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Abstract. Let (X, d, 1) be a metric measure space endowed with a distance d and a non-
negative Borel doubling measure p. Let L be a non-negative self-adjoint operator of order
m on L? (X). Assume that the semigroup etk generated by L satisfies the Davies-Gaffney
estimate of order m and L satisfies the Plancherel type estimate. Let Hi (X) be the Hardy
space associated with L. We show the boundedness of Stein’s square function Gs5(L) arising
from Bochner-Riesz means associated to L from Hardy spaces HY (X) to LP(X), and also
study the boundedness of Bochner-Riesz means on Hardy spaces HY (X) for 0 < p < 1.
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means; Davies-Gaffney estimate; molecule Hardy space
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1. INTRODUCTION

Let L be a non-negative self-adjoint operator acting on L?(X), where X is a dou-
bling measure space. It admits a spectral resolution

L= /OOO AAE(N).

For a complex number § = o 4+ it, 0 > —1, by the spectral theorem we can define
the Bochner-Riesz means S%(L) = (I — L/R™)%. of order § of a function f as

R
(1.1) S.(L)f(z) = /O (1 - R—Am)‘S dENf(z), z€X, R>0,

where m is a positive constant and m > 2.

This project was supported by Science and Technology Research of Higher Education in
Hebei province (No. Z2014057).
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Due to the above, we can also consider the following square function associated to
an operator L:

(1.2) Gs(L)f(2) = ems (/Ooo \%Sgﬂ(L)f(x)\szR)m, z€X,

where ¢, = 1/(m(6 + 1)).

Note that when L is the Laplacian —A on R?, the square function Gs(A) is
introduced by E. M. Stein in his study of Bochner-Riesz means [21]. It is known that
the L? boundedness of G, (A) for 1 < p < 2 holds if and only if o > D(1/p—1/2)—1/2
(see [14], [15] and [21]). For the range p > 2, the condition ¢ > max{1/2, D(1/2 —
1/p)} — 1 is known to be necessary and sufficient in dimensions D = 1 and 2. In
dimensions D > 3, there are some partial results, see for instance, for o > D(1/2 —
1/p) —1/2 in [14] and [15]. For 0 <p < 1,if 0 > D(1/p — 1/2) — 1/2, then G,(A)
is bounded from H? to LP (see [16]). Boundedness of the square function G5(A) has
been studied extensively because of its important role in the Bochner-Riesz analysis
and we refer the reader to [5], [14], [15], [16] and [21] and the references therein.

Recently, in the abstract framework of a space of homogeneous type (X, d, ) with
dimension n > 0 (see Section 2 below), P.Chen, X.T.Duong and L.X.Yan ([5])
studied and obtained the LP boundedness of Stein’s square function Gs(L) when the
semigroup e 'l generated by —L on L?(X), has the kernels p;(z,y) which satisfy
the Gaussian upper bounds (see, for example, [18])

C d(z,y)™/ Y
|pt(x7y)| < V(J?,tl/m) exp(_ ctl/(m—1) )

for all ¢ > 0 and x,y € X, where C, ¢ are constants. They showed that under
the assumption of the Plancherel type estimate (see also [6], [10]), that is, for some
2 < ¢ < oo and any ¢ > 0 and all Borel functions F' such that supp F' C [0, ¢],

(13) [ 1K e @) dute) < = 10

where Kz (2,y): X x X — C denotes the kernel of the operator F(Y/L), if
p€ (l,00)and 0 > (n+1-2/q)|1/p—1/2| — 1/2, then G, (L) is bounded on L?(X)
(see Theorem 1.1, [5]).

Sometimes it is not clear whether, or it is even not true that, a non-negative
self-adjoint operator on L?(X) admits Gaussian upper bounds. This occurs, for
example, for Schrodinger operators with bad potentials [20] or elliptic operators of
higher order with bounded measurable coefficients [8]. So we consider the following
weaker assumptions:
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(H1) The operator L generates an analytic semigroup {e=**};,~0 on L?(X) which
satisfies the Davies-Gaffney estimate (of order m). That is, there exist constants
C, ¢ > 0 such that for any open subsets Uy,Us; C X,

_ diSt(U1, Ug)m/(mil)
(L4) [ f1, fo)l < Coxp(- =2 ) Al 2o I fall 2, ¥E >0,

for every fi € L*(X) with suppfi C U;, i = 1,2, where dist(U,Us) =

wlenl}cl d(z,y).

yEUy

Motivated by the works [5] and [11] we study the boundedness of Stein’s square

function Gs(L) from the Hardy spaces H? (X)) to LP(X ). Moreover, we get the bound-
edness of Bochner-Riesz means S% (L) on the Hardy spaces H?(X) for 0 < p < 1.
For our purposes we introduce the Hardy spaces HY (X) as follows. Definition 1.1
below is inspired by [9].

Definition 1.1. Let L be a non-negative self-adjoint operator on L?(X) which
satisfies the Davies-Gaflney estimate (1.4). Consider the following quadratic operator
associated to L:

o 1/2
3) st = ([ [ lemne P S sex, s e ).
d(z,y)<t ’

For each 0 < p < 1, the space HY (X) is defined as the completion of {f € L?(X):
Spf € LP(X)} in the norm

[l z2 ) = 1Snf o (x)-

Note that S. Hofmann, G.Z. Lu, D. Mitrea, M. Mitrea and L. X. Yan [12] developed
a theory of Hardy spaces adapted to non-negative self-adjoint operators L on L?(X)
which satisfy the Davies-Gaffney estimate (of order 2) in the framework of spaces of
homogeneous type. X.T.Duong and J.Li [9] studied even non-self-adjoint operators
and introduced Hardy spaces associated with operators which have a bounded holo-
morphic functional calculus on L?(X) and satisfy the Davies-Gaffney estimate (of
order 2). For more details about Hardy spaces, we refer the reader to [1], [13].

There is an equivalent characterization of the Hardy spaces HY (X) in terms of
a molecular decomposition (see Theorem 3.3 below). In order to prove boundedness
of an operator on Hf (X), one only needs to understand the action of the operator
on an individual molecule. P.Chen [4] obtained the boundedness of Bochner-Riesz
means S%(L) on HY(X) for L satisfying the Davies-Gaffney estimate (of order 2)
provided that L satisfies the so called Stein-Tomas restriction type condition. We
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generalize this result on H7 (X) to L satisfying the Davies-Gaffney estimate (of or-
der m, m > 2) provided that L satisfies a variation of Plancherel type estimates (see
Theorem 1.2 below). Following the work of P.C.Kunstmann and M. Uhl [17], we
introduce a variation of the Plancherel type condition (1.3) for L which fulfils the
Davies-Gaflney estimate: there exist C' > 0 and ¢ € [2, 00] such that for any ¢ > 0,
y € X and all bounded Borel functions F': [0,00) — C with supp F' C [0, ¢],

(1.6) IF (VL)X B2 x)»20x) < CIFE) e
Having this replacement at hand, we are able to state our main results.

Theorem 1.2. Let L be a non-negative self-adjoint operator on L?(X) satisfying
the Davies-Gaffney estimate (1.4) and the Plancherel type condition (1.6) for some
q € [2,00]. Let § = o +ir with o > 0 and let Gs5(L) be an operator given in (1.2). If
p € (0,1] and

then there exists a constant C = C(o,7,p) > 0 such that

1Gs (L) fllo(x) < Cllflae (x)-

Theorem 1.3. Let L be a non-negative self-adjoint operator on L?(X) satisfying
the Davies-Gaffney estimate (1.4) and the Plancherel type condition (1.6) for some
q € [2,00]. If p € (0,1], then for all 6 > max{n(1/p—1/2) —1/q,0} we have

L \¢
|- 7). <C
R™/ +|H? (X)—H? (X)

uniformly in R > 0.

Theorem 1.3, which is actually Corollary 5.3, follows from a spectral multiplier
result as those in [11], [17] which will be stated in Section 5 as Theorem 5.1. The
assertion of Theorem 1.3 generalizes results from [4].

This article is organized as follows. In Section 2, we prove some preliminary results
concerning operators satisfying the Davies-Gaffney estimate. In Section 3, we state
molecular decompositions of Hardy spaces H7 (X)) associated to an operator L, and
then get the characterization of the Hardy spaces. In Section 4, we state a criterion
for H? — L? boundedness for singular integrals (cf. [3], [12]), and prove some esti-
mates on Stein’s square functions by using the Davies-Gaffney estimate (1.4) and
the Plancherel estimate (1.6). We then apply the criterion for HY — L? boundedness
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for singular integrals to prove Theorem 1.2. In Section 5, we get the boundedness of
S%(L) on the Hardy spaces HY (X) for 0 < p < 1.

2. PRELIMINARIES

Throughout the whole article we assume that (X, d, 1) is a metric measure space
endowed with a distance d and a nonnegative Borel measure p on X such that the
doubling condition

(2.1) V(z,2r) < CV(zx,r) < o0

holds for all x € X and for all » > 0, where B(x,r) = {y € X: d(x,y) < r} and
V(z,r) = p(B(z,7)). A more general definition and further studies of these spaces
can be found in [7].

It follows from the doubling property that the strong homogeneity property

(2.2) V(z,Ar) < CN'V(x,71)

holds for some C,n > 0 uniformly for all A > 1 and = € X. In the sequel the value
n always refers to the constants in (2.2) which will be also called the dimension of
(X,d, p). Of course, n is not uniquely determined and for any n’ > n the inequality
(2.2) is still valid. However, the smaller n is, the stronger will be the multiplier
theorems we are able to obtain. Therefore, we are interested in taking n as small as
possible. Besides, there also exist C' and ng such that

(2:3) v <c(1+ L)y

r
uniformly for all z,y € X and r > 0. In fact, property (2.3) with ng = n is a direct
consequence of the triangle inequality for the metric d and the strong homogeneity
property (2.2). But, in general, ny can be taken to be smaller. For example, for the
Lebesgue measure on R or the Lie groups with polynomial growth, ng can be taken
to be 0.

Proposition 2.1. Assume that the non-negative self-adjoint operator L satisfies
the Davies-Gaflney estimate (1.4). Then for every K € N, the family of operators

{#L) e " }iso

satisfies the Davies-Gaflney estimate (1.4) with ¢, C > 0 depending on K, n and ng
in (2.2) and (2.3) only.

Proof. The proof is similar to that of [12], Proposition 3.1, or [17], Lemma 2.7,
so we omit the details here. O
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As a consequence of Proposition 2.1, we have the following proposition.

Proposition 2.2. Assume that the non-negative self-adjoint operator L satis-
fies the Davies-Gaffney estimate (1.4). Then for every K1, Ko € N, the family of
operators

{@L)* (™) 2 }is0

satisfies the Davies-Gaffney estimate (1.4) with ¢, C > 0 depending on K, Ko, n
and ng in (2.2) and (2.3) only.

3. MOLECULAR DECOMPOSITIONS OF THE HARDY SPACES H7(X)

Let us denote by D(T') the domain of an operator T'. Recall that B = B(zp,rp)
is the ball of radius rp centered at zg. Given A > 0, we will write AB for the ball
with the same center as B and with radius ryg = A\rp. We set

(3.1) Uo(B) =B, and U;(B):=2'B\2"'B forj=1,2,....
We next describe the notion of a (p, m, M, e)-molecule associated with an opera-

tor L which satisfies (H1).

Definition 3.1. Let 0 <p < 1,¢>0and M € N. A function a(z) € L*(X) is
called a (p, m, M, e)-molecule associated with L if there exist a function b € D(LM)
and a ball B such that

(i) a = LMb;
(ii) for every k =10,1,2,...,M and j =0,1,2,..., we have

I(FBL)Eb|| L2y (my) < rEM2~7eV(27B)/2 1P,

where the annuli U;(B) are defined in (3.1).

Next, we give the definition of the molecular Hardy spaces associated with L
(ct. [9]).

Definition 3.2. Given 0 < p<1l,e>0and M € N, M > %n(2 —p)/mp, we
say that f = Z)\jaj is a molecular (p,m, M, ¢)-representation of f if {\;}32, € [P,
J

each a; is a (p,m, M, e)-molecule, and the sum converges in L?(X). Set

[HIZmOLM(X) :={f: f has a molecular (p, m, M, e)-representation},
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with the “norm” (it is true norm only when p = 1) given by

0 1/p 00
[l ) = inf{ <Z |>\j|p> cf= Z)\jaj is a molecular
=0

J=0

(p,m, M, 6)-representation}.

The space HY ,,; 1,(X) is then defined as the completion of MY, ., ,,(X) with quasi-
metric d defined by d(f,g) = ||f — g”Hf,mol,M(X) for all f,g € HﬂmOLM(X).

As a direct consequence of the definition, we note that

Hg,mol,Mz (X) C Hg,mol,Ml (X)

whenever 0 < p < 1 and the integer M; € N, i = 1,2 with [%n(Z —p)/mp] < My <
My < 0o. We shall see that any choice of € > 0 and M > %n(2 — p)/mp leads to the
same spaces H f}mol’ 2 (X); this follows from the more general fact that the “square
function” and the “molecular” HP spaces are equivalent whenever ¢ > 0 and the
parameter M is large enough. One can show the following theorem, which is proved
as Theorem 3.15 of [9] in the special case when m = 2. In fact, the parameter m = 2
is not essential, similarly we can obtain the conclusion for more general cases. We
omit the details here.

Theorem 3.3. Let the non-negative self-adjoint operator L satisfy the Davies-
Gaffney estimate (1.4). Assume that 0 < p < 1, ¢ > 0 and M > [$n(2 — p)/mp],
M € N. Then H}(X) = Hj . »(X) with equivalent norms Il ) =
HfHHf(X)7 where the implicit constants depend only on p, M, e and on the constants
in the Davies-Gaflney estimate and the doubling condition.

4. BOUNDEDNESS OF STEIN’S SQUARE FUNCTIONS FROM HY(X) To LP(X)

In this section we will prove Theorem 1.2. First, we state a criterion for HY — L?
boundedness for singular integrals.

Proposition 4.1. Let L be a nonnegative self-adjoint operator which satisfies
the Davies-Gaffney estimate (1.4). Let 0 < p < 1. Assume that T is a non-negative
sublinear operator which is bounded on L?(X). If for some My > n(2 — p)/(2p) and
C > 0 the estimate

(4.1) ITall 2w, )y < C277Mov(B)/21/P
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is satisfied for each (p,m, M, ¢e)-molecule a and all j > 0, then T is bounded from
H?(X) to LP(X).

Proof. The proof of this proposition is standard (cf. [3], [12]). For the sake of
completeness, we provide it here.
Suppose that f € HY(X). By Theorem 3.3 and density, we can write f =

/p
Zx\jaj in the L?(X) sense, where a; are (p, m, M, e)-molecules and (Z 1\ |p>
j
I fll 2 (x)- We claim that

(4.2) <Y INIT(ay)]
7=0

Indeed, for every n > 0 we have that, if fV = ZN Ajaj, then
3>

(4.3) u{IT(f)I > WlIT(ay)] > 77} < limssup I ()] > n}
j:0 — 00

< Crn~? h]f[nSUP HfNH%Q(X) =0,
—00

from which (4.2) follows, where Cr is the L%-bound of 7. Thus we have

(4.4) T(f Lp(X) ZP‘ N7 ( a; HLP(X)'

By Holder inequalities and (4.1), one has

(4.5) 1T (@)I Z / (Ta; (@) du(z)

1—p/2
< ZV (28 B)t=P/ 1Ta; |72, By
pr

[ee]
< Z an(l—p/2)V(B)l—p/22—kMopV(B)p/2—1
k=0

— szn(l—p/Q)—kMop <C.
This together with (4.4) yields
(46) Ty < O P <l
=

Then the proof is complete. ([

68



Lemma 4.2. Suppose that L satisfies the Davies-Gaffney estimate (1.4) and the
Plancherel estimate (1.6) for some q € [2,00]. Then for any v > 2/q, € > 0, there
exists a constant C' = C(v,e) such that

IE (VD)X (0l 200 - L2 vty any) < CHFo Wllws,

for every t > 0, y € X, and all bounded Borel functions F: [0,00) — C with
supp F C [t/4,1], where F;y(\) = F(t\) and || F||ws = ||(I — d?/da?)"/?F|| a.

Proof. For a proof, see Lemma 4.10 of [17]. O

Proposition 4.3. Let the non-negative self-adjoint operator L satisfy the Davies-
Gaffney estimate (1.4) and the Plancherel estimate (1.6) for some ¢ € [2,00]. Let
d = o+ ir with o > 0, let G,(L) be an operator given in (1.2). Suppose that
O<p<land M eN, M >n(2—p)/(2mp). If

U>nG_1)_l
p 2/ ¢
then there exist constants vy > n(2 —p)/(2p) and C = C(o,7) > 0 such that for any
ball B

(a) I1Gs(L)(I — e EM fll 2w, (my) < C277 || fllL2()
for all integers j > 0 and for all f € L?(X) with supp f C B;
(B) I1Gs(LYI — e "EM fll L2, y) < C27 0102 £]| L2(u,(my)

for all integers j,i > 0 and for all f € L?(X) with supp f C U;(B).
Proof. We first show that the operator Gs(L) is bounded on L?(X) (see [5]).
For every R > 0 and A > 0, we recall that S%(\) = (1 — A/R™)%, and

0
FA0) = csRg =557 ()

with ¢s = 1/(m(d +1)). It follows from the spectral theory in [22] that for any
e LA(X),

o 1/2
an eswlee = { [T EEOR@LNE )

{ 1
([ G}
i

o0 A V20 )2 1/2
[ (-7 WdR} T

ol fllz2(x)s
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00 A \20
> = — 2m+1 —m\20
Bo = /,\1/m (1 - Rm) R2m+1 dR = / —s7M)%ds < 00

and the integral above converges if o > —1/2.

To complete the proof of this proposition, we need some preliminary results. We
shall be working with an auxiliary nontrivial function ¢ with compact support. The
choice of ¢ in the statements is not unique. Let ¢ € C$°(0,00) be a non-negative
function satisfying

oo

1
(4.8) supp @ C [Z, 1}, Z ©(27'\) =1 for any X > 0.

l=—00

Since supp F&(A\™) C [0, R] and supp ¢ C [1/4,1], we have that for every A > 0,

o] 1

FR(A™) = Y o' NR)FR(\™) = Y ¢(27'A/R)FR(A™).
l=—o00 l=—00
1
This decomposition implies that the sequence Y. ¢(27'%/L/R)F}(L) converges
I=—N
strongly in L2(X) to F3(L) (see, for instance, Reed and Simon [19], Theorem VIIL5).
For every [ < 1 and r > 0, we set for A > 0,

(4.9) Fpir(\) = 927N R)FR(A™) (1 —e” V)M

We may write

4.10 Fo(L)I —e ™" ByMf = 1 Fo (VL
( ) R(L)( € = Ngnoo _z: R, r(
where the sequence converges strongly in L?(X).
For a ball B, we let g be the radius of B. For every j = 1,2,3,..., we recall that

U;j(B) = 2B\ 277! B is defined in (3.1). Then the following result holds.

Lemma 4.4. Suppose that F}%,Z,TB(%) are defined as above. Let o > n(1/p —
1/2) — 1/q with some g € [2,00] and let max {1/¢,n(1/p—1/2)} <v < o+ 1/q and
v < mM. Then there exists a constant C' = C(v,0) > 0 such that

(4.11)  |Ixv, ) Fivs (VL) xBl L2 (x)—12(x)
< 2™ max{1, (2'Rr)™/?} (2! R27 1) =Y min{1, (2'Rrz)™M}
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for all j =2,3,..., and

(4.12) |Ixv;8)Ftrs (VL) X0, (B) L2 (X) = 22(x)
< C2MellTI2 max {1, (2'Rrp)"/2}(2' R2V = rg) " min{1, (2'Rrp)™M}

for all |j —i| > 4.

Proof of Lemma 4.4. Consider a ball B C X with center y € X and radius
rg. Due to supp F}‘;l,rB (\) C [2'R/4,2'R], we use Lemma 4.2 to obtain that for any
leZ,

IED s (V)X B(y2-tr-1) L2 (x) o L2(x. (142 (- )2 dp) < CIFR 10 n 2 RN) s

Let j > 2. For each x € U;(B) we have, due to d(x,y) > 2/~ !rp, the estimate
(14 2'Rd(z,y))* > (2!R27~1rp)?. Hence we get
(4.13)  |Ixv; By FRotrs (VL)X B(y2-1r-1) 220> L2()

< C(2'R2~Yrp)™Y

< xu, ) Ffotrs (VD)X B(y.2-tr-1) 12000 1206, (420 RaC )2 agn
< CR'RY'rp) Y| Fh ey ' BN)[lws-

Case 1. rp < 27'R™!. From (4.13) we have

(4.14) Ixv; ) Fltrn (VI)XB| L2(x)>12(x)
< C(2'R2rp) V| Ffy oy 2'RA) s

Case 2. rp > 27'R™1. In this case we follow Lemma 2.2 of [17] to select a finite
number of points y1,...,yx € B(y,rs) such that
(i) d(y;,yr) >27""'R™ for all j,k € {1,..., K} with j # k;
K
(i) By.rp) ¢ U Blym. 27 R);
(iil) K < (2! RTB) ;
(iv) each x € B(y,rp) is contained in at most M balls of B(y,,,2 'R~!), where M
depends only on the constants in (2.2).
Observe that for all j > 2 and m € {1,2,..., K},
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By (4.13),

(4.15) I, Bwre) s (VI)XB(yn2-tr-1 2200 —12(x)

j+1

<C Y XUy Bmrs) FRrs (VD)X 2-1r-1) | L2(x)=L2(x)
n=j—1
Jj+1

<C Z 2'R2" ) || Fp ., (2P RA) e

n=j—1

< CR'RYrp) Y| Fhy ., (2'RN) [l

Consider g,h € L?(X) with suppg C B, ||gllr2(x) = 1 and supph C U;(B),
lh]lz2(x) = 1. From (4.15) we obtain that for every j > 2,

|<ha XUj(B(yJ'B))Fg,l,TB (T/E)XB(Q/,?"B)QH2
< ||XB(y;""B)F£-i,l,TB(%)*XUj(B(y,TB))hH%Q(X)||g||%2(X)
K
< Z ”XUJ'(B(y,TB))F}%,l,rB(%)XB(me_lR_l)H%Q(X)%LQ(X)

m

I
-

M=

<Y CERY ) (2 RN 1.

3
ﬂ‘

Taking the supremum over all such g, h and recalling VK < C(2'Rrp)"/?, we deduce

(4'16) ||XUj(B(y,TB))FI%,l,TB (%)XB(y,rB) ||L2(X)—>L2(X)
< C(2'Rrp)"/*(2' B2 rp) ™" (| Ffy 1 0y (2'RA) [l

Now for any Sobolev space WJ(R), if k is an integer greater than v, then
(417) [ FRu, (2'BA)llwy
(2 Rr )™ A™
< CIRN™ PN (1 = 27N lwa (1 = e”F R XM gy gy
< C2™p(N)(1 = 2™ N™) lwg min{1, (2'Rrp)™ M}
It is known that for 0 > —1/2,0<v <o+ 1/q

(4.18) sup_ A1 = 27NN ey < Coeel”
lez: 1K1 v

see Lemma 2.2 of [5]. This, in combination with (4.14), (4.16) and (4.17), yields

Ixv; 8 F ey (VL)X B L2(x) - 12(x)
< C2™e  max{1, (2'Rrp)"/?} (2! R27r ) ~Y min{1, (2' Rrg)™M}.

Then the proof of (4.11) is complete.
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Next we have to check (4.12). Since L is a non-negative self-adjoint operator, one
can swap ¢ and j in the term on the left-hand side of (4.12). Hence, it will be enough
to show the assertion for every i,j € N with j — ¢ > 4. By applying [2] Lemma 3.4,
(4.11), and the doubling property, we get

||XUj(B)F1%,z,rB (%)XUi(B) ||L2(X)HL2(X)

< C/X HXUJ(B(y,TB))FIC;,l,rB(%)XB(Z,TB)||L2(X)~>L2(X)

X ”XB(zr YXU; (B(y,r ))”L%X)HL%X)M
sTB i Y,TB V(Z,TB)
<C
B(y,2"+1rp)\B(y,2"~2rp)
R 5 du(2)
Y Ixw,Beren Fries (VDXBGrm 20051200 Ty
n=j—i—3 V(z,rB)
n=j+i+1 . du(z)
<C C(F)27"m2 i+1"7.,
B(y72i+1r5)n:;73 (F) V(z,2i*1rg)

where C(F) = C2™el" max{1, (2'Rrp)"/?}(2'Rrp)~? min{1, (2'Rrg)™M}. In the
remaining steps we covered U;(B(y,rp)) by dyadic annuli around the point z with
the same radius rg. With help of

n=j+i+1 n=2i+4
Z 9—mv — 93vg—(j—i)v Z 27 L Cgf(j*i)v’
n=j—i—3 n=0

we finish our estimates as follows:

(4.19) Ixv, 3y Frims (VD) X0: () 2(x) > £2(x)

(—i)voi du(z)
< C(F)2-U 1)112(14-1)"/ _dpz)
( ) B(y,2it1rg) V(ZaQ’LJrITB)

< 0212 max {1, (2'Rrp)™/?} (2! R2V~Irp) Y min{1, (2'Rrp)™M}.
Thus, the proof of Lemma 4.4 is completed. ([

Back to the proof of Proposition 4.3. Let B be a ball with the radius rp of B
and all f supported in B. Fix vy in Lemma 4.4. For j = 0,1, we use the L2
boundedness of Gs(L)(I — e "85)M to get that

(4.20) IG5 (LY = e EIYM fl 2w, my) < ClIf lL2(m)-
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For j > 2, from the definition of G5(L) and (4.9), we use the Minkowski inequality
to obtain that

1G5 (L)(I — e "EYM £ 1o, (B))\Z(// Fi (VD) fPd dR)

<1

1/2

One may write

// | Rer )f|2dM R
- (/ o 0 _1)/U_(B)|F§,l,TB<’</E>f|2du<x)%—I+H-

1
"B g

For the term I, we note that 0 < R < 27'r3', and then max{1, (rg2'R)"} = 1
min{1, (2'Rrg)?™M} = (2'Rrg)?™M . In view of the inequality (4.11), we have

-1

el £112 2 2ml(0j.. ol p\—2v0 (ol omm AR
1< O£, 2 (272! B) 20 (2! Rr) M
0

< Ceclleml?_zjvoHfH%?(B)

Consider the term 1. Since rp2'R > 1, we have (r2'R)" < (rp2'R)"?/P=1 In
view of the inequality (4.11) again, one obtains

> ] —2v ndR
11 < CQC‘T‘Hf”%Q(B) /27[ . 22ml(2]T32lR) 2 O(ZZRTB) F
"B

> ] —2v n — dR
< CGC‘T‘||f||2L2(B) /271 _122ml(217«321R) 2 0(21R7“B) 2/p 1)F
"B

< CeelmI2?m™a=2% || £|3, .

Therefore, a simple calculation shows that for every j > 2,

1/2 _
azy ([ iG] s el Y 2
U;(B) <1

= C2_j”°|\f|\Lz(B).

Then («) of Proposition 4.3 is proved.
In the following, we will check (3). Let f be supported in U;(B). For |j —i| < 4
by using the L? boundedness of Gs(L)(I — e "8 5)M | we get

(4.22) lGs(L)(I — efrgL)Mme(Uj(B)) < Ol fllezw. sy
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For |j — i| > 4, we also use the Minkowski inequality to obtain that

(4.23) 1Gs(L)(I — efrgL)MfHLz(U(B))

1/2
</ / |FerB )f|2dﬂ@> .
<1

With help of (4.12), by using an argument in a way similar to the proof of («a), we
get

= m dR
(4.24) / / |F1§,z,r5(\/f)f|2 dﬂf
0 JU;(B)
91,1 -
? m dR
B </ +/ )/ s (VD) dula) T
0 2*%;1 U,(B)

J

< CeC‘T‘22ml2—2‘j—i|0022inHfH%2(Ui(B)).
Inserting (4.24) into (4.23) yields that for every |j — i| > 4,
1/2 A -
([ 160 =89 P a) < Cotlam g, a2 1 o2
U;(B) <1
= CQi‘jiilvozmHfHL2(Ui(B)).

Then (B) of Proposition 4.3 is proved. The proof is complete. O

Proof of Theorem 1.2. We apply Proposition 4.1 to show that for every p €
(0,1] and o0 > n(1/p—1/2) — 1/q there exists a constant C' = C'(p) > 0 such that for
every f € HY (X),
(4.25) 1Go (L) fll e (x) < Cllfll a2 (x)-

So we only need to check (4.1) in Proposition 4.1. Let € € (n+n(1/p—1/2),n+ vo)
be fixed, define € = € — n, where vq is the constant given in Proposition 4.3. Let a
be an (p, m, M, e)-molecule. First, we have that for j =0, 1,2,

G+ (L)all 2w, (3)) < 1o (L)all2(x) < Cllallz2x) < CV(B)Y271P.

Now assume that 7 > 3. By the spectral theorem, we write

2rp
(4.26) I= m<er / sm1 ds) I
TB
V2rp N
= mr;m/ smHI —e " M g5
TB

M m 27’3
+ E muCu,Mrgm/ smlemus L g,

u=1 "B
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where C,, pr = (—1)"T/uC?¥,. However, e %" £ = —mus™ 1Le "L and there-
fore,

7%T‘B m
(4_27) muL/ Sm—le—us Lds _ e—urBL _ e—QuTBL _ e—urBL(I _ e—urBL)

TB
u—1

_ efurgL(I _ efrg’L) Z efirg’L.
=0

Set Pty (L) =1rg™ fr:ﬁw s I — e " F)M ds. Inserting the equation (4.27)
into (4.26), we obtain the formula

M 2u—1
I =mPpntey(L)+ Y Conrpg™ LTI — e 7EE) 3 7B L,
u=t i=u
Calculating I™ by means of the binomial formula leads to
I=mM (Pm,M,rB (L))M
&~ (2M—1)1
+ Z r];mlL—l(I — e_rELL)l(Pm,M,TB (L))M—l Z C(l,’u,,M)e_W“gL
- u=1
(eM-1)M
+ Z C(MauvM)TémML_M(I — e"“gL)Me—urgL
u=1

for some constants C'(l,u, M) € R, | = 1,2,..., M. Recall that F()\) = csR x
(8/8R)S}5%+1()\); applying the above identity, we note that a = L™b to obtain

Fp(L)a(x)

2rp
= mMrgm / sm_anj\@/{;/Il,rB (L)Fg(L)(I - e_smL)Ma(x) ds

B
(2M—1

M—1 )l
* { ST O u, My M
=1 =1

2r
N / SR LM — e B PM U (L)e B L FR(L) (T — e )M b(x) ds}

m,M,rp
re
(eM-1)M
+ Z C(M,u, M)rg™Me 5L EO(LY(T — e "B L)Mp().
u=1

Putting this into the definition of Gs(L) in (1.2), we have

o 1/2 M
429 Go(malo) = ([T IRDa@PE ) <Y 6 o)

=0
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where

2rg
m _ M, —m m—1
orp(®) =mTrg / 5
rB

o0 " dR\'/?
X</ P (D) FR(L)(T —e* L)Ma(w)IQ—R) ds,
0

and for 1 =1,2,..., M — 1,

@M1 orsny [ o )
D S e (A e
u=1 rB

TINI pM—1—1 é m™LNM QdR 1z
(1= B P LA o PR as

and

(eM—-1)M
ﬁ,M,TB (.23) = Z C(M,’th)?“EmM

u=1
© o dRrR\'?
([Tl R - T mwEE )

Now we shall estimate {G} 1, }1£, by examining [ in three different cases.
Subcase 1. | = 0. It follows from condition (1.4) that the operator Pnj\f;/[er (L)
satisfies L? off-diagonal estimates, that is, there exist constants ¢, C' > 0 such that

for every i,7 =0,1,2,...
1P (D) Fll 2w, 8y
C exp(—dist(U;(B), Us(B))™ ™D Jer? )| | 20 )

<
< Cefcg\j—ﬂ
X

fllezw:sy)-

Hence, one can write

oo N/ 2rp
”Gg,LM,TBHLQ(Uj(B)) < Crg™ Z/ i
i=0 "B
> M—1 5 ™LA M 2 dR "
< ( L[ P WUFRI e M s ) @) d“(x)f> ds
o Ju,B)
oo i 2rp . o mIM 12 dR 1/2
<Crgmy e / s (/ IFR(L) —e™™ %) a”ﬁ(UAB))f) ds
i=0 "B 0
= it [ V2B
<Crpm ) e / "G (L) = e )Ml 2w, () ds.
i=0 "B

(s



In order to use Proposition 4.3, we note that for every s € [rp, ¥/2rg|, Us(B) = B C
B(zp,s) and U;(B) C U;—1(B(zp,s)) UU;(B(zp,s)) for i > 1. By the Minkowski
inequality, for every s € [rg, ¥/2rg],
(4.29) I1Gs(L)(I —e™*" )M al| L2, ()

<G5 (L) = e )M (axB(ap.9) 22w (5))

oo
+ IG5 (D)(I = e B M (axu, Bas.an) 2 .(B))-
n=1

Due to («) in Proposition 4.3,

(4.30) 1Gs(L)(I — e )M (axBap.o) | L2ws(B))
< C27"a|p2(p) < C270V/(B)/2 1P,

The series in (4.29) can be estimated with help of (5) in Proposition 4.3,
oo
(4.31) D NG ()T = e " )M (axu, (B(es.o) 2w, ()
n=1
<CY 2™ a)| s

n=1

<C Z gf\n*ilvoananev(QnB)l/%l/p
n=1

< C27i(67n)V(B)1/271/p;

in the last step we used the fact that

0o 0

i—1
3 gy 2—i(e—n>< S gmemg-imin 4 3 2m<e—n>2—muO>
n=1 m=—00 m=1
0 o
< 021(571)< Z zflm\vo + 2m(5n)2mv0>
m=—00 m=1
< 0271‘(6771).

Recall that € = ¢ —n < vp. In view of the inequalities (4.30) and (4.31), we have the
estimate of (4.29)

||g5(L)(I_ eiﬁML)MGHLQ(U,;(B) < Cv2—iévv(B)1/2,1/p7
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which yields that
(4.32) ||G0,M,TB|‘L2(U7(B)) < CZefc2\.7‘—i\271‘5‘/(3)1/271/? < C27jéV(B)1/271/p~
=0

Subcase 2. | = M. In this case we may write

2EM-1)M oo

IGNr ar s | 2w, () < Crp™ Z Z(//(B) le= v L([F5(L)(I

- dRr\'/?
- B ) @P @ )
It follows from the condition (1.4) that the operators {e~ “r%L}(QM HM
off-diagonal estimate, and then

satisfy L2

o0

m _ _eoli—il
(4.33) (IGTs a1y 22w, (5y) < Crp™™ > e
=0

Gs(L)(I — e "B EYMb| 121, ()

(oo}

< CTEmM Zefc2"—”‘,rgM27iéV(B)1/271/p
i=0

< C279FV/(B)Y/2-1/p,

Subcase 3. 1 =1,2,..., M — 1. In these cases, one has

1G22, ()
(2M-1)l

V2rp
Z C l,u, M m(M-i-l)Z/ gm—1 </ / mL M—1 —uv"’"L
u=1 U;(B)

o o dR\'?
(1= e B P D (FAENT e P b o) @ ) ) s
By Proposition 2.2, the operator family {(tL)M ~le=%L},_ satisfies L? off-diagonal
estimates, and it is easy to prove that L? off-diagonal estimates also hold for
{(tL)M~te=wtl(] — e7tE)1}, 4. So using arguments similar to Subcase 1, we con-
clude that

G sl 22, () < C27fV(B)/2 1/,

This, in combination with estimates (4.32) and (4.33), gives the desired estimate
(4.1) for T = Gs(L). The proof of Theorem 1.2 is complete. O
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5. BOUNDEDNESS OF BOCHNER-RIESZ MEANS S%(L) oN HY(X)

In this section we prove a result for Bochner-Riesz means S%(L). First, we will
state a Hormander type spectral multiplier result on H? (X). As a corollary, we
get the boundedness of Bochner-Riesz means S%(L) on HY(X) for 0 < p < 1,
which generalizes the results from [4] for operators L satisfying the Davies-Gaffney
estimates (of order m).

Theorem 5.1. Let L be a non-negative self-adjoint operator which satisfies the
Davies-Gaffney estimate (1.4) and the Plancherel estimate (1.6) for some q € [2, c0].
Suppose that 0 < p < 1. If v > max{n(1/p — 1/2),1/q} and F: [0,00) — C is
a bounded Borel function with

sup [ oF (2")llwg < o0,
lez

where @ is the function given in (4.8), then there exists a constant C' > 0 such that
for all f € HY (X)

IF(E) o < € (sup 0P () s + 1FO)) I g
The following proposition plays an important role in proving Theorem 5.1.

Proposition 5.2. Let L be a non-negative self-adjoint operator on L*(X) satisfy-
ing the Davies-Gaflney estimate (1.4). Let F' be a bounded Borel function. Suppose
that 0 <p <1and M € N, M > in(2 — p)/mp. Assume that there exist constants
My >n(1/p—1/2) and C > 0 such that for every j = 2,3...,

1F(L)(1— efrgL)Mme(Uj(B)) < C27M0 fll 12(m)

for any ball B with radius rp and for all f € L?>(X) with supp f C B. Then the
operator F(L) extends to a bounded operator on HY (X). More precisely, there exists
a constant C' > 0 such that for all f € HY(X)

IEL) fllmz x) < ClFlaz x)-

Proof. The proof is similar to that of Theorem 3.1 [11] or Theorem 4.6 [17].
We omit the details here. O

Proof of Theorem 5.1. The proof follows from a slight modification of an
argument as in [17], Theorem 4.2. In fact, we can get the desired result by using
Proposition 5.2 and Lemma 4.2. We omit the details here. O
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A standard application of spectral multiplier theorems is Bochner-Riesz means.
Let us recall that Bochner-Riesz means of order § for a non-negative self-adjoint
operator L is defined by the formula

S8(L) = (I— if R>0.

Rm/ 4’

If we set F'(A) = (1 —A™)? in Theorem 5.1, then F € W if and only if § > o —1/q.
So we have the following corollary.

Corollary 5.3. Let L be a non-negative self-adjoint operator on L?(X) satisfying
the Davies-Gaffney estimate (1.4) and the Plancherel type condition (1.6) for some
q € [2,00]. If p € (0,1], then for all § > max{n(1/p—1/2) —1/q,0} we have

L\
|-, <c
R™/ +|H? (X)—>H? (X)

uniformly in R > 0.
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