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Abstract. In this article we prove for 1 < p < oo the existence of the LP-Helmholtz
projection in finite cylinders 2. More precisely, (2 is considered to be given as the Cartesian
product of a cube and a bounded domain V having C'-boundary. Adapting an approach
of Farwig (2003), operator-valued Fourier series are used to solve a related partial periodic
weak Neumann problem. By reflection techniques the weak Neumann problem in € is
solved, which implies existence and a representation of the LP-Helmholtz projection as
a Fourier multiplier operator.
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1. INTRODUCTION

Let ni,ns € Ng be such that ny +ny > 2. Given a bounded domain V' C R"2 with
C'-boundary, we consider the domain Q := (0,7)"* x V. The aim of this article is
to prove the existence of the LP-Helmholtz projection P, € L(LP(Q2)) for 1 < p < 0.
It is well-known that Py exists for any domain €2 in the Hilbert space case p = 2 and
that P, exists for the entire range 1 < p < oo if Q is a bounded C'-domain, a half
space or the whole space, for instance see [5]. However, P, fails to exist in general.
In particular, bounded domains with corners and some 1 < p < co are known such
that P, does not exist (see e.g. [14], Remark 1.3, and the references given there).
Finite cylinders and cubes as considered in this paper may as well be treated with
refined techniques that are successfully applied to bounded C'-domains. However,
the multiplier method we pursue avoids any cut-off technique and seems to be more
suitable, since known results for the domain V' can be transfered to 2 efficiently.
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As the existence of P, is equivalent to unique solvability of a corresponding weak
Neumann problem in €2, we subsequently focus on the latter. However, we investigate
a partial periodic weak Neumann problem in the larger domain Q= (0,20)™ x V
first. More precisely, periodic boundary conditions with respect to 9(0,21)™* x V and
Neumann boundary conditions with respect to (0,271)" x 9V are imposed. Having
succeeded in establishing unique solvability in a weak sense here, a reflection argu-
ment is involved to deduce unique solvability for the weak Neumann problem in (2
and thus the assertion of the main theorem of this article given by Theorem 2.1.

The special shape of O together with the periodicity assumption allows for
a Fourier series approach with respect to (0,2n)"!. First, for each Fourier coefficient
a parameter-dependent Neumann problem in V' is uniquely solved. The question
whether this already ensures unique solvability of the original problem in {2 is linked
closely to the question whether the parameter-dependent solution operators define
a discrete operator-valued Fourier multiplier. To verify the latter we apply a multi-
plier result which requests R-bounds for the parameter-dependent family of solution
operators.

In [9] by means of Fourier transform the result of Theorem 2.1 is proved for infinite
layers and for infinite cylinders R™ x V with V as above. Here, R-boundedness of
the parameter-dependent family of solution operators is inferred from an equivalent
condition involving arbitrary Muckenhoupt weights. The R-bounds established there
will serve as a baseline for this article (see Theorem 4.1). However, in contrast to
[9] no partial derivatives but discrete shifts of the parameter-dependent family of
solution operators have to be R-bounded (see Corollary 4.3).

Results on resolvent estimates, maximal regularity, and boundedness of the H>°-
calculus for the Stokes operator in L2 () are serialized in [11], [12], and [13]. Again,
Q) is assumed to be an infinite layer, an infinite cylinder or the union of finitely many
of these with a bounded domain. As the idea is once more to apply operator-valued
Fourier multipliers, these results are available to some extent in our setting, too.
A similar approach to the LP-Helmholtz projection involving both Fourier transform
and Fourier series for layers and infinite rectangular cylinders R™ x (0,7)™2 can be
found in [16]. Here the projection is constructed in a direct manner, that is, without
the help of the corresponding weak Neumann problem. In Remark 4.5 we discuss
other possible domains V' and thus possible extensions of the results obtained here
to a class of unbounded domains ). Another representation of the LP-Helmholtz
projection in layers by means of singular Green operators is deduced in the series
[1], [2]. For general unbounded domains of class C! the existence of the Helmholtz
projection in L2 N L? for p > 2 and in L? 4+ L? for 1 < p < 2 instead of LP is proved
in [10].
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2. PRELIMINARIES AND THE MAIN THEOREM

In the subsequent lines let G C R™ be a domain and E a Banach space. For m €
NoU{oo} we denote by C™ (G, E) the space of all m-times continuously differentiable
functions. The space of C™-functions compactly supported in G will be denoted
by C*(G, E). Furthermore, Cf*(G, E) denotes the space of functions which occur
as restrictions of functions in C§*(R"™, E) to functions defined on G. The space
Coer(R™, E) consists of all functions v € C°°(R", E) which are 2n-periodic with
respect to each coordinate direction. For 1 < p < oo we denote by LP(G, E) the
Lebesgue-Bochner spaces, which are known to be UMD spaces, provided E has
the UMD property. In particular, LP(G,R) is a UMD space. Accordingly, if E
enjoys property («), then LP(G, E) is known to enjoy property («). See [15] for the
definitions of the UMD property and property («).

Let m € Ng. The E-valued Sobolev space W™P(G, E) of order m consists of all
u € LP(G, E) such that all distributional derivatives up to order m define functions in
LP(G, E). For G = Q,, := (0,2r)" the E-valued periodic Sobolev space W4,P(Q,,, )

of order m consists of all u € W™P(Q,,, F) admitting the LP-equality
8§-u|mj:0 = 8§u|%:2n, i=1,...,n; 0<l<m.
Note that for m € N we have
W™P(Q, E) = LP(Qn-1,C™*([0,27], E))

thanks to the Sobolev embedding. Hence, all traces in the definition of W%P(Q,,, E)

per
are well-defined by continuity. For convenience we set W22(Q,,, E) = LF(Q,, E).
We further consider the subset of functions of mean value zero denoted by

W(lo’)pper(Qn,E) = WLp(Q,,E) N L’()O)(Qn,E), that is, the set of all functions

per

f e Wkp(Q,, E) such that f(()) =0. If F = R, we drop the additional indication in

per
the definitions above and write as usual L?(G), for instance.

We turn our attention to the function spaces of hydrodynamics as presented in [14],
Section III.1. First recall the homogeneous Sobolev space

W'(G) = {u e LL (G)/R: Vu € LP(G)"}
equipped with the norm ||Vu(| zr(g)n. Setting

Do (G) :={u e CF(G)": divu =0 in G}
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for 1 < p < oo, we consider the space L2 (G) given by the completion of D,(G) in the
LP-norm. If G locally coincides with a Lipschitz domain, the existence of generalized
normal traces 7, of vector fields on the boundary of G allows for the representation

L2(G) ={ue LP(G)"*: divu=01in G, y,u =0},
where divue = 0 in G has to be understood in the sense of distributions. Let further
Gp(G) :={Vu: u e L, (G)/R, Vu € LP(G)"}.
The existence of the most useful LP-Helmholtz decomposition
L7(G) = LL(G) @ Gy(G)

is equivalent to the existence of the LP-Helmholtz projection, i.e., to the existence
of a unique bounded linear projection operator P, = [P’IQJ having range L2(G) and
kernel G,(G). Let p’ denote the Holder conjugate of p. As is well-known (see

g. [14], Lemma 1.2), the existence of P, is equivalent to unique solvability of the
corresponding weak Neumann problem

2.1) / VuVeds = / fVeds, oeW? (@)
G G

for each f € LP(G)". Thus, investigating (2.1) with G given by (0, )"* x V we prove
our main theorem, which reads as follows.

Theorem 2.1. Let 1 < p < co. Let ni,ne € Ng be such that n :=ny +ng > 2
and let Q := (0,7)" x V, where V C R" is a bounded domain with C'-boundary.
Then there exists a unique bounded linear projection operator

P=P,: LP(Q)" — LA(Q) C LP(Q)"

with range R(P) = L2(Q) and kernel N(P) = G,(Q).
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3. R-BOUNDEDNESS AND FOURIER MULTIPLIERS

In the proof of Theorem 2.1 we will make use of operator-valued Fourier multiplier
results. Here the UMD property and property («) of Banach spaces as well as the
notion of R-boundedness of operator families are employed. For convenience of the
reader we comment briefly on the latter. Given Banach spaces X and Y we write
L(X,Y) for the space of bounded linear operators from X to Y and abbreviate
L(X):=L(X,X).

Definition 3.1. Let X and Y be Banach spaces. A family 7 C L(X,Y) is
called R-bounded, if there exist C' > 0 and p € [1,00) such that for all N € N,
T; € T, z; € X, and all independent symmetric {—1,1}-valued random variables ¢;
on a probability space (G, M, P) for j =1,..., N we have that

(3.1) <C

Lr(G,Y)

N N
§ ez § €5%;
=1 =1

LP(G,X).

The smallest C' > 0 such that (3.1) is satisfied is called the R-bound of 7 and
denoted by R, (T).

While the property of R-boundedness is independent of p € [1,00), the R-bound
Rp(T) is not. However, for our purposes there is no need to distinguish the p-
dependent R-bounds. Hence, we omit the index p and merely write R(7). The
following lemma collects two useful properties of R-bounded families. The first one
shows that R-bounds essentially behave like uniform norm bounds, the second one
is known as the contraction principle of Kahane (see e.g. [15], Proposition 2.5, or [8],
Lemma 3.5).

Lemma 3.2.

a) Let X, Y, and Z be Banach spaces and let T,S C L(X,Y) andU C L(Y, Z)
be R-bounded. Then T +S8 C L(X,Y), TUS C L(X,Y), and UT C L(X,Z)
are R-bounded as well and we have

R(T+S), R(TUS)KR(S)+R(T), RUT)<RU)R(T).
b) Let p € [1,00). Then for all N € N, z; € X, ¢, as in Definition 3.1, and for all

a;,b; € C with |a;| < |bj| for j =1,..., N, we have

(3.2) <2

Lr(G,X)

N
§ :ajejxj
Jj=1

N
§ bjeja;
=1

LP(G,X).
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We turn to operator-valued Fourier multipliers and related multiplier theorems.
Let n € N, let 1 < p < o0, and let X and Y be Banach spaces. Given any function
f € LP(Qn, X) and k € 7", the k-th Fourier coefficient f(k) € X of f is defined as
fk):=(@2n)™ Jo, e % f(z)dx. Given M: 7™ — L(X,Y), the relation

(T f) (k) = M(K)f(k), kez"

for Fourier coefficients f(k) of f defines a linear operator T between the spaces
of X- and Y-valued trigonometric polynomials 7(Q,,,X) and 7(9,,Y). If C > 0
exists such that

ITa fllzr,,v) < Cllfllzro,,x),  f€T(Qn, X),

then M is called a discrete operator-valued (LP-) Fourier multiplier. In that case Ths
extends to Ty € L(LP(Qn, X), LP(Q,,Y)) by density and Ty is called the Fourier
multiplier operator associated with M.

For the following important multiplier theorem we will need partial discrete deriva-
tives of M defined as A% M (k) := M (k) — M (k — e;). Here e; denotes the j-th unit
vector in R™. For arbitrary v € {0,1}" we set

(3.3) AM =M, AYM:=A" . ATen].
Instead of v € {0, 1}"™ we henceforth also write 0 < v < 1 or merely v < 1.

Theorem 3.3. Let 1 < p < oo, let X and Y be UMD Banach spaces having
property (), and let T C L(X,Y) be R-bounded. If M: 7" — L(X,Y) satisfies
{M(k); ke Z™} C T and

(3.4) {(IAM(E): keZ"\[-1,1]", 0<~y <1, v#0} C T,

then M defines a Fourier multiplier.

There are many contributions to Theorem 3.3 as stated above. For the one-
dimensional case see [3], for higher dimensions [6], [7], and [18]. The latter allows
to neglect the unite cube [—1,1]" in case v # 0. See [16] for a comprehensive
discussion on Fourier multiplier theorems in LP(Q,,, X). The next lemma simplifies

the verification of Sobolev regularity of functions in the range of multiplier operators
([16], Lemma 3.11).
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Lemma 3.4. Let 1 < p < oo, m € Ny, and let M: 7™ — L(X,Y). Then the
following assertions are equivalent:

(i) Tar € LILP(Qn, X), WGP (Qn,Y)),
(if) My: k+— k*M (k) defines a Fourier multiplier for each |a| =m

The following version of Parseval’s formula is crucial for the application of the
theory of Fourier multipliers in variational problems.

Proposition 3.5. Let X be a Banach space and let X' denote its dual space.
Let f € LY(Q,,X) and g(x) = Y. g(k)e'*® with g(k) € X’ for k € 7" and
(§(K))kezn € 11(Z", X'). Then — *€%"

o o U@L g de = X (0,30

Proof. Thanks to the assumptions we have

e L (@30 e = s | (f(x), > a(h)et) da

= (e @), ) e = 3 (R, 5) o
(27) ’

O

As in this case (§(k))kezn is rapidly decreasing, Proposition 3.5 applies to g €
Cper(R™, X"). During the reflection procedure later on, however, we intend to apply
Proposition 3.5 to Lipschitz continuous functions of tensor product type. We make
this result available in the next lemma.

Lemma 3.6. Let X be a Banach space and n € X. For j = 1,...,n let h;:
[0,21] — C define periodic and Lipschitz continuous functions. Then g: Q, —

X;g:= [(33 hj} ® 1y fulfills (§(k))rezn € 1127, X).
he

Proof. For each j = 1,...,n Bernstein’s theorem in one variable ([4]) gives
(ﬁj(k))kez € 11(Z). Now the claim follows thanks to the tensor product structure
of g. Indeed, due to G(k) = Hﬂj(kj)n for each N € N we have

J

Yoo la®lx= D oo D bk a(ka)l - lInllx

|kloe <N k1SN [ka|<N

= lInllx H > Ihy(kp)l < lmllx H [[( (Bl z) < o0

J=1|k;|<N
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4. THE PARTIAL PERIODIC WEAK NEUMANN PROBLEM

Let Q := (0,27)™ x V. We subsequently investigate a weak realization of the
partial periodic Neumann problem

(4.1) Au=F in ﬁ,
d,u=0 on (0,2r)" x 9V,
Ulg,=2x — Ulg;=0 =0, Jj=1,...,n,
Ojulg; =2z — Ojtt|z;—0 =0, j=1,...,n1.

More precisely, given f € LP(2)™ we consider the variational problem

(4.2) /NVquodx = /Nngo dz, e CR.(R™)®C5e(V).
) )

Our aim is to find a unique (up to constants) solution u in a suitable LP-subspace such
that u|y;—2x — u[z;=0 = 0 for j = 1,...,n;. In what follows we adopt the strategy
pursued in [9]. We write z = (z/,2") as well as f = (f’, f”) and p(x) = ®(z )P ("),
where ® € C52,(R™) and ¢ € Cg°(V). Calculating Fourier coefficients with respect
to x’, Parseval’s formula for Fourier series as presented in Proposition 3.5 yields

3 /V (KPa(k)T + V" a(k)T75 — /(&G — " (k)V75) da"B(k) = 0,

keZm1

Plugging in ®;(2’) := sin(kz’) and Po(z’) := cos(kz’) for a fixed k € Z™, a suitable
complex linear combination takes us to the variational problems

an [ PV o = [ (0T ) b

forally € C§° (V) and all k € Z™. In what follows we state results on the parameter-
dependent problem

(4.4) / (|k[Pvy + V"0V"p) dz” = / (—ikg'y + ¢"V"y) da”.
v v
In order to improve readability we rewrite (4.4) as

(|k|?> — Ay = —ikg' + ¢"V inV,
v(Vo—g¢")=0 ondV,
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where k € 7", v € WHP(V) and g = (¢',¢"”) € LP(V)". We define

1
4.5 gy = —/ g(z") da"”
(45) VI v
and set
P
Lio)
Finally, let

(V):={geLP(V): gy =0} and WLP(V):= W' (V)N L’

© 0(V)-

D: LP(V)" = Lig, (V)™ x L*(V)"™; (g',9") = (9" = gv,9")-

Observe that (4.4) coincides with the usual weak Neumann problem on V in the case
k =0. Let vg = Qo(¢’ — ¢{,,¢"”) = QoDg denote its unique solution vy € WL”(V)
with right-hand side (¢’ — g1, ¢"). The following result for the case k # 0 from [9],
Theorem 3.6, is crucial for our further calculations.

Theorem 4.1. Let 1 < p < co. Let V. .C R™ be a bounded domain with C*-
boundary. Then for eachk € 2™ \{0} and each g € L?(V)" such that g’ € L{’O)(V)"1 ,
there exists a unique solution v € W 1P (V) of (4.4). Let

(0)
kv
Vou)

Qs Ly (V) x vy - vy Q5
Then the set
(4.6) {QE)D: ke 2" \{0}} C LILP(V)")

is R-bounded.

To deal with the multiplier condition in Theorem 3.3 we need the following discrete
product rule (see e.g. [17], Lemma 3.3.6). Note that in contrast to the classical
product rule for differentiable functions, here we have to keep control of the shifts
appearing in one of the factors of each term.

Lemma 4.2. Let X be a Banach space, S(k) € R and T'(k) € X for k € Z". For
each a € N we then have

A*(ST)(k) = > (Z) (AF8)(k — B)(APT)(k), ke
BLa

As both notations are standard in literature, in what follows we retain the notation
A" for the shift operator with respect to k € Z™ as defined in (3.3), although
a similar notation A for the Laplacian with respect to 2’/ € V appears simultaneously.
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Corollary 4.3. The set
(4.7) {FYAY(Q(k)D): ke 2™\ [-1,1]™, 0 <y <1} C LILP(V)")

is R-bounded.

Proof. Given g € LP(V)" for k € 7™ \ [-1,1]™, let v, denote the solution
of (4.4) with parameter k.

The case v = 0 being already proved in Theorem 4.1, let henceforth 0 < v < 1,
v # 0 and let k: Z™ — Z™ denote the identity. Then the product rule yields

KYAY(Q(K)D)g = kY A7 ( ko )

V’Uk
_ (<k - vka) Y ((Av—wk_a(A%)k)
VAT asy,aFy 0
Since 0 # v — «, we have
(A’Y—a/@)k = €ir iffy—a = €y,
- 0, else.

Thus, we infer

o I oy

Jj=1,...,n1,v;=1

(k= y)EY AV, B Z kjej kY% (AT % v)y
B VEYAvvy, _ 0 '

j=1,...,n1,v;=1

Observe the existence of C' > 0 such that |k;| < |k| < Clk —~] for all k € Z™ \
[-1,1]™ and all j = 1,...,n;. Setting w] := AVv, thanks to Lemma 3.2 it only
remains to prove that the sets

{LP(V)” LIPS g (va;ngz;‘;z) ke M\ [-1, 1]n1}

are R-bounded. This assertion is proved by induction. Recall that the case v = 0
has already been proved in Theorem 4.1. Employing the product rule one more time
we find

(k= = M) ] = K([k [ — A)ATw
= KAY(|RP = Aol — K S (AT (kP — A alA%).

agy,a#y
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Taking into account that vy defines the solution of (4.4) with parameter k, for the
first addend on the right we find

KYAY (6] — A)o) = k7 (A7 (—ikg"))r + k7 (A7 g" V)i
—ikje;q’ if vy =ej,

0 else.

= —ik"(AVR)ig' = {

The second addend equals — > K7 "%(AY"%(|]? — A))p—ok®wg. Since we
lee|<ysay
have
—2k;+1 ify—a=e;j,
(AT (|6 = A)k—a = { ! ’

0 else,

the sum reduces to > k;(1—2k;)kY~%w]~“. Altogether, k7w solves (4.4)
=1, =1

with right-hand side (G + H*7,0) € L?

(o) (V)™ x LP(V)" and parameter k — 7,

where
0 ifkj —v;=0o0rv; =0,
koy _
¢ = 12_ 2k; ke wz_ejej else
]

and k; -
. 1 = e iy
H;.C”Y _ k] IR ')/j g_] ’y J

0 else

for j = 1,...,n1. Thus, Theorem 4.1 applies to kYw] and (G*Y + H*7,0). Since

we have

1—2]6]‘ kj ‘<C

kj = ki =
for all k € Z™ such that k; — v; # 0, thanks to the induction hypothesis and
Lemma 3.2 the sets

‘g and ‘

(LP(V)" = LP(V)"; g s (GRY 4 HRY 0): ke 27\ [-1,1]™}

are R-bounded. Applying Lemma 3.2 one more time completes the proof. O

In what follows we denote functions from L?((0, 2n)m,WLP (V)) which are con-
stant with respect to 2’ € (0,2n)™ merely by W1P(V) since no confusion seems
likely. Inspired by (4.5), for f € LP(Q)" we define

1
(4.8) fv=fi@):= ] /Vf'(x’,x") dz”.
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Theorem 4.4. Let 1 < p < co. Let V. C R™ be a bounded domain with C*-
boundary, Q2 := (0,2n)™ x V, and let f € LP(Q2)". Then the weak realization (4.2)
of the partial periodic Neumann problem (4.1) has a unique solution

we (WhP(@Q) WP L ((0,20)™, LP(V)) + Whe(V).

07 k = Oa QOD, k = 07
My (k) = and My(k) := 0 k0

Then
My: 7" — L(IP(V)") and My: 7™ — L(LP(V)", WP (V)

define Fourier multipliers. The assertion on M; follows thanks to the R-boundedness
result (4.7) of Corollary 4.3 from Theorem 3.3. The assertion on M, is a direct
consequence of the UMD property of LP(V)™ implying that the Kronecker symbol
911 defines a Fourier multiplier on LP(V)™. By construction and Lemma 3.4

Tar,: LP(Q) — WHP(Q) N WLE((0,21)™, LP(V)).

per

Thus, for each f € LP(Q)™ there exists

we (WHQ)nWr  ((0,2)™, L (V) + WP(V)

such that @(k) for each k € Z™ solves

/V (KPa(k)p + V"a(k) V") da” = / (= k(' — F)(kyo + 7 (R)V") da”

\%4

for each ¢ € C§° (V). To solve (4.2) it remains to treat

/ (2D + V" B(k) V") da” = / ik fl (k) da”
1% v
for k € 7" \ {0}. As f{, is independent of z”, we immediately find a solution

we Wk ((0,20)™) < WP ((0,20)™, LP(V)),

by @(k) == —i(k/|k[?) fi,(k) for k # 0 and @(0) := 0. Thus,
wtwe (W) N (0,25, LP(V))) + WH(V)
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solves (4.2). To prove uniqueness of the solution let u; and ug solve (4.2). Calculating
Fourier coefficients of v := u; — ug, Proposition 3.5 takes us to

/ ([E*o(k)y + V"0 (k) V") da” =0, ¢ € CG*(V)
Vv

for each k € Z". For k = 0 this equals [;, V"0(0)V"1)dz” = 0 and well-known
results on the weak Neumann problem on V yield 9(0) = 0. In the case k # 0 we
employ the uniqueness result of Theorem 4.1 to find o(k) = 0 for k € Z™\ {0}. Thus
v = 0 due to well-known uniqueness results on Fourier coefficients. O

In the following remark we briefly comment on possible extensions of Theorem 4.4
concerning the domain V', which lead to certain unbounded domains 2.

Remark 4.5. a) The domain V may as well be assumed to be the whole space,
the half space (or any space which leads to the whole space by carrying out finitely
many reflections with respect to the coordinate axes) or a bent half space (see [9],
Section 3, for the precise definition). Indeed, minor difficulties arise in this case for 0
is not an eigenvalue of the Neumann Laplacian. Setting gy := 01in (4.5), the assertion
of Theorem 4.1 is proved in [9], Theorems 3.2 and 3.4, for these domains, too. This
leads, e.g., to domains ) representing infinite rectangular cylinders (cf. [16]), halves
of infinite layers, halves of infinite rectangular cylinders or bent halves of infinite
layers.

b) More generally, for n1,n2,n3 € N (non-physical) unbounded and non-smooth
domains of shape £ := R™ x (0, 1) x V can be treated. Here, the results of [9] and
multiplier results both for Fourier transform and Fourier series have to be used.

5. ANALYSIS OF THE WEAK NEUMANN PROBLEM—PROOF OF THEOREM 2.1

Now we are in the position to treat the variational problem (2.1) in Q :=
(0,7)" x V. This will be done by means of an appropriate reflection technique.
To this end let ¢ € LP(Q) for V' C R™ as before and n := n1 + ny. We define
the extension €¢ = €,,...E1¢ to Q= Q,, X V by even extension iteratively
throughout all coordinate directions. More precisely, for i = 1,...,n; let &; extend

¢l i= . €19 e LP((0,20) 7 x (0, )™ X V)

to
P =€ ... €1¢ € LP((0,2n)" x (0,m)™ " x V)

such that ¢’ is even with respect to #; = . This construction gives rise to an
extension operator € € L(LP(2), LP(R2)). Let further R € L(LP(2), LP(2)) denote
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the operator of restriction. Finally, consider f € LP(2)™ and let ©; denote the
extension of

fi_l = Di—l - le S Lp((O, ZK)i_l X (0, T[)nl_H_1 X V)n

to
fi=90;...9:f € LP((0,2n)" x (0,0)™ " x V)

such that the i-th component of f is odd, whereas all other components of f? are

even with respect to x; = . Then we easily verify the useful LP(Q)-identity
(5.1) OVu =Veu, ueWhP(Q).

Theorem 5.1. Let 1 < p < oo and Q := (0,1)™ XV, where V C R™ is a bounded
domain with C'-boundary. Then for each f € LP(2)™ there exists a unique solution
u € WHP(Q) of problem (2.1).

Proof. Let f € LP(Q)™ be given. In order to prove unique solvability of the

ni

variational problem (2.1), due to density it suffices to consider ¢ € | @ C§°([0, TE])} ®
=1

Cs°(V). Here we make use of the cylindrical structure of Q and the fact that € is

a bounded domain. From Theorem 4.4 we know the existence of a unique solution
Ue (W (Q)nWeh .((0,20)", LP (V) + WP(V)

to the variational problem of the partial periodic Neumann problem (4.2) with right-
hand side O f. Thanks to Lemma 3.6 the class of test functions C,(R™) ® Cg°(V)

per

in (4.2) may be enlarged such that the class {@ Lipper ([0, 211])} ®C§ (V) is included.
j=1

Here Lipper([0,2n]) denotes the space of periodic Lipschitz continuous functions of

one variable. This can be done without any loss of validity in the results of the
ni J—

previous sections. Since €y € {@ Lipper([0,2n])] ® C§°(V), in particular it holds
j=1

that

(5.2) /~VUV&0dx:/~DfV€gadx
Q Q

for all ¢ € ® Cse (0, TC])} ® C§°(V). Making use of the transformation formula, we
j=1
easily see that

Vi) :=U(x1,. .. @i 1,20 — Ty T 1y oo ey Ty, &)
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fori =1,...,n; define solutions of (4.2) with right-hand side O f, too. Thus, V! = U
for i = 1,...,n; by uniqueness. Consequently, there exists u € W1?(2) such that
U = €u, which implies VU = OVu by (5.1). Hence, from (5.1) and (5.2) we deduce

/VuV@dxz/ngodx,
Q Q

i.e., u defines a solution of (2.1). The uniqueness of u follows along the same lines
from the uniqueness of U. 0
Now well-known results prove our main theorem (cf. [14], Lemma 1.2).

Proof of Theorem 2.1. The existence of the Helmholtz projection P, € L(L?(Q2))
follows immediately from Theorem 5.1. 0
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