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Hardy and Cowling-Price theorems for

a Cherednik type operator on the real line

MOHAMED ALI MOUROU

Abstract. This paper is aimed to establish Hardy and Cowling-Price type theo-
rems for the Fourier transform tied to a generalized Cherednik operator on the
real line.

Keywords: differential-difference operator; generalized Fourier transform; Hardy
and Cowling-Price theorems

Classification: 33C45, 43A15, 43A32, 44A15

1. Introduction
In his 1933 paper [8], Hardy obtained the following famous theorem:

Theorem 1.1. Let 1 < p, g < oo with at least one of them finite. Let f be
a measurable function on R such that

(1) e’ f € LP(R) and " F,(f) € LY(R),

for some positive constants a and b. Then

e if ab > 1/4, we have f = 0 almost everywhere;
e if ab < 1/4, there are infinitely many nonzero functions satisfying (1).

Above mentioned F, stands for the ordinary Fourier transform on R given by

FAON = [ 1@ da.

Later, Cowling and Price [4] obtained the following LP version of Theorem 1.1:

Theorem 1.2. Let f be a measurable function on R such that
(2) " f e L®(R) and " F,(f) € L°(R),

for some positive constants a and b. Then
e if ab > 1/4, we have f = 0 almost everywhere;
e if ab=1/4, the function f is of the form f(z) = ¢ e*‘”’Z, co € C;
e if ab < 1/4, there are infinitely many nonzero functions satisfying (2).
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Many generalizations of Theorems 1.1 and 1.2 to new contexts have been dis-
covered. For instance, these theorems have been obtained in [2] for semi-simple Lie
groups, in [5] for the motion group and in [15] for Chébli-Trimeche hypergroups.

The intention of this paper is to establish analogues of Theorems 1.1 and 1.2
when in (1) and (2) the usual Fourier transform F,, is substituted by a generalized
Fourier transform Fj on R associated with the first-order singular differential-
difference operator:

A =+ 58 (Z2SED) prea,

where

Afw) = o Be), 0> -3,

B being a positive C*° even function on R, and p > 0. In addition we suppose

that

(i) A is increasing on [0, co[ and limy_,o A(x) = o0;
(ii) A’/A is decreasing on |0, co[ and lim, o A'(z)/A(z) = 2p;
(iii) there exists a constant § > 0 such that the function e’ (A’(z)/A(z) — 2p)
is bounded for large = > 0 together with its derivatives.

Notice that the differential-difference operator

Dysf(x) = % + [(2a+ 1) coth z + (26 + 1) tanh z)] <

—(a+p+1)f(-x),

f(z) 2f($))

which is referred to as the Jacobi-Cherednik operator (see [7]) is of the same type
as A with

A(z) = (sinh |2])**T (cosh )2+, a > > —1/2;
p=a+B8+1, §=2.

The one-dimensional Cherednik operator (see [3]) is a particular case of Dg g.
Such operators have been used by Heckmann and Opdam to develop a theory
generalizing harmonic analysis on symmetric spaces (see [9], [12]). For recent
important results in this direction we refer to [13], [16], [17].

In [11] the author has initiated a quite new commutative harmonic analysis
on the real line related to the differential-difference operator A in which several
analytic structures on R were generalized. The tools actually required for the
discussion in the present paper, are essentially the Fourier transform and the
Gaussian kernel tied to A.
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2. Preliminaries
In [11] we have shown that for each A € C, the differential-difference equation

Au = idu, u(0) =1,

admits a unique C*° solution on R, denoted ®, and given by

(3) D) = {%(@ + 3 Eea@)  if A#—ip,

L+ 55 Jo At dt if A= —ip,
where @) denotes the solution of the differential equation
(4) Au=—(N+p)u, u0)=1, o (0)=1,

A being the second-order singular differential operator defined by

(5) A= ﬁ% <A(:r)%) .

Moreover, @, (x) is entire in A.

Remark 2.1. For A(x) = (sinh|z])2*T!(coshz)?*1, a > 3 > —1/2, the differ-
ential operator A reduces to the so-called Jacobi operator. The eigenfunction ¢y
is given by

149X 1—12A
oa(@) = 2F1 (a—f—ﬁ—;— sl ,OH—ﬁ—; ’ ;a+1;—(sinhx)2)

where 2 F; is the Gauss hypergeometric function [10].

Lemma 2.1. (i) For every x € R,
(6) e 1l < po(z) < 1.

(ii) There is a constant C' > 0 such that

< C(l + |.Z'|) |£L‘|n e(|Im/\\—p)\w\

. E

o (@)

forallx e R, \e Candn=20,1,... .

PROOF: Assertion (i) may be found in [14, p.99]. Let us prove (ii). By [14,
Equation (I.2)] we know that for = # 0,

|z
(@) = / K(z, y) cos Ay dy,
0



10 M.A. Mourou

where K(z, ) : R — R is an even positive C* function on | —|z|, |z|[, with support
in [—|z|,|z|]. So using the derivation theorem under the integral sign we find

o] =

|z
|t coshy + nm/2) dy
" o

||

IN

K(z,y)y" ™Al dy
0

||
|| eltmAllel / K(z,y)dy
0

— |x|n e\ImA||I| (‘00(.1,)

IN

To conclude, recall from [14, p.99] that there is a constant C' > 0 such that
po(2) < O(1+ Jz]) eIl

for all x € R. O

Analogous estimates for @ (x) are provided by the next statement.

Proposition 2.1. There is a constant C > 0 such that

(8) } d" By (z)| < COL+ AN + |z])? |z|" eMmAl=p)ll

d)\n A

forallzr e R, \e Candn=20,1,... .

ProoOF: By (3),

dr dr (1 d
(b = — - .
o @) = e + (M —pdz “‘“(I))

As by (4),

d A2+ p? [l
() (@) = sene) - [ oA dn
0
we obtain

" sgn(z) [1*I qn
ddW (—Mlp%w(:c)) _ sen( )/0 jw[(i)\—l-p)%(t)]A(t)dt.

The result follows now from (7) and Leibniz formula. O

Note 2.1. For a function f on R, write f.(z) = (f(z) + f(—x))/2 and f,(x) =
(f(x) — f(—x))/2 respectively for its even and odd parts. We denote by
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e S(R) the space of C* functions f on R which are rapidly decreasing
together with their derivatives, i.e., such that for allm,n =0,1,...,

Ppun(f) =sup ( 1+.Z' ’ ’
z€R
The topology of S(R) is defined by the semi-norms Py, ,,, m,n =0,1,... .
o S.(R) (resp. So(R)) the subspace of S(R) consisting of even (resp. odd)
functions.
e S?(R) the space of C* functions f on R such that for all m,n = 0,1,...,

dTL
dz™

Qmn(f) =sup (1+2%)" po(z)™

z€R

/()

The topology of S?(R) is defined by the semi-norms Qm n, m,n = 0,1,... .
e S?(R) (resp. S2(R)) the subspace of S?(R) consisting of even (resp. odd)
functions.

e J the map defined by Jh(z) = [*_ h(t)dt, x € R.

Remark 2.2. (i) By (6) we see that S?(R) C S(R).
(ii) It is easily checked that S?(R) is invariant under the differential-difference
operator A.
(iii) Due to our assumptions on the function A there is a positive constant k
such that

(10) Az) ~ kel as |z| — oo.
The following technical lemma will be useful.
Lemma 2.2. The map J is a topological isomorphism from S?(R) onto S2(R).

PROOF: It is sufficient to show that J maps continuously S%(R) into S?(R).
Let f € S2(R). Clearly Jf is a C* even function on R. For n = 1,2,...,
Qmn(Tf) = Qmmn-1(f). Moreover, as by (9), ¢o is decreasing on [0, co[, we get

oo

(14 )" n(a) NTI@] £ ke o) [ lrolde

||

< /ma+ﬂm%m1U@Mt

x|

o dt
< Qmt1,0(f) /le T+
Hence Qm,o(J f) < & Qumy1,0(f). This ends the proof. O

The generalized Fourier transform of a suitable function f on R is defined by

A):/Rf(x)qq(x)A(x)dx, AER.
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Remark 2.3. According to (7), (8) and (10), the generalized Fourier transform
Fy is well defined on S?(R).

Proposition 2.2. For all f € S%(R),

(11) FalH)N) = Falfe)N) + (X = p) FaT (fo)(N);

where Fa stands for the Fourier transform related to the differential operator A,
defined on S?(R) by

Fa(h)(\) = / h(2)or () A(z)dr, A€ R.

ProoF: If f € S?(R), identity (11) is obvious. Assume f € S2(R). By using (3),
(4), (5) and by integrating by parts we obtain

ANW = 5 [ f@a@Aw) b
1

Y /ij(f”)(f“(x)so& (@) da

1
v /R T f(2)Apx(2) Alx) do

= (A=) [ TH@er@Aw) ds
R
= (@A=p) FalTFN),
which completes the proof. (Il

Remark 2.4. For A(z) = (sinh|z|)2***(coshz)?#*!, o > B > —1/2, the trans-
form Fa coincides with the Jacobi transform of order (o, 3) (see [10]).

Theorem 2.1. The generalized Fourier transform F, is a topological isomor-
phism between S%(R) and S(R). Moreover,

o) = 7500w + (14 1) 7' (%) @

for all g € S(R).
PrOOF: By [14] we know that the transform Fa is a topological isomorphism
from S?(R) onto S.(R). Then the result follows from (11), Lemma 2.2 and the

fact that the map f — Af is a topological isomorphism from S.(R) onto S,(R).
The identity above follows easily from (11). O

Note 2.2. We denote by

e D,(R), a > 0, the space of C* functions on R supported in [—a,al,
provided with the topology of compact convergence for all derivatives.
¢ D(R) = U,>0 Pa(R) endowed with the inductive limit topology.
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e D.(R) (resp. D,(R)) the subspace of D(R) consisting of even (resp. odd)
functions.

e H,, a > 0, the space of entire, rapidly decreasing functions of exponential
type a; that is, f € H, if and only if f is entire on C and for all m =
0,1,...,

Pr(f) = sup (14 2" f()e= ™| < oo,
AeC

H, is equipped with the topology defined by the semi-norms py,, m =
0,1,... .

e H=J,.,Ha, equipped with the inductive limit topology.

e H,, a > 0, the space of entire, slowly increasing functions of exponential
type a; that is, f € H, if and only if f is entire on C and there is
m =0,1,... such that

sup [(1 4 A)"™ fF(A)e @M | < o0,
AeC

o H="U,s0MHa-
Another standard result for the generalized Fourier transform Fy is as follows.

Theorem 2.2 (Paley-Wiener). (i) The generalized Fourier transform Fy is
a bijection from £'(R) onto H. More precisely, T has its support in [—a, a)
if and only if FA(T) € H,.
(ii) The generalized Fourier transform Fy is a topological isomorphism from
D(R) onto H. More precisely, f € Do(R) if and only if Fa(f) € H,.

According to [11] the inverse generalized Fourier transform ' may also be
expressed as follows.

Theorem 2.3. For all g € S(R),

Fil (o)) = / g(N®_s(—z) do(N),
with

C(A—ip\  dA
(12) d"“( X )2w|c<|A|>|2’

where ¢(s) is a continuous function on |0, oo[ such that

(13) c(s) "t~ ky s%TE as s — oo,
c(s) P ~kys, as s—0,

for some k1, ks € C.
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Remark 2.5. (i) The tempered measure o is called the spectral measure
associated with the differential-difference operator A.
(ii) Let g € Sc(R). By (3) and (12),

[ome-soaon = [ oo (1-2) ;-0

. Ph(@)  dA
/Rg“) T

dX
=Ag(k)wx($)72ﬂ|c(|A|)|2
By comparing Theorems 2.1 and 2.3 we deduce that
Py o)) = [ sVer(e)g s = A2 0)e).
R 2m|e(|A])[?

This further shows that W is the spectral measure tied to the dif-
ferential operator A.
(ili) For A(z) = (sinh|z])**™" (coshz)27*1, a > B > —1/2, we have

202 P (j5) T (v + 1)

O = asprivmgNa-priviz 70

The next statement provides a Parseval type formula for the generalized Fourier
transform Fju.

Theorem 2.4. For all f,g € D(R),

/ F(@)g(—2) Alx) da = / Fr(H)NFa(9)(N) do(N).
R R

To prove Theorem 2.4 we need some facts about the transform Fa.

Lemma 2.3. (i) For all f € D.(R),
FaANHN) == (N +p°) FalH).
(ii) For all f,g € D(R),

dX

[ f@@ A s = [ Fa(DNFal0)) 55

PROOF: (i) Using (4), (5) together with an integration by parts we have

Fa(AF)(N) / Af (@) (2)A(z) de

- / (A(@) (@) o () da
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- - [ r@h@AE
= /fac )(A(
= /f JApx(z

= —(N+p )fA(f)( )-
(i) Notice that ¢y is real whenever A is real. So Fa(g)(A) = Fa(g)(A) for all

A € R. This when combined with a Parseval formula for the transform Fa (see
[14, Theorem I1.4]) yields

/]R ]:A(f)(A)fA(g)(A)m = /R fa(f)(k)fA(ﬁ)(A)2W|CCE|AA|)|2

/R f(@)g(x)A(z) d

which achieves the proof. [l

PROOF OF THEOREM 2.4: By (11),
[ FONADNN) = [ AN G0 do )
+ [ 63— FAGINFAT (0N dr()
+ [0 = DFT U NP0 do ()

+ / (i — p) FAT (F) N FaT (g0)(N) do(A)
:K1+Ii2+li3+ﬂ4.

By (12), we have

w2 =i [ S FAINFAT (0) W g s = O
o =i [ S FAT () NF 0 (N g = O
Again by (12) and Lemma 2.3,
f io 0
= [ (1= )R E a0 5

dX

_ /R Falf)NFale) N g mpm
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= /fe(x)ge(z)A(x)d:c;
R
C () pe s @
Ry = /]R<1+ )\)(A +p )fAj(fO)()‘)fAj(go)(A)2ﬂ_|c(|)\|)|2
9 9 d\
= 7/]R (>‘ +p )fAj(fo)()‘)fAj(go)(A) 27T|C(|)\|)|2

dA
2rle([AN)]?

/R Fa(AT £.)NFa(Tg0)(N)

/R AT(1,)(@)T (90)(x) A(z) d
/R (Afo) (2)T (g0) (&) da
- / fol()90(x) A() da

Hence
1+ pia = /R (o ()90 (&) — fol@)go(@)] Ale) do = /R f(2)g(~2) A(x) do.

This concludes the proof. ([l

Note 2.3. We denote by

o [P(R, A(z)dz), 1 < p < oo, the class of measurable functions f on R for
which || f||p,a < oo, where

1/p
1 llpa = ( / If(:r)lpA(fc)dz> i p< oo,

and || f|loc,a = || flso-
e IP(R,|o]), 1 < p < oo, be the class of measurable functions f on R for

which || f||p,|# < 00, where

1/p
lgor = ([ LFOP diol)) i o<,
and || fllo,jo) = 1 fll-
Remark 2.6. By (8) there is a positive constant & > 0 such that

[FAL N < EA+AD [ f]1.4

for all f € LY(R, A(x)dx).
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Lemma 2.4. For all f € L'(R, A(z)dz) and g € D(R),

/ f@ 2)dz = / Falf (9)(\) do( ).

ProoF: Fix g € D(R). For f € LY(R, A(z)dz) put

= / f(@)g(~2)A() da

= [ ADNF @O do (),
In view of Theorem 2.4, I;(f) = l3(f) for each f € D(R). Moreover,

(N < Nlglloo 1f1l1,4

and

and

|2 (f)] Sk||f||1,A/R|~7:A(g)(>‘)|(1+|>‘|)d|0|()‘)

by virtue of Remark 2.6. This shows that the linear functionals /; and I, are
bounded on L*(R, A(x)dx). Therefore I; = I3, and the lemma is proved. O

An immediate consequence of the lemma above is

Corollary 2.1. The generalized Fourier transform JFp is injective on
LY (R, A(x)dz).

For t > 0, the Gaussian kernel E; associated with the differential-difference
operator A is defined by

(14) Fi(z) = / et (—a)do(N), x € R.
R
This kernel enjoys the following properties.
Proposition 2.3. (i) E: € S*(R) and
(15) FA(E)N) = e NH0°) for all A eR.
(ii) By is even, positive and [, Ey(x)A(z) drx = 1.

(iii) The function u(z,t) = Ey(x) is C* on Rx )0, 00[ and solves the partial
differential equation

Azu(z,t) = %u(x,t),

where A is given by (5).
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(iv) There are two positive constants Cy(t) and Cy(t) such that

x

(16) & (t) < FE; (l‘) < Cg(t)

B(x) B(z)

(v) Let p € [0,00[. Then there exists a positive constant M (p,t) such that
(17) (Ee(x))? < M(p,t)Ey/p ().

PROOF: Assertion (i) follows directly from Theorems 2.1 and 2.3. A combination
of (14) and Remark 2.5(ii) yields

(18) BEy(x) = /OOo emt(V+e%) w@)ﬁ .

But according to [6], the right hand side of (18) satisfies (ii), (iii) and (iv). Ac-
cording to our assumptions on the function A, there is a constant k > 0 such
that B(z) > k for all x € R. The majorization (17) is then an easy consequence
of (16). O

3. Hardy and Cowling-Price theorems

The following technical lemmas will greatly simplify the proofs of our main
theorems.

Lemma 3.1 ([1]). Let g be an entire function on C. Suppose that
lg(z)| < M1+ |z|)™ e(Be2)” forall z€C

and
lg(z)| <M for all z €R,
for some a, M > 0 and m € N. Then g is constant on C.

Lemma 3.2 ([1]). Let ¢ € [1,00[ and g be an entire function on C. Suppose
that

/ lg(2)|?dx < 00
R
and
9(2)| < M(1+ |2])™ B2 forall z€C,
for some a, M > 0 and m € N. Then g =0 on C.
Lemma 3.3. Let ¢ € [1,00[ and g be an entire function on C. Suppose that

Hgllq,\a\ <

and
lg(z)] < M1+ |z])™ e (Be2)” for all z € C,
for some a, M >0 and m € N. Then g =0 on C.
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Proor: By (12),

/ 9V dlo]()
AI>1

- /| ol }Aj”

, )
z /le I e

According to (13), there is a constant k > 0 such that |c(JA|)|72 > k|A[?**! for
all A € R with |A| > 1. Therefore

q
Hg”q,\g\

X
2m |e(|A])?

k k
q q 2a+1 q
g a>—/ g(M)|4 A d)\>—/ g(A)|T dA,
| ||q,\ ) |)\‘>1| (WA 5 M|>1| (M

™

which shows that ||g||q < co. The result is now a direct consequence of Lemma 3.2.
O

Lemma 3.4. Let a,b>0,d>1,v € R and
g(y) = / e_“(l_by)Q(l +z)%e®dz, y>0.
0

Then there is a positive constant C such that
gly) <C A +y)de® forall y>0.

PROOF: By the convexity of 2¢ we have
g(y) = evby/ e_azz'wz(l +z4+ by)ddz
—by
< evby/ e—a22+h||2|(1 + |z + by)d dz
—by
< evby/ efaz2+|vHZ\(1 + 2| + by)? dz
= 2€be/ e*a22+w|z(1 +z+ by)ddz
0

o0
< const. e”by/ emax +hlz (1+ 2%+ (by)?) dz
0

= const. e (/ e thlz (1 + zd) dz + (by)d/ e~ a7 Hlz dz)

0 0
< const. (1 + yd) ey

< const. (14 y)ter%

which ends the proof. O

19
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Lemma 3.5. Let 1 < g < oo and a > 0. Then there is a positive constant C'
such that for all A =&+ e R+ 1R:
2
(1) [[EL P slloo < CA+[A)ef;

(2—a)p|nl

(il) [EL® xllga<CO+[A)P et ™20 if g < oo.

PROOF: As the function 1/,/B(z) is bounded, it follows from (8) and (16) that
’E% (x)qu(z)] < const. (14 [A)(1 + |z])2 e~ +(Inl=p)lzl
2 2
= const. (1 + [A)(1 + |z|)2 ede e—allel=5) —plal,

which proves (i). For ¢ < oo we have

2 © 2 1/q
‘ B CILAH N < const. (1 + |\ ete (/ e—aa(z—54) (1 + z)20e(2-0pe daz)
e q, 0
n2  (2=ad)pln
< const. (1+ |A) (1 + )2 eF -S4
2, e—aplnl
< comst. (1 + |A])3 eha T 2aq
by virtue of (10) and Lemma 3.4. O

Lemma 3.6. Let 1 < p, p’ < oo such that 1/p+1/p’ = 1. Let f be a measurable
function on R such that |E5"f||, 4 < oo for some a > 0. Then the generalized
Fourier transform of f is well defined and entire on C. Moreover, there is a positive
constant C' such that for all A = ¢ +1in € R+iR:

(i) |FA(/)N] < CA+|A)eda, if p=1;
2=p")plnl

(i) [FA(HN)] < CL+ AD3eia™ 2l if p> 1.

PRrROOF: The result follows easily by using Lemma 3.5, Holder’s inequality and
the derivation theorem under the integral sign. (]

We can now state our main results.

Theorem 3.1. Let 1 < p, ¢ < co. Let f be a measurable function on R such
that

(19) E'f € LP(R, A(z)dx)
and
(20) ™ Fa(f) € LUR, |o]),

for some positive constants a and b. Then

e if ab>1/4, we have f = 0 almost everywhere;
o if ab < 1/4, for all t €]b,1/(4a)|, E; satisfies (19)—(20).
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PRrOOF: We divide the proof in two steps.
Step 1. ab > 1/4.
Let ¢ €]1/(4a),b] and

9 =N AN, AeC.
By Lemma 3.6, g is entire in C, and there is C' > 0 such that
9] < O(1L+[A)? !N

for all A € C. Furthermore,

S ENG

alol

< oQ.
q;|o]

2 _ 2
9llg o = [ Fa(f) et

(i) If

If ¢ < o0, it follows from Lemma 3.3 that g(\) = 0 for all A\ € C. That is,
Falf)(A) =

0 for all A € R. Therefore, f = 0 a.e. on R, by virtue of Corollary 2.1.

(ii) If ¢ = oo, then by Lemma 3.1 there is a constant K € C such that g(\) = K
for all A € C. That is, Fa(f)(\) = Ke=**" for all A € R. Hence, f = Ke'?" Ey a.c.
on R. But due to assumption (19), this is impossible unless K = 0. Thus f =0
a.e. on R.

Step 2. ab < 1/4.

Let ¢ €]b,1/(4a)[. By (16), there are two positive constants C(a, t) and Cz(a,t)
such that

Ci(a,t)e” =97 < BN (2)Ey(z) < Cala, t)e G =07
for all z € R. This shows that E'E; € LP(R, A(x)dx). Moreover,
4a

< 00,
alo]

HeWﬂ(Et)

2 2
— ote He—(t—b)/\

g;|o]

by virtue of (15) and the fact that o is tempered. This completes the proof of
Theorem 3.1. (|

Theorem 3.2. Let 1 <p<2and1 < g < . Let f be a measurable function
on R satisfying (19) and (20) for some positive constants a and b. If ab = 1/4
then f = 0 almost everywhere.

Proor: Let
g\ = N Fa(f)(N), AeC.

Let p’ be the conjugate exponent of p. As by hypothesis p’ > 2, we deduce from
Lemma 3.6 that g is entire on C, and there is C' > 0 such that

(V)] < C(1+[A])? eV
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for all A € C. The rest of the proof is now analogous to Step 1 in the proof of
Theorem 3.1. (|
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