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2-DIMENSIONAL PRIMAL DOMAIN DECOMPOSITION THEORY
IN DETAIL

DALIBOR LUKAS, JIRf BOUCHALA, PETR VODSTRCIL, LUKAS MALY, Ostrava

(Received November 5, 2013)

Abstract. We give details of the theory of primal domain decomposition (DD) methods for
a 2-dimensional second order elliptic equation with homogeneous Dirichlet boundary con-
ditions and jumping coefficients. The problem is discretized by the finite element method.
The computational domain is decomposed into triangular subdomains that align with the
coefficients jumps. We prove that the condition number of the vertex-based DD precon-
ditioner is O((1 + log(H/h))?), independently of the coefficient jumps, where H and h
denote the discretization parameters of the coarse and fine triangulations, respectively. Al-
though this preconditioner and its analysis date back to the pioneering work J. H. Bramble,
J.E.Pasciak, A.H. Schatz (1986), and it was revisited and extended by many authors in-
cluding M. Dryja, O. B. Widlund (1990) and A. Toselli, O. B. Widlund (2005), the theory is
hard to understand and some details, to our best knowledge, have never been published. In
this paper we present all the proofs in detail by means of fundamental calculus.

Keywords: domain decomposition method; finite element method; preconditioning

MSC 2010: 65N55, 656N30, 65F08

1. INTRODUCTION

We consider the homogeneous Dirichlet problem for the Poisson equation

—div(g(z)Vu(z)) = f(z), =x€Q,
u(z) =0, xz€dQ,

This work was supported by the IT4Innovations Centre of Excellence project (CZ.1.05/
1.1.00/02.0070) and by the project SPOMECH—Creating a multidisciplinary R&D team
for reliable solution of mechanical problems (CZ.1.07/2.3.00/20.0070) funded by the Eu-
ropean Regional Development Fund and the national budget of the Czech Republic via
the Research and Development for Innovations Operational Programme. The work was
also supported by the Czech Ministry of Education under the project MSM6198910027
and by VSB—Technical University of Ostrava under the grant SGS SP2013/191.
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where Q C R? is a bounded polygonal domain with Lipschitz boundary, f € L?(f),
and ¢ € L*>(Q) is a positive piecewise constant material function. The domain 2

is decomposed into IV nonoverlapping open triangular subdomains €2; by means of
J— N —_
a conforming finite element (FE) discretization 2 = J €2;. This is referred to as the
i=1
coarse discretization or the domain decomposition (DD). The decomposition aligns

with jumps of the material function so that o(z) = g; > 0 for z € Q;. We denote
M

by I' := | E; the skeleton of the decomposition, where F; is the interior of an
i=1

edge apart from 0f2, see Figure 1. We denote the coarse discretization parameter by

H:= madeiam(Qi).

i=1,...,

NN ‘mvﬂ STAVAN
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VA!A!A!A!A!A!A!A!A!A!AV
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NAYAVAVAVAVAVAVAY AV

NN NN NN\,

Figure 1. Decomposition of €2 into N = 10 subdomains with nY = 2 vertices xy (marked
by squares); dashed-line depicts 8Q solid-bold-lines denote I' decomposed into
M = 11 edges with edge nodes =¥ |; (marked by circles); solid-thin-lines denote

the fine triangulation with n = 65 nodes; diamonds depict interior nodes xI i

The related weak formulation

N
find u € Hj(Q): Z 0 /Q Vu(z)Vo(z)dr = /Qf(x)v(x) dr Vove Hy(Q)

=:a(u,v) =:b(v)

is discretized by the conforming finite element (FE) method on a subspace V :=
V= (p1(2),...,on(x)) C H}(Q), where (¢;)"_; denote the linear Lagrange basis
functions related to the nodes depicted in Figure 1. The underlying fine triangulation
aligns with the domain decomposition. We arrive at the linear system

(1.1) Au=bh,

n
where (A);; == a(pi,¢;), (b)i = b(p;), and u"(z) := 3 (u);p;(z) approximates
i=1

j_
u(z). By h we denote the fine discretization parameter, which is the maximal fine-
triangle diameter.
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Primal DD-methods rely on re-sorting the basis functions (¢;)?; into N sets of

1
functions (50;]‘)?;17 t=1,..., N, related to the subdomain interior nodes x% € Q;,
see Figure 1, and a set of functions (gal,;)z; related to the skeleton nodes =} € I'\ 992,

each of which either belongs to an edge Fj, x}; = 2P, or is a subdomain (coarse)

vertex x}; = :czy, see Figure 1. This translates (1.1) irilc]o7 the saddle-point system
A" o0 ... 0o A ul b!
o AY ... o A} ul b}
(1.2) : : . : S e I
0 0 ... AY AY ul, b,
AT AR AT AT u’ b’

I,I Lr rI

where (A7) = a(ap}m, Sﬁ}c,j)v (Ap )iy = (A ) = a(@}g,wpg,j)? (b}g)’b = b(@}m‘)a
and (bl'); := b(!'). Using a particular-solution approach, (1.2) can be solved in three
steps:

1. Solve N independent systems Aﬁ’l I'= bl, which are FE-counterparts of

—0iAvj(x)

v ()

f(x)a S in
0, x € 09,

on subspaces V; := V" := (¢} ;,. .., goinI}.

i

N
2. Solve Su” =b" — 3 Al"'v! where

i=1
N
(13) S = AF,F o ZAS’I(A£’I)71A£7F-
i=1
3. Solve N concurrent systems Ag’lwi = —Ag’rur, which are FE-counterparts of
—0iAwi(x) =0, x € §y,
wi(z) =u(z), x€dQNT,
wi(z) =0, x € 0 N O,

and set u% = v% + w%.

The method can be also viewed in terms of the block LDLT-factorization

Il 0 AL 0 I (AL)-1ALT
A:
(e 0) (o ) (6 % ™)
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where I', I denote the identity matrices, Al and AL = (AT'HT are the upper-
block-diagonal and off-diagonal part of A, respectively.

The idea of primal DD-preconditioners is to replace the Schur complement S
in Step 2 by an approximation S, which is cheap to invert, the condition number
#(S~18) increases modestly with H/h and is independent of (g;)Y,.

The primal DD-methods can be viewed as a block Gauss elimination combined
with preconditioned Krylov space methods. The idea of re-ordering the nodes dates
back to the nested-dissection sparse direct solver developed by George [5]. The
base for the analysis of DD-preconditioners was given in a famous series of papers
by Bramble, Pasciak, and Schatz, cf. [1]. Analysis in the Schwarz framework was
presented by Dryja, Smith, and Widlund [2]. Let us mention at least two other
important DD-methods such as balancing DD proposed and analyzed by Mandel
and Brezina [6], or finite element tearing and interconnecting proposed by Farhat
and Roux [4] and analyzed by Mandel and Tezaur [7]. We refer to the monograph
by Toselli and Widlund [9] for a more comprehensive overview.

The aim of this paper is to present a complete theory for the vertex-based DD-
preconditioner in 2 dimensions by means of simple calculus. Although many other
DD-preconditioners rely on this theory, to our best knowledge it has never been
presented in a single paper or a monograph without external references. Neither
have we found a complete proof of the 2-dimensional counterpart of the edge lemma,
a brief sketch of which is given in [3]. Moreover, we found and corrected an inaccuracy
in the proof [1] of a frequently-used discrete Sobolev inequality. We hope that our
effort will be of some help to researchers, at a position similar to ours, who need to
get a deeper understanding of the theory in order to develop their novel DD-methods.

The rest of the paper is organized as follows: In Section 2, we give the construction
of the preconditioner. In Section 3, we present the analysis of the condition number
of the DD-preconditioned algebraic system.

2. VERTEX-BASED PRECONDITIONER

In Section 1, we re-ordered the basis functions (¢;)f—; into N sets of interior
functions and a set of skeleton functions, which arrived at (1.2). Similarly we shall
now re-order the set of skeleton basis functions (gof)fzrl into M, the number of edges,

E
sets of functions (gogj);il, 1=1,..., M, related to the nodes x;E] € E;, see Figure 1,
and into a set of functions (gp}’)fzvl related to the subdomain vertices 2} € I'. This
re-ordering induces a permutation of the Schur complement (1.3), still denoted by S,

SE’E SE’V
(2-1) S = (SV,E SV,V) )
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where the E-blocks of rows or columns are associated with the edge functions goEj
and the V-blocks are associated with the vertex functions ¢). The matrix S®:E
admits the block structure
Sin oo Sim
E.E E.E
Syii oo+ Swaim

where (S;EJE)M is related to the interaction of the basis functions @Ek and @El.
From (1.3) we can see that the block structure is sparse, since S;EJE is zero if there
is no subdomain adjacent to both E; and Ej.

M
Denote the overall number of interior edge nodes by n® := >~ nF. We introduce
i=1

the matrix

R" = (R},....RE) e R" *"", REeR" "7,
the transpose of which linearly interpolates the function values from the coarse ver-
tices a:X into interior nodes x;E] of an associated edge F;. That means the entries of
RF are given by the values of the coarse-space basis functions

(2.3) Rk = or (7)),

where (pf )?:1 are the FE-functions uniquely defined by the values at the vertices
2 of the domain decomposition. We change the base (¢¥)™, to (o)™, so that

IE 0 SE’E gE,V IE —(RE)T
(2.4) S:( E v) (”VE ”vv)( v )7
—-R* 1 SYE SV 0 I
where I, IV are the identity matrices. Now the block A¥ := SV+V is the FE-
discretization of the bilinear form a(u,v) in the coarse base.
The primal, so-called vertex-based DD-preconditioner is constructed by neglecting

SEV, SV:E and by skipping the off-diagonal blocks in (2.2), i.e.

g_ (T 0N(S 0/ —®EY
"R IV o A”)\o 1V )
where §E’E = diag(sli’lE, ce S%/[EM)

In each iteration of, e.g., the preconditioned conjugate gradient method an action

of S71is required. We have the formula
—BE.E

A A TG R TS

N (T (gEEy 1 g RE)TY pH) 1 (g v
> (%) sEnrtaro (F) i)
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This results in a modification of Step 2 of the three-steps method.

2a. Set
.= c” =bl — Al
c cv : — V.

2b. Solve M independent local systems SE;EW? =ck.

2c. Solve the global coarse system AfwH = cV + RF cP.
2d. Set

o wP + (RE)Twh
= W )
The action of S~! comprises the solution to a global system with the coarse matrix
EE

AF and the solution to M local edge problems with matrices S, , which are local

Schur complements related to the systems

LI LE
A]f 0 Af»’i w§- 0
LI B 1 _
0 Ak Ak,’i Wk = 0 )
E,I E,I E.E E E
Ai’j ANc A; w; c;

where the relation of 4, j, and k is such that the domains §2; and €, are connected
via the edge F;. We solve the system for w;-E. It is an FE-discretization on the space
Vi + Vi + VB, where VF := (@Elﬁfl, of the following problem solved over the patch
Qj U Qp:

—@Au;}(x) =0, x € Qy,
w}(m):o’ anQj\Ei,
—QkAw}ﬂ(a:) =0, T € Qy,
w,IC(a:):O, x € 0\ E;,
wE(x) = wi(m) = w}c(x), x € E;,
dw? dw?t
Qjmj(x)wwk%:(x):ﬁ(x), z € B,

where n; and nj, denote the outward unit normals to €2; and €y, respectively.
The resulting preconditioner admits the factorization

) I 0 (AN 0) (T' (AMH)~TALT
(2.6) A= (AF,I(AI,I)I IF) ( 0 S) (O Ir )
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3. ANALYSIS OF THE CONDITION NUMBER

We shall analyze the condition number H(A’lA) by means of finding spectral
bounds Apin > 0 and Apax > 0 such that

Vu e V: Apind(u,u) < alu,u) < Amaxa(u, u),

where a(u, u) is the quadratic form related to A. It will turn out that under shape-
regularity and quasi-uniformity of both the coarse and fine discretizations the condi-
tion number & is bounded by C(1 + In(H/h))? from above. The constant C' as well
as all the other generic constants that appear in the theory below are independent
of H, h, and (0;)¥,.

3.1. Orthogonal space splitting. Let us re-visit the algebraic construction of A.
First we re-sorted the basis functions according to the interior and skeleton nodes.
This leads to

V=WVi®g. . 0 Vn)+VE,

where VT = (ol ..., gal;bp> and where the a-orthogonality of V; and Vj, for i # j,
follows from €©; N Q; = 0.

Now we take into account the transformation of the base determined by the right
factor of (2.6). It transforms the basis functions ¢! to their discrete harmonic ex-
tensions ¢! := H(p!l'). Recall that the discrete harmonic extension a' of u!' € VT
is the solution to the problem

findu" € V: @' (z) =u" () on T and Vj VYveV;: a(@,v)=0.

Note that ﬂF|Qj, j=1,...,N, is an FE-counterpart of

~Au"(z) =0, x € Qy,
a"(z) =u' (), el NaQy,
u (z) =0, z € 90N 0.

Denoting VT = H(VT) we arrive at the a-orthogonal decomposition

V=W EBa...EBaVNEBaVF.
The Schur complement S is the FE-discretization of the bilinear form
s(ub,o") == a(H W), HO")), b ot e VT,
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in the base (gp{)”rl. The latter can be deduced from

1=

AI,I AI,F _(ALI)flAI,F
S — (_AF,I(ALI)fl IF) (AF,I AF,F) ( IF > ,

where the transformation factors consist of the nodal coordinates of (@F)Z’;
Finally, we take a closer look at the last transformation determined by the factor

R# in (2.5). It transforms functions to the linear interpolation from its vertex values

along all the skeleton edges. We denote this interpolation operator by I7: Cy(Q) —

n\/

Co(Q), I (v)(z) == > v(x))pH (z). In particular, I (pY) = ¢H see (2.3). Since

i=1
the latter are discrete harmonics, we end up with the decomposition

(3.1) V=Vi®q...0aVnba(VE+VH),

=:VI _yr

- M
where VH = TH(V), VE .= H(V - VH) = H(Z VzE) Therefore, every u =
i=1

ul +uP +uV € V admits the unique decomposition
u=1u &, (T +u'),

where ufl := I (u), % = H(u — uf), and @' := u — @® — u*. The quadratic forms
now read as follows:

N M
(32)  a(uu) = a(@, @)+ Y aliy,uy) +2a(@", u) + a(w, o),
i=1 ij=1
=a(ul,al) =a(TB,u")

N
(3.3)  a(u,u) = Za(ag,ﬁl) +Za(uE ) + a(u, u')

N M
with o' = 3" @, 4l € V; and @® = Y af, b € H(VE).

i=1 i=1

3.2. Upper bound
Theorem 3.1. For all w € V we have
a(u,u) < 104(u, u),
ie., Amax = 10.
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Proof. Let us take an arbitrary v € V and its unique splitting v = u' ®,
(@® 4+ uf). For each skeleton edge E; we define its edge-neighbourhood

No={je{l,....M}: i#jand 3k € {1,...,N}: E;,, E; C 0Qy}.

Since |N;| < 4, as each skeleton edge E; is associated with at most four other edges
via two subdomains, and j € N; < i € N;, using 2a(v, w) < a(v,v) + a(w, w),

o, i) = ZZ i{a(uE )+ Y a(u;Em;E)}

i=1 j=1 i=1 JEN;

N
Mi
—
)
=
< e
S
iEj
_|_
]
N —

—[a(uE U, ) + a(u?,u?)]}

i=1 JEN;
4 M 4 M M
g(lﬁ‘g)za(ﬂ?{a,ﬂ?)ﬁ-iza’ﬂa ~E Z ~E ~E
=1 j=1 i=1
Using the latter estimate, the mixed term is estimated as follows:
a(u® uH)<1[a( a®, ") + a(u? §Za~E ur) 1 (uH u'l)
b ~ 2 2 Pt ) .
Combining the estimates completes the proof with A\ .x := 10,
a(u,u) < a(@', @) + 102 )+ 2a(u® u) < 10a(u, u).

3.3. Shape-regular quasi-uniform triangulations

Assumption 3.1. Let us assume that the fine triangulation is from a family
of shape-regular discretizations by which we mean that there exists amin € (0,7/3)
independent of h such that every angle in the FE-triangulation, thus also in the
domain decomposition, is bounded by aq,i, from below. Shape-regularity guarantees
the angles to be bounded from above by amax := T — 2aumin. From the law of sines
we have a uniform upper bound on the ratio between the largest and shortest edge
of a triangle T; or a subdomain €;, i.e.,

(3 4) hinax Hrznax c <1 1 >
h’imn Hrzmn 7SinOémin

For the sake of simplicity we assume that to each z} being a corner of €; there is
exactly one adjacent triangle T" such that T C €;.
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Assumption 3.2. Let us further assume that both the fine and coarse triangula-
tions are from families of quasi-uniform discretizations by which we mean that there
exists a common constant Cao € (0,1) independent of h and H such that for every
triangle T; and every subdomain §; the diameters h? _ and H:

max rhax> respectively, are
bounded by

(3.5) hi .. > Caoh, H}

max 2 CAQH'
For the sake of simplicity we assume that H > 2h.
We will need a discrete Sobolev inequality for the FE-functions.

Lemma 3.1. Given a linear function v on a triangle with vertices A, B, C' and an
angle o at A, we have

HVUHQ < 2[(U(B) — U(A))Q + (U(C) — U(A))Q] )
~ min{||[B - A]%,|C - A]]?} sin® a

Proof. We introduce the coordinate system such that A is at the origin and
the line segment AB is the x;-axis; then

9 = 71)(3) —vl4) CoS - + sin e = 71}(6’) — v(4) =: dv
Oz |IB— Al 0z Oz |C — A Tds’

The assertion follows from the following manipulations:

Vol = ( ov )2 + ;(dv — cosaﬂ)2

0x1 sin® o \ ds 0z

< sin12 - [Sin2 a(aa—xvl)Q + 2(3—:)2 + 2 cos? oz((,f—;l)?

<wral(m) + (@)

O
Corollary 3.1. Under Assumptions 3.1 and 3.2 there exists Cc1 > 0 such that

(36) Vi S {1, .. .,N} Yu ceV: hHVU;HLac(QI) g CClHUHLoo(QL)

Proof. Forz e T; C §; with vertices A, B, C, Assumption 3.1 and Lemma 3.1
yield

V2
hj

min

Afullz=(0,)

[Vu(z)]| < VAu(A)? + 2u(B)? + 2u(C)? <

. 7 -
Sin Qmin R iy SID Qpin
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The assertion follows from (3.4) and (3.5):

4||U||Loo(9f,)

1 4

J 2 Sy )
Pinax 1N~ Qumin h Ca2 8in” oimin
—_— ——

[Vu(@)] < [ull o ()

=:Cca

3.4. Stability of the coarse space. The next lemma is crucial for the stability
of the coarse space in the energy norm. We are inspired by the proof of Bramble,
Pasciak, and Schatz in [1], L.3.3.

Lemma 3.2. Under Assumptions 3.1 and 3.2 there exists Crs > 0 such that for
allie{l1,...,N}

H 1

Proof. Without loss of generality, assume that |u|/z~(q,) = [u(0)]. We shall
find an open cone Ag xu,, C ; with the vertex at the origin 0, the radius K H
and the angle v := oumin with K independent of H. For the construction of Ag ki 4
we refer to Figure 2 and the following description. Denote by d,, dp, and d. the
distances of the origin to the prolongations of the sides of §2; with lengths a, b, and ¢,
respectively, and assume that d, is the largest distance. We choose KH = de. We
take the open cone AAJ?H?a C ); at the vertex A of £; that is opposite to the side a,
where o denotes the angle at A. By moving A ARHao 1O the origin, we get the cone
A071~<H7a C ;. It remains to find K > 0 independent of H such that K < K. The
area |{2;| can be estimated as

ada—i—b;ib—i—cdc < G+S+CI?H.

12| =

By (3.5) and (3.4) we have an H-independent estimate for the constant K:

1 ; ; . y .
~ _ o3 e min S0 0min  Cas Hyypsinamin  Caz . o
K>2 3H1 H /TT>TSIH Oémln—.K.

max max

The construction of Ag k. ~ is completed by shortening the radius and diminishing

the angle of Aj z, .-
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Figure 2. Construction of Ag k7, -

We consider the coordinate system according to a side of Ag x#,y. For y(o,9) =
o(cos,sinv) € Ao i, the fundamental theorem of calculus gives

w(0) = u(y(o,9)) — /0 " Tuly(t, 9))(cos 9, sin 9) dt.
—ul (,9)

Integrating 9 from 0 to v and applying the triangle inequality, we get

/Oxgu;(t,ﬁ) dtdﬁ}.

Choose, independently of h and H, § := min{(v/2 — 1)/(v/2Cc1), K}, where Cc; is
the constant in (3.6). We shall consider two cases. First, if b < p, the Cauchy-

Schwarz and triangle inequalities yield
v poh
// uy(t,9) dtdﬁ‘
0J0

Y re
// u;(t,ﬁ)dtdﬁ‘.
0Jdsh

The second and third terms in (3.8) can be estimated as follows:

(3.7) Yu(0)] <

[ wtsteon dﬁ\ T

(3.8) Au0)] < ﬁ\/ / " (y(e, 9)) d9 +

+

v poh
I u@(t,mdtdﬁ\<vah||w|m,.,><vaccn|u<0)|,
0J0

v re
// ug(t,ﬁ)dtdﬁ}—/ Vu(y) dey‘
0Jésn Ao, \ Ao, 5k~ [yl

0
< Vul z2o) vy /In Sh

Using the estimates, moving the second term from the right-hand side of (3.8) to the
left, squaring the inequality and dividing by 72, we have

1 2 v 0
39) O < (1= 3Cer? 0 < 2{ [ o2ule.0) 00410 £Vl |
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In the second case, dh > o, we estimate the first term on the right-hand side of (3.7)
by the Cauchy-Schwarz inequality and the second term by v0Cc1|u(0)|, which leads
to

(3.10) SO < (1= 0Cer o) < 2 [T yle.0) .

Multiplying (3.9) and (3.10) by 20, integrating ¢ from dh to K H and from 0 to dh,
respectively, and summing up the resulting inequalities yields

(KH)Q ) 4 KH pv )
s up < 2 [T oo o aag

KH
2 Y

By estimating the second term on the right-hand side we complete the proof

4 2 K H
2 2 2
WO < { el + (5 + 5 el |

4 2 K Hy( 1, ., )

=:CrL2

O

Corollary 3.2. Under Assumptions 3.1 and 3.2 there exists Cca > 0 such that
foralli e {1,...,N}

H
VueV: |u— ﬂi||2Loo(Qi) < Cea (1 +In %)m@[l(ﬂi)v

where u; = || 7! fQ u(z) dz with |Q;| being the area of ;.

Proof. Combining the previous lemma and the Poincaré inequality [8], we
obtain

[u— Ei||2L2(Q,;) < CPH2|U|%{1(Q,;)a
where Cp := 1/7%, and the assertion follows with Cag := Cpra(1 + Cp). O

The next lemma gives stability of the coarse space. It can be found in [9], L.4.12.
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Lemma 3.3. Under Assumptions 3.1 and 3.2 there exists Cr,3 > 0 such that for
allie{l,...,N}

H
Vue Ve |17 ()3 g, < cL3(1 + hﬁ)m@p(Q :
as a consequence of which

H
VueV: au®, u) < CL3(1 —l—ln%)a(u,u).

Proof. Denote by P, P>, and P; the vertices of a subdomain ;. We have

(3.11) [ (W)lF ) = 17 (W) = il o, =

i .
H(Q;)

For j € {1,2,3} and the remaining indices k and ! we employ Lemma 3.1 with
A = Py, o := oy, the angle at Py, B := P;, and C := P,. Using (3.4) we conclude

2- 3||Pj = Pell|| P = Pyl sin o
min{||P; — Py||2, | P, — Pg?} sin® ax

1 ~
=:c,

|90§I|%{1(Qi) = |\Vsﬁfl|\2|9i| <

Hl

max

7 N L2
Hmm sin oy, Sin“ ovmin

where |Q;| denotes the area of ;. By (3.11) and Corollary 3.2 we have

_ H
177 (W) 0y < 32 [u(Py) =l B @y < 98Cc2 (1+In 3 ) uffh
which completes the proof with Cp3 := 9¢Cco. O

3.5. Stability of the edge space. To find A, it remains to estimate the edge-
term in (3.3) by (3.2) from above. Being inspired by [9], L.4.23 we introduce a system
of edge-based functions (0;(x))M, C C(), where Q := 01\ {x;’ j=1,...,nV}. For
the construction we refer to Figure 3 and the following paragraph.

We decompose each subdomain Q;, j € {1,2,..., N}, with all three edges being
parts of the skeleton, i.e., F; , Ej,, E;, C I, into six triangles wy. Without loss of
generality we take z € wy \ {P1} and introduce local coordinates z = (z1, z2). We
denote the angle at P, by o; and define the related edge functions 6;,, 0;,, and 0},
in w1 by

2 1 1 T

(3.12) 9]»1 (:L') =1 m o y 9]'2 ({E) = 9]'3 ({E) = m P .
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The edge functions are analogously defined in ws, ..., we. For a subdomain §2; with
only one or two edges assigned to the skeleton the construction of the related edge
functions is similar. Note that the system completed by edge-functions assigned to
0f) forms a partition of unity on €.

Py

-1 /2

T2

E

J1

Py

Figure 3. Decomposition of Q; used for the construction of §; , 6;,, and 0.

Lemma 3.4. Under Assumption 3.1 there exists Cr4 > 0 such that for all i €
{1,...,M}
V0;(2)|| < Cra/r™(z) almost everywhere in €,

where, for x € Q); with the vertices P, P2, and P, r(x) := k£r111r213 |z — Pl
Proof. The assertion follows from the construction above. For z € w; we have
2 (1) + (22)?
196, (@) = ——— Y+
3tan(zo) (x2)

2 1

< Lo . 2(1 2 2
3tan(zomin) cos?(50max) /(21)? + (22)

=:CL4 <1/rH(z)

by Assumption 3.1. The estimate holds true for || V8, (z)|| and || V8, (z)|. The other
cases, & € wy, are analogous. O

Similarly to replacing the FE-projection by interpolation when estimating the
FE-approximation error, we will estimate the energy of the FE-interpolation of
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0;(u — ufl), rather than the energy of . We need the so-called edge lemma, the
proof of which is sketched in [3].

Lemma 3.5. Under Assumptions 3.1 and 3.2 there exists C1,5 > 0 such that for
all edges E;, i € {1,..., M} and both the adjacent domains 2;, E; C 0€;, we have

H
(3.13)  VueV: [I"(0iw)3q,) < cL5{(1 + 1n%)|\w||§mmj) + |w|§,1mj)},

where w = u — u and I": Cy(Q) — V is the FE-interpolation operator, i.e.,
I"(v)(x) := > v(z;)i(x), where z; is the node related to ;.
i=1

Proof. Let us take an edge E; and an adjacent domain €2;. By Assumption 3.1
with each coarse vertex Py, k = 1,2,3, of ); an exactly one fine triangle T with
vertices A = Py, B, and C' is associated. In the case that none of B and C lies on
E;, I"(0;w) vanishes on T'. We are left to analyze the other two triangles, for both of
which we can consider C' € E;. The contribution of such a triangle to [I" (6;w)[%, @)
is, due to (3.4), as follows:

w?(C) IB = A||C — Al sine

|C — A||2sin? a 2
T
hmax w2(C) <

~
T o
2h; i, SiN Gmin

(3.14) 11" (05w) 371 () =

1

2
W||T,o0(0:) "
= 2sin® amin ez~ (0
—_———

=:kq

In case of a triangle 7' C €2; such that none of its vertices A, B, and C is a vertex
of ©;, Lemma 3.1 yields

2{[(0:w)(B) — (B:w)(A)]? + [(B:w)(C) — (Biw)(A)]*}

VI (0;w)|?* <
VI Gl min{[|B — 4|2, [C — A2} sira

?

where o denotes the angle at A. Since 6;w is piecewise differentiable along the line
segments AB and AC, we can adopt the Lagrange mean value theorem. The latter
combined with (3.4), the construction (3.12), and Lemma 3.4 yield

2(V(@:iw)lliw(ry ||IB—A|2+|C — Al
sin” o min{[|B — A||?,[|C — A|*}

S (hfhax/hinin)?

max min

IVI" (0:w)]* <

4(1 +1/ sin? ozmin)
< o2 o {”vg’iH%N(T)HwHQLOO(T)+H9iH%N(T)vaH%°°(T)}

=:ko
< k2 {(Cra/r " (@) |wl|] e ¢y + IV F e (1)
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where |V f|| oo (1) := esssup ||V f(z)|| and rH:"(z) := dist(T'(z), {P1, P2, Ps}), where
zeT

T'(x) is the open triangle containing x, which is a well-defined function up to the in-
terfaces between fine triangles. Denote by 2; the union of such non-corner triangles.
They contribute to [I"(8;w) %I(Qj) as follows:

(3.15) |I"(6;w) fql@)<%2{|w||2Loo(Qj)(cL4)2/ﬁ (1/rfh (@) do + [wl?, g }

J

It remains to estimate the integral. We have

(3.16) /ﬁJ(TT Z/ mf ||y Pk||2

Let us introduce three systems of local polar coordinates each of which has its origin
at a coarse vertex P, its z;-axis coincides with an edge of Q;, and €); lies in the

upper half-space. We denote by vL. the smallest height of a triangle T. The law of

min

sines, Assumptions 3.1 and 3.2 yield

T

T : T s 2 s 2
min > hmin Sl (min > h Sl (min 2 CAQh Sl (min-

max

v
Thus, by choosing ¢ := Cas sin® ayyin the domain
A= {x = (z1,22) = o(cosa,sina) € R?: ch<o<Hand0<a< Otmax }

covers ﬁj with respect to each of the coordinate systems. Let us denote the respective
counterparts of A associated with Py, P», and P; by Ay, A, and A3. Let us adopt
the k-th local polar coordinates x(p, @) and note that

inf — Py|| > max{ch,o0— h}.
yeT(x(g’Q))Hy % l {ch,0—h}

We have the estimate

1 Qmax Q
,—dxé/ / doda
/ it Ty S o o (maxieh (e - W)
yeT (x)

J
2 +1 H—h h h dc+1 . H
— (Umax | - )g max( | )a
@ a( 52 T Y T wHon) S¢ 52 T
——

=:¢

where we used H > 2h from Assumption 3.2. Using the latter and (3.16), (3.15) is
estimated by

H
1 O) 2 ) < Fe{ Il ) (Ca)*Betmae [+ 0 ] + [l g -
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After adding the two contributions (3.14), the assertion follows with
CLs = max{?)Eg (CL4)2amax(E_ In C) + 2’];1, 3%2(CL4)2amaX, %2}

O

Now we can analyze the stability of the edge space. The following lemma is proved
in [9].

Lemma 3.6. Under Assumptions 3.1 and 3.2 there exists Crg > 0 such that
HA\2
VueV: Z a(@®,uf) < CL6(1+IHF) a(u,u).

Proof. Denote by Q;, and ;, the domains adjacent to E; and by {E]}f\g,
M; < 3, the edges adjacent to €2;. Recall that w := u — I’ (u) and u® := H(wF),
where w? := w on E; and wY := 0 elsewhere on I' U 9. The discrete harmonicity

of uF and Lemma 3.5 yield

S

2

M 2
>l ) =22 oW, < 22 ol Ol
i=1 i=1 j=1 =1 j=1
N M;
:ZQJ | (0,w) |H1(Q)
Jj=1 i=1

Mz

Q;3CL5{ (1 +In %) [w]|7 o0 @,y + |w|§{1(91)}~

j=1

Now (a + )% < 2(a? + %) and Corollary 3.2 give
[wllf @,y = l(u =) = (I (W) =) |7 0

_ _ H
2w = |7 e o) + 117 (1) = W)l 0,y ) < 4Cc2 (1 +1In— )|U|H1(Q )

<=2 o

Similarly, Lemma 3.3 gives

|w|fql(nj) = |u— IH(“)@[I(QJ‘)
2(1+ CL3)(1 +1In

Combining the estimates yields Crg := 3CL5[4Cc2 + 2(1 4 CL3)].
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3.6. Lower bound

Theorem 3.2. Under Assumptions 3.1 and 3.2 there exists C > 0 such that

h
=1/Amin (H,h)

2
VYueV: a(u,u) < C(l +In E) a(u,u).
—_———

Proof. Comparing (3.2) and (3.3), the assertion is a consequence of Lemma 3.3
and 3.6 with C :=1+ Ci3 + Crs. O

We conclude with an estimate of the condition number:
R HA\2
K(A1A) < 100(1 +In E)

with C' > 0 independent of H, h, and (o;)Y, in a family of shape-regular quasi-

uniform triangulations.
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