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Abstract. Y.Euh, J.Park and K. Sekigawa were the first authors who defined the con-
cept of a weakly Einstein Riemannian manifold as a modification of that of an Einstein
Riemannian manifold. The defining formula is expressed in terms of the Riemannian scalar
invariants of degree two. This concept was inspired by that of a super-Einstein manifold
introduced earlier by A.Gray and T.J. Willmore in the context of mean-value theorems in
Riemannian geometry. The dimension 4 is the most interesting case, where each Einstein
space is weakly Einstein. The original authors gave two examples of homogeneous weakly
Einstein manifolds (depending on one, or two parameters, respectively) which are not Ein-
stein. The goal of this paper is to prove that these examples are the only existing examples.
We use, for this purpose, the classification of 4-dimensional homogeneous Riemannian man-
ifolds given by L. Bérard Bergery and, also, the basic method and many explicit formulas
from our previous article with different topic published in Czechoslovak Math. J. in 2008.
We also use Mathematica 7.0 to organize better the tedious routine calculations. The prob-
lem of existence of non-homogeneous weakly Einstein spaces in dimension 4 which are not
Einstein remains still unsolved.

Keywords: Riemannian homogeneous manifold; Einstein manifold; weakly Einstein mani-
fold

MSC 2010: 53C21, 53C30, 53B21, 53C25

1. INTRODUCTION AND PRELIMINARIES

The first definition of a weakly Einstein manifold in general dimension appeared in
[5] and a more detailed study for dimension 4 continued in [6] and [7]. This definition
was inspired by that of a super-Einstein manifold as defined in [8]. An n-dimensional
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MTM2013-46961-P, by Junta de Extremadura and FEDER funds and by DFG Sonder-
forschungsbereich 647. The second author was partially supported by the grant GACR
no. P201/11/0356.
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Einstein manifold M = (M, g) is said to be super-Einstein if the following curvature
identity is satisfied:

9 1
(1.1) R =~|R|%g
n
o o n
where R is the tensor given by the coordinate formula R;; = > RabeiRabej
a,b,c=1
for i,5 = 1,...,n. Here, |R|?> was supposed to be constant. With respect to an

orthonormal frame, (1.1) can re-written in the form

n
1 .
(1.2) Z Rabei Rabej = E|R|25U’ i,j=1,...,n.

a,b,c=1

Now, a Riemannian manifold M = (M, g) is said to be weakly Einstein if it satisfies
the formula (1.1) (or (1.2), respectively). It is known from [3] that, for n # 4,
the constancy of |R| is automatically satisfied. Thus, the dimension 4 is the most
interesting case. In [5], the authors prove that, in the 4-dimensional case, each
Einstein manifold is weakly Einstein. The converse does not hold. In [6], the authors
present two different examples of homogeneous weakly Einstein spaces which are not

Einstein.

Example 1.1 ([6], Ex. 4). The Riemannian product manifold of 2-dimensional
Riemannian manifolds M;(c) and Mz(—c) of constant Gaussian curvatures ¢ and —c
(¢ # 0), respectively.

Example 1.2 ([6], Ex. 5). A connected and simply connected solvable Lie group
(G, g)a,p whose associated Lie algebra g, g = spang{e1, ez, €3, €4} is equipped with
the following Lie bracket operation:

(1.3) le1,e2] = aez, [e1,e3] = —aesz — Pey, [e1,e4] = Pesz — ey,

[e2, e3] = 0, [e2, e4] = 0, [e3, eq] = 0,

where a # 0, [ are constants. Here, g is the left-invariant Riemannian metric on G
determined by the inner product (,) on ga s defined by (e;, e;) = J;;. In the sequel,
we will use for the Riemannian group spaces (G, g)q,s the name EPS spaces giving
hereby the credit to the authors of the papers [5], [6], [7].

The main goal of this paper is to find all homogeneous weakly Einstein examples
in dimension 4 using the classification given by L. Bérard Bergery. Our final result
is formulated in the following
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Main theorem. Every homogeneous weakly Einstein 4-manifold which is not
Einstein is isometric either to a direct product from Example 1.1 or to an EPS space
from Example 1.2.

In [2], L. Bérard Bergery published the classification of Riemannian homogeneous
4-spaces. In particular, he obtained the following

Proposition 1.1. In dimension 4, each simply connected Riemannian homoge-
neous space M is either symmetric or isometric to a Lie group with a left-invariant
metric. In thg_gfgond case, either M is a solvable group or it is one of the groups
SU(2) x R, SI(2,R) x R. Moreover, the solvable and simply connected Lie groups
are:

a) The non-trivial semi-direct products F(2) x R and E(1,1) x R.

(a)
(b) The non-nilpotent semi-direct products H xR, where H is the Heisenberg group.
(c) All semi-direct products R? x R.

Now, the main part of our computations is to check which of these spaces are
weakly Einstein and not Einstein. We shall work at the Lie algebra level and use
Mathematica 7.0 for the computations.

Let us start with the symmetric case. Using the de Rham decomposition theorem
we can see easily the following:

Theorem 1.2. The only symmetric weakly Einstein spaces are the following ones:

(a) Any irreducible 4-dimensional symmetric space (which is known to be Einstein).
(b) The direct products Ma(c) x Ma(d) where ¢ = £d. Here, the only non-Einstein
weakly Einstein spaces are the direct products Ma(c) x Ma(—c).

We have recovered Example 1.1.
Let us continue with the non-solvable group case and later we shall work with the
solvable case.

—_~—

2. NON-SOLVABLE CASES (SU(2) x R AND SI(2,R) x R)

Let g3 be a unimodular Lie algebra with a scalar product (,)s. According to [10],
page 305, there is an orthonormal basis {f1, f2, f3} of g3 such that

(21) [f2af3]:af1; [f?)vfl]:bev [flan]:CffSa

where a, b, ¢ are real numbers. In the following, we shall study the cases gz = su(2)
and g3 = sl(2, R), which are characterized by the inequality abc # 0.
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Let now g = g3 ® R be the direct sum, and (,) a scalar product on g defined
as follows: we choose a basis {f1, fo, f3, fa} of unit vectors such that {f1, fo, f3} is
an orthonormal basis of g3 satisfying (2.1) and f; spans R. Here R need not be
orthogonal to gs. In particular, we assume

(2.2) [fis fa] =0, (fi,fa)=ki, i=1,2,3.

3

Here ki, k2, k3 are arbitrary parameters where > k7 < 1 due to the Cauchy-Schwarz
i=1

inequality. Choosing a convenient orientation of f;, we can always assume that

ks > 0.
Now we replace the basis {f;} by the new basis {e;} (i = 1,2, 3,4) putting

3
. 1
(23) e’i:fiv Z:1a273a 64_E(f4_;kifi)

where R =4/1 — Zle k? > 0. Then we get an orthonormal basis for which

(2.4) [e2,e3] = ae1, [es,e1] =bea, [e1,ea] = ces,

1 1
le1, eq] = }—%(k?,b@z — kace3), [ez,eq] = }—%(/ﬁce?, — ksaey),

1
[63, 64] = }—%(kgael - klbeg).

Next, we shall consider the simply connected Lie group G with a left invariant
Riemannian metric g corresponding to the Lie algebra g and the scalar product (,)
on it. Here the vectors e; determine some left-invariant vector fields on G.

According to our construction, the underlying group G is the direct product of
the group SU(2), or SI(2,R), and the multiplicative group RT.

—_—~—

Theorem 2.1. The Riemannian manifolds (SU(2) x R, g) and (S1(2,R) x R, g)
are not weakly FEinstein.

We shall prove this theorem step by step. First, we calculate the conditions for
(G, g) to be a weakly Einstein manifold. From [1] we know the expression for the
curvature tensor. We denote by A;; the elementary skew-symmetric operators whose
corresponding action is given by the formulas A;;(e;) = die; — djie;.
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Lemma 2.2 ([1]). The components of the curvature operator are

(2.5)  R(e1,e2) = ar1212412 + a1213A13 + a1214A14 + 1223 A23 + 1224 Aoy,
R(e1,e3) = a1312A12 + 01313413 + 1314414 + 1323 A23 + 1334 A3y,
R(e1,eq) = ara12412 + 1413413 + 01414414 + 01424 Ao + 1434 A4,
R(ea, e3) = aagio A1z + aoz13A13 + 323 Aas + o34 Aas + 2334 434,
R(GQ, 64) 2412412 + o414 414 + 0424231423 + oa24Aos + 06243414347
R(es,eq) = aga1zAis + aga14A14 + 3423423 + 3404 Ao + 3434 Az4,

where the coefficients ajim = g(R(es, e;)er, em) satisfy the standard symmetries with
respect to their indices and

(2.6) oty = 4]1%2 (3% — (a — b) — 2c(a + b)) R® — (a — b)°k2),
s = (@ = D)(a — Jkaks),
s = (@~ e)(a— b+ 3e)ka),
s = 7 ((a = D)o~ Jkaks),
s = 72 (b= )~ b 3c)k),
1313 = 4]1%2 ((36% — (a — ¢)* = 2b(a + ¢))R? — (a — ¢)*k2),
11 = 75 (0~ B)(a — e+ BD)ks),
a2 = 7rz((a = )b~ Jkaks),
ongss = 7 (e = b)(e — a-+ 30)k),
a1 = 73 (4 = (a+ PG + (02 = a+ D)D)
iz = g ((ela+b = 30) + ab)kiky),
o1 = 4%2((6(@ +e—3b) + ac)kiks),
A 4]1%2((360 (b= )2 — 2a(b+ ) B2 — (b— ¢)%k2),
(21 — ﬁ((b — a)(3a+b— c)ks),

1
(9334 = E((a — C)(3Cl —-b + C)kg),
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1

Q2424 = 4R2 ((46 — (b + C) )k% =+ (4@2 — (Cl + b)z)kg),
1

Q2434 = g ((a(—3a+ b+ c) + be)kaks),
1

3434 = 773 5 (46° — (b + ¢)*)k} + (4a® — (a+ ¢)*)k3).

Next, (G, g) is weakly Einstein if and only if the expression

1
(27) Z QabciClabej — Z|R|25ij
a,b,c=1
is equal to zero for every pair of indices (4, j), i,j = 1,...,4. Moreover, note that

4 4
(2.8) Z Z QabciXabei = Z aabcz |,R’|2

i=1 a,b,c=1 i,a,b,c=1

Here we obtain, by a lengthy but routine calculation

Lemma 2.3.

2.9) |R]*= o? —11(a* + b* + ¢*) + 12abc(a + b + ¢))R?
ijkl — 4R4

i,k =1
+2(b—¢)*(—a® — 6a(b+ ¢))R?k?
(a —¢)*(—=b* — 6b(a + ¢))R*k3
+2(a — b)?(—c* — 6¢c(a + b)) R?k32
+ (b — ¢)*(110* + 10bc + 11¢)(R? + k%)?
+ (a — ¢)*(11a® + 10ac + 11¢*)(R? + k3)*
+ (a — b)*(11a® + 10ab + 116%)(R? + k3)?

+2(c*(11¢* — 6ac — a?) — 2bc(3c* — 2ac + 3a?)

+ b?(—c* — 6ac + 11a?))k?k3

+2(b*(11b* — 6bc — c2) — 2ab(3b? — 2bc + 3¢?)
a*(—=b? — 6bc 4 11¢%))kik3

+ 2(a*(11a® — 6ab — b*) — 2ac(3a® — 2ab + 3b%)

+ *(—a® — 6ab + 116%))k3k3).
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Lemma 2.4. The vanishing of the term (2.7) for each pair (i,j) is equivalent to
the system of algebraic equations

(2.10)

(1, 2) = klkg((a

+ (-

—¢)(c—b)(2ab+ c(a +b) — 5¢*)R?
c)(ab(b+ ¢) + c*(2a + b — 5¢))k?

+ (a —¢)(ab(a + ¢) + (a + 2b — 5¢))k3

+ (—2ab(ab + 3¢?) +
kikz((a — b)(b — ¢)(2ac + b(a + ¢) — 5b%) R?
+ (e —

(173) =

(a® +b*)c(a+ b+ 2¢))k3) =0,

b)(ac(b + ¢) + b*(2a — 5b + ¢))k}

+ (—=2ac(3b* + ac) + (a® + c*)b(a + 2b+ ¢))k3
+ (a — b)(ac(b + a) + b*(2¢ — 5b + a))k3) = 0,
(2,3) = koks((b —a)(a — ¢)(2bc + a(b + ¢) — 5a®) R?

+ (—2bc(3a* + be) +

+(b—

k1 ((b—
b—

+ (c—
+(

(1,4) =

+ o+ o+

(
(a —
(

a —

—
S
I
S—
|
ol

= ka((c -
(b—
(a —
(b—
(374) = k3((

+ o+

+ (¢
+ (¢ — a)((c — ba)a® + be(c

+ (0® + A)a(2a + b+ ¢))k?
)(be(a + ¢) + a?(2b — 5a + ¢))k3
)(be(a + b) + a*(2¢ — 5a + b))k3) = 0,
)

)

)2(56% 4 2(3bc — a(b + ¢)) + 5c?)k?

((a — 5¢)c? + ab(a — 2¢) + b*(2a + 3c¢)) k2
b)((a — 5b)b? + ac(a — 2b) + c*(2a + 3b))k3) =
a)?(5a* + (b —¢)(b — 5¢ — 6a))R?
¢)((b—5c)c® + ab(b — 2¢) 4+ a*(2b + 3¢)) ki
¢)?(5a* 4 2(3ac — b(a + ¢)) + 5c?)k3

¢)?(5¢2 + (a — b)(a — 5b — 6¢)) R?

a)((b — 5a)a® + be(b — 2a) + ¢ (2b+3a))k3) 0,
—0)%(5b? + (¢ — a)(c — ba — 6b)) R*

—b)((c — 5b)b* + ac(c — 2b) + a*(2c + 3b))k?

— 2a) + b*(2¢ + 3a))k3

+ (a — b)?(5a® 4+ 2(3ab — c(a + b)) + 5b*)k3) = 0,

(171) =

— (-

(7a* + 4abe(5b — Ta + 5¢) — 2bc(2b+ ¢)(b + 2¢))R*
¢)?(116? + 10bc + 11k}

+ (¢ —a)*(Ta + 9¢)(R? + k3)?

+(b—
.
+2(a

a)®(Ta + 9b)(R? + k3)?

¢)?(3a® — 2a(b + ¢) — (b — ¢)*)R*k?

—¢)*(2b(3a — ¢) — 3b?)R%*k3
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2(a — b)?(2¢(3a — b) — 3¢*)R?k3
2(b — ¢)(c — a)(3a + ¢)(c + 3b)k3k3
2(a — b)(b— c)(3a + b)(b + 3c)kik;
+ 2(a*(—=7a”* 4 6ab — 3b%) + 2ac(3a® + 6ab — 5b?)
+ ¢*(9b* — 10ab — 3a?))k3k3 = 0,
(2,2) = (7b* + 4abe(5a — b + 5¢) — 2ac(2a + ¢)(a + 2¢))R*
+ (¢ = b)3(7b + 9¢)(R? + ki)?
(a ¢)?(11a® + 10ac + 11c*)k;
—b)*(9a + Tb)(R* + k3)?
b—c)*(2a(3b — ¢) — 3a®)R?*k?
a—c)?(3b* — 2b(a+¢) — (a — ¢)*)R?k3
—0)*(2¢(3b — a) — 3¢*)R%*k2
2(b — ¢)(c — a)(3a + ¢)(c + 3b)k3k3
b2(=Tb* 4 6bc — 3¢?) + 2ab(3b* + 6bc — 5c?)
+ a*(9¢* — 10bc — 3b2))kik3
+2(b— a)(a — ¢)(3b + a)(a + 3¢)k3k3 =0,
(3,3) = (7c* + 4abc(5a — T + 5b) — 2ab(2a + b)(a + 2b))R*
+(b—¢)*(9 + Te)(R? + ki)?
+(a—¢)*(9a + 7c)(R® + k3)?
—b)?(11a” + 10ab + 11b%)k;
2

—(a
+2(b— ¢)*(2a(3¢ — b) — 3a®)R?k?
+2(a — ¢)?(2b(3¢ — a) — 3b*)R?k3
+2(a — b)*(3¢® — 2¢(a + b) — (a — b)?)R?*k3
+ 2(c*(=7¢* + 6ac — 3a?) + 2bc(3c* + 6ac — 5a?)

+ b%(9a* — 10ac — 3¢?))k?k3
+2(a—b)(b—c)(3a + b)(b+ 3¢)kIk2
+2(b— a)(a — ¢)(3b + a)(a + 3¢)kik3 = 0.

Here the symbol “(i,7)” marks the substitution of the corresponding i < j in (2.7).

4
Note that > (k,k) = 0 in this notation.
k=1
Now, our goal is to find the values of a, b, ¢, k1, k2 and k3 which satisfy the system
of equations (2.10) and to study each of the particular cases.
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Lemma 2.5. a =b=c # 0, k1, ko, k3 arbitrary, is not a solution of the system
(2.10).

Proof. Substituting a and ¢ by b in equation (1,1) = 0 of (2.10) we get that
b*R* = 0 which is a contradiction with the assumptions abc # 0 and R > 0. O

Proposition 2.6. The system of algebraic equations (2.10) does not have any
solution.

Proof. Because we can re-numerate the basis {e1,eq,e3} in arbitrary way
(which implies the corresponding permutation of the symbols a, b, ¢ and the corre-
sponding re-numeration of the parameters k1, ko, k3), the system (2.10) is symmetric
with respect to all such permutations and re-numerations. Then, in order to solve
this system of equations, we can just consider the following cases:

A. kikoks #£ 0.
B. k‘l =0 and k2k3 75 0.
C. k1 = ko = 0, k3 arbitrary.

Case A. kikoks # 0. We first replace R? by its value 1 — 23: k? in the equations
(1,2) = 0, (1,3) = 0, (2,3) = 0, (1,4) = 0, (2,4) =0 and 1(3,4) = 0 of (2.10).
Moreover, we divide them by their nonzero coefficients kiks, k1ks, koks, k1, ko and
ks, respectively. Now, we consider the system formed by the equations (i,4) = 0,
i = 1,2,3 as a system of linear equations with respect to k%, k3 and k2 whose

determinant D is the following:
D = —9a(a —b)*b(a — ¢)*(b — ¢)*c(a+ b+ c)F

where F = 3(a® + b*> + ¢?) + 2(a + b+ ¢)? > 0 due to abc # 0.
If D # 0, we get by solving the system formed by (i,4) =0, i = 1,2, 3 that

(2.11)
1

9a(a—b)(a—c)(a+b+c)
+2a3(b + ¢)(67b% — 35bc + 67¢%) — a* (18602 + 337bc + 186¢2)
+ a?(21b* + 214b%c + 216b%c? + 214bc® + 21¢*)

—a(b+ c)(25b* — 18b3c 4 38b%c* — 18bc® 4 25¢%)

— be(25b* + 54b3c 4 178b%¢? + 54bc® + 25¢)),

) 1
9a—bb(b—c)la+b+c)F
+ (25a° + Ta*b — 214ab? — 6440 + 337ab* — 11b°)c
+2(27a* + 10a®b — 108ab? — 32ab® + 93b*)c?

k3 =

7 (45a° +11a°(b + ¢)

k ((a — b)*b(25a* + 29ab — 101ab* — 45b°)

[ V)
|
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+2(89a® + 10a%b — 107ab? — 67b%)c3

+ (54a% 4 7Tab — 210%)c* + 25(a + b)),
1

9a—c)(b—c)e(a+b+c

— (a +b)(25a* — 18a°b + 38ab* — 18ab® + 25b%)c

+ (21a* + 214a®b + 216ab* + 214ab® + 21b*)c?

+2(a + b)(67a® — 35ab + 67b)c?

— (186a* + 337ab + 186b%)c* + 11(a + b)c® + 45¢5).

K

)F(—ab(25a4 + 54a3b + 178a%b* + 54ab® + 25b)

Substituting the values of k%, k2 and k3 given in (2.11) in the equations (1,2) = 0,
(1,3) =0 and (2, 3) = 0, and multiplying all of them by 3(a + b+ ¢)F we get

(2.12)

(1,2) = — ab(a + b)(25a® — ab + 25b%) — (25a* + 52a3b — 87ab? + 52ab® + 25b%)c
—3(a +b)(13a® — 57ab + 13b*)c? + (45a* + 86ab + 45b%)c?
— 76(a + b)c* —45¢° = 0,

(1,3)" = 25a*(b + ¢) + a®(39b? + 52bc + 24¢?) — 3a?(15b% + 44b%c + 29bc? — 8¢?)
+ b(45b* 4 T6b3c — 45b%c? + 39bc® + 25¢)
+ a(76b* — 86b3¢c — 132b%c* + 52bc® + 25¢*) = 0,

(2,3) = —45a° — 76a*(b+ ¢) — 3a*(b + ¢)(13b* — 57bc + 13¢?)
— be(b 4 ¢)(25b% — be + 25¢%) + a®(45b% + 86bc + 45¢°)
— a(25b* + 52b%¢ — 87b%c? + 52bc® + 25¢*) = 0.

Now, we consider the following system:

(213) (1, 2), — (2, 3)/ = 3((1 — C)F1223 = 0,
3

where

Fiogz = 15a* 4+ 17a%b — 2300 + 5ab® + 32a3c — 29abe — 38ab’c
+ 53¢ + 4a®c? — 29abc® — 23b%c? 4 32ac® + 17bc® + 156,

Fi3o3 = 15a* 4 32a3b + 4a?b* 4 32ab® + 17ac — 29a%bc — 29ab*c
+ 17b%¢ — 23a2c? — 38abc® — 23022 + bac® + 5bc® + 15b%.

Due to D # 0, the previous system is equivalent to {Fia23 = 0, Fi325 = 0}. Here,
Fl993 — Fi323 = 0 gives —3(b—c¢)(a+ b+ ¢)F = 0 and hence D = 0, a contradiction.
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Finally we study the case D = 0 which is equivalent to the case (a—b)(a—c)(b—c) x
(a4 b+ c) = 0. Obviously, because the system (2.10) is symmetric with respect to
all permutations, if we assume a — b = 0, we get also b — ¢ =0 and ¢ — a = 0 which
cannot occur due to Lemma 2.5. Therefore, we can assume (a+b+c¢) = 0. Moreover,
at least one of the products ab, be, ac is positive. Suppose that bc > 0, the other
cases are analogous. Substituting a by —(b+c¢) in the equations (1,4) =0, (2,4) =0
and (3,4) = 0 we get

(2.14)  (1,4)" = (b—¢)(4(b — ¢)(3b* + 5bc + 3¢*) — 5(b — ¢)(b + ¢)*k}
— b(11b? + 10bc 4 6¢2)k2 + c(6b* 4+ 10bc + 11¢3)k3) = 0,
(2,4)" = (b + 2¢)(4(b + 2¢)(3b* + be + ¢*) — (b+ ¢)(11b% + 12bc + Tc?)k?
— 5b%(b + 2¢)k3 — ¢(6b% 4 2bc + 7c?)k2) = 0,
(3,4) = (204 ¢)(4(2b + ¢)(b* + be + 3¢®) — (b+ ¢)(Tb* + 12bc + 11¢°)k7
— b(7b% + 2bc + 6¢2)k2 — 5¢%(2b + ¢)k2) = 0.

Now, we will show that the system (2.14) does not have any solution. Adding
(1,4) = 0, (2,4) = 0 and (3,4) = 0 we get 10(b*> + bc + ¢*)G = 0 where G =
(b—c)?+3b%(1—k?—k3)+3c?(1—k?—k2)+6bc(1—k?). Here, obviously b?+bc+c? > 0
and G > 0 due to bc > 0, a contradiction.

Case B. ky = 0 and kyks # 0. We first replace R? by its value 1 — k;% — k;g and we
put k1 = 0 in the equations (2,3) =0, (2,4) =0, (3,4) =0, (1,1) =0 and (2,2) =0
of (2.10). Moreover, we divide (2,3) =0, (2,4) = 0 and (3,4) = 0 by their nonzero
coefficients koks, ko and ks, respectively. We get

(2.15)
(2,3) = (b —a)(a — ¢)(=5a® + 2bc + a(b + ¢)) + b(a — ¢)(4a® — ab — 2bc — ¢*)k3
+ (a — b)c(4a® — b* — ac — 2bc)k3 = 0,
(2,4) = (a — ¢)*(5a* — 6ab + b* + 6ac — 6bc + 5¢%) + b(a — ¢)*(4a — b+ 4c)k3
+ c(4a® — 4a*b — ab® + b — a®c — 5abe + b2c + 4ac® + 6bc* — 53)k2 = 0,
(3,4) = (a — b)*(5a* + 6ab + 5b* — 6ac — 6bc + ¢?)
+ b(4a® — a®b + 4ab® — 5b° — 4a’c — 5abc + 6b*c — ac® + be? + k3
+ (a — b)*(4a + 4b — ¢)ck3 = 0,
(1,1) = (b —a)*(Ta + 9b) + 4(a — b)*(3a — b)c + 2(3a” 4 10ab — 5b*)c? — 4(5a + b)c?
+9¢* + 2b(4b%c 4 The? 4 2¢3 + a? (14c — 9b) + 2a(10b? — Tbe — 5¢°) — 6a°
— 9b*)k3 + b%(12a” — 20ab + 9b* + 8ac — 4bc — 4c?)k;
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+2¢(2(a — b)2(b — 3a) + (7b* — 14ab — 9a?)c + 4(5a + b)c? — 9¢c)k3
+ *(12a® + 8ab — 4b* — 20ac — 4bc + 9¢?) k3
+ 2bc(12a” 4 (2¢ — b)(2b — ¢) — 6a(b + ¢))k3k3 = 0,

(2,2) = (a — b)*(Tb + 9a) + 4(a — b)*(3b — a)c + 2(3b* 4 10ab — 5a*)c® — 4(5b + a)c?
+9¢* — 2(10a* + a*(3b* 4 18bc — 4c?) + 2a(b — ¢)(6b* — 5be + 4c?)
—2a3(9b + 4c¢) — (b — ¢) (76 — 5b*c — 8bc? + 10¢%) k2
+ b(—16a® — 7% + 16a%c + 12b%c — 16¢> + 4a(3b* — 4bc + 4¢%)) k5
+2¢(2(a — b)?(a — 3b) + (Ta® — 14ab — 9b*)c + 4(5b + a)c? — 9¢)k3
+ 2120 + 8ab — 4a* — 20bc — 4ac + 9¢%) k3 + 2¢(—8a® + 61> — 3b%c
— 18bc? + 10¢® 4 2a%(2b + ¢) — 2a(b* — 9bc + 4¢2))k3k3 = 0.

Now, we consider the system formed by the equations (2,3) = 0 and (2,4) = 0 of

(2.15) as a system of linear equations with respect to k% and k3 whose determinant

is

Dy =b(c—a)(b—c)c*F
where Fy = (28a® — 12ab — 4ab® + 3b® — 23a’c — 6abc + 4b%c — dac® + 9bc? + 5¢3).
Moreover, if Dy # 0, we get

(2.16)
k2 = “7%(8@4 + 2463b — 13a2b? — 2ab® + 3b% — (266 + 11a2b + ab® + 26%)c
b(c — b)Fy
+ 5(2a% + ab + b*)c?),
_ 2
k2 = M(8a3 + a(b — 2¢)(5b + 3¢) + a*(—13b + 19¢) + ¢(3b* — 4bc — 5¢?)).
c(b—c)Fy

In addition, @ — b # 0 due to R? > 0, and using (2.16) we get
b—a
bCF1

Now, substituting (2.16) in (3,4) = 0 and (2,2) = 0 of (2.15), these equations
became equivalent to

R*=1-k3—ki= (8a* + 3b%c* 4 abe(b + 2¢) + a*c(Tb + 10¢) — a®(5b + 26¢)).

(2.17)
(3,4)1 = 69a* — 21a3(b + ¢) + 5a(b — ¢)*(b + ¢) + 3be(5b* + 6bc + 5¢?)
— a?(13b* 4+ 49bc + 13¢%) = 0,
(2,2)1 = 5508a® — 8a”(538b + 2305¢) + 8a®(—27b* + 1067bc + 3159¢2)
+ 4a° (3000 + 443b%c — 1413bc* — 3152¢°)
+ 3b%c?(21b* — 12b%¢ + 46b%c* — 12bc® — 7c*)
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— a* (309" + 2198b3c + 2385b%c? + 5944bc> + 188¢*)

+ 2abc(216° — 3b%c — 12763¢* — 29b%¢ — 140bc* — 94¢P)

+ a®(—300° + 440b%c + 3194b3c* + 2396b%¢> + 5792bc* + 1896¢°)

+ a®(7b° — 88b°c — 863b*c? — 886b3¢* — 50b%c* — 800bc® — 416¢°) = 0.

On the other hand, we consider the system formed by the equations (2,3) = 0 and
(3,4) = 0 of (2.15) as a system of linear equations with respect to k3 and k3 whose
determinant is

Dy = c(b—a)(b—c)b*F,

where Fy = Fy + (¢ — b)(11a? — 2b* — Tbe — 2¢?). Moreover, if Dy # 0, we get

(2.18)
2 (a =) 3 2 2 2
k3 = ———(—8a’ + a(2b — ¢)(3b + 5¢) + a*(—19b + 13¢) + b(5b” + 4bc — 3¢?)),
b(b— ) Fs
9 a—c

k3 = _7(2a2(4a2 — 13ab + 5b%) + ac(24a® — 11ab + 5b%) — 2(a + b)c® + 3¢*
c(b—c)Fy

— (13a* + ab — 5b*)c?).
In addition, a — ¢ # 0 due to R? > 0 and we have using (2.18) that

c—a

beF: 2

R*=1-ki—ki= (8a* + 3b%c* 4 abe(2b + ¢) — a®(26b + 5¢) + ab(10b + 7c)).

Now, substituting (2.18) in (2,4) = 0 and (1,1) = 0 of (2.15), these equations
became equivalent to

(2.19)
(2,4)2 = 69a* — 21a*(b + ¢) + 5a(b — ¢)*(b + ¢) + 3bc(5b + 6bc + 5c?)
— a?(13b% + 49bc + 13¢2) = 0,
(1,1)2 = 4a3(4683a5 — 15468a°b + 19468a*b? — 89244a°b® — 1137a%b* + 2080ab°
— 446b°) + 4a%c(—7071a® + 18895a°b — 17704a*b? + 174000 + 5223a2b*
— 2147ab® + 168b°%) + ac®(11884a° — 21352a°b + 6453a*b* + 17292a°b*
— 12082a%b* + 1676ab” + 330°) + ¢*(2560a° — 7758a°b + 9829ab
— 463446 — 364a?b* — 168ab° + 279b°%) + c*(—3123a” + 4898a*b
— 4131a®b* — 228ab% + 192ab* + 360b°) + ¢*(593a* — 820a°b + 787a%b?
+ 378ab® — 90b*) + (a + 3b)c®(47a” 4 37ab — 24b%) — 9¢” (a + 3b)* = 0.

Note that (2,4)2 = (3,4)1. Moreover, if Dy Dy # 0, Mathematica 7.0 shows that the
only possible solution of the system formed by the equations (3,4); =0, (2,2); =
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of (2.17) and (1,1)2 = 0 of (2.19) is a = b = ¢ # 0 which cannot happen due to
Lemma 2.5.

Now, we will study the case D; Do = 0. First, we shall show that we can assume
(a—=b)b3(a—c)(b—c)?c® # 0. If a = ¢, the equations (2,3) = 0 and (2,4) = 0 of the
system (2.15) become

(2,3) = c(c —b)*(b+ 3c)k3 = 0,
(2,4) = c(c — b)*(b+ 2¢)k3 = 0.

Therefore, the only possible solution of the previous system is a = b = ¢, which
cannot occur due to Lemma 2.5. If @ = b, the equations (2,3) = 0 and (2,4) = 0 of
the system (2.15) become

(2,3)

b(b—¢)?(3b+c)k3 =0,
(2,4)" = (b—

)2 (b(3b + 4c)k2 4+ 5c3(1 — k2)) = 0,

and the only possible solutions of the previous system are: a = b = ¢, which cannot
occur, and ¢ = —3b, k3 = (1/5)(5 — k3), which does not satisfy the condition R? > 0.
If b = ¢, the equations (2,3) = 0 and (2,4) = 0 of the system (2.15) become

(2,3) = (a — ¢)*(5a® — 2c(a + ¢) + (4ac + 3¢*) (k3 + k3)) = 0,
(2,4) = (a — ¢)*(5a” + (4ac + 3c2) (k3 + k3)) = 0.

The only possible solutions of the previous system are: a = b = ¢, which cannot
occur, and a = —c, k3 = 5 — k3, which does not satisfy the condition R? > 0.

Therefore, D1 Ds = 0 is equivalent to Fy Fo = 0. Finally, we will study the only
three different possibilities that can occur when Fi Fy = 0. If F; = 0 and F5 = 0, we
get that Fy = 0 becomes equivalent to (11a? — 2b% — 7bc — 2¢?) = 0. Mathematica 7.0
shows that the only possible solution of the system formed by F; = 0, F» = 0 and
by equations (2,3) = 0 and (2,4) = 0 of (2.15) is a = b = ¢ which cannot occur by
Lemma 2.5.

If 4 =0 and Fy # 0, Mathematica 7.0 shows that the possible solutions of the
system formed by Fy = 0 and (2,4)2 = 0 of (2.19) imply that k3 and k3 of (2.18) do
not satisfy R? > 0.

If F, = 0 and F; # 0, Mathematica 7.0 shows that the possible solutions of the
system formed by Fy = 0 and (3,4); = 0 of (2.17) imply that k3 and k3 of (2.16) do
not satisfy R? > 0.
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Case C. k1 = ko = 0, k3 arbitrary. We first put k; = k» = 0 and replace R? by
1 — k3 in (2.10). We get

(2.20)
(3,4) = kz(a — b)*(5a® + 5b% + 6a(b — ¢) — 6bc + ¢* + (4a + 4b — ¢)ck3) = 0,
(1,1) = (b —a)*(7a + 9b) + 4(a — b)*(3a — b)c + 2(3a® + 10ab — 5b%)c?
—4(5a + b)c® + 9¢* + 2(12a® + 8ab — 4b* — 20ac — 4bc + 9c?) k3
+2¢(2(a — b)2(b — 3a) + (—9a® — 14ab + 7b*)c + 4(5a + b)c? — 9c*)k3 = 0,
(2,2) = (a — b)*(9a + 7b) — 4(a — 3b)(a — b)?c + 2(—5a* + 10ab + 3b*)c?
—4(a + 5b)c® + 9¢* + 2 (—4a® 4 8ab + 120 — 4ac — 20bc + 9¢*) k3
+2¢(2(a — 3b)(a — b)? 4 (7a® — 14ab — 9b*)c + 4(a + 5b)c® — 9c*)k3 = 0,
(3,3) = 4a(3c — b) (b — ¢)? — 4a®(b + 5¢) + (b — ¢)*(9b + Tc)
+ a*(—106* 4 20bc + 6¢%) + 9a* + ¢(—16(a — b)*(a + b)
— 16abc 4 12(a + b)c* — 7¢3)k; + 2(18(a — b)?(a + b)c
—2(a — b)2(5a + 6ab + 5b%) + (—3a* + 22ab — 3b)c?
—12(a +b)c® + 7chk3 = 0.

Here we can assume that (a — b)ks # 0 because if we put a = b in the previous
system, we get that equations (1,1) = 0 and (3,3) = 0 of (2.20) become

(1,1) = *R*(4b — 3¢)* = 0,
(3,3)" = R*(16b> — 24bc + 7c*) = 0.

Now, (1,1) — (3,3)" = 0 gives ¢ = 0, a contradiction. If k3 = 0 the equations
(1,1) =0 and (2,2) = 0 of (2.20) reduce to the following:

(2.21) (1,1)* = (b—a)*(7a + 9b) + 4(a — b)*(3a — b)c
+2(3a” 4 10ab — 5b*)c? — 4(5a + b)c® +9c¢* = 0,
(2,2)* = (a — b)3(9a + 7b) — 4(a — 3b)(a — b)*c
+ 2(—5a% 4 10ab + 3b?)c® — 4(a + 5b)c® + 9¢* = 0.

Adding equations (1,1)* =0 and (2,2)* =0 of (2.21) we get
16(b—a)la—b—c)la+b—c)(a—b+c)=0.

Then, we only have to study three different possibilities: a = b+ ¢, a = ¢ — b and
a="b—c. If wereplace a = b+ cin (1,1)* = 0 of (2.21) we get 16b?c*> = 0 which is
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a contradiction. If we put a =c—bora=>b—cin (1,1)* =0 of (2.21) we get b =¢
which is a contradiction with a # 0.
Therefore, we get that equation (3,4) = 0 of (2.20) is equivalent to

(3,4)" = (5a% 4 5b% + 6a(b — ¢) — 6bc + 2 + (4(a + b) — ¢)ck?) = 0.

Now, we divide the study into two different cases: 4(a+b)—c = 0 and 4(a+b)—c # 0.
If 4(a +b) — ¢ = 0, we reduce the equations (3,4)* =0 and (3,3) = 0 of (2.20) to

(3,4)” = (a — b)*(3a + b)(a + 3b)ks = 0,
(3,3)” = —999a* — 4356a°b — 6698a%b> — 4356ab> — 999b* — 1088(a + b)*k3
+ 4(519a* + 2180a%b + 3306ab* + 2180ab® + 5196*)k3 = 0.

Now, if we put a = —3b or b = —3a in (3,3)” = 0 we get (45 — 108k3 + 68k3) = 0 or

equivalently that k2 = % + %i, a contradiction.

If 4(a +b) — ¢ # 0, we get that (3,4) = 0 is satisfied if and only if

2 2 _ 2
(2.22) K = 5a* 4 6ab + 5b* — 6(a + b)c+ ¢
(c—4(a+Db))c

Thus, the equations (1,1) = 0 and (2,2) = 0 of (2.20) become equivalent to the
following:

(2.23) (1,1)" = 107a® + 214a°b + 369a"b? + 260a°b® + 45a%b* + 38ab® — 9b°
—8¢(3a +b)(2a® + ab + b?)(5a® + 6ab + 5b?)
+ 4c2(48a* + 99a°b + 113a2b? + 69ab® + 23b%)
—4c3(a +b)(17a® + 18ab + 13b2) 4 9¢* (a + b)* = 0,

(2,2)" = 9a5 — 38a°b — 45a*b? — 260a°b® — 369a%b* — 214ab® — 10705

+ 8c(a + 3b)(a* + ab + 2b%)(5a” + 6ab + 5b°)
—4c¢%(23a* 4 69ab + 113a2b* 4 99ab® + 48b)
+4c*(a +b)(13a® + 18ab + 17b) — 9¢*(a + b)* = 0.

Moreover, the previous system (2.23) is equivalent to

(2.24)
(1, D)7+ (2,2)" = 29a° + 73ab + 154a°b* + 15440 + 73ab* 4 290° — 4¢3 (a + b)?
— 2¢(5a? + 6ab + 5b%)? 4 5¢%(a + b)(5a% 4 6ab + 5b%) = 0,
(1, D" = (2,2)" = 7a® + 9a2b + 9ab® + 76 — 2(5a% + 6ab + 5b%)c + 3(a + b)c* = 0.
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Here, we have a + b # 0 because if we replace a by —b in (2.22) we get k3 =
14 4b2/c* and hence R? = 1 — k3 < 0, a contradiction. Therefore from the equation
(1,1)T — (2,2)T =0 we get

 5a%+6ab+ 50> £ 2VE

2.25
(225) 3(a+0b) ’
where
1
E = a* + 3ab + 8a2b® + 3ab® + b* = 5(a‘1 + 5a%b? + b* + (a® + 3ab + b*)?) > 0.

Now, substituting (2.25) in (1,1)" + (2,2) = 0 and multiplying by —2(a + b) we
get:

(2.26) (a® — 3ab — 2b%)(2a* + 3ab — b%)(a® 4 6ab + b?) = F2E°/2.
Taking squares on both sides of the equality (2.26), it becomes equivalent to
(2.27) —27a*(a — b)?b*(a + b)*(3a + b)(a + 3b)* = 0.

Finally, equations (2.25) and (2.27) show that the only solutions of (2.24) such
that abc #£ 0 are:

> b= —3a, cx = Sa(—2 =+ 1), which for c; gives a contradiction with k3 > 0.
That is, substituting this possible solution in (2.22) we get k3 = —3. For c_, it
gives a contradiction with 4(a +b) — ¢ # 0.

> b= —%a, cy = ga(2 + 1), which also gives a contradiction. For c; we get

4(a+b) — ¢ =0. For c_, we obtain as before that k% = —1.

Proposition 2.6 is proved. O

This completes the proof of the Theorem 2.1.

3. SOLVABLE CASE

As concerns the semidirect products of the form G = G3 x R in Proposition 1.1
and all possible left-invariant metrics on them, we can construct all of them on the
level of Lie algebras as follows: we consider the Lie algebra g3 and the vector space
g = g3+ R. Let {f1,..., fa} be any basis of g such that g3 = span{fi, fo, f3},
R = span{fs}. Let D be an arbitrary derivation of the algebra gs and let us define

(31) [f47fz]:Dfl fOI‘Z:1,2,3

37



(This completes the multiplication table of the algebra gs to the multiplication table
of g). Then we choose any scalar product (,) on g for which {fi, f2, f3} forms an
orthonormal triplet but f4 is just a unit vector which need not be orthonormal to gs.
Thus we have, as in the formula (2.2), (f;, f4) = ki, i = 1,2,3. Now, all semi-direct
products G3 x R with left-invariant metrics correspond to various choices of the
derivations D of g3 and to all scalar products given by the above rule. The algebra
of all derivations D of g3 will be usually represented in the corresponding matrix
form.

Now, we shall study each of the solvable cases from Proposition 1.1 separately
following the construction indicated above and preserving the style of Section 2.

4. NON-TRIVIAL SEMI-DIRECT PRODUCTS E(2) X R

Let ¢(2) be the Lie algebra of E(2) with a scalar product (,)s. Then, there is an
orthonormal basis { f1, fa, f3} of ¢(2) such that

(4.1) [f2, fal = =7 f1, Ufs il = =vfo, [f1: fa] =0

where 7 # 0 is a real number. The algebra of all derivations D of ¢(2) is

a b 0
—b a 0] :abc,deR,,
c d 0

when represented in the matrix form.

According to the general scheme, we consider the algebra g = ¢(2) + R, where the
multiplication table is given by (4.1) and, according to the general formula (3.1),
also by

(42) [fa, 1] = afi + bf2, [fa, f2] = =bf1+afa,  [fa, f3] = cfi + dfa,
(fir fo) = ki, i=1,2,3.

3

Here v # 0, a, b, ¢, d, ki, ks, k3 are arbitrary parameters where Y k? < 1 due to
i=1

the positivity of the scalar product. We exclude the case a =b=c=d =0, i.e., the

direct product E(2) x R.
This gives rise to a simply connected group space (G = E(2) x R, g).
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Theorem 4.1. The only metric which makes (E(2) x R, g) a weakly FEinstein
manifold is the flat one. Moreover, the corresponding Lie algebra is determined by
(4.2) where d = vk1, ¢ = —vka, a =0, v # 0, and b, k1, k2, k3 are arbitrary.

In the remainder of the section we will prove the announced theorem. We replace
the basis {f;} by the new basis {e;}, as in the formula (2.3). Then we get an
orthonormal basis for which

(4.3) [e2,e3] = —ve1, [es,e1] = —vea, le1,e2] =0,
1 1
[es, e1] = Zaer + (b +ksy)ez),  [es, e2] = L (=(b+ kzv)er + aea),

lea, €3] = %((C + kay)er + (d — kiy)ea).

Now we are going to calculate the expression for the condition for (G,g) to be
a weakly Einstein manifold. From [1] we know

Lemma 4.2. The components of the curvature operator are

44) R 1212412 + 01213413 + 1223 A2s,

1312412 + 01313413 + 1323 A23 + 1334 A3,

1414414 + 01424 A2g + 0414341434,

2312423 + 2313413 + (2323 A3 + 2334 A3,

2414 A14 + Q2424 Aoy + 2434 A3y,

3413413 + 3414 A1 + 3423 A2z + 3404 Aos + 03434 Az,

where the coefficients ajim = g(R(es, €;)er, em) satisfy the standard symmetries with
respect to their indices and

(4.5)
a? a(d —~k a(c+ vk ¢+ vko)?
1212 = R2’ Q1213 = %7 Q1223 = —$, Q1313 = —%a
__(d—k1)(c+ ko) _A(=d+9k) _ 4a® — (c+vko)?
(1323 = — AR2 ; (1334 = ~ 9r Q1414 = T 4rz
_ ([d=7ki)(c+ ko) _ 2a(c+ k) 4 (d — k1) (b + vks)
Q1424 = — 1R2 ; (1434 = SR2 ’
e — A= AR)? o Aletaky) 0 da? —(d—k)?
2323 = 1RZ 2334 = oR ) 2424 = IR2 ’
_ 2a(d — vk1) — (c+ vk2) (b + vks) _ 3((d = vk1)? + (c+ 7k2)?)
Q2434 = 2R2 y (3434 = 1R2 .

Now we obtain the following analogue of Lemmas 2.3 and 2.4:
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Lemma 4.3.

(4.6) [R[* = Z Al = 4R4<48a + (e 7ke)*(8(4a” + 77 R?) + 11(c + 7k2)?)
i,7,k,l=1

+ 8(c+ yk2)2 (b4 vk3)* 4 (d — vk1)*(8(4a® + v2R?) + 11(d — vk1)?
+ 22(c + vka)? + 8(b + vk3)?)).

Lemma 4.4. The condition (2.7) is equivalent to the system of algebraic equations

(4.7) (1,2) = — 4dalc+ vk2)?(b + vk3)
+ (d = k1) (e +vk2)((d = vk1)? + (¢ + vk2)? + 2(a® +~2R?))
—2(b+ vk3)((c + vk2) (b + vk3) — 2a(d — vk1))) = 0,
(1,3) = da(c + vk2)(3a® + (¢ + Yk2)) + (d — k1) (4a(d — k1) (c + vk2)
+ (4a® + 3(c + vk2)? +3(d — vk1)?) (b + vk3)) =0
(2,3) = — (c+ vk)(4a® + 3(c + vk2)?) (b + vk3)
+ (d — vk1)(4a(3a® + (d — vk1)? + (¢ + vk2)?)
— 3(d — yk1)(c + vk2) (b + vk3)) = 0,
= 3y(d — k1) ((d — vk1)* + (c + 7k2)?) = 0,
= —3y(c+vk2)((d — vk1)* + (c + 7k2)?) = 0,
= —y(b+vks)((d — vk1)? + (¢ +7k2)?) =
= 16a* — (d — vk1)?*(16a* 4 11(d — vk1)?)
— (e 4 vk2)((c + vk2)(8(a® + Y2 R?) + T(c + vk2)? + 18(d — vk1)?)
+ 8(b+ vks)(c(b + vks) — da(d — vk1) + vk2(b + vk3))) = 0,
(2,2) = 16a* — (c + vk2)?(16a% + 11(c + vko)?)
— (d = vk1)((d = k1) (8(a® +7*R?) + T(d — k1) + 18(c + vk2)?)
+ 8(b + vks)(4a(c + vk2) + d(b + vks) — vk1(b + vk3))) = 0,
(4,4) = 16a* + (c + vk2)?(16a% + 9(c + vk2)?) + 8(c + vk2)*(b + ~vks3)?
+ (d — vk1)?(16a% + 9(d — vk1)? + 18(c + yk2)? + 8(b + vk3)?) = 0.

Here the symbol “(i,j)” marks again the substitution of the corresponding i < j

4
n (2.7). Moreover, Y (k,k) = 0.
k=1

Now, the goal is to find the values of a, b, ¢, d, k1, ko, k3 and v # 0 which satisfy
the system of equations (4.7).
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Proposition 4.5. The set of all solutions of the system of algebraic equa-
tions (4.7) is given by the formulas

(4.8) d=~ky, c=—vky, a=0, ~#0,0b, k1, ko, ks, arbitrary.

The corresponding spaces are flat.

Proof. From the subsystem of (4.7) formed by the equations (1,4) = 0 and
(2,4) = 0 we obtain (d — vk1) = (¢ + vk2) = 0 due to v # 0. Then, the remaining
equations (4.7) are automatically satisfied except (1,1) =0, (2,2) =0 and (4,4) =0
which became equivalent to the equation 16a* = 0. Thus a = 0.

Substituting the equalities d = vk1, ¢ = —vk2 and a = 0 into the right-hand side
of (4.6), we see that |R|?> = 0 and hence R = 0. O

This completes the proof of Theorem 4.1. O

5. NON-TRIVIAL SEMI-DIRECT PRODUCTS E(1,1) x R

Let ¢(1,1) be the Lie algebra of E(1,1) with a scalar product (,)s. Then, there is
an orthonormal basis {f1, f2, f3} of ¢(1, 1) such that

(5.1) o, f3] =f2,  [fs, fil =vf1, [f1, f2] =0

where v # 0 is a real number. The algebra of all derivations D of ¢(1,1) is
a 0 0
0 a 0] :abceRy,
b ¢ 0

when represented in the matrix form.

According to the general scheme, we consider the algebra g = ¢(1,1) + R, where
the multiplication table is given by (5.1) and, according to the general formula (3.1),
also by

(5:2) [fa, il = af1, [fa, o] = afa, [fa, f3] = bf1 +cfo, (fis fa) = ki, i=1,2,3.

3

Here v # 0, a, b, ¢, k1, ko, ks are arbitrary parameters where Y k? < 1, and we
i=1

exclude the case a = b= c = 0.

This gives rise to a simply connected group space (G = E(1,1) x R, g).
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Theorem 5.1. The only family of metrics which makes (E(1,1) x R, g) weakly
FEinstein manifold is Einstein and locally symmetric. Moreover, the corresponding
Lie algebra it is determined by (5.2) where a = y+/1 — k% — k3, b = —vk1, ¢ = vk,
ks =0, #0, and kq, ko are arbitrary.

In what follows, we will prove the announced theorem. We replace the basis { f;}
by the new basis {e;}, as in the formula (2.3). Then we get an orthonormal basis for
which

(5.3) [e2,e3] = vea, [es,e1] =e1, [e1,ea] =0,

eserl = Hl(a—kenler), fesseal = (@ +hanea),

[64, 63] = %((b + kl')/)el + (C — k‘g’y)eg).

Now we are going to calculate the expression of the condition for (G,g) to be
a weakly Einstein manifold. From [1] we know

Lemma 5.2. The components of the curvature operator are

(54) R 1212412 + 0213413 + 1214414 + 1223 A23 + 1224 Aoa,
1312412 + 01313413 + 1314414 + 1323 A23 + 1334 Azy,
1412412 + ca13 413 + ana14 414 + 1424424 + 06143414347
2312423 + 2313413 + (2323 423 + (2324 424 + 12334 A3,
2412412 + 2414 A1y + 2423 Aoz + Qo404 Aos 4 0434 A3y,

3413413 + 3414 A14 + 3423 A3 + 3424 A4 + 3434 A4,

where the coefficients ajim = g(R(es, €;)er, em) satisfy the standard symmetries with
respect to their indices and

a? +~2(=1 4+ k2 + k2 c—vks)(a — vk
(5'5) 1212 = i ( R2 ! 2>, 1213 = ( i 22)122 i 3>;
_ —y(c—vk2) = (b+yk1)(a + vk3)
1214 = ~ 9Rr Q1223 = 2 R2 )
o — Y0+ k1) _ ARy — (b + yky)?
1224 = R ) Q1313 = 1R? )
y(a — vks) (b+7k1)(—c+vk2)
1314 = R (1323 = AR2 )
N _ v(b+ vkq) N _ 4(a — vk3)? — (b+vk1)?
1334 = 1414 1R? )
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(b + k1) (—c+ ko)

Q1424 =

4R? ’
- 4R?~? — (¢ — vk2)?
4R? ’
2334 = 77(_6 i 7k2)7
R
_ (e=k2)(a+vks)
Q2434 = R2 )

Further, we obtain easily

Lemma 5.3 ([1]).

(b4 k1) (a — vkz)

Q1434 =

R2
2324 = 7_7@ i ’yk3)
R )
vy = a7k — (e = k)’
4R? ’
nosay = B + (e ko))
4R?

The matrix of the Ricci tensor of type (1,1) expressed with

respect to the basis {e1, e, es,e4} is of the form

Bi1 (b+7k1)(g—'yk2) (b+'yk1)( 3a+'yks) y(b+vk1)
2R 2R
(b+'yk1)1:gg—'yk2) —(c— ’Yk2)(3a+7k3) ’Y(—C'E’Y]W)
2 2
(5-6) (b+vk1)(—3a+vks)  —(c—~k2)(Bat+vks) 27 ks
2R2 R2 /833 R
v(b;r;kl) v(*!;rvkz) 2v;k3 B
where
B, = (b + vk1)? — 4a(a — vks3) (c — vk2)? — da(a + ~k3)
1=

Brs = -

Boz =

Paa = —

2R? 2R2 ’
4R?*Y2 + (b + vk1)? + (c — vko)?
2R2 ’
4(a® +7°k3) + (b +vk1)? + (¢ = vk2)?
2R2 ’

Now we obtain the following analogue of Lemmas 2.3 and 2.4:

Lemma 5.4.

E az]kl

i,5,k,l=1

(5.7) IR|* =

1
=1

b+ vk1)?(2(11(c — vko)? + 16(a(a — vk3)
+ (¢ = vk2)?(11(c — yk2)? + 32(a(a + vks3)
+ 11(b + vk1)* 4 16a%(3a® + 872k —
+ 487 (=1 4+ kF + k3)?).

— Y (—1+k +£3))))
— (14K +k3)))
292 (=14 k2 + k2))

43



Lemma 5.5. The condition (2.7) is equivalent to the system of algebraic equations
(5.8)

(1,2) = (b+vk1)(c — vh2) (b + vk1)* + (c — vk2)?
+2(a® + 573 (=1 + k% + k3))) = 0,

(1,3) = (b+vk1)((c = vk2)*(2a — 5vks) + 2(b + vk1)?(a — vks)
+2a*(2a — vk3) + 2a(a — 2vk3)? + 272 (3vks — a)(—1 + ki + k3)) =0,

(2,3) = (¢ = vk2) (b + vk1)?(2a + 5vk3) + 2(c — vk2)*(a + vk3)

+ 202 (2a 4 vk3) + 2a(a + 2vk3)? — 27%(a + 3vks) (=1 + k¥ + k2)) = 0,

(1,4) = = (b + k1) (5(c = vk2)® +2(b + vk1)?
+2(3v*(1 — ki — k3) + a® — dayks)) = 0,

(2,4) = y(c = vk2)(5(b + vk1)? + 2(c — vh2)®
+2(372(1 — k} — k3) + a® + dayks)) = 0,

(3,4) = Y((b+ k1) (3a — yk3) — (¢ — vk2)*(3a + ~vks)

— 8vk3(3a® — y3(—1+ ki +k3))) =0,

(1,1) = — (b+vk1)?(18(c — vk2)? + 8(a(a — 2vks) — 2 (=1 + ki + k3)))
= (e = 7k2)*(11(c = 7k2)* +16(a(a + 47ks) — 7*(=1 + ki + k3)))
—7(b+vk1)* +16a(a®(a — 8vk3) + 2v*(a + 4vks) (=1 + kI + k32))

+ 1674 (=14 ki + k3)* =0,
(2,2) = — (b+7k1)*(18(c — vk2)* + 16(a(a — 4ykz) — 7 (=1 + ki + k3)))
— (¢ = 7k2)*(7(c — vk2)® + 8(a(a + 27ks) = 7> (=1 + ki +£3)))
— 11(b 4 vk1)* 4 16a((a*(a + 8vk3) + 2v%(a — 4vk3) (=1 + k} + k2)))
+ 167 (=14 ki + k3)> =0,

(3,3) = 2(b +vk1)*(9(c — vka)® + 4(a® — vk3(2a + vhk3) — 29 (=1 + ki + £3)))
+ (¢ = vk2)*(9(c — vk2)® + 8(a® + ks(2a — yks) — 29° (=1 + kf + K3)))
—16(3a% — y2(—1 + k2 + k2))(a® + 49%k2 + 2 (=1 + k2 + k2))
+9(0b+ k) =0.

Now, we have

Proposition 5.6. The set of all solutions of the system of algebraic equations
(5.8) is, up to a re-numeration of the triplet {e1,es,e3},

a=vy\1—-k?—k3, b= —~ki, c=~ks, k3 =0, v#0, k1, ko arbitrary.
The corresponding spaces are Einstein and locally symmetric.
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Proof. Suppose first b+~k; # 0. Thus, due to v # 0 we obtain from (5.8) that

(5.10) (1,3)" = (¢ — vk2)*(2a — 5vk3) + 2(b + vk1)*(a — vk3) + 2a*(2a — vk3)
+ 2a(a — 2vk3)2 + 272 (3vks — a) (=1 + k3 + k3) = 0,
(1,4) = 5(c — vka)? 4+ 2(b + vk1)? + 2(372(1 — k? — k3) + a® — dayks) = 0,
(2,4)" = (¢ = vk2)(5(b +vk1)* +2(37*(1 — kf — k3) + a® + daryks))
+2(c — k)t =0,
(3,4) = (b+~k1)*(3a — vk3) — (c — vk2)* (3a + vk3)
— 8vk3(3a® — Y3 (—1 + ki + k3)) = 0.

Moreover, if ¢ — vka # 0 we can reduce the equation (2,4)" =0 to
(2,4)" = 2(c — yk2)? +5(b + vk1)? + 2(372(1 — k? — k2) + a® + 4avyks) = 0.
Adding the equations (1,4)" =0 and (2,4)"” = 0 we get
T(c—vk2)? +7(b+vk1)? +1292(1 — k¥ — k3) + 4a® = 0,

a contradictions due to 1 — k¥ — k3 > 0. Thus, ¢ — vk2 = 0. In this case, (5.10)
reduce to

(5.11)  (1,3)* = 2(b+ vk1)*(a — vk3) + 2a*(2a — vk3) + 2a(a — 2vk3)?
+27%(3vks — a)(—1 + k? + k2) =0,
(1,4)" = 2(b+vk1)? + 2(37*(1 — kf — k3) + a® — davyks) = 0,
(3,4)" = (b+vk1)*(3a — vk3) — 8vk3(3a® — ¥*(—1 + ki + k3)) = 0.

Now, we have a # 0 because if a = 0 from (1,4)* = 0 we get a contradiction with
1 — k? — k% > 0. Thus, from (1,4)* = 0 we get

a?+ (b+vk1)? + 3v2(1 — kI — k3)

5.12 ks =
( ) 3 4dary

Now, substituting (5.12) in (1,3)* = 0 we obtain 4a(a® —?(1 — k} — k3)) = 0. Thus
(5.13) a? =21 — k¥ — k2).

Finally, substituting (5.12) and (5.13) in (3,4)* = 0 we get

x

25 (b4 7K +169°(1 = k7 = k) (b + 7k1)* + 87°(1 — k] — k3)) = 0,

a contradiction with 1 — k% — k2 > 0.
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Therefore, we must assume b+ vk; = 0. In this case, due to v # 0 we obtain from
(5.8) that

(5.14) (2,3)" = (c — vk2)(2(c — vk2)?(a + vk3) + 2a%(2a + vk3)
+ 2a(a + 2vk3)? — 2v%(a + 3vk3) (=1 + k? + k2)) =0,
(2,4) = (c — vk2)(2(c —vh2)® + 2(37*(1 — kT — k3) + a® + davks)) =0,
(3,4)" = —(c — vk2)?(3a + 7k3) — 8vka(3a® = > (=1 + k{ +£3)) = 0,
(1,1)" = —(c = vk2)?(11(c — vk)? + 16(a(a + 4vks) — v (=1 + K} + k3)))
+ 16a(a®(a — 8vks) + 2v2(a + 4vk3)(—1 4+ k? + k2))
+ 167 (=1 + k2 + k22 =0.

Now, if we assume ¢ — vk # 0 we can reduce the equations (2,3)’ = 0 and (2,4) =0
of (5.14) to

(2,3)" = 2(c — vk2)?(a + yk3) + 24 (2a + vk3) + 2a(a + 2vk3)?
— 292 (a 4 3yk3)(—1 + kI + k3) =0,
(2,4)" = 2(c — yk2)* + 2(3v*(1 — k? — k2) + a® + davyks) = 0.

Now, we have a # 0 because if a = 0 from (2,4)"” = 0 we get a contradiction with
1 — k% — k2 > 0. Thus, from (2,4)” = 0 we get

2 _ 2 2(1 — k2 _ k2
(5.15) g = — 2 + (¢ —vk2)® +397(1 — ki kz).
dary

Now, substituting (5.15) in (2,3)” = 0 we obtain 4a(a® — vy?(1 — k% — k%)) = 0. Thus
(5.16) a® =21 — ki — k3).
Finally, substituting (5.15) and (5.16) in (3,4)" = 0 of (5.14) we get

3294 (=1 + kf + £3)? n (—c+7k2)*((c = vha)® + 249°(1 — kT — k3))
a 4a

:07

a contradiction with 1 — k? — k3 > 0. Therefore, we must assume ¢ — vk = 0. In
this case, we get that (5.14) reduces to

(5.17) (3,4)" = k3(3a® ++*(1 — k3 —k2)) =0,
(1,1)* = 16a(a*(a — 8vks) + 2v*(a + dvks)(—1 + k% + k3))
+167*(—1+kf + k3)* = 0.
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Now, from (3,4)* = 0 we get k3 = 0 due to 1 — k? — k2 > 0. Finally, putting k3 = 0

in (1,1)* = 0 we obtain 16(a® — v?(1 — k¥ — k3))? = 0. That is, the formulas (5.9).
On the other hand, (5.8) is automatically satisfied by the solution (5.9). Moreover,

we get substituting (5.9) in (5.6) that the corresponding spaces have the Ricci eigen-

value o = —2+? with multiplicity four. Then the corresponding spaces are Einstein
and by [9] they are locally symmetric. Proposition 5.6 is proved. (]
This completes the proof of the Theorem 5.1. O

6. NON-NILPOTENT SEMI-DIRECT PRODUCTS H x R

Let b be the Lie algebra of H (the Heisenberg group) with a scalar product (, ).
Then, there is an orthonormal basis {f1, f2, f3} of b such that

(6.1) [f3, f2 =0, [fs, fi] =0, [fi,fol = f5
where 7 # 0 is a real number. The algebra of all derivations D of b is

a b h
c d f ca,bye,d,h, fER S
0 0 a+d

when represented in the matrix form.

According to the general scheme, we consider the algebra g = h + R, where the
multiplication table is given by (6.1) and, according to the general formula (3.1),
also by

(6.2) [fa, il = af1 +bfa+hfs, [fa, fo] = cfr +df2 + [ fs,
[f47f3]:(a+d)f3; <f’bvf4>:kla Z:172a3

3
Here v # 0,a,b,c,d, f, h, k1, ko, k3 are arbitrary parameters where Y. kZ < 1. We
i=1

exclude the nilpotent case a =b=c=d = h =0. (See [2]).
This give rise to a simply connected group space (G = H x R, g).

Theorem 6.1. The only family of metrics such that (H xR, g) is a weakly Einstein
manifold is Einstein and locally symmetric. Moreover, the corresponding Lie algebra
is determined by (6.2) where a = d = £+YR/2, b = —¢, h = —vko, [ = vk1, v # 0,
and kq, ko, ks arbitrary.
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In the remainder of the section, we will prove the announced theorem. We replace
the basis {f;} by the new basis {e;}, as in the formula (2.3). Then we get an
orthonormal basis for which

1
(6.3) [e1,e2] = ves, les,ea] =les,e1] =0, [eq,e1] = E(ael + bes + (b + kay)es),

(cer +dex + (f — k1y)es), les,e3] = l((a +d)es).

leares] = =
64562_R R

Now we are going to calculate, in the new basis, the expression for the condition
for (G, g) to be a weakly Einstein manifold. From [1] we know

Lemma 6.2. The components of the curvature operator are

(6.4)
R(er,e2) = an212412 + a1213413 + a1214 414 + 1223423 + 1224 424 + 1234 A34,
R(er,e3) = ar312412 + a1313A413 + a1314 414 + 1323423 + 1324 424 + 1334 A34,
R(e1,eq) = ara12A12 + 01413413 + 01414414 + Q1423423 + Q1424 A24 + 1434 A34,
R(ez,e3) = ao312A23 + 2313 A13 + 2314 A14 + 2323 A2z + (2324 Azy + (2334 A34,
Rez,eq) = o412 A12 + 02413 A13 + 2414 A14 + 2423 A2z + 404 Any + (2434 A3y,
R(es,eq) = aza12A12 + aza13413 + aza14A14 + 3423423 + 3424 A24 + 3434 A34,

where the coefficients ajim = g(R(e;, €;)er, em) satisfy the standard symmetries with
respect to their indices and

(65) aos = 4ad + 3v?R? — (b+c)? A 2a(f —vk1) — (b4 ) (h + vk2)
4R2 ’ 4R2 ’
_ =3(h+ vke) O+ (f —yk1) — 2d(h + vk2)
1214 = 4R Q1223 = AR2 )
1224 = 737(_f i ,Ykl), Q1234 = 7_@ * d)fy7
4R 2R
S da(a +d) — R?*y% — (h + vko)?
4R? ’
~ 2(a+d)(b+c)+ (—f + k) (h+ vk2) —(b+o)y
Q1323 = 1R2 y (1314 = 4R
Q1324 = %7 1334 = IY(ngkl), Q1423 = %;
rans — 4a® + (3b—c)(b+¢) + 3(h + vk2)?
4R2 ’
4(ac+ bd) + 3(f — vk1)(h + vk2)
Q1424 = AR2 )
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(b—o)(f — k1) +4(a+ d)(h + vka2)

Q1434 =

4R? ’
4d(a +d) — R*y? — (f — vk1)?
(2323 = AR2 )
oy = 2y =y (h k)
2324 AR 0 (e iR )
—(b—=3¢)(b+c) + 4d* + 3(f — vk1)?
Q2424 = ine ;
_Aa+d)(f — k1) + (¢ = b)(h + vk2)
Q2434 = AR2 )
A(a+d)? — (f —vk1)> — (h+vks)?
(3434 = 12 :

Further, we obtain easily

Lemma 6.3 ([1]). The matrix of the Ricci tensor of type (1,1) expressed with

respect to the basis {e1, e, es,e4} is of the form

(6.6)

where

B Bz fig LLEE)

Bra Baz  Pay i)

B13 Ba23 B33 0
v(*J;Evkl) V(h;}gkz) 0 Bua

—4a(a+d) — b+ c® — R?y% — (h + vk2)?

611 =

2R? ’

By = (—=f 4+ vk1)(h 4 vk2) — a(b+ 3c) — d(3b+¢)

2o 2R? ’
Bys = o(f — k1) — 2a+ 3d)(h + vk2)

13 2R2 R

V= —ddla+d) — R*y? — (f —vk)?

Baz = R 7
By — (a4 2d)(—f + vk1) + b(h + vk2)

% 2R2 ’
By — —4(a+d)* + R*v? + (f — vk1)? + (h + vk2)?

33 — 2R2 ,
Baa — —(b+¢)* —4((a+d)* — ad) — (f — vk1)* = (h + vk2)?

2R?

Now we obtain the following analogue of Lemmas 2.3 and 2.4:
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Lemma 6.4.

|R|2 Z az]kl
i,5,k,l=1
= 4R4((f k1) (=16(a(b — 2¢) — (2b — c)d)(h + vk2)

+ (f — vk1)(32(c* + d*) + 8(a + d)(4a + d) — 2(b — 5¢)(b— c)
+ 11(f — vk1)? + 22((h + vk2)* + ¥*R?))) + (h + vk2)? (40a(a + d)
+ 2(116% + 6bc — ¢* + 16d?) + 11(h + vk2)? + 229*R?)
+ (b4 ¢)(—=32c(a — d)* + (b + ¢)(32a® + 11b? — 10bc + 11¢? + 8ad + 32d?)
—2(b+ c)y*R?) 4 8d*(16¢* 4 6d* — v*R?) + 11y*R*
+8(a+d)(2(a + d)(3a® 4 2¢* + 6d?) — 4d(4c® + 3d?) + (a + 2d)y*R?)).

Lemma 6.5. The condition (2.7) is equivalent to the following system of algebraic
equations where F = f — vk, H = h + vk, and S = v?>R? > 0.

(6.8)

(1,2) = 4c(a + d)(4a® + 4c® + dad + 4d%) + 2(b — ¢)(2d((b + ¢)? + 2d° + 24?)
+2(a +d)(be + 3¢®) + 2(a + d)*) + (2ab + 4ac + Tbd — 3cd) F>
—2(b+c¢)(a+d)S — (3ab — Tac — 4bd — 2cd)H? + 5FH® + 5F3H
+ FH(2(b* + 3bc + ¢* + 7d®) + 2(6a — d)(a + d)) + 5FHS = 0,

(1,3) = F(4bd(2a + 3d) + (b+ ¢)(2(a — 2d)(a + d) + (b—¢)*) + b(b + ¢)?)
+ H((a+d)(2b(3b+ ¢) + (b + ¢)® — 16ad) + 16(a + d)?

—d(2b® +2¢% + (b—¢)* +4d*) + 4(a + d)HS + cF?
+ (5a + 3d)F?*H — bFH? + 4(a + d)H? = 0,

(2,3) = H(4ac(3a + 2d) + (b4 ¢)((b — ¢)*> + ¢(b + ¢) + 2(d — 2a)(a + d)))
+ F(2(a+d)(—=b(3b+c) + 2(b + ¢)? — 2ad) + 12(a + d)*
+d(2b* +2¢% + (b —¢)* + 4d?)) + 4(a + d)FS + bH? — cF*H
+ (3a + 5d)FH? + 4(a + d)F? = 0,

(1,4) = H((b— ¢)(a + 6d) + 10c(a + d)) + 5FS +5F% + 5FH?

+ F(2(a+d)(a+7d) — (3b — 2¢)(b + ¢) — 2d*) = 0,
(2,4) = F((b—c)(4a +9d) + 10c(a +d)) + 5HS + 5F*H + 5H?
+ H((2b—3¢)(b+ ¢) + 4(a + d)(3a + d) — 2d*) = 0,
(3,4) =2(b—¢)((a — d)® + (b+ ¢)?) — bH? + ¢F? + (a — d)FH = 0,
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(4a 4) =

— H?(40a* 4 18b* + 12bc — 6¢* + 40ad + 16d?) — 2H*S — 11 H*

— (b4 ¢)(24a®b + 6% — 8a*c + 5bc — 11bc? — 9¢® + 8abd + Sacd

+ 8bd* — 24cd?) — 6(b + ¢)%S — 8(a + d)(6a® + 6a’d + 4ad?)

+ F%(8a* — 6b® + 20bc + 18¢* + 8ad + 24d?) + 18F2S + 9F* — 2F? H?

+8(a +d)(a + 2d)S — 2F H(8ab — 8ac + 12bd — 4cd) + (4d* — 35)* = 0,

—78% — H?(40a* 4 18b? + 12bc — 6¢2 + 24ad + 8d*) — 14H?S — 7TH*
— (b+¢)(16a%b + 116% — 16a%c + b*c + be? + 11¢* — 24abd + 40acd

+ 16bd> — 16¢d?) + 8(a + d)(2a® — 4ac® 4 10a%d + 12¢%d + 4ad® + 8d°)
+6(b+c¢)?S —8(a+ d)(a +4d)S — 2F H(4ab + 28ac + 28bd + 4cd)

— F?(8a* — 6b* + 12bc + 18¢2 + 24ad + 40d*) — 8d*(16¢* + 6d* — 39)
— 14F2?S —14F?H? — TF* = 0,

16d%(8c? + d?) + 24d*S + H?(56a* + 18b* + 4bc — 6¢* + 56ad + 16d?)
—115% — 2H%S + (b + ¢)(16a%b + 9b® — 16a’c — 5b%c — 5bc? + 9¢3

— 8abd + 56acd + 16bd® — 16¢d?) + 2F H (8ab + 32ac + 32bd + 8cd)

+ 8(a + d)(2a® + 4ac?® + 2a*d — 12¢*d + 4ad?®) + 18 F?H? — 2F2S

+ F2(16a* — 6b* + 4bc + 18¢? + 56ad + 56d%) — 8(a + d)(2d — a)S
+6(b+c)?S+9F* +9H* = 0.

Proposition 6.6. The solutions of the system of algebraic equations (6.8) are,

up to a re-numeration of the triplet {e1, es, €3},

(6.9)

1
a:d:iix/g, b=—¢, H=0, F=0.

In this situation, the corresponding spaces are Einstein and locally symmetric.

Proof.

We obtain solving the system (6.8) numerically with Mathematica 7.0

that its solution set depends exactly on two parameters. Moreover, we get that the

solutions are real if and only if F' = H = 0. Thus, we will just study this subcase. If

we put ' = H = 0 in (6.8), the system reduces to

(6.10)

(1,2) = 16¢(a + d)(a* + ¢ + ad + d?) + 4(b — ¢)(c(b + 3¢)(a + d) + (a + d)*

+d(2a* + (b+¢)? +2d%) —2(b+c)(a+d)S=0

(3,4)=(b—c)((a—d)* + (b+¢)*) =0,
(2,2) = —(b + ¢)(24a?b + Tb> — 8a’c + 5b*c — 11bc* — 9¢® + 8abd + Sacd

+ 8bd?* — 24cd*) — 6(b + ¢)2S — 8(a + d)(6a® + 6ad + 4ad?)
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+8(a+ d)(a +2d)S + (4d* — 35)* = 0,

(3,3) = —(b + ¢)(16a?b + 11b° — 16a%c + b*c + bc? + 11¢% — 24abd + 40acd
+ 16bd* — 16¢d?) + 8(a + d)(2a® — 4ac® + 10a’d + 12¢*d + 4ad® + 8d°)
+6(b+c)?S —8(a+d)(a +4d)S — 8d*(16¢* + 6d* — 35) = 0,

(4,4) = 16d*(8¢* + d*) + 24d*S — 115 + (b + ¢)(16a%b + 9b* — 16a’c — 5b*c
— 5be? 4 9¢® — 8abd + 56acd + 16bd* — 16¢d?) — 8(a + d)(2d — a)S
+6(b+¢)%S + 8(a + d)(2a® + 4ac® + 2a*d — 12¢%d + 4ad?) = 0.

Now, in order to solve this system of equations, we focus the attention on the equation
(3,4) = 0 and we divide the study into two cases:

Case 1. a = d, b = —c. Replacing the previous hypothesis in the system (6.10),
this becomes equivalent to

(6.11) (2,2) = —3(4d* — S)(20d> + 3S) = 0,
(3,3) = 7(4d?® — S)(12d*> + S) = 0,
(4,4)" = (4d* — S)(36d> +115) = 0.

Then, due to S > 0, necessarily d? = %S = %'yQR2 and we get the desired solu-
tion (6.9). Moreover, substituting (6.9) into (6.6) (remember here that F' = f —~vk;,
H = h+ vk and S = v2R? > 0) we get that the corresponding spaces are irre-

ducible Riemannian manifolds with all Ricci eigenvalues equal to —%72. Then, they

are Einstein and by a well-known theorem of G.R. Jensen [9] they are also locally
symmetric.

Case 2. b = c. After substitution of the previous condition, we can rewrite the
system (6.10) as follows:

(6.12) (1,2) =4c(a+ d)(4(a® + P +ad+d?) —5) =0
(2,2)" = —16(3a* — ¢ + 3ad — d®)(a® + ¢ + ad + d*)
+8(a® — 3¢? + 3ad — d*)S +9S5* = 0,
(3,3)" = 16(a® + ¢ + ad + d*)(a® — 3c* + 5ad + d?)
—8(a? — 3¢ + 5ad + d*)S —75% = 0,
(4,4) = 16(a® 4 ¢* 4 ad + d*)* 4 8(a® 4+ 3c* — ad + d*)S — 115 = 0.

Now, subtracting equations we also get the following information:

(3,3) — (4,4) = —4(4(a® + & + ad + d?) — S)(4c* — 4ad + S) = 0.
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Therefore, we can divide the study into two new cases depending on whether S is
equal to 4(a?+ c? + ad+ d?) or to 4(ad — c?). In the first case, we get a contradiction
due to S = 4(a® + ¢? + ad + d*) > 0 and the system (6.12) reduces to the unique
equation

(0® + c* +ad+ d*)((a® + ¢ + ad + d°) + (a+ d)*) = 0.

If we assume that S # 4(a” + ¢® + ad + d?) but S = 4(ad — ¢?), from the equation
(1,2)" = 0 using the fact that S > 0, we also know that necessarily ¢ = 0. Finally,
putting ¢ = 0 and S = 4ad in (6.12), we reduce the system to

(2,2)" = —16(a — d)(3a® + Ta*d — 3ad® + d*) = 0,
(3,3)" = (4,4)" = 16(a — d)*((a + d)? + 4ad) = 0.

From the equation (3,3)” = 0 and using the fact that S = 4ad > 0, we get a = d,
the necessary and sufficient condition to fulfill the previous system. Thus, we have
obtained a solution of the system (6.8). This is the solution (6.9) with b = 0 = ¢.
Proposition 6.6 is proved. O

If we substitute F' = f — vky, H = h + vks and S = v2R? > 0 into (6.9) we get
just the proof of the last statement of Theorem 6.1. O

7. SEMI-DIRECT PRODUCTS R3 x R

Let t> be the Lie algebra of R® with a scalar product (,)s3. The algebra of all
derivations D of ©3 is gl(3,R). This means that the matrix form of D depends on
9 arbitrary parameters with respect to any fixed orthonormal basis of t3. Moreover,
if D is fixed, then we can make three convenient rotations in the coordinate planes
to obtain a particular orthonormal basis { f1, f2, f3} for which the matrix form of D
is a sum of a diagonal matrix and a skew-symmetric matrix. In other words, we have
the general matrix form

a b ¢
D: -b f h|:abcfhpeR
—c —h p

depending just on 6 parameters. Moreover, we have

(71) [flaf2]:07 [f17f3]:Oa [f2af3]:O~
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According to the general scheme, we consider the algebra g = > + R, where the
multiplication table is given by (7.1) and

(7.2) fao, il =afi +0f2+cfs,  [fa, fo] = =bfi + [ f2+ I fs,
[f47f3]:_cf1_hf2+pf3a <fi7f4>:ki7 i=1,2,3.

3
Here a,b, ¢, f, h,p, k1, k2, k3 are arbitrary parameters where y_ kZ < 1.
i=1

1=

This gives rise to a simply connected group space (G = R3 x R, g).

Theorem 7.1. There are two families of metrics which make (H x R, g) a weakly
FEinstein manifold. The first family consists of Einstein, locally symmetric spaces,
and the corresponding Lie algebra is determined by (7.2), where p = f = a, and a,
b, ¢, h, k1, ko, ks are arbitrary. The second family corresponds to Example 1.2.

In the remainder of the section we will prove the announced theorem. We replace
the basis {f;} by the new basis {e;}, as in the formula (2.3). Then we get an
orthonormal basis for which

1
(7.3) [e1,e2] =0, Je1,e3] =0, [e2,e3]=0, [es,e1]= E(ael + beg + ces),

1 1
[ea; e2] = L (=ber + fex + hes),  [es; es] = L (—cer — hex + pes).

Now we are going to calculate, in the new basis, the expression for the condition
for (G, g) to be a weakly Einstein manifold. From [1] we know

Lemma 7.2.

a
(74) velel = 5647 VCQeQ = Eeﬁh v6363 = %64) v€4e4 = 0)
V6162:OZV62€17 ve163:0:v6361; V6263:O:Ve3€2,
b
V61€4:—%617 Ve,e1 = }—%624—%63, V62€4Z_E62;
b h c h
Ve, €2 = —Re Tt R Vegeq = —%637 Ve, €3 = —RE T R

Similarly to Lemma 2.2 we can now derive
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Lemma 7.3 ([1]). The components of the curvature operator are

a2
b(f — _
(7.5) Rer,e2) = ﬁAl% R(e1,e4) = —5A14 + /—a) Agg + p—a) Asa,

R2 R2 R2 R2
a b hip —
R(e1,es) = R—ZAL% Rlez, e4) = (fR2 )A14 + —A + %A%
2
c(p—a
R(eg,eg) = %AQ& R(e3’e4) — %AM + (pR f) s 2 Aqy

Further, we obtain easily

Lemma 7.4 ([1]). The matrix of the Ricci tensor of type (1,1) expressed with
respect to the basis {e1, e, es,e4} is of the form

a(a+f+p) ( —/) C(a;p) 0
balh _r@rrtn) h(f ») 0
(7.6) clap) Wit (a+f+p) 0
R? R?
0 0 0 S e e

Now we obtain the following analogue of Lemmas 2.3 and 2.4:

Lemma 7.5.

(7.7) IRI* = Z oy = mp(at + 14"+ a2+ a7 + P + 20 (a - f)?
i,k 0=1
+2¢%(a - p)2 +2h3(f - p)?).

Lemma 7.6. The condition (2.7) is equivalent to the system of algebraic equations

(7.8)  (1,2) =bla— f)(a® + f*) = ch(a —p)(f —p) =0,
(1,3) = c(a — p)(a® +p*) = bh(a — f)(f —p) =0,
(2,3) = h(f —p)(f* +p*) —be(a— f)(a—p) =0,
(1,1) = =20*(f —p)* + (a — f)(a+ [)(f* +p*) +a* —p* =0,
(2,2) = =2¢*(a —p)* + (f = p)(f +p)(a® +p°) —a" + [ =0,
(4,4) =2%(a — f)* +2%(a—p)* + 20%(f —p)* + a* —a®f* + f*

202 _ 202 4t — .
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Proposition 7.7. The only solutions of the system of algebraic equations (7.8)
are, up to a re-numeration of the triplet {e1, ez, e3}, the following ones:

(1) p=f = a, and a, b, ¢, h, k1, ka, ks are arbitrary. In this situation, the
corresponding spaces are Einstein with all Ricci eigenvalues equal to —3a?/R?.

(2) c=h=0,a=f=—p, and a, b, k1, ko, ks are arbitrary. In this situation,
the corresponding spaces are neither Einstein nor locally symmetric. Moreover,
this case corresponds to Example 1.2.

Proof. Suppose first a — f = 0. Thus, the equation (4,4) = 0 of (7.8) reduces
to

(4,4) = (a - p)*(2¢ +21° + (a +p)?) = 0.

Now, we get only two possibilities which both are solutions of the system (7.8): a = p
or a = —p, ¢ = h = 0. We call them solutions 1 and 2, respectively.

For the solution 1 we obtain from (7.6) that all four Ricci eigenvalues are equal
to —3a?/R?. Then the corresponding spaces are Einstein and by [9] they are locally
symmetric.

For the solution 2 we obtain from (7.6) that the Ricci eigenvalues are o1 = g2 =
—a?/R?, 03 = a®/R?, o4 = —3a?/R? and, from (7.4) and (7.5) that the corresponding
spaces are not locally symmetric due to (V., R)(e1, es)es # 0. Besides, it is easy to
check that the curvature tensor (7.5) takes on the form

a2 a2 a2

(7 9) R(ela 62) = ﬁA127 R(ela 63) = _EAI?); R(elv 64) = ﬁAlﬁla
2 2 2

Rez, e3) = _%AQB; Rez, eq) = %Am, R(es,eq) = %Au

Then, the space of the curvature operators is obviously spanned by the six operators
Aqo, Ays, Ayy, Aos, Aoy, Asy. Hence the Lie algebra generated by these operators
is s0(4). We see that the action of the holonomy algebra on the tangent space T.G
is irreducible and hence the corresponding Riemannian manifolds are irreducible.
Moreover, in this case the formula (7.3) simplifies as follows

1
(710) [61, 62] = 07 [61, 63] = 0, [62, 63] = O7 [64, 61] = E(ael + beg),

1 1
[e4, 2] = E(_bel +aes), [es,e3] = }—%(—aeg).

Then making the change of the basis

/ / / /
€1 = €4, €y = €3, €3 = €2, €4 = €1,
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and putting « = —a/R, 8 = b/R, we get that the multiplication table (7.10) for the
new basis {€], e}, es, e} } becomes exactly the same as in Example 1.2.

Let now assume that a — f # 0. Because the system is symmetric with respect to
all re-numerations of the basis {e1, 2, e3} which implies corresponding permutations
and some changes of sign of the symbols a, b, ¢, f, h, p, we can also assume that
a—p#0and p— f # 0. Moreover, note that bch = 0 if and only if b=c=h =0
due to the equations (1,2) = 0, (1,3) = 0 and (2,3) = 0. In addition, if we put
b=c=h=0in the equation (4,4) = 0 we get a> = 3((f> +p?) £IV3(f — p) x
(f +p)). Therefore, necessarily f = —p and a = —f, a contradiction. Now we
can also assume that bch # 0 and from the equation (1,2) = 0 we obtain b =
—ch(a —p)(—f +p)/(a— f)(a® + f?). Substituting this value of b into the equation
(1,3) =0 we get

(1.3 =SB @ 4 P 1)~ 1 -9 =0,

Therefore, h? = (a? + f?)(a® + p?)/(f — p)? and the equation (1,1) = 0 becomes
equivalent to

(1,1)'=a4+a2(f2 +p2)+(f2 +p2)2+f2p2=0.

Thus, a® = 3(—(f? +p?) £ 1/ (3% + p?)(f2 + 3p?)) which is a contradiction due to
(3f2 + p*)(f? + 3p?) > 0. Proposition 7.7 is proved. O

This completes the proof of the Theorem 7.1 and also that of the Main Theorem.

8. ISOMORPHISMS OF EPS SPACES

In this section we study the possible isomorphisms among the EPS spaces (G, ¢)a,3
depending on the parameters o and 5. Here we shall use the classification of 4-
dimensional solvable algebras given by de Graaf [4]. According to this classification
theorem, our algebras g, s from Example 1.2 for different 3%/a? are not isomorphic
and hence the corresponding groups G g are not isomorphic as well.

Theorem 8.1. Two Lie algebras gq.3, 9o/,3 are isomorphic if and only if /o =
+5'/a’. Therefore the corresponding simply connected Lie groups Go g, Gor g are
isomorphic if and only if /o = +5'/a’.

Proof. We divide the proof into two cases according as 8 # 0 or = 0 in
(1.3). For the first case we replace in (1.3) the basis {e;} by a new quadruplet {z;}
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(i =1,2,3,4) putting

(8.1) x1 = ez +e3+eq,
To = — €9 + (1 — E)eg—f— (1+ E)647
« «

Ty = — leh
a

where a # 0, 8 # 0 are constants. In fact, the determinant of the coefficients is
—(28/a*)(4a? + B?) # 0. Thus we get a basis for which

(8.2) [1‘4, 1‘1] = I, [1‘4, 1‘2] = I3, [l‘4,$3] = Az + (2 + A)J)Q + x3,

[x1,22] =0, [z1,23] =0, [22,23] =0,

where A = —1 — 3%2/a?. Note that this multiplication table corresponds to the class
M, of the classification of solvable Lie algebras of dimension 4 given by de Graaf [4]
where a = A, b = 2 + A. Hence A is an algebraic invariant and 32/a? is also an
algebraic invariant.

On the other hand, if 5 = 0 in (1.3), we replace the basis {e;} by a new basis {z;}
(1 =1,2,3,4) putting

1
(8.3) Ty =e4, Tp=ex+e3, T3=—ex+e3 T4= — e

where o # 0 is a constant. Then we get a basis for which

(8.4) [v4,71] = 21, [v4,%2] = 23, [74,73] = T2,

[xla l‘Q] - 0) [l‘la l‘3] = 07 [l‘Qa l‘3] = O

This multiplication table corresponds to the class M2 of the classification of solvable
Lie algebras of dimension 4 given by de Graaf [4] putting a = —1. (]
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