent of t (still denoted by vy, )

Un,, (t) = v(t) fora.e t € (0,T).
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4. GRADIENT FLOW THEORY

The theory developed in [17] deals with equations of the form
(4.1) Ou € =V, S(u) + f(t)

with & being a (possibly nonconvex) lower semicontinuous entropy functional on
a Hilbert space H, V;,S being the limiting subgradient with respect to a densely
defined metric structure go and f € L?(0,T;H).

More precisely, consider Hilbert spaces Hg <— H < H with the set B(H) of
positive definite continuous bilinear forms. We then use the following terms and
notation:

Definition 4.1. We call any tuple (Ho, H,H, g) of Hilbert spaces Ho, H, H and
a mapping ge: H — B(H) satisfying (1) and (2) an entropy space:

(1) Ho — H s ‘H, where the embeddings are dense, and the embedding Hy — H
is compact. We denote by [|-[|3, |||l 5, I|-[|#, the respective norms and by (-, -)#
the scalar product on H.

(2) g is a densely defined metric in the following sense: There is a positive constant
1 < G* < 0o such that

(42) <$,y>7-[| < |gu(xay)| <V G*|<xay>7{| Vue 7:2; Vx,y € Ha

1
VG* |
for all u € H and ge is strong-weak-continuous in the following sense: if u,, — u
strongly in H and ¢, — ¢ weakly in H as n — oo, then

(4.3) Gun (Pn, V) = gu(p,1h) asn — oo Vip € H.

This means that with every point u € H we associate a local scalar product and
local norm

<x7y>g(u) = gu(xay)v ”ng(u) = QU(xax) Va,y € H.

We denote by g, the unique automorphism on H such that

(4.4) 9u(v,9) = (Gu(v), )1 Vo € H.

We will assume that S is a proper functional S: H — (—00, 00]. Then we define the
set-valued subdifferential dS(u) at v € D(S) N H through

S(u+ hv) — S(u)

Y VveH.

‘ < lim
(4.5) 0 € dS(u) & (5, v)xn hzn\jgf
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For a convex and lower semicontinuous S, the last definition is equivalent to the
usual definition of the Fréchet-subdifferential used by Rossi and Savaré [38]

d'S(u) = {€ e H: S(w) — S(u) — (&, w — u)y > o(|w — u|) as w — u},

where the above Landau notation should be understood as

(4.6) liminf S =S = Guw =

w—ru |w — u|

\

For non-convex functionals, it is evident that dfS(u) C dS(u) but, in infinite di-
mension, (4.5) need not imply (4.6).
The subgradient V,,S(u) of S in w € H N D(dS) is defined by

(4.7) §€VuS(u) e 36 € dS(u): gu(6,v) = (6,v)n YveH,
where the index u refers to the local metric. If no confusion occurs, we write VS(u) =

VuS(u).

In what follows, we denote the local slope by

S(u) -8
(4.8) |0S|(u) ;= limsup M,
wou, weD(S) |[U—w|lgw)
implying
Gu(0),0
(4.9) sup  [|[0]lgeuy < sup w
6eV,S(u) 6eV,S(u) || ”g(U)

< sup liminf S(u+ hgu(d)) = S(w)
5eVLS(u) PO R G (0)]|1
|

< limsyp S =S@I_

8S|(u) Yu e D(dS)
w—u, weD(S) Hu - U)Hg(u) | |( )

and in case dS is single valued, [0S|(u) = [[VS(u)||gcu) -
Finally, for every subset A C H we define the affine hull aff A and its minimal
section A° through

aff A:= {Ztiai: aiEA, tiE[R, Zti:l}’
7 7

A°| ;= inf A° = A: = |A°|}.

|A%):= Inf €]l {€e A [[€lln =14°1}

Definition 4.2 ([38], [17]). We say that for any v € H, £ € H is an element
of the limiting subdifferential d;S(u) of S in w if there are w, € H with u, — u
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strongly and &, € dS(uy,) such that &, — £ weakly in H. The limiting subgradient
is defined through
VZ,US(U’) = g;l(dlS(u))

Thus, equation (4.1) has to be understood in the sense of

(4.10) 9u (O, ) € (diS(u), @) + gu(fop) Vo € L*(0, T3 H).
In case that the graph of (S, dS) is strongly-weakly closed in H x H X R, i.e.

&n € dS(vy), 1 =S8(vn)

4.11
(4-11) Uy = v, =& Tp T

} = ¢ € dS(v), r =8(v),
we find ;8 = dS. As explained by Rossi and Savaré [38], this condition yields
closedness and convexity of dS, the continuity condition

(4.12) Up = U, S%p(|88(vn)|,8(vn)) < oo = S(v,) > S(v) asn Moo

and the the following chain rule: If v € H'(0,T;H), ¢ € L*(0,T;H) with £(¢) €
d;S(v(t)) for ae. t € (0,T), and S o v is a.e. equal to a function s of bounded
variation, then

d

(4.13) &S(t) = (&' ()

Lemma 4.3 (See [38]). If S is convex, condition (4.11) is fulfilled. In particular,
(4.13) holds.

For the rest of the paper, we assume that S is an entropy functional in the following
sense:

Definition 4.4. Let (Ho,ﬁ,H,g) be an entropy space with G* > 1. We say
that S: H — (—o0, 00| is an entropy functional on (H, H,H, g) if it satisfies:
(1) D(S) € H and S: H — R is proper, lower semicontinuous, i.e. the domain
D(S) of S is nonempty.
(2) S+ |||l% has compact sublevels, i.e. there exists 7. > 0 such that the sets

. 1 . 1 2
{v eH: Sk) + ;mln{Lﬁ}HUHH < C}

are compact for any 7 < 7, and any C' > 0 and there is a constant Sy > 0 such
that

1 1 )
(4.14) S() + 3 mm{1, ﬁ}nvnﬂ > —So.
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(3) S satisfies the estimate
ullaz, < C(S(u) + [0S (u) +1).

We close this section stating the first of the three existence theorems from [17]

which we will use below:

Theorem 4.5. Let H, 7—7, H, g and S satisfy Definitions 4.1 and 4.4 with d;S(u)

being convex and closed for all u € H, and
(4.15) S(u) = Sy (u) + Sﬁ(u)

with functionals Sy;: H — R being proper, lower semicontinuous, and Sg;: D(S) C
H — R being continuous with respect to H. Furthermore, let f € L*(0,T;H). Then,
for each ug € Ho and every 0 < T € R, there exists a solution u € H'(0,T;H) N
L?(0,T;Ho) to (4.10), satisfying the Lyapunov inequality

416) 5 [ 1ol + 5 [ 107 - V@) P+ S(uo) < So) + [ (o
for a.e. t € (0,T).

If S additionally fulfils the continuity assumption (4.12) then there is a negligible set
N C (0,T) such that

3 [ 1ol 5 [ 10 = VS + () < Stu) + [ (o
Vte (s,T), Vs € (0,T)\ N.

5. PROOFS OF THEOREMS 1.1 AND 1.2

We introduce the spaces

H = H(B)I(Q), H = H(lo)(Q), Ho := H*(Q),

such that we find Ho < H < L2(Q) < H with all embeddings being dense and

compact.
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Definition 5.1. Let S: H — (—o0, 0] be given through (1.4) with S(u) := co
for all w ¢ H. Then we consider the restriction S := S‘LQ of S to L?*() and define

the set valued L?-subdifferentials (0S/du)(u) C L*(Q) and (8°S/du)(u) C L, (%)

at u € D(S) through:

= dS _ S(u+hv) —S(u) 9
Lse = 2 < ,
u€ D(S): § € &L(u)(:)(é,v}L %1{‘% h Vo e L*(N)
= 5°S S+ h) — Su)
2 . . 2
u € D(S) N L) (): 6 € 5 (u) & (0,v)p2 < }llli‘% . Vv € Ly (Q).

We only prove Theorem 1.1 starting with two lemmas by Abels and Wilke. The-
orem 1.2 is proved likewise.

Lemma 5.2 ([1], Lemma 4.1, Corollary 4.4). Assume s; = 0, then S: L%O)(Q) —
R and §: H — R are proper, lower semicontinuous and convex.
Abels and Wilke [1] identified the L?- and H- subdifferential of S in the Fréchet-

sense:

Lemma 5.3 ([1]). Assume s; = 0 and set s = oo for © ¢ (a,b). Then, for the
L2-subdifferential of S defined through (1.4), we have

0
(5.1) D(%) = {ce HX Q)N L3)(Q): ¢'(c) € L*(),
s"(c)|Ve|* € LY (), (p)‘nc‘aQ =0}

and
0
(5.2) E(a) = —Au+ Pys'(a).
ou
Moreover,
5°S 2
. ill2. D12, ") IVial? < [ ill2,
63) Nl + IS @I+ [ S@Ivak < o(| 5@, + k. +1)
for some constant C' independent of 1.
For the H-subdifferential we have
30Sy\ %S 1
(5.4) D(dS) = {c € D(E> R CE H(O)(Q)},
(5.5) dS(a) = Ay (—At + Pys'(a)),
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and in particular,

(5.6) 15172 ) < CUAS @15, + 172 q) +1).

Note that the term +1 in (5.3) and (5.6) was not present in the original statements.
As S in the setting of Lemma 5.3 is convex, the graph of (dS,S) is strongly-weakly
closed in the sense of (4.11). In particular, this implies the chain-rule condition (4.13)
and convexity of dS(u) for all uw € D(dS).

In case s1 # 0, S: H — R remains lower semicontinuous and equations (5.1)—(5.5)
still hold with modified constants. Finally, the following lemma holds:

Lemma 5.4. dS is single valued and strong-weak closed. In particular, (4.13)
holds.

Proof. Tt is easy to verify that dS(u) is single valued for all u € D(dS). For
U — u strongly in H and £, = dS(u,,) such that &, — & weakly in #H, note that due
to the boundedness of the sequences u,, and §,, we find the boundedness of ||uy]|7,
and thus u, — u weakly in H?(Q), u,, — u strongly in H(lo) (Q) and u,, — v a.s. in
) up to a subsequence. Furthermore, for w, := —Au, + Pys'(u,) we find w, = w
weakly in H(lo) () for some w € H(lo) Q).

Now, let

Su) = S(u)—/ﬂsl(u).

Then S () is convex and therefore, the graph of ds is strongly weakly closed by
Lemma 4.3. For a further subsequence and for ¢, := ds (un) we get weak convergence
of ¢n — ¢ = dS(u) = —Au + Pys}y(u) in H and Py(s)(un)) — Po(s(u)) strongly
in L?. Thus,

§n = G+ 81 (un) = C+ Po(s1(u) = —Au+ Po(s'(u))
weakly in H. This implies (4.11) and thus (4.13). O
For u € 7-£, we define for 1,19 € H:
61 gulrire) = [ VBYA V0V
Q

U U
= TPy = \"1,P2)g-1 g1 = r2p1 = \T2,P1)g-1 gt
Jrios = nmadgy g, = [ rant = amndy

where p} € H (10) (€2) solves
(5.8) —div(A(u, Vu)Vpj) =r; fori=1,2,
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with boundary condition A(u, Vu)Vp¥ - npr = 0. It is immediate to check that g is
a densely defined metric in the sense of Definition 4.1.

The above considerations together with (4.9) yield that S fulfils all requirements
of Definition 4.4. As a consequence of Theorem 4.5 we get the existence of a solution
u € HY(0,T;H) N L%0,T;Ho) to (4.10) and it remains to reconstruct an expression
of the form (4.1):

For any u € D(S), r € L*(Q) with p from (5.8), v € AC(0,T;L?*()) with
~v(0) = u, 7/(0) = r we use Lemma 5.4 and write

0

} - 508 r:/—div(A(u,Vu)V%(@))p

9a(VaS,r) =

to obtain the specific form of (4.10). Equation (4.1) in the present setting reads

(note that g, (d:u,re) = (dsu, pg}H( 3, H(lm)

50
(5.9) Byu € div (A(u Vu)Vé—f( ))
or  gu(dwu, ) € —(d;S(u), p)y Ve e L*0,T;H).

Estimate (4.16) together with the above calculations yields (1.3). Theorem 1.2 can
be proved similarly having in mind that the proof of Lemma 5.3 presented by Abels
and Wilke [1] is the same for a closed surface I' with H (10) (T") defined through (2.3).
6. PROOF OF THEOREM 1.3
6.1. The entropy space. We introduce the space 1% through
V= Higy (@) x LA(D),  [lu= (uw, u) 15 = Nwllin o) + luy 2y,
where in L2(T), we take the Hausdorff measure on I'. Note that
V= {u= (up,uy) € V: Ep(uy) = u,}

is a closed subspace of ‘7, being isomorphic with H, (10) (Q) and with the equivalent
norm (cf. Remark 2.4)

= (s, w5 = Ve[ 220 + g 122 ) -

We furthermore introduce

)y o= [Vl + [ 19

H = [(uw,u) € Ve uy € B2(Q)) b
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and the dual space Hy: := (H{)~!. For any function v € H(B)l (Q) having the property
that there is ¥ € L%O)(Q) with

/va:<v,w>H-1 o :/Qow Ve HY (9)

(0)>77(0)

we formally write & = Py(v). We finally introduce the space HA () through

Iy = [ (o) + [ Gutne = A + uly

Hp = {(ug,uy) € H:: uy, € H3(Q)}”'”H1A.

Remark 6.1. Since for u € V, u € H} or w € H\ we have u, = Fpr(uy)
like in (2.4), we will sometimes abuse notation and not distinguish between u- and
FEr(uy), i.e. we will often write u ~ u =~ u,, whenever the meaning is clear from the
context.

In what follows, we will say that u € H?(Q) weakly solves the system

—Auy, = f in Q,
—Aruy+0pu=g onl

if and only if it is a solution to the problem
(6.1) /Vu~Vgo+/Vpu~Vpgo:/fgo+/gso Vo e HX(Q).
Q r Q r

In particular, we infer in case g = 0 for ¢ = 1 that fQ f=0.
Lemma 6.2.

HX ={u € HE: Au€ L*(Q), (Opuy — Aru,) € L*(T)}
= {(uw,uy) € Hp: u, € H*(Q), u, € H*(T)}.

Proof. We show for (u,,u,) € H} with u, € H3(Q2) that there is C > 0
independent of u such that

(6.2) 1Aullzz < CIPo(Aw)l| 12 + 00t — Artyll 2wy + lullfq)-

The major point of the following argumentation is that for Py given in (2.2), both
Au and Py(Au) are functions in L*(Q2) and the difference Py(Au) — Au = — [, Au
is a constant function. We then indirectly show that this constant has to be 0.
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Assume (6.2) is does not hold. Then there is a sequence of functions (U, )men C
H}, um € H3(Q) for all m, such that

[Aum |2 =1 = m([|Po(Aum) 22 + Hanum,w - A1“um7'y||L2(F) + ||UMH%1%(Q))

We set fm = —Po(Aum), frn := —AUmy Gm = Ontym — Aru,, and find fm — 0
strongly in L?(2), g, — 0 strongly in L?(T'), u,, — 0 strongly in HY and f,, — f
weakly in L?(Q). With hy, := [, fr and (2.2) we find fp,, = fom + hum. We equally
consider h,,, as constant functions and write formally

1 1
|| = /thml = |Q|—1/2||hm||L2 < M—I/Q(HAMHLZ + [1Po(Aum)[£2).

Thus, there exists h € R such that h,, — h in R for a subsequence. Since
il 190172 = hnll 2 > At = [ Po(At)| = 1, we get fu = (Fon+hun) = B £ 0
strongly in L?(Q2), where h is the constant function with h = h a.e. Note that due
to regularity of u and the definitions above, for any m we have

/Vum-V<p+/Vpum-Vrso=/fmsa+/gm<p Ve H* (),
Q T Q T

and thus, in the limit, u is a solution to
/ fo= / Aup =0 VYo e H*(Q).
Q Q

By our conclusions drawn from (6.1), this implies Au = Py(Au), a contradiction
with Au — Py(Au) = h # 0.

Now, considering u € H) and any sequence (u,)men C H?(Q) such that u,, — u
in |||y, we find Au € L2. Since Optm.w — Artiy,, — f for some f € L*(T), we

find for all sufficiently regular ¢ € C?o) Q)

/Ffz/J - /QwAu = n}gnoo </F(8num,w — Artm,)¥ — /QwAum)
_ n}igloo< /F (Vetim.) - Ve + /Q w-vum)
_ (/F(vpuv)-va+/ﬂw-vu)
- ( /F (Ot — Apu )b — /Q wAu).

This is the first equality of the statement.
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Let u € H) and set f := —Au, g := —Apu, + dpu. Assume u € C*°(Q) such that
the following estimates hold:

lull 2y < CUfllz2(e) + [lulla2 ),
(6.4)  [ullgza) < Clgllrzr)y + [10nullL2y) < C(llgll L2y + Huﬂwg/z(g))-

Ehrling’s Lemma yields for every § > 0 a constant Cs such that
(6.5) [ullyyarzq) < Ollull a2 + Collull -

Combining (6.3)—(6.5), we get the second part of the lemma. O

In order to construct an entropy space in sense of Definition 4.1, we make the
following choice of the triple of function spaces:
Ho:=HX, H:=H}, H:=Hg (Q)x LXI),

With the additional space
lullei= [+ [, L= 2@ x 22(0)

the chain of dense embeddings Ho < H — L% < H holds with the first and second
embedding being compact.

Corollary 6.3. The triple (Ho, H,H) satisfies point (1) of Definition 4.1.

Note that H~! = H(lo) () x L2(T') and on H we introduce the local scalar products

(6.6)  gu(ri,r2) = /valﬂwA(U’VU)Vpg?w+/p1f77141“(u)p15,7 = (r1,p2)u,H-1
r

p— u u I U u
= /rl,wPQ,w‘*'/rl,va,y*/T2,wP1,w+/r2,vp1,y
Q r Q r

= <7"27P1>H,7{—1a

where p} = (pi',,,pi",) € H ™! satisfy the equations

(6.7) /Q(A(% Vu)Vpi, )V, + /F Ar(u)pipy = (Tis @),
fori=1,2and Vo e H !,

with the constraint
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In other words, p¥' € H ™! solves

—div(A(u, Vu)Vpi,) =riw onQ and A(u,Vu)Vpi, -nr=0 onT,

Ap(u)p% =r;y onl.
Note that in general pi'. # Er(pj,)-

Corollary 6.4. g,: H — B(H) satisfies point (2) of Definition 4.1.

Proof. For fixed 7y consider ri , and p1m = (P1,mws P1,m.~), solutions of (6.7)
for 71, such that 7, — r1 weakly in H and (Um)men C H with Uy — u. We
check that p; ,,, — p1 and p; solves (6.7) for w and r;. Thus, from the representation
in (6.6), we conclude

Gun (T1,m5T2) = gu(r1,72).

O

6.2. The entropy functional and existence of solutions. In this part, we
shall rigorously use notation announced in Remark 6.1 for functions u € H=V.
Note that this notation is not applicable to L, H or H~1, which is why we still use
full notation in those spaces.

Definition 6.5. Let S be a proper functional §: H — (—o0, 00]. Then we con-
sider the restriction S := S ‘ 2 of S to L% and define the set valued L2-subdifferential
T

(6rS/du)(u) C L at u € D(S) through

S(u+ hv) — S(u)
h

oS

o€ 50

Vv e L}

(u) & (6, v)p2 < 11211\36&

Remark 6.6. Comparing with Section 5, due to the Riesz isomorphism —Ay:

H) (@) = H(B)I(Q), we find

(6.8) dS(u) = {(sw,s,y): (~AFs0, 5,) € %(u)}.

We introduce the following functional on L2 or H:

fQ(S(U’W) + %|Vuw|2) + faQ(SF(U'v) + %|VFUJ7|2) for u € H%(Q),

oo otherwise

(6.9) S(u) := {

with s, st as introduced in Subsection 1.3.
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Lemma 6.7. The functional S is Iower semicontinuous on H and L%. If s; =
sg =0, S is convex on both the spaces.

Proof. If s1 = sy = 0, convexity is trivial. Furthermore, for any sequence
un € H with a constant C' > 0 such that S(u,) < C, we find u,, to be bounded in
H, i.e. due to the particular structure of s(-), a short calculation yields

S(u) < liminf S(uy).

n—oo

In case s1, 2 # 0, note that up to a minimizing subsequence u,, — u strongly in L2
and the statement follows from the Lipschitz continuity of s; and ss. O

Lemma 6.8. Let S be given through (6.9). Then

(6.10) D(@) = {ce H:Q): s'(c) € L2, s"(c)|Ve]? € LM(Q),
S (c)|Vref? € LA (D)}

and

2

N orS . N
(6.11) il @ < (|| @], + lalE@ + 1),

Furthermore, i € D(dS) implies (S‘SF—SU(@) € Hipy x L*(I),

(6.12) @]l 113, ) < CUINASE (@13, + all72 ) + 1),
and for any u € D(S), the Li-subdifferential is given through

<%’w>L% - <PO(S/(U))’wW>L2(Q) — (Po(Au), ) r2(0)

+ (Vu-np + sp(u) — Aru, ) L2y

(6.13)

for all Y = (s, ) € LE.

We postpone the proof to Subsection 6.3.

Remark 6.9. Thus, as the last lemma yields ||uy, < (S(u) + 1+ ||dS||n), we
have shown that S satisfies all claims of Definition 4.4.

The proof of the next lemma follows the proof of Lemma 5.4 and is left to the
reader.
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Lemma 6.10. dS is single valued and strong-weak closed.

Now, for any v € D(dSr), r € L% with p from (6.7), v € AC(0,T; L3) with
~v(0) = @, 7/(0) = r we formally write

S0 [ (Frw) r+ [ (FFEw)

In particular, the last inequality holds for » € H and we thus find

lim S(u+ hv) — S(u) >
h—0 h

/Q — div(A(u, Vu)V(sh(u) — Au))p,

_|_/F (61;7? (u))VAF(U)Pw = (VSE, ") g(u):

where p is the solution for r in (6.7). Similarly to Section 5 we deduce that the
gradient flow (4.10) is equivalent to

(6.14) (Opu, p)y 31 = /Qdiv(A(u,Vu)V(s’(u) — Au))p,,

oSt 9
- [(%Ew) A, vpe L,

or, as p,, and p. are independent, the last equation is also equivalent to (1.6). The-
orem 1.3 is then a consequence of Theorem 4.5.

Remark 6.11. Even though (9,u), and (d;u), are not directly related to each
other, note that still the condition u € L?(0,T; H'(2)) relates the values on ' with
those in 2.

6.3. Proof of Lemma 6.8. The proof mostly follows the lines of the proof of
Theorem 4.3 in [1]. The idea is the following. For any v € D(45/du), we know that
for w € (85/6u)(u)

1 2
(w,v)L%2}%¥(S(u)—8(u+tv)) Yo e L.

Supposing that all calculations involved are valid, we get

(6.15) lim %(S(u)—S(qu)) = /Q

(sg(u)v)+/ﬂVu-Vv—i—/st)(u)v+/FVru-va.

However, we do not know if s{(u) € L%, but we have to prove this. The a priori
estimates in (6.10) suggest to take v = s((u) as a test function in (6.15). This would
lead to

(w0, sh ()2 > sz + / 1) [V + / 1) [Vl
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and thus give the apriori estimates. However, the singular behavior of s{, in a and b
makes it necessary to use a linearization of s} given by f© below. Also, we have to
make sure that the values of the test function u + tv lie in the interval (a,b) almost
surely. This will be achieved by the correcting term m(f," (i))1,, below.

Now turning to the proof, let us recall 0 € (a,b) and assume without loss of
generality s((0) = so(0) = 0 (shift so, s; and sp by affine functions) and define
sa (z) := max{0, so(z)}, sy (x) := min{0, so(z)}. Furthermore, assume for the mo-
ment s; = so = 0. Due to the assumptions on sy, for any n € N large enough
there exist a,, € (a, 3a) with s{(a,) = —n and b, € (1b,b) with s{(b,) = n and we
introduce the functions

sp(u) for ¢ € (3b,by,),
fh) = { n+sy(bn)(u—b,) forc>by,,

0 for ¢ <0,

s0(u) for ¢ € (an, 3a),
o (u) := < n+s§(an)(u—ay,) forec< ap,

0 for ¢ <0,

and extend f, (), f, (-) respectively to (0,3b) and (3a,0), monotone and C*(R),
so that they are approximating (s{)’ and (s )’. Note that also y — y + f,7(y) is

strictly monotone and we introduce M, := sup |f,"(u)'|.
c€la,b]

Now, let u € D(Sr), i.e. u € Hf and 0 < t < 2/M,,. By continuity and strict
monotonicity we get unique existence of

() = u(x) — tf (g (z))

and the theorem on the inverse function yields u:(z) = Fy*(u(x)), where F{*: [a,b] —
[a, b] is a continuously monotone differentiable mapping with

F(z) =z, (F")'(z) =1, ast— 0 uniformly on [a,b].

Thus, we see that for u € HL(Q), also @, € H*(Q) x L?(T'). Furthermore, the
properties of F* yield 4; — u in H'(2) x L*(T') as t — 0. Finally, monotonicity of
() yields 0 < 1y < w if u > by,.

For ¢ € C?(R) being monotone decreasing with ¢(z) = 1 for # < 0, ¢(z) = 0 for
¢ >b/2 and ¢’ > —4/b define ¥, (z) := o(u(z))/m(e(u(x))), where m(p(u(z))) =
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fo ¢(u(x)) such that

O o
AR Ay L AR R e AL

and uy == Gy + tm(f; (Gr)), € HE N D(S) for ¢t small enough, i.e. fQ up = 0.

Thus, we can easily calculate

() = Swi) > | (solu) = sofu)) + ¢ | Vu VA () - / Vi
+ [ (sofu) = so(u) ¢ [ Vew- Vest(u) - Ll ()" / V.

For the first part of the above expression we get

[ ot = s+ ¢ [ Vu Vi) - /|ku|2
> | o A 0 ¢ / (s0() — solis + b))

QN{a/2<u<b/2}

tm(f,f (ar))? 2
—f/QWﬂM

-+ /Qﬁ{u<a/2}(80(U) —so(te +dyn)) + t/QVu VI (uy)

> / b () £ () + / (s0(u) — so(iie + dn))
QN{u>b/2} QN{a/2<u<b/2}

+t/QVu~ij(ut)—W/Q|V¢u|27

where we have used so(u(z)) — so(ut(x)) = sq(u(z))(u(z) —ur(x)) and u(z) < u(x)

X + <
if u(z) > b/2, si(u(x)) = fif (u(x)) as well as so(u(x)) — so(u(x) + td,(x)) = 0 if
u(z) < a/2 and t < a/(2M,,). We similarly conclude

[ o) = sl + ¢ [ Vew- Vg ) - / Vi

> [ s+ (s0(u) — sofi + )
rn{u>b/2} 'n{a/2<u<b/2}

2 et (m V)2
+t/FVFU'VFfrer(Ut) - M/FW%R
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Now, let w € (6rS/du)(u), we then get by definition (note that S is convex in case
s1=82=0)

(w, £ ) = )z > 3(S(w) — S(i)

1 _
= [ i+ (s0(u) — so(ie + )
QN{u>b/2} QN{a/2<u<b/2}

+/QVU-Vf,J[(ut)

w [ s+ (s0(0) — 5ol + )
rn{u>b/2}

/m{a/2<u<b/2}
—i—/Vru-Vrf,J[(ut)
r

m +1~Lt 2 m +1~l’t ’
_w/gwwuﬁ—w/rlwul%

which yields for ¢t — 0:

(w, £ (u) = dn) 2 > / s (u) £ (u) + / s (u)(fF (1) — )

QN{u>b/2} QN{a/2<u<b/2}

. + / +
+/QVu an (U) /1"n{u>b/2} so(u)fn (u)
( + —dy Vru- Vet
" /m{a/2<u<b/2} so(u)(fi (w) )+/F ru- Vrf, (u)

and

(w, £ (0) — d) gz > / fHw)? + / sh(w) (£ (u) — dn)
Qn{u>b/2} QN{a/2<u<b/2}

(Y @ Vae e [ f(u)?

N{u>b/2}

+ Shl) () = )+ [ (£ @ Fra
'n{a/2<u<b/2} T

We make use of the simple estimate |[m(f, (v))l|2 < C||fi (u)] 12, following directly
from the definition of m(f,f(u)), yielding for n — oo

fulis 2 [ @2+ [ (50 @Ivul + [ 6 w?+ [ 6 @iV

r

Together with a similar calculation for f,, this yields the estimate (6.10). In partic-
ular, sh(u) € L2(Q) x L*(T') implies u € (a,b) almost surely with respect to L.
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Thus, we find for some § > 0 that |[{z: u(z) € (a + 6,b — )} > 0 and for
some non negative ¢ € C3°((a + 6,b — 0)), with sptp = [a + J,b — 0], define ¢, :=
() fmlp(u(z))), being in H'(Q) x LA(T).

Now, let M € N and ¢ € C*°(R) be such that ¢pr(xz) = 0 for |z| > M + 1,
Yy (z) =1 for |z| < M and ¢}, (z) < 2 for all . Note that by the properties of s,
u € Hi implies x s := ¥ (sh(u)) € (HE ®R) and xar = 0 if [sy(u)| > M + 1. Thus,
for ¢, as above and any v € C’&;’) (Q), u € D(S), we find some t > 0 such that also
U= u+ txmy — tpum(xmyp) € D(S) for all 0 < ¢ < 1.

Thus, we find for w € (6rS/du)(u)

(w, Xar — pum(xa)) > lim ~ (S(w) — S(@)

t—0 t
= ([ 3ot = so@) + [ 9u it — eumtars) )
+ lim (/r %(so(u) — s0(@)) + /1“ Vru - Vr(xmy — @um(XMw)))

> / (s () Oxar®h — umxard))) + / V- Voo — pum(xard))
Q Q

+ / (st () eartd — um(xarth))) + / Vru - Vet — pam(xard).

In order to investigate the behavior as M — oo, note that trivially m(xuv)) — 0
and xp — 1 pointwise and due to the boundedness by 1 also in L?(Q) x L*(T).
Furthermore, as ¢}, is bounded by 2 and 9,(s{(u)) — 0 pointwise for M — oo, it
is straight forward to see

/ V-V (ar (s (u))) = / Vu- (Vo) + / S () (5t ()| Tl
Q Q Q

—>/VU-V¢ as M — oo
Q

and similarly for [, Vru - Vi (¢ar(so(u))e). Thus, we find

(w, )2 =2 /

Q

(sh(0)+ [ Vu- Vit [ s+ [ Vew- Voo,

Replacing ¢ by —1, we find equality. Using partial integration, definition (6.1), and
Lemma 6.2, we get

Wtz = [ shw = [ Buws [ (Fuene+ s - Arujy
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and hence w,, = Py(sy(u)) — Po(Au), wy = (Vu-nr+sy(u) — Aru) in the weak sense
yielding (6.13) and u € Ho. Then (6.11) follows immediately from the calculation
whereas (6.12) follows from (6.11) and (6.8).

It is elementary to verify that the statement still holds in case s; # s2 # 0: To
this aim, note that the domain D(dS) remains the same and that u is essentially
bounded by a < u < b. In particular, calculating the dr/du-derivative of

Sy i= [ sitw)+ [ ()

for u € D(dS), it is easy to see that estimate (6.13) remains valid. Thus, having in
mind the above estimates in case s; = s = 0, it is easy to verify that (6.11) still
holds.

7. PROOF OF THEOREM 1.4

We will now prove Theorem 1.4 in four steps: First we will construct an approx-
imate problem that can be directly solved using Theorem 4.5. Then we will show
convergence of a subsequence of the approximate solutions as the approximation pa-
rameter tends to zero and demonstrate that the limit function solves the original
problem. We then finally prove a technical lemma on the subdifferentials.

Sections 5 and 6 suggest that the correct choices for the three Hilbert spaces are

Ho=Hg (Q), Hi=Hg(Q), Ho:=H* (%),

but in fact, we need a different choice. Note that one is tempted to directly consider
the problem as a generalized gradient flow

Oru = —VS(u),

where the gradient is with respect to the metric structure ge(-,-) defined through

ge: Ho — B(H),
u = gu('a )
and using w = —Awu + s'(u) we obtain
(1) gl = [ VatAGVaw)Vs = [ npg = [ et
Q Q Q

where p}* solves
—div(A(u, Vu,w)Vpj) =r; fori=1,2.
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However, g, then is defined on H instead of H and Theorem 4.5 does not apply. Ap-
proximating the problem by a version that is smoothed in w and using a compactness
property of w we will circumvent this problem.

The basic formal idea behind the following proof is to identify a set A C
L?(0,T;Ho) that is not compact in L?(0,T; ﬁ) but still has sufficiently nice proper-
ties in order to guaranty (4.3) and (3.3).

7.1. An approximate problem. We start by considering the following problem:
Like in Section 5, we choose

Hoi= HA(Q) N Hiy (), Hi= Hlyy, and H=H!(9)

We extend w to R™ by 0 and for any n > 0 we consider w * ¢,, where ¢, is the
standard mollifier.

For any u € H (10)((2) N H?%(Q) we then consider the following scalar product on H:
for r1, 7o € H we define

(12)  gllrre) = [ Vita Vawsp) Ve = [ npg= [t
Q Q Q

where p}' solves

(7.3) —div(A(u, Vu,w * ¢,))Vp}') =1; fori=1,2.

It is immediate to check that g is a densely defined metric in the sense of Defini-
tion 4.1. For convenience of notation, we write the gradient with respect to g”7 as V,,,
ie.
9u(VyS(u), ¥) = (dS(u), P)n Vi € H,
and denote by V,,; the corresponding limiting subgradient with respect to V,, ac-
cording to Definition 4.2.
This time, instead of Lemma 5.3, we consider

Lemma 7.1. Let S and s be as introduced in Subsection 1.4. Then for the
L2-subdifferential we have
5°S
(7.4) D(E> = {ce HX Q)N L3)(Q): ¢'(c) € L*(),
s"(c)|Ve> € LNQ), Oncl,, =0}

(7.5) % (it) = —Adi + Pos'(ii).
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Moreover,

(7:6) Wallys oy + 1 @2 oy + | @IV < o(|Zw)

oy 1) +1)

for some constant C' independent of 1.
For the H-subdifferential we have

0 0
(7.7) D(dS) = {c € D(é&f) : %(C) € H(lo)(Q)},
(7.8) dS(@) = A(=Ad + Pys' (@),

ie. dS(u) is single valued and
(7.9) )12 () < CUIAS@)13, + Nl 720y +1).

Furthermore, we find:

Lemma 7.2. dS is strongly-weakly closed.

Similar to Section 5, we observe that g4 and S satisfy all conditions of Theorem 4.5,
so we get the existence of a solution u,, € H*(0,T;H)N L?(0,T;Ho) to the equation

(7.10) /OT g7 Byt ) = — /0T<d8(u,,),1p>;.[ Vi € L2(0, T H),
or

(7.11) Oy = —V,S(uy),

where 4(0) = ug for t = 0. This is a weak formulation to the problem

Oruyy — div(A(uy, Vg, wy * n)Vw,) 30 on (0,T] x U,
wy + Auy,y — 8" (uy) =0 on (0,7] x U,
(A(wry, Vg, wy * @n)Vwy,) - np = Vu, -nr =0 on (0,7] x 9U,
uy(0) =uo fort=0.

Note that the solution satisfies the a priori estimate
1t

7.12 = u)

(712) 5/ 1
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However, we wish to study the behavior of solutions as n — 0. In this context, note
that we cannot decide whether w,, * ¢, — w in L*(0,T; L*(2)) as we do not know
whether w,, — w in L2(0,T; L*(2)). (As w, depends nonlinearly on u,, and s’ is not
Lipschitz in R.)

7.2. Convergence of the approximate problem. It is thus necessary to repeat
some of the steps in [17]. First, as n < 3, we find Ho < C(£2) compactly and thus
u, € L2(0,T;C(Q)).

We find a subsequence (uy, )ken With 7 — 0 as k — oo such that there is u €
HY(0,T;H) N L*(0,T;Ho) with

uy, —u weakly in H'(0,T;H) N L*(0,T;Ho),
Uy, — u strongly in L?(0,T; ﬁ) NL*0,T;C(Q)),
Uy, (1) = u(t) in C(Q) N HY(Q) for ae. t € (0,T).
Now, let ¢ > 0. By Egorov’s theorem, there is a compact set Ko C (0,7) with
L((0,T) \ Ko) < €/2 such that uniformly for all ¢t € Ky we find u,, (t) — u(t)

strongly in C(Q)NH(Q). For each k € N\ {0}, Lusin’s theorem yields the existence
of a compact set Kk C (0,7) with £((0,T)\ Ki) < 27% e and u,, € C(Ky;C(Q)).

Defining K, := ﬂ Ky, we find £((0,7)\ K.) < ¢, uy, € C(Ks;C(Q)) for all k and

by the pointw1se convergence also u,, — u uniformly in C(K.;C(Q)) and strongly
in L2(0,T; HY(2)). In particular, we find |u(t, )| < Cs, |u,, (t,7)| < C: for all k for
some constant C. > 0 for all (t,z) € K x Q. Now, it is evident that s{(u,, ) — s{(u)
strongly in L?(K.; L?(£2))as well as Au,,, — Au weakly in L?(0,T; L*( )), implying
Wy, = w = —Au+ so(u) weakly in L*(Ke; Hiy ().

Thus, we may perform the following calculation:

kli_{rolo/KE/wa]k = —klin;o/KE/QAunkwm + hm / / (U, )W,
1im/ /Vunkank—i— lim/ /s'(unk)wnk
k—oo Ji_Jo k—=oo Ji_Jo
/ /Vqu—i—/ /s’uw
K. JQ K. JQ
ok

K.Jo

where we have used boundedness of u,, to get local Lipschitz continuity of s'(-). In

particular, we find for fixed ¢ a further subsequence wy, such that wy (t) — w®(t)
in L2(Q) for a.e. t € K°. A standard diagonalization argument yields the existence

of a subsequence such that wy, (t) — w(t) in L*(Q) for a.e. t € (0,T).
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We consider the space H := H(lo) (Q) x L*(Q2) and
Ge: H — B(H),

(U'a w) = g(u,w)('v ')7

where

Guw(ri,re) = / Vi A(u, Vu,w)Vpy = / TPy = / rop}
Q Q Q

and p} solves
—div(A(u, Vu,w)Vpy) =r; fori=1,2,

and we immediately check with (7.1) and (7.2) that
gZ('v ) = g(u,w*wn)('a ')a gu('v ) = g(u,w)('v )

We find with the above estimates and Theorem 3.5 two Young measures p,v €
Y(0,T;H) associated with u), and V, S(uy,) such that u;, — [, £du(§) and
VoS, ) = [;, € dve(€) weakly in L?(0,T; ). Our final aim is now to identify the
sets of concentration of u,v:

We find with help of Theorem 3.5 and Corollary 3.4 that

k—o0

T T
lim inf / Gy iy Drting D) > / /H Gy (€€ dpuy(€) and
0 0

T T
hkminf/ (Vnks(u??k))2 2// Q(u,w)(f,é)dw(f)-
= Jo 0JH

Also, with help of (7.11) as well as Corollary 7.3 below, arguing as in the proof
of Theorem 4.5 in [17], we find that p, 14 are concentrated on (éww)_l(dlS(u)) =
G H(diS(u)) for t € K. for all ¢ > 0. As d;S(u) is convex for all u and & was
arbitrary, the theorem is proved. ([

Corollary 7.3 ([17]). For a bounded sequence ¢, € H and u, — u strongly in
H, we have @, — ¢ weakly in H if and only if Gy, (¢n) — Gu(p) weakly in H, where
gu Is defined through (4.4).

7.3. Proof of Lemma 7.1. The proof is similar to Subsection 6.3: This time,
55(0) = 50(0) = 0 and we define s§ (x) := max{0,so(2)}, sy (z) := min{0, so(z)}.
For ag € (s{)71(=1/2), by € (s)"1(1/2), there are for any n € N a,, € (—o0,ap)
with sf,(a,) = —n and b, € (by,00) with s(b,) = n and we introduce f,/ and f,
similarly to Subsection 6.3, so that both f,7(-), f,, (-) are monotone and C?(R) with
y =y + f,7(y) being strictly monotone and C?(R™), too.
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Now, let u € D(S), i.e. u € H{ and define a4 := u — f,7 (i)
ug = Uy + tm(f;H (@) /LM(Q) € HE N D(S)

for ¢ small enough.
Using the notation d,, := m(f,} (i:))/L"(Q2) and following the outline of Section 6.3
or the proof of Theorem 4.3 in [1], we calculate for w € (0rS/du)(u)

1

(w, fir (@) = dn)rz > 7 (S(u) = S(ur))

1
> / fH@E)? + - / (s0() — so(@ + dn)) + / Vo V£ (ur),
Qn{u>b/2} U Jan{a/2<u<b/2} Q

which yields for t — 0
(w, (W) = du) 2 > / £ (u)?
Qn{u>b/2}

+ S+t [ ) @) ve Y
QNn{a/2<u<b/2} Q

and for n — co by monotone convergence together with a similar calculation for f,
we get

1l 2 shl?+ [ shivul

which is (6.10).

We find for any ¢ € Cf) (Q) and u € D(dS) some to > 0 such that @ := u + t3) €
D(S) for all 0 < t < tg.

Thus, for w € (§°S/du)(u) we find

1 .
(10,) > lim —(S(u) — S(@)

—ting( [ 3 oto) — @) + [ Vu-v0) > [+ [ Tu-ven

Replacing 1 by —, we find equality. Using partial integration, we get

(w.thsz = [ Rlss(yi— [ auw o e c>(@)

and hence, the standard theory of elliptic equations tells us that u solves w, —
Py(sh(u)) = —Au with d,u = 0, implying v € H*(Q) and [Ju| g2(0) < Cllw|[12 (see
also Abels and Wilke [1], Section 2).
If s =0, S is convex and the graph of (dS,S) is strongly-weakly closed in the
sense of (4.11), and dS(u) is single valued for all u € D(dS). These properties remain
!

even in the case s; # 0, since (6/0u)(s1(u)) = s}(u), whereas the subdifferentials
remain in the form (7.5) and (7.8).
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