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Abstract. We first investigate factorizations of elements of the semigroup S of upper
triangular matrices with nonnegative entries and nonzero determinant, provide a formula
for o(5), and, given A € S, also provide formulas for I(A), L(A) and g(A). As a consequence,
open problem 2 and problem 4 presented in N.Baeth et al. (2011), are partly answered.
Secondly, we study the semigroup of upper triangular matrices with only positive integral
entries, compute some invariants of such semigroup, and also partly answer open Problem 1
and Problem 3 in N. Baeth et al. (2011).
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1. INTRODUCTION

Upper triangular matrices are an important class of matrices. This is a well-studied
class in part because determinants of upper triangular matrices are easy to compute,
and in part because any integer-valued matrix can be put in Hermite Normal Form.
Their study leads to a broader study of all integer-valued matrices. There are many
papers in the literature considering these matrices and similar topics. Note that all
of the results about upper triangular matrices go through for the semigroup of lower
triangular matrices.

Factoring such matrices plays an important role in the study of upper triangular
matrices (see [6]). The problem of factoring matrices was studied by Cohn ([5]) as
early as 1963. Later, Jacobson and Wisner ([7], [8]), Chuan and Chuan ([3], [4])
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investigated these factorization problems in the context of semigroups of matrices.
Motivated by these results, Baeth et al. [2] applied the concepts of contemporary
factorization theory to semigroups of integral-valued matrices, and calculated certain
important invariants to give an idea of how unique or non unique factorization is in
each of these semigroups. In [2], Baeth et al. presented six open problems.

In particular, we will investigate factorizations of elements of the semigroup of
upper triangular matrices with nonnegative entries and study the semigroup of upper
triangular matrices with only positive integral entries. Also, we will consider open
Problems 14 presented in [2].

Throughout this paper, N will denote the set of all positive integers and Ny =
NU{0}. Also, T,,(Np) and T3, (N) will denote the semigroup of n x n upper triangular
matrices with nonnegative and positive integral-valued entries, respectively.

In the following, analogously to [2] or [1], we recall some concepts and prelimi-
naries.

A semigroup is a pairing (S,-) where S is a set and - is an associative binary
operation on S. When the binary operation is clear from the context and A, B € S,
we will simply write AB instead of A - B. If S contains an element I such that
Al =TA = Afor all A€ S, then I is the identity of S.

Let S be a semigroup with identity I. An element A € S is a unit of S if there
exists an element B € S such that AB = BA = [. A non unit A € S is called an
atom of S if whenever A = BC for some elements B,C € S, either B or C' is a unit
of S. The semigroup S is said to be atomic provided each non unit element in S can
be written as a product of atoms of S.

Let S denote an atomic semigroup and let A be a non unit element of S. The set

L(A)={t: A=A Ay... A, with each A; an atom of S}

is called the set of lengths of A.

We denote by L(A) = sup £(A) the longest (if finite) factorization length of A
and by {(A) = min £(A) the minimum factorization length of A. The elasticity of A,
denoted by L(A)

o(A) = Wa
gives a coarse measure of how far away A is from having a unique factorization. It is
not hard to see that if A has a unique factorization A = A1 A, ... A, then L£(A) = {t}
and so ;
I(A)=L(A) =t and p(A) = i 1.

The elasticity of the semigroup S, denoted by o(S), is given by

o(S) =sup{o(A): A€ S}.



If L(A) = {t1,ta,...} with ¢; < t;;; for each ¢, then the Delta set of A is given by
A(A) = {tig1 —tiz titiyr € L(A)}

and A(S) = | A(4).
Aes
An atomic semigroup is called bifurcus provided I(A) = 2 for every non unit non

atom A of S. By [3], we know that if S is bifurcus, then o(S) = co and A(S) = {1}.

This paper will be divided into five sections. In Section 2, we will consider the
semigroup S of upper triangular n x n (n > 2) matrices with nonnegative entries
and nonzero determinant. In particular, we investigate the atoms of S, provide
a formula for o(5), and, given A € S, provide formulas for I(A), L(A) and o(A). As
a consequence, open problem 4 in [2] is partly answered. In Section 3 we study the

1 ¢
Sz{(o b):beN, ceNO}.

For any A € S, we give a method of calculating [(A), o(A) and A(A). Also, some
special cases of open problem 2 in [2] are discussed and answered. In Section 4 and 5,

semigroup

we study the upper triangular matrices with positive entries. Section 4 investigates
some special subsemigroups of T,,(N) for n > 2 which are bifurcus, and we compute
invariants of such semigroups. Consequently, some special cases of open Problem 3
in [2] are partly answered. In Section 5 we study a special class of matrices in T5(N)
and also partly answer open Problem 1 in [2].

2. SUBSEMIGROUPS OF T,,(Np)

In this section we consider the semigroup S of upper triangular n X n (n > 2)
matrices with nonnegative entries and nonzero determinant. In this case, I,, is the
only unit of S.

For each pair 4,j € {1,2,...,n}, let E;; denote the matrix whose only nonzero
entry is e;; = 1.

In the following theorem we characterize the atoms of S.

Theorem 2.1. Let S denote the subsemigroup of the matrices in T,,(Ng) with
nonzero determinant. The set of atoms of S consists of the matrices X;; = I + Ej;
for each pair ¢ and j with 1 < i < j < n and, for each prime p, the matrices
Yi=I+4+(p—-1)E; for1 <i<n.



Proof. Suppose that X;; = X; X, for some X;, Xy € S. Since det(X;;) = 1,
det(X7) = det(X2) = 1 and we can write

1 b12 . bln 1 Ci12 ... Cin

0 1 ce bgn 0 1 ... Con
Xij = X1Xo = . . S :

0 O 1 0 0 1

n n
where Y bircr; =1 and > bprcp =0if h # i and | # j. As a result, either X5 or
k=1 k=1
Xy is the identity and hence X;; is an atom.
Suppose now that p is prime and Y;; = Y1Y; for some i € {1,2,...,n}, ¥1,Y2 € S.

Since p is prime, either

1bi2 oo oo bin—1 bin lcizg oo oo e Cln—1 Cin
01 ... ... .. bg n—1 b2n 01 ... ... .. C2n—1 C2n
YiYo=]|00 .. p . bino1 bin 00 ... 1 ... Cine1 Cin
00 ..... .. 1 bn_1n 00 ... .. .. 1 Cn—1n
00 ... ... .. 0 1 00 ... ... ... 0 1
or
1biz ... oo ... bin-1 bin lciz .o oo .. Cln—1 Cin
01 ... ... .. ban—1 baon o1 ... ... .. Con—1 Co2n
YiYo=100 .. 1 .. bin_1 bin 00 ... P ... Cin-1 Cin
00 ... ... .. 1 bn—1n 00 ... ... 1 Cn—1n
00 ... ... .. 0 1 00 ..... .. 0 1

In either case, b;j = ¢;j = 0 for 1 <4 < j < n. Consequently, either Y7 or Y3 is the
identity and hence Yj; is an atom of S.

Finally, we will show that these are the only atoms of S.

For any
a1 a2 aiz ... a1n—1 A1n
0 a2 ax ... azp-1 a2n
A= : |es
0 0 0 s Ap—1n—1 An—1n
0 0 0o ... 0 Ann



we can write

II II [+ (ant1-jnt1—5 = DEnti—jnt1]

X [ (anJrl j—in+1—j ]-)EnJrlfjfi,nJrlfj]
[I + (ann - )Enn] [I + an—l,nEn—l,n] . [I + alnEln]
X [ (an 1,n—1 — 1)En—1,n—1][l + an—Q,n—lEn—Q,n—l]

X ... I+ a1 n-1E1n-1]... [T+ (a22 — 1)Ex][I + a12E12][I + (@11 — 1) Eq4].

Thus A is an atom if and only if A = I'+ E;; for each pair ¢ and j with 1 <i < j <mn,
or A=1+ (p—1)E;; for some prime p and 1 < i < n. O

Recall that a unit triangular matrix is a matrix in 73,(Ng) whose all diagonal

elements are 1’s. Denote ¥(A) = > a;;. By the proof of Theorem 2.1, we can
1<ij<n
immediately obtain the following corollary which is Corollary 4.5 in [2].

Corollary 2.2. Let S denote the set of unit triangular matrices in T,,(Ng) and
let A€ S. Then A is an atom if and only if ¥(A) = 1.

Also, if we take either n = 2 or n = 3 in Theorem 2.1, then we have the following
corollaries, where Corollary 2.3 is Lemma 4.10 in [2].

Corollary 2.3. Let S denote the subsemigroup of the matrices in To(Ng) with

1 1
nonzero determinant. The set of atoms of S consists of the matrix X = (0 1)

0 1 0
and, for each prime p, the matrices Y, = (]8 1) and Z, = (0 )
p

Corollary 2.4. Let S denote the subsemigroup of the matrices in T3(Ng) with
nonzero determinant. The set of atoms of S consists of the matrices

1 10 1 0 1 1 0 0
X12 = 01 0 5 X13 = 01 0 or X23 = 0 1 1
0 0 1 0 0 1 0 0 1
and, for each prime p, the matrices
p 0 O 1 00 1 0 0
Y11 = 0 1 0 5 Yég = 0 P 0 or Y33 = 0 1 0
0 0 1 0 0 1 0 0 p



Hereafter, for any given A € T,,(Ng) with nonzero determinant, we let r(A) denote
the number of (not necessarily distinct) prime factors of det(A).

Proposition 2.5. Let S denote the subsemigroup of the matrices in T,,(No) with
nonzero determinant. If A can be factored as A = A1As ... Ay with each A; an atom
of S, then t = r(A) + k, where

k= |{Z A; € {I—FElQ,...,I+E1n,I+E23,...,I+E2n,...,I+En_17n}}|.
Proof. Foreachi, A; is an atom and thus det(A4;) is either 1 or is prime. Since
det(A) = det(A;) det(Ag) ... det(As),

we have

[{i: det(A;) is prime}| = r(A).
If k =|{i: det(A4;) = 1}|, then the length of this factorization of A is

t =|{i: det(4;) is prime}| + [{i: det(A;) =1} =r(A4) + k.

O

Taking either n = 2 or n = 3 in Proposition 2.5, we have the following corollaries,
where Corollary 2.6 is Lemma 4.11 in [2].

Corollary 2.6. Let S denote the subsemigroup of the matrices in To(Ng) with
nonzero determinant. If A can be factored as A = A1 A, ... A; with each A; an atom
of S, then t = r(A) + k, where

S

Corollary 2.7. Let S denote the subsemigroup of the matrices in T5(Ng) with
nonzero determinant. If A can be factored as A = A1As ... Ay with each A; an atom
of S, then t = r(A) + k, where

110 1 0 1 100
k=1[<i: A4edlo 1 o],[0o1o0f,[{0o 11
00 1 00 1 00 1

Lemma 2.8 ([2], Theorem 4.4). Let S denote the subsemigroup of T,,(Ng) of unit
triangular matrices and let A € S. Then L(A) = 3(A).



Theorem 2.9. Let S denote the subsemigroup of the matrices in T,,(Ng) with
nonzero determinant and let

a1 a2 ... Qip—1 Qin
0 a2 ... azp_1 a2,

A= ) . . ) €s.
0 0 0 Ann

(1) L(A) =r(A) + X(A).

(2) If A is a diagonal matrix, then [(A) = r(A) = L(A) and o(4) = 1.

(3) Ifa;; > 0, a;j | ayaj; for some i,j € {1,2,...,n} with i < j, and each of the
other superdiagonal entries of A is 0, then

7(A) +a;;

Ay = r(A) +1, o) =

and 9(S) = oc.
Proof. (1) Suppose that A = A;As... A; with each A; an atom of S. By
Proposition 2.5, t = r(A) + k where
k={i: A, e{I+Era,....I+E1n, I+ Es3,....,1 +Esp,.... ]+ E,_1,}}|
It is not hard to see that
k<at+as+...+am+as+...+am+...+a,_1, =2(4)
and thus
(2.1) L(A) <r(A) + 2(A).

Also, by the proof of Theorem 2.1, we know that

n
A= [T TIU A+ (@na-ginri-j = DEns1—jmsa-j]

X [I 4+ (ant1-j—in+1—j — 1) Ent1—j—int1-j]

=[I+ (ann — DEp][I + an—1nEn-1n]--- I +a1nE1n]
X[+ (an—1n—1 — 1) En_1n-1]lI + an—2n-1Fn—2n-1] ... [I + a1,n-1E1n-1]
X ... [I 4 (a22 — 1)E][I + a12E12][I + (a11 — 1) E11],

and by Lemma 2.8,

(2.2) L(A) > L(A) + L(A2) + ... + L(A) = r(A) + > ay; = r(A) + S(A).

1<i<j<n

Thus, combining (2.1) and (2.2), we have L(A) = r(4) + X(A).



(2) Suppose that A is a diagonal matrix, i.e., a;; = 0 for all 4,5 € {1,2,...,n}
with ¢ < j, and write t = r(A4) + k as in Proposition 2.5. If k > 1, then A contains at
least one factor of I + Eva,..., 1+ E1p, I+ Ea3,...,1 + Eoy,...,or [ +E,_1,,and
then there is at least one superdiagonal entry of A that is not 0. This contradicts
the fact that A is a diagonal matrix. Thus, ¢t = r(A) = l[(A) = L(A) and, in this
case,

L(4)
o(A) = A =1

(3) Suppose that a;; > 0, ai; | aiaj; for some 4,5 € {1,2,...,n} with ¢ < j, and
each of the other superdiagonal entries of A is 0. We write [(A) = r(A) + k as in
Proposition 2.5. Notice that 7(A) is the number of (not necessarily distinct) prime
factors of det(A) and a;; > 0. Then k > 1, and so [(A) > r(A) + 1. Since a;; > 0,
a;j | a;a55, a;; can be factored as a product of one factor of a;; and one factor of
110, where a;; = mg;aj; and aj; = nj;aj; for some positive integers
my; and nj;. Factor A as

Qjj, Say Q5 = Q

A= I+ (aj; = V)Eul[l + (nj; — DE]I + Eij][I + (ann — 1) Enn)
X[+ (an—1,n-1—1)En—1n-]-.. [+ (ajr141 — D) Ejr1,541]

(
(ai_u_l - 1)Ei—1,i—1] “es [I + (agg - 1)E22]
(a11 = DE][I + (mi — 1) Eul[I + (a}; — 1) Ejj).

From the above factorization of A and (2), it is not hard to see that
I(A) <I(A)+1(A) + ...+ 1(A) =r(A) + 1.

Thus, [(A) =r(A) + 1.

In this case we immediately get

and hence o(5) = oo. O

Specifically, if n = 2 or n = 3 in Theorem 2.9, then we have the following corol-
laries, where Corollary 2.10 is Theorem 4.12 in [2].



Corollary 2.10. Let S denote the subsemigroup of the matrices in T>(Ny) with

A Yo
(1) L(A) = 7(A) + aa.

(2) If a12 =0, then [(A) = 7(A) = L(A) and o(A) = 1.
(3) If a1z | ar1az22, then

nonzero determinant and let

r(A) + a2

(A =r(A)+1, o(A) = r(A) +1

and 9(S) = oc.

Corollary 2.11. Let S denote the subsemigroup of the matrices in T5(Ng) with
nonzero determinant and let

ajlp G2 as
A= 0 as2 a93 € s.
0 0 ass

(1) L(A) = r(A) + a1z + a13 + ags.
(2) If a12 = a13 = az3 =0, then [(A) = r(A) = L(A) and o(A) = 1.
(3) If a12 | a11a22, 13 = A23 — 0, then

1(A) = r(A) + 1, 0(A) = Ti‘&t“i“’ nd  o(S) = o
(4) If a3 | a11a33, a12 = ags = 0, then

I(A) = r(A) + 1, 0(A) = rié)l; 15 and o(8) = o0
(5) If ags | aszass, a12 = a13 = 0, then

I(A) = r(A) + 1, 0(A) = % and o(S) = co.

Remark 2.12. Theorem 2.9 not only generalizes Theorem 4.4 in [2], but also
gives a formula for o(S), and given A € S, provides formulas for I[(A), L(A) and
0(A). Further, open problem 4 in [2] is partly answered.



3. SUBSEMIGROUPS OF T5(Nj)

In this section we consider the subsemigroup

1 ¢
S—{<O b>.beN,ceNo}
OfTQ(NO).

We will discuss factorizations of the matrices in S in the following three cases.

1 ¢
CaseI,A—<0 1>.

By Theorem 4.6 in [2], every factorization of A is unique up to units.
1 c
Case II: A = (0 ) , where p is prime.
p

Write ¢ = kp + i where i € {0,1,2,...,p—1}. By Corollary 2.3, A can be written
as

N R s B

1 1 b
for some a,b € Ny, where the matrices (O CI) and (0 1) need not be atoms.
It follows that

(3.2) c=kp+i=ap+b.

Now write A as A = A1 As ... Ay, where each A; is an atom. Note that for any given
1 1 1\"
matrix (0 Tln> € S, the only factorization is (0 1) . Then, we have
t=a+b+r(A)=a+b+1.

Hence, to calculate I(A), we only need to calculate the minimum of ¢ + b. By
equation (3.2), we have kp +i = ap + b, where ¢ € {0,1,2,...,p — 1}. Thus, if we
take a = j € [0, k], then b = (k — j)p + 4, and then

(3.3) a+b=j+k—-j)p+i=0—-p)j+kp+i.

From equation (3.3) we can see that a + b has the minimum k + ¢ when a = j = k,
b=(k—j)p+i=(k—Fk)p+i=i Thus

WA =k+i+r(A)=k+i+l.

10



Also, one of the factorizations of A with the minimum length k +14¢ + 1 is

Ao (Y RpHiY (1 kY (10N (1 i\ _ (1 1\ /1 0) /1 1Y
~\0  p ~\o 1/)\0 p/\o 1) \o 1 0 p)\o 1)°
Similarly, we can show that a + b has the maximum kp +i = ¢ when a = j =0
and b = c.

From the above work, together with Theorem 4.12 in [2], we have the following
theorem.

1
Theorem 3.1. Let A = ( ¢
0 p

0 <t¢<p. Then

) € Ty(Ng) where p is prime and ¢ = kp + i for

_ c+1
o k4i41

A R (S N R T

is a factorization of A with minimal length I(A) =k + i+ 1.

L(A)=c+1, l(A)=k+i+1 and o(A)

Also,

Moreover, by equation (3.3), it is also easy to calculate that
LA)={k+i+Lk+p+ik+i+2p—1,....,(k—Dp+i+2,kp+i+1}

and thus
A(4) = {p - 1}.

Therefore, we immediately have the following theorem.

1
Theorem 3.2. Let A = <0 C> € T5(No) where p is prime. Then A(A) =
p
{p—1}.

1 11
Example 3.3. Let A = <

0 3>€TQ(NO). Since 11 =c=kp+i=3-3+2,

by Theorem 3.1 we have
L(A)=11+1=12 and l(A)=k+i+1=3+2+1=6.
Also,
A:(l 11)2(1 3) (1 0) (1 2):(1 1)3(1 o> (1 1)2
0 3 0 1 0 3 0 1 0 1 0 3 0 1
is a factorization of A with minimal length [(A).

11



Remark 3.4. Theorem 3.1 and Theorem 3.2 give formulas for L(A), [(A), o(A)

and A(A) for any A = ((1)

case of open problem 2 in [2] is answered.

c
) € T»2(Ng) where p is prime. Consequently, a special
p

1
Case III: A = (0 C), with b not prime.

b
Write b = p1ps ... p: where {p1,p2,...,pt} is a set of primes with ¢ > 1. It is not

hard to see that A can be written as

A_1a1101a2 1 0 1 a 1 0\ /1 a
“\o 1 0 py, /) \0O 1 0 pi,/) \0 1 0 p;,)\O 1 )’

where none of these terms has to be an atom of S, and {i1,i2,...,i:} is a permutation
of {1,2,...,t}. Assume that ¢ = kb + j for 0 < j < b. Then we have

(3.4) c=kb+j=bar+pi .. .piaz+ ...+ pi,at+ a1

Clearly, there exist (¢t + 1)-tuples of integers (ai,as,...,ar+1) which satisfy equa-
tion (3.4). Further, the set of such (¢t 4+ 1)-tuples of integers (ai,as,...,at41) is
finite. Thus the set

t+1
T = {Zai5 c=bay +pi, ...pi,a2 + ...+ piay +at+1}

i=1
is a finite subset of Ng. Write A as A = A1 A45... A,, where each A; is an atom.

Then we have
t+1

q= Zai—i—r(A).

Thus, to calculate {(A), by Theorem 2.9 we only need to calculate the minimum of
the set T'. Now, if we denote the minimum by m = min T, then we immediately get

(A)=r(A)+m=t+m.

1
On the other hand, by Theorem 4.12 in [2], for any A = (0 z
b=pip2...ps, p1,P2,...,pt are prime, we have L(A) =t + c.

) € T5(Np), where

Thus, from the above work, we have the following theorem.

1
Theorem 3.5. Let A = (O Z) € Ta2(Ng), where ¢ = kb+ i for 0 < i < b,

b=mpip2...p; and {p1,p2,...,pt} is a set of primes with t > 1. Denote

t+1
m = min{Zai: c = bay + Di, ---DinQ2 + ...+ Diat —|—at+1},

i=1

12



where {i1,12,...,1:} is a permutation of {1,2,...,t}. Then

L(A) =t +¢, I(A) = t+m, and o(A) = ttjc.
m

Remark 3.6. Theorem 3.5 gives formulas for L(A), I(A) and p(A) for any A =

1
(O Z) € T5(Np). Consequently, another special case of open problem 2 in [2] is

answered. Further, Theorem 3.5 shows us a method how to calculate [(A).

In general, we can calculate [(A) by the following three steps:

Step 1: Factor b = p1ps...p; as a product of primes and write ¢ = kb + i, where
0<2<p.

Step 2: Find nonnegative integers aq, as,. .., at, ;1 such that

kb+ i = bay + Pi, - DinQ2 + ...+ DA+ Qe

where {i1,72,...,4;} is a permutation of {1,2,...,¢}.
Step 3: Calculate the minimum m of the set

t+1
{Zai5 c=bay +pi, ...pi,a2 + ...+ pia +at+1},

i=1
where {i1,42,...,4:} is a permutation of {1,2,...,t}.
We have [(A) = r(4) + m.

1 231

E le 3.7. Let A=
xample e (0 20

11-20 + 11. Suppose that

A_1a110 1 a2\ /1 0\ /1 ag 1 0 1 a4
Then we have ¢ = 20a; + pi,pisa2 + pisas +aqs = 1120+ 11.
Case 1: If p;; =5 and p;, = pi, = 2, then ¢ = 20a; +4as +2a3+aq = 11-20+ 11,

) € S. Clearly, b=20=2-2-5and ¢ = 231 =

4
ai: 0:20a1+4a2—|—2a3+a4}:11—|—2+1—|—1:15.

=1

Case 2: If p;, =5 and p;, = p;, = 2, then ¢ = 20a; +10a2+2a3+a4 = 11-20+11,

and m; = min{

4
andmgzmin{Zai: c=20a1+10a2+2a3+a4}:11—|—1—|—O—|—1:13.
i=1
Case 3: If p,, =5 and p;, = p;, = 2, then ¢ = 20a; +10as+5a3+a4 = 11-20+ 11,

4
andmgzmin{Zai: 0:20a1+10a2+5a3+a4}:11+1+0+1:13.
i=1

13



Hence we have
4
m = mln{z a;: ¢ = bay + Diy -+ - DinG2 + Pisaz + a4} =13,
=1

and
I(A)=7r(A)+m =3+13=16.

Further, the factorizations of the minimum length of A are

R AR IORIE

-6 DE D6 DEDE G

Also, note that

—_

== [
SN— ~__

L(A) = r(A) + ¢ =3+ 231 =234

and thus

t+c 234 117
o(A) = & =20 L
t+m 16 8
Remark 3.8. The above example also shows that the factorizations of the matrix

A € T»(Np) with the minimum length are not unique in general.

Analogously to the discussions of Theorem 3.5, we obtain the following theorem.

c

1
a=mpip2...p; and {p1,p2,...,pt} is a set of primes with t > 1. Denote

Theorem 3.9. Let A = <g ) € T»(Ng) where ¢ = ka + i for 0 < i < a,

t41
m—min{Zai: C= aa¢y1 +Piy .- Piy Gt —l—...—l—pilag—f—al}
i=1

where {i1,12,...,1:} is a permutation of {1,2,...,t}. Then we have
t+c
L(A) =t I(A) =t d o(A) = .
(A) =t +¢, 1(4) =t +m and o(4) = -
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4. SUBSEMIGROUPS OF T, (N)

In this section we will study the subsemigroup of upper triangular matrices with
only positive integral entries.

Let n > 3 and consider

a1l a12 ... Gln—1 QA1n
0 az2 ... G2n—1 G2n

S = R . . eT,(N): aj; < ajig1 <...<appfor2<i<n—1
0 0 ... 0 ann

It is not hard to check that S is a subsemigroup of T, (N).

Theorem 4.1. Let n > 3 and

ail a2 ... Aln—1 Aln
0 az2 ... G2n—1 G2n

S = . . . eT,(N): aji < ajig1 <...<apfor2<i<n—1
0 0 ... 0 ann

Then A € S is an atom if and only if one of the following conditions holds:

(Ciit1) aiiv1=1for1 <i<n—1;
(Ciit2) 1<aip2<2for1<i<n—2;
(Cin)  1<am<n-—1

Proof. Note that the form of the superdiagonal entries of the product A of two
elements of S must satisfy a; ;41 > 2for 1 <i<n—-1,a;,42 23for1 <i<n-2,...,
a1np = n. Thus, if A € S satisfies any of the above conditions, then it cannot be
factored as two elements of S, and A is an atom.

Conversely, suppose that

an a2 ... a1n—1 A1n
0 a2 ... azp_1 a2n
A= es
0 0 -e+ Op—1n—-1 GAn-1n
0 0o ... 0 Ann
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satisfies a; ;41 =2 2for 1 <i<n—1,a;;42 23 for1<i<n—2,..., a;, > n. Then
we can factor A as A = BC, where

1 1 1 1 1
0 a2 a3 —as ... Aap_1—0A2p-2 A2n — 21
0 0 ass ce. G3p—1 — G3n—2 a3n — A3n—1

B = . . .
0 0 0 Gn—1n—1 Gn—1n — Qpn—1n—1
0 O 0 0 Ann

and

a1 a12—1 a13—2 aln,l—(n—Q) aln—(n—l)
0 1 1 1
0 1 1 1

C = .
0 0 0 1
0 0 0 0

By the previous proof of sufficiency condition of the theorem, we can see that B and
C are atoms of S. Thus, A is not an atom of S. (]

From the proof of Theorem 4.1, for any A € S which is not an atom, the su-
perdiagonal entries of A must satisfy the conditions a;;y; > 2 for 1 <7 < n —1,
ajiyo =3 for 1 <i<n—2,..., a, > n. And then A can be written as a product of
two atoms of S. Thus, we obtain the following theorem.

Theorem 4.2. Let n > 3 and

a11 @12 ... Gln—1 Aln
0 a2z ... azn—1 az2n

S = . . . €T(N): a; < ajit1 <...<apfor2<i<n—1
o 0 .. 0  ann

Then S is bifurcus.
In particular, if n = 3 in Theorem 4.2, then we have
Corollary 4.3. Let

aj;p a2 as
S = 0 ag9 A23 S Tg(N): aoo < A23
0 0 ass

Then S is bifurcus.

16



Remark 4.4. The above theorem gives some invariants of two classes of sub-
semigroups of T,,(N). Note that if S is bifurcus, then p(S) = oo, and A(S) = {1}.
Consequently, some special cases of open problem 3 in [2] are partly answered.

5. To(N)
In this section we investigate factorizations of matrices in T5(N) of the form

0
First, it is not hard to see that A can be written as

5.1) A:(1 c>:<1 kp—i—z):(l a)(l 1)(1 b) for a.b > 0,
0 p 0 p 0 1 0 p 0 1

where the matrices ((1) Cll) and <é 11)> need not be atoms.

(1) Assume that ¢ = kp for k > 0. Then by equation (5.1), we have

( 1 c) L
where p is prime.
p

(5.2) c=kp=ap+b+1.

Now write A as A = A1 A, ... A; where each A; is an atom. Note that for any given

1 m
1 ) . Then, together with

equation (5.1), we have

1
matrix (0 m) € T>(N), its only factorization is (0 1

t=a+b+r(A)=a+b+1.

Hence, to calculate I(A), we only need to calculate the minimum of ¢ + b. By
equation (5.2), we get

(5.3) a+b=j3+k—-j)p—1=(01—-p)j+kp—1

where j is any integral value in the interval [0, k]. By equation (5.3), we can see that
a+ b has the minimum k+p—1whena=j=k—-1,b=(k—j)p—1=p—1;a+b
has the maximum kp —1=c—1 when a =j =0,b = kp — 1. Thus,

(A)=k+p—2+r(A)=k+p—1and L(A) =kp=c.

Moreover, one of the factorizations of A with minimum length is as follows:
(i) If k=1, then

GG OO0
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(ii) If k£ > 1, then
A (L Ry (1 =1\ (1 1\ (1 p-1
~\0o p/) \0o 1 0 p/\0 1
2T A AU AWA T A\
- \0 1 0 p/\0 1 '
(2) Assume that 0 < ¢ = kp+ i for 1 < i < p. Then by equation (5.1), we have

(5.4) c=kp+i=ap+b+1.

Write A as A = A1 A5...A;, where each A; is an atom. Then, if A can be also
factored (not necessarily as a product of atoms) as (5.1), we have

t=a+b+r(A)=a+b+1.

Hence, to calculate I(A), we only need to calculate the minimum of ¢ + b. By
equation (5.4), we get

(5.5) a+b=j+k—-—jp+i—1=Q0—-p)j+kp+i-—1,

where j is any integral value in the interval [0, k]. By equation (5.5), a + b has the
minimum k+i—1whena=j=k,b= (k—j)p+i—1=i—1; a+b has the maximum
kp+i—1l=c—lwhena=j=0b=(k—jp+i—1=(k—0)p+i-1=kp+i—1.
Thus,

l(A)=k+i—1and L(A) =kp+i=c.

Further, one of the factorizations of A with minimum length is as follows:

PN AN A AR AVA NN A WA R ES!
~\0  p ~\o 1/)\0 p/\0 1
/1 1Y /o1y /1oyt
~\o 1 0 p/)\0 1 '
In particular, when k£ = 0,7 > 1, then
PN AN A R AN S e AN A R A WA R A
~\o p) \op/\o 1) \op/\o 1)~

when k£ > 0,7 =1, then

=G N6 )66 )
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From the above work, we have the following theorem.

1
Theorem 5.1. Let A = 0 ¢ € T»(N) where p is prime.
p

(i) If c=kp for k > 0, then L(A) =c¢, l[(A)=k+p—1and o(A) =c¢/(k+p—1).
(ii) If c=kp+i for 1 <i <p, then L(A) =¢, I(A) =k +1i and o(A) = ¢/(k +1).

1 11
Example 5.2. Let A = <0 3 ) € T5(N). Since 11 =c=kp+i=3-3+2, by
Theorem 5.1
L(Ay=c=11and i{(A)=k+i=3+2=5.
Also,

R AN A AN AR AN A R A A R A AN AW AN
~\0o 3/ \o 1/\o 3/\o 1) \o 1/)\0 3/\0 1
is a factorization of A with minimum length [(A) = 5.

1
Moreover, for any A = ( C) € T5(N) where p is prime we have:
p

0
(i) If ¢ = kp for k > 0, then

LA) ={k+p—1,k+2p—2,k+3p—3,...,(k—1)p+1,kp}

and
A(4) = {p—1}.
(i) If c=kp+i for 1 <4 < p, then

LA) ={k+ik+i+p—1k+i+2p—1,...,(k—1Dp+i+1,kp+i}

and
A(4) = {p—1}.

Hence, the following theorem is obtained.

1
Theorem 5.3. Let A = (0 C) € T»(N) where p is prime. Then A(A) = {p—1}.
p

Remark 5.4. Theorem 5.1 and Theorem 5.3 give formulas for I(A4), o(A4) and

1
A(A) for any A = (0

case of open Problem 1 in [2] is answered.

€ T5(N), where p is prime. As a consequence, a special
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