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Abstract. We study the classifying problem of immersed submanifolds in Hermitian
symmetric spaces. Typically in this paper, we deal with real hypersurfaces in a complex two-
plane Grassmannian Gg (C"”+2) which has a remarkable geometric structure as a Hermitian
symmetric space of rank 2. In relation to the generalized Tanaka-Webster connection, we
consider a new concept of the parallel normal Jacobi operator for real hypersurfaces in
G(C™7T2) and prove non-existence of real hypersurfaces in Ga(C™1?) with generalized
Tanaka-Webster parallel normal Jacobi operator.
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parallel normal Jacobi operator
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INTRODUCTION

In complex projective spaces or in quaternionic projective spaces, many differential
geometers studied real hypersurfaces with parallel curvature tensor ([7]). From a new
perspective, it is investigated to classify real hypersurfaces in complex two-plane
Grassmannians with parallel normal Jacobi operator, that is, VRy = 0 ([8], [10]
and [6]).
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fourth by Proj. No. NRF-2013-H1A8A1004325.
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As a prevailing notion, in a Riemannian manifold (M, J), a vector field X along
a geodesic v of M is called a Jacobi field if it satisfies the second order Jacobi equation
=2 - N
where # is the vector tangent to v. For any tangent vector field X at x € M, the
Jacobi operator Ry is defined by

for any vector field Y € T, M.

On the other hand, let us put a unit normal vector field N to a hypersurface M
into the curvature tensor R of the ambient space M. In [8], for any tangent vector
field X on M, the normal Jacobi operator Ry is defined by

Rn(X) = R(X,N)N.

The ambient space, a complex two-plane Grassmannian Go(C™%2) consists of
all complex two-dimensional linear subspaces in C™*2. This Riemannian symmet-
ric space is the unique compact irreducible Riemannian manifold equipped with
both a Kihler structure J and a quaternionic Kdhler structure J not containing .J.
Then, naturally, we could consider two geometric conditions for hypersurfaces M
in G2(C™*2): that both the one-dimensional distribution [¢] = Span{{} and the
three-dimensional distribution D+ = Span{¢;, &2, &3} are invariant under the shape
operator A of M ([3]), where the Reeb vector field £ is defined by £ = —JN, N
denotes a local unit normal vector field of M in G2(C™*?2) and the almost contact
3-structure vector fields £, are defined by §, = —J, N, v = 1,2, 3, where {Ji, J2, J3}
denotes a local basis of J. The distribution ® denotes the orthogonal complement
of ®t in T, M, x € M which becomes the maximal quaternionic subbundle of T}, M,
x € M. If X is a tangent vector on M, we may put

JX =X +n(X)N, J,X=0,X+n(X)N
where ¢ X (resp. ¢, X) is the tangential part of JX (resp. J,X) and n(X) = g(X, &)
(resp. v (X) = g(X,&,)) is the coefficient of normal part of JX (resp. J,X). In this

case, we call ¢ the structure tensor field of M.
By using the result in Alekseevskij [1], Berndt and Suh [3] proved the following:
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Theorem A. Let M be a connected orientable real hypersurface in Go(C™*?2),
m > 3. Then both [¢] and D~ are invariant under the shape operator of M if and
only if
(A) M is an open part of a tube around a totally geodesic G2(C™*1) in Go(C™*2),

or
(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*2).

By using the normal Jacobi operator, Jeong, Kim and Suh considered the notion
of parallel normal Jacobi operator, that is, Vx Ry = 0 along any vector field X on
M in Go(C™*2). Then they gave a non-existence theorem as follows [8]:

Theorem B. There exist no Hopf hypersurfaces in Go(C™%2), m> 3, with par-
allel normal Jacobi operator.

Recall that the Reeb vector field £ is said to be Hopf if it is invariant under the
shape operator A. The one dimensional foliation of M by the integral manifolds of
the Reeb vector field € is said to be a Hopf foliation of M. We say that M is a Hopf
hypersurface in Go(C™*2) if and only if the Hopf foliation of M is totally geodesic.
By the formulas in [8], Section 3, it can be easily checked that M is Hopf if and only
if the Reeb vector field ¢ is Hopf.

Moreover, Jeong and Suh considered the general notion of the §-parallel normal
Jacobi operator defined in such a way that V3 Ry = 0, § = [(]UD, which is weaker
than the notion of the parallel normal Jacobi operator mentioned above. They gave
a non-existence theorem as follows [10]:

Theorem C. There exist no connected Hopf real hypersurfaces in Ga(C™*?),
m> 3, with §-parallel normal Jacobi operator, § = [£] U D>.

Related to the Levi-Civita connection V, the generalized Tanaka-Webster connec-
tion (from now on, GTW connection) for contact metric manifolds was introduced by
Tanno ([13]) as a generalization of the connection defined by Tanaka in [12] and, inde-
pendently, by Webster in [14]. The Tanaka-Webster connection is defined as a canon-
ical affine connection on a non-degenerate, pseudo-Hermitian CR-manifold. A real
hypersurface M in a Kihler manifold has an (integrable) CR-structure associated
with the almost contact structure (¢, £, 7, g) induced on M by the Kihler structure,
but, in general, this CR-structure is not guaranteed to be pseudo-Hermitian. Cho
defined GTW connection for a real hypersurface of a Kihler manifold (see [4], [5])
by

VY = ViV + g(pAX, Y)E = (Y )pAX — kn(X)pY,

with a constant k € R\ {0} (see [5], [9]).

209



Using this GTW connection ﬁ(k), we consider the new notion of generalized
Tanaka- Webster parallel normal Jacobi operator (in short, GTW parallel normal
Jacobi operator), that is, @%)EN = 0 for any vector field X € T, M. In Section 1
we will prove the following Main Theorem.

Main Theorem. There exist no Hopf hypersurface in a complex two-plane Grass-
mannian Go(C™*2), m > 3, with GTW parallel normal Jacobi operator.

In Section 2 we define a new notion called the GTW Reeb-parallel defined by
(@ék)ﬁN)Y = 0 for any tangent vector field Y on M. It is weaker than the GTW
parallel normal Jacobi operator. As an interesting result, for £€D~, any Hopf hy-
persurface M in Go(C™%?) admits a natural GTW Reeb-parallel normal Jacobi
operator.

In this paper, we refer to [1], [2], [3], [8], and [11] for Riemannian geometric
structures of Go(C™%2) and its geometric quantities.

1. PROOF OF MAIN THEOREM

Let us denote by R(X,Y)Z the curvature tensor in G5(C™*2). Then the normal
Jacobi operator Ry of M in G2(C™*2) can be defined by Ry X = R(X, N)N for any
vector field X € T,M = ® @ ®*, where the distribution © denotes the orthogonal
complement of D+ in T, M, z € M (see [8]).

In [8] and [10], the derivative of the normal Jacobi operator is written as

(1.1) (VxRN)Y =39(pAX,Y)E+3n(Y)pAX

3
+3) {9(0nAX, V)& + (V) AX }
v=1

22% PAX) (oY —n(Y)E) — g AX, oY), €

()m(AX)%é‘ Mo (PY ) (P pAX — g(AX, §)E,)]

for any tangent vector fields X and Y on M.
n [5], the author defined the GTW connection V(¥) for M as follows:

(1.2) VY = VxY +g(pAX, Y)E = n(Y)pAX — kn(X)pY
for a non-zero real number k. By using (1.2), we have
(VERN)Y = VP (RyY) — Ry (VPY)
= Vx(RNY) + g(pAX, RNY)E = n(RNY)pAX — kn(X)pRNY
— RN (VxY + g(pAX,Y)E = n(Y)pAX — kn(X)eY).
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From this, together with the fact that M is Hopf, we obtain

3
(1.3) (VEORNY = Y {30(0, AX, Y)E, + 30,(Y) 0 AX

v=1

— 20, (PAX)prpY + 51, (P AX (Y )&y

+ 9(pu AX, Y ), & 4 1 (Y ) p AX

— an(X ) (@Y )&, + 30, (0AX )n, (V)€

= (§)9(PAX, Y )E + 1 ()0 (PAX)N(Y)E
— any, (E)n(X )1 (Y )€ + 0y (AX )1 (Y )€

— 4y () (Y)pAX — dkn(X)n, (Y)eu €

+ kn (E)N(X)prpY — kny (n(X)n(Y) e, €

—= kn (On(X)nw (9Y)E + 4kn(X)n. (9Y )€,

— 4, (§)g9(pAX,Y)E 4+ nu (E)n(Y ), AX

+ knu (E)n(X)p, Y}

for any tangent vector fields X and Y on M.
Let us assume that the normal Jacobi operator Ry on a Hopf hypersurface M in
a complex two-plane Grassmann manifold Go(C™*2) is GTW parallel, that is,

(+) (VERN)Y =0

for any tangent vector fields X and Y on M.

Here, it is the main goal to show that the Reeb vector field £ belongs to either
the distribution ®© or its orthogonal complement ®+ such that TM = D @ ®* in
G2(C™*?) when the normal Jacobi operator is GTW parallel.

From now on, we may write the Reeb vector field £ as

() & =n(Xo)Xo +n(&1)&

for some unit vector fields Xy € ® and & € D*.
By putting X = ¢ in (1.3) and using the condition (*), we have

(1.4) 0=(VPRy)Y Z{ 4am, (Y )&, + dam, (V) oy &

v=1

- 4]{:771/(}/)90115 + knu(f)SOSOuSOY - kﬂu(ﬁ)ﬂ(y)%ﬁ
=k () (9Y )€ + 4kn, (9Y )&, + knu (§)wu Y}
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for any tangent vector field Y on M. Taking the inner product with £ in (1.4), this
becomes

4(a —Ek)n(Xo)n(§1)g(Y, 1 X0) =0

for any tangent vector field Y on M, since p&; = n(Xo)p1Xo. Replacing Y by 1 Xo
in the above equation, we obtain

(a = k)n(Xo)n(&1) = 0.

Thus there are 3 cases:

Case 1: n(Xo) = 0, which means that ¢ belongs to the distribution D-.

Case 2: n(&) = 0, which means that £ belongs to the distribution .

Finally, in the case of n(Xo)n(£1) # 0, the only possible situation is the following
one:

Case 3: a = k. In this case, & becomes a non-zero constant real number. From [3],

Section 4, we get
3

Ya= () =4 n,(On(gY)

v=1

for any Y tangent to M. This gives

0 =n(&1)pé1 = n(&1)p1§ = n(§1)n(Xo)w1 Xo-

Because of the assumptions in Case 3, this yields ¢3Xg = 0. Therefore —Xg +
1n(Xo)&1 = 0. That is, Xo = n(X)&1, which is impossible. Thus we have just proved
that the Reeb vector field £ belongs either to the distribution ® or the distribu-
tion .

First of all, we consider the case £ € ®+. Without loss of generality, we may put

§=¢1.

Lemma 1.1. Let M be a Hopf hypersurface of Go(C™2) with GTW parallel
normal Jacobi operator. If the Reeb vector field ¢ belongs to the distribution =,
then g(AD,D+) = 0.

Proof. Since ¢ belongs to the distribution ®~+, using (1.3) and the assump-
tion (*), we have

3
(15) 0= {3g(p,AX, V)&, + 30, (V) gy AX — 2, (pAX ) p,pY

v=1

+ 5, (pAX)N(Y)E + g(0n AX, 0Y )& 4+ 10 (0Y ) pAX
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— an(X)m (@Y )& + 3n, (0 AX )0y (Y)E + 0y (AX)mu (0Y )€
— 4kn(X)n, (Y)pu € + 4kn(X)n, (0Y)&}

— 9(PAX, pp1Y)§ — 4 (Y)pAX + kn(X)pp1pY
—49(pAX,Y)&1 +n(Y)p1 AX + kn(X)p1Y

for any tangent vector fields X and Y on M.
Restricting Y to the distribution ®, (1.5) can be read as

(1.6) 0=39(p1AX,Y )& + 39(p2AX,Y)E + 39(p3AX,Y)Es
— 2m2(pAX)p2pY — 2n3(pAX )p30Y — g(p2 AX, Y )E3
+ 9(p3AX, Y )& — g(AX, 1Y) — 4g(0AX,Y)E

for any tangent vector field X on M.
Taking the inner product with &, we get

39(2AX,Y) + g(psAX, pY) =0
for any tangent vector fields X on M and Y € ©, that is,
—3Ap2Y — ApspY = 0.
Replacing Y by ¢Y € © in the above equation, we obtain
(1.7) ApsY = 3ApypY.
Taking the inner product with &5 in (1.6), we get
39(p3AX.Y) — g(p2AX,Y) =0
for any tangent vector fields X on M and Y € ®. In other words,
(1.8) 3ApsY = ApypY.
Combining (1.7) and (1.8), we get
ApsY =9ApsY

for any tangent vector field Y € ©.
Replacing Y by ¢3Y in the above equation, we have

AY =0.
Hence, g(AY,&,) =0 for v =1,2,3 and any Y € D, that is, g(AD,D+) = 0. O
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In the case of £ € D, from [11] we know that M must be locally congruent to
a real hypersurface of type (B) under our assumptions. So, we see that M is locally
congruent to a model space either of type (A) or type (B) in Theorem A under the
assumption of our Main Theorem.

Hence it remains to check whether the normal Jacobi operator Ry of real hyper-
surfaces of type (A) or type (B) satisfies the condition (x) for any tangent vector
field Y on M or not.

Now, consider ¢ € D+. According to the following proposition from [3], a real
hypersurface M of type (A) has four distinct constant principal curvatures as follows:

Proposition A. Let M be a connected real hypersurface of Go(C™*2). Suppose
that AD C ©, A¢ = of, and £ is tangent to . Let J; € J be the almost Hermitian
structure such that JN = J;N. Then M has three (ifr = 1/2+/8) or four (otherwise)
distinct constant principal curvatures

a=+V8cot(V8r), B=+v2cot(v2r), A=—V2tan(v2r), p=0
with some 7 € (0,7/+/8). The corresponding multiplicities are
me) =1, m(B) =2 m(\) =2m—2=mu),
and the corresponding eigenspaces are

T, = RE = RJN = R¢; = Span{¢} = Span{&; },
Ts = Ct¢ = CN = R @ REs = Span{&, &),
Ty ={X; X L H¢,, JX = J1 X},

T,=1{X; X LH¢ JX = —J1 X},

where R¢, C¢ and HE denote, respectively, the real, complex and quaternionic span
of the structure vector field ¢ and C+¢ denotes the orthogonal complement of C&
in HE.

Using this, we consider a unit eigenvector X € Ty, Y = & and assuming £ = &; €
D+, we obtain from (1.3)
3Ap2 X — ApzpX = 0.

Since X belongs to T, X is a tangent vector field on T), that is, X = 1 X.

Thus we have 2ApoX = 0. Taking the inner product with ¢2X, we get A = 0.
This gives a contradiction. So we know that no real hypersurface of type (A) in
G2(C™*?) admits a GTW parallel normal Jacobi operator in the case of ¢ belonging
to the distribution ®+. We make the following remark.
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Remark 1.2. If the Reeb vector field ¢ belongs to the distribution D, then there
exists no hypersurface of type (A) in G2(C™*?) with GTW parallel normal Jacobi
operator.

Now we check the case £ € © supposing that M has a GTW parallel normal Jacobi

operator. In order to do this we introduce a proposition due to Berndt and Suh [3]:

Proposition B. Let M be a connected real hypersurface of Go(C™*2). Suppose
that AD C ®, Af = «f, and £ is tangent to ©. Then the quaternionic dimension
m of Go(C™*2) is even, say m = 2n, and M has five distinct constant principal
curvatures

a=—2tan(2r), B=2cot(2r), v=0, A=cot(r), u=—tan(r)
with some r € (0,n/4). The corresponding multiplicities are
m(a) =1, m(B) =3=m(y), m(A)=4n—4=m(u)
and the corresponding eigenspaces are
T, = RE = Span{¢},
Tﬁ = JJg = Span{fu; v =1, 273}a
Ty = J¢ = Span{p,&; v =1,2,3},
T)\? TH)
where
DoT,=HC), D=7, =T, J=T,.

The distribution (HC¢)* is the orthogonal complement of HCE, where

HC¢ = RE® RIE @ JE @ JJE.

If we consider a unit eigenvector X € Ty, Y = & in (1.3), it becomes

3
> {30 (&)eu X + Mg X, 06) @} = 0.

v=1

So we have
3/\302X =0.

Taking the inner product with @2 X, we get A = 0. This gives a contradiction. So
this case cannot occur. Also we make the following remark.
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Remark 1.3. If the Reeb vector field £ belongs to the distribution ®, then there
exists no hypersurface of type (B) in G2(C™*"?) with GTW parallel normal Jacobi
operator.

Hence summing up Lemma 1.1 and Remarks 1.2, 1.3, we complete the proof of
Main Theorem. O

2. GTW REEB-PARALLEL NORMAL JACOBI OPERATOR

In this section, we consider a new notion which differs from the GTW parallel
normal Jacobi operator.

Let us assume that the normal Jacobi operator Ry on Hopf hypersurfaces M in
complex two-plane Grassmann manifolds Go(C™%2) is GTW Reeb-parallel defined
by

(2.1) (VPRy)Y =0

for any tangent vector field Y on M. From this notion, together with the proof of
Main Theorem we see that the Reeb vector field £ belongs either to the distribution
D or the distribution ®+. For £€®+, we will prove that any Hopf hypersurface M
in G5(C™*?) always has a GTW Reeb-parallel normal Jacobi operator.

Proposition 2.1. Let M be a Hopf hypersurface in Go(C™*?), m > 3, such that
¢ € ©1. Then the normal Jacobi operator Ry is GTW Reeb-parallel.

Proof. Putting X =¢ and £ = & in (1.3), it becomes

(V(k)R 2{39 O AEY)E 4 30, (Y)or AL — 20, (9 AS) 0 Y
v=1

+ 5, (AONY )0 + g(0u AL, Y )€ + 1 (Y ) pup AS
—an(©)m (Y )& + 30, (AN, (Y)E — mu (§)g(0 AL, Y )€
+ 7 () (AN (Y )E — amy (E)n(E)nw (9Y )€ + 1w (A (pY )€
— 4 (E)nw (V)AL — 4kn(E)nu (Y )& + knu (E)n(€)ppw Y

= knu (On(En(Y )€ — knu (En(&)m (Y )€ + 4kn(E)m (Y )0
— AN (§)g(p AL Y)E + (Y )or A + knu (E)n(§)pn Y }

for any tangent vector field Y on M. Together with the fact that M is Hopf, it can
be written as

3
(VPRN)Y = 3 {3ag(0.€, V)&, + 30m, (Y)pu€ — 2am, (0€)pu Y

v=1
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+ 5am, (e§)n(Y )& + ag(eu€, ¢Y )pu§ + anu (Y ),
—an(©)m (Y )& + 3am, (&) (Y)E — any (§)g(@S, prpY )€
+ any (O (EN(Y)E — am (E)n(E)nw (Y )€ + any (§)m (Y )€
— dam, (§)m (Y)p€ — 4kn(E)nu (Y)r & + knu (§)n(€)ppu oY
= knu (On(En(Y ) v — kny (En(&)m (9Y )€ + 4kn(E)m (Y )&
—4am, (§)g9(9€, Y )& + anu (On(Y)eu € + knu (n(§) e Y}

3

=Y {3ag(.&, V)& + 3am, (V)eu€ + ag(eul, oV )eué
v=1

—any (Y )& — 4knu (Y)pu € + knu (§) e Y
— knu ()n(Y)er & — knu (§)m (Y )€ + 4kn, (9Y ),
+ 04771/(5)77(1/)801/5 + kUV(f)SOVY}

for any tangent vector field Y on M.
By using (2.1) and (2.8) in [11], Section 2, we have

3
(VPRNY =D {—dan, (Y&, + 4o, (V) g€ — 4kn, (V)€ + 4k, (9Y )€}

v=1

for any tangent vector field Y on M.
Because of (2.3) in [11], Section 2, we get

(VPIRNY = — 4l — k) {m(eY )& +m2(0Y ez + n3(9Y s
+m(Y)e1€ +n2(Y )2l +1m3(Y )36} =0

for any tangent vector field Y on M. Thus from (2.1), the normal Jacobi operator
Ry is GTW Reeb-parallel. O
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