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Abstract. The characterization of the domain of the Friedrichs extension as a restriction
of the maximal domain is well known. It depends on principal solutions. Here we establish
a characterization as an extension of the minimal domain. Our proof is different and closer
in spirit to the Friedrichs construction. It starts with the assumption that the minimal
operator is bounded below and does not directly use oscillation theory.
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1. INTRODUCTION

Given any symmetric bounded below operator S in a Hilbert space H, Friedrichs,
in a seminal paper [1] in 1933, constructed a self-adjoint extension Sp of S in H
which has the same lower bound as S. This extension has come to be known as the
Friedrichs extension.

A Sturm-Liouville (S-L) equation

(1.1) My =w(—py') +qyl = y onJ = (a,b), —0o<a<b< oo,
with coefficients satisfying

1
(1.2) E,q,w € Lioc(J,R), p>0, w>0, ae onJ
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generates a symmetric densely defined minimal operator Sy, in the Hilbert space
H = L?(J,w) with inner product (y, z) = fJ yZw whose adjoint is called the maximal
operator of (1.1) and is denoted by Smax = S5, Here Lioc(J, R) denotes the real-
valued functions which are Lebesgue integrable on all compact subintervals of J,
D(S) denotes the domain of S.

In general Sp,;, has an uncountable number of self-adjoint extensions S. These

satisfy
(1.3) Smin €S =5 C Smax-

Thus each operator S satisfying (1.3) can be considered as an extension of the mini-
mal operator Sy, and, equivalently, as a restriction of the maximal operator Spax-
Clearly these operators S are distinguished from each other only by their domains.
These domains can be characterized in terms of two point boundary conditions spec-
ified at the two endpoints a, b of the interval J. For details of this characterization as
well as other basic results, definitions, notation, etc. used below, see the book [16].

To get the Friedrichs extension of Sp,;, one must use the Friedrichs construction or
some equivalent version of it. This construction makes no explicit use of boundary
conditions. Thus the natural question arises: Of the, in general, uncountable number
of boundary conditions which one determines the Friedrichs extension?

Friedrichs himself considered this question in [2] in 1935 and showed that the
Friedrichs extension is determined by the Dirichlet boundary condition

(1.4) y(a) =0 =y(b),

when p = 1 = w and ¢ is continuous on a compact interval [a, b].

It is now known that the Dirichlet boundary condition (1.4) determines the
Friedrichs extension in the general regular case. This is the case when Ljo.(J, R)
in (1.2) can be replaced by L!(J,R). If one endpoint of J is singular, then the
Dirichlet boundary condition (1.4) is not well defined because, in general, solutions
and maximal domain functions y do not have a finite limit at a singular endpoint.
(See Section 2 below for a definition of regular and singular endpoints.)

In 1992 Niessen and Zettl [11], building on the work of Rellich [12], Kalf [5],
Rosenberger [13], and others, characterized the Friedrichs extension Sr for the gen-
eral equation (1.1), (1.2) in terms of singular boundary conditions determined by
principal solutions u,, up at the endpoints:

(1.5) [y, ua] (@) = 0 = [y, up) (D).

In (1.5) the Lagrange form [-, -] is defined for all y, 2 € Dyax by [y, 2] = y(pz') —
Z(py').



This characterization and its proof (see [11] and Theorem 10.5.1 in [16]) is based
on the oscillation theory and regularization of singular problems. In the general
regular case (1.5) reduces to (1.4).

Note that, although this characterization is customarily described as an extension
of Shin, it is actually a restriction of Sy ax:

(1.6) D(Sr) ={y € Dmax: [y, ual(a) = 0= [y, u](b)}.

In this paper we construct maximal domain functions U,, U, which give our char-
acterization of D(SF) the following form:

(17) D(SF) = Dmin‘i'span{Ua;Ub}v

and thus it is an actual extension of the minimal operator Syi,. (Of course the
characterizations (1.7) and (1.6) are equivalent, since the Friedrichs extension is
unique.) For both the characterizations there is no u,, U, when a is in the limit-point
case and no up, Uy when b is in the limit-point case. Thus both the characterizations
reduce to Simin = Smax and Spin is its own Friedrichs extension if it is bounded below
and both the endpoints are in the limit-point case.

Our proof is different from the proof in [11]. It has the following features:

> It is based directly on the assumption that Sy, is bounded below.

> It makes no direct use of the oscillation or non-oscillation theory.

> It is not based on regularization.

> Since it does not depend on the oscillation theory we believe there is a better

chance of extending it to higher order problems, Hamiltonian systems, difference
equations, etc.

Although the oscillation and non-oscillation theory has a long history and volu-
minous literature with many known sufficient and necessary conditions it is still an
open problem in the sense that there is no known necessary and sufficient condition
which could be verified in each case. Higher order oscillation theory is much more
complicated and less developed than in the second order case.

In the higher order case the Friedrichs extension has been characterized for very
general regular problems in [10], [8] and for a large class of singular problems in [7].

Following this Introduction, in Section 2 we review a version of the Friedrichs
construction in abstract Hilbert space and introduce some notation. Applications of
our adaptation of this construction are given in Section 3 for the LC/LC case and
in Section 4 for LC(R)/LP case. In Section 5 we compare our characterization with
the one in [11] and make some comments.
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2. THE FRIEDRICHS EXTENSION

In this section we present the construction of the Friedrichs extension of a sym-
metric bounded below operator S in a Hilbert space (H,(.,.)) as given in [15].

Definition 1. A symmetic operator S is bounded below if there is a real num-
ber ¢ such that (Sf, f) > c(f, f) for all f € D(S). The number c is called a lower
bound for S and the smallest such c is called the lower bound for S.

Let v denote a lower bound of S. Define a semi-bounded sesquilinear form s and
the associated inner product (-,-)s on D(S) by

s(f,9) = (Sf,9) and (f,9)s = (Sf,9) + (1 = v)(f,9), f,g9 € D(S);

then (D(S5), (-,-)s) is a pre-Hilbert space.
Let ||-||s denote the norm induced by the inner product (-,-)s on H; then

A3 = {f. frs = (SF ) + A =v)IIfI%

and || f||s = || f]| for all f € D(S).
Let H, be the ||-||s completion of D(S). Then H; is a Hilbert space and we define
the sesquilinear form s on Hy by

(2.1) 5(f,9)=(f,9)s — (L —v)(f,g) for f,g € H,.

Then 5(f,g) = s(f,g) for f,g € D(S), and 5 is the closure of s.

Lemma 1 ([15]). The norm |||s is compatible with the norm |||, i.e. if {f,} is
a ||||s Cauchy sequence in D(S) and || f,|| — 0, then we also have || fn|ls — 0.

Proof. See page 123 in [15] for a proof. O

Remark 1 ([15])). If Hs is the ||-||s-completion of D(S), then Hs may be viewed
as a subspace of H, if the embedding of H, into H is defined as follows: Let {f,}
be a ||-||s-Cauchy sequence in D(S). Then {f,} is a Cauchy sequence in H. Let the
element lim f,, from H correspond to the element [{f,}] of Hs. From Lemma 1, this
correspondence is injective and the embedding is continuous with norm < 1.
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Lemma 2. For {f,} C Hy, f € H, || fn — f|ls = 0 if and only if

an_f”_)() jIlH, and (S(fn_fm)afn_fm)_)oa asn,m—>oo.

Proof. From ||f||s = || f] for all f € Hs and

”fn - meg - (S(fn - fm)vfn - fm) + (1 - V)an - fm“Qa

the conclusion follows. O

From Lemma 2 and ([15], Theorem 5.38) we get the following theorem:

Theorem 1. Let H, be the ||-||s completion of D(S). Then the Friedrichs exten-
sion Sg of S is defined as follows:

(2.2) D(Sp)=H,ND(S*), Sry=5S"y, ye D(Sp).

The operator Sg is the only self-adjoint extension of S with the property D(Sr) C Hy.
Furthermore, D(SF) can be characterized as

D(Sr) ={y € D(S™): IH{yx} € D(S), s.t. Jim 5(y — yr,y — yr) = 0},
and

D(Sp) ={y € D(S*): Hyr} € D(S), s.t. {yx} >y in H
and (S(Yx — Ym), Yk — Yym) — 0, as k,m — oo}.

3. TrE LC/LC CASE

In this section we characterize the Friedrichs extension Sr of the Sturm-Liouville
equation (1.1) for the case when each endpoint is in the limit-circle (LC) case.
This case essentially includes the cases when one or both endpoints are regular (R).
Throughout this section we assume that the minimal operator Sy, is bounded below
with lower bound v. For convenience we start with a number of well known lemmas
which are used below.

Lemma 3 ([11]). For any A < v every nontrivial real solution y of My = Ay has
at most one zero in (a, b).
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Lemma 4 ([15]). A self-adjoint operator T is bounded below if and only if its
spectrum o(T') is bounded from below. The greatest lower bound of T is equal to
mino(T).

Lemma 5. Assume that the deficiency index of the minimal operator Sy, of
(1.1) is d. For X real denote by r()) the number of linearly independent solutions of
equation (1.1) which lie in L*((a,b),w). Then r(\) < d and if r(\) < d, then \ is
in the essential spectrum o.(S) for every self-adjoint extension S of the the minimal
operator Smin. (See [15] for the definition of o.(S).)

Proof. See[4]. O

Next we state the well known GKN characterization of the self-adjoint domains.
Although we only use this theorem in the second order, i.e. Sturm-Liouville case we
state the general theorem, since this does not involve any extra complications or
length.

Lemma 6 ([9], GKN Theorem). Assume M is a symmetric differential expression
with real coefficients and Syin, Smax are its minimal and maximal operators with
domains D ,i, and Dy, respectively. Then the deficiency indices of Sy, are equal
with a common value d, say. A linear submanifold D(S) of Dyax is the domain of
a self-adjoint extension S of Sy if and only if there exist functions wy, wa, ..., wq
in Dy .y satisfying the following conditions:

(1) wy,wa,...,wy are linearly independent modulo Diyiy;

(2) [wi,w;](b) — [wi,wj](a) =0,4,5=1,...,d;

(3) D(S) ={y € Dmax: [y,w;](b) — [y, w;](a) =0, j=1,...,d}.
Here [, -] denotes the Lagrange bracket associated with M.

The next lemma characterizes the maximal domain in terms of solutions for certain

real values of the parameter \.

Lemma 7. Assume equation (1.1) is in the Limit-Circle case at both a and b.
Assume A < v in equation (1.1). Let a < ¢ < b. The following statements hold.

(1) The initial conditions

determine two linearly independent solutions uy,usz of equation (1.1) on (c,b)
which lie in L?((c,b),w), where ugl] = (pu}), i =1,2.
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(2)

The initial conditions
us(€) =0, wf(©) =1 wie) =1, ufl(c)=0,

determine two linearly independent solutions us,us of equation (1.1) on (a,c)
which lie in L?((a,c),w), where ugl] = (pu}), i = 3, 4.

There exists ¢, € (c,b) such that u;(x) # 0 for x € I, = [ep,b), i = 1,2.
Furthermore, ui /us is an increasing function on Ip.

There exists ¢, € (a,c) such that u;(x) # 0 for x € I, = (a,c,], i = 3,4.
Furthermore, us/u4 is an increasing function on I,.

The solutions w1, us2,us, us can be extended to (a,b) so that the extended func-
tions, also denoted by ui, u2, us, u4, satisfy u; € Dmax(a,b), j = 1,...,4,
and (i) u1, ug are identically zero in a right neighborhood of a, (ii) us, us are
identically zero in a left neighborhood of b. Moreover,

Dmax = Dmin + Spaﬂ{ula u2, us, U’4}-

Proof. From Lemma 3 there exists a subinterval I, = [cp, b) of (¢, b) such that

u;(z) # 0 for x € I, i = 1,2. Furthermore, we have

(ﬂ)l(x) - M(@ N P
Us a pu3 - pud b

Hence, wui/ug is an increasing function on I, i.e., item (3) is proved. Similarly,

item

(4) can be proved. From the Patching Lemma and Theorem 4.6 in [3] item (5)

follows. U

Definition 2. Let the notation and hypotheses of Lemma 7 hold. Then

If 1,1, are finite numbers, we define
(3.1) Up = u1 + lpuo, Ug := uz + laug.
If I, = —o0, then 3151111b —ug(x)/ur(z) =1, | = 0, we define

Up = U + lug = us.

Similarly, if [, = oo, define

ﬂa = Uq.

Remark 2. In fact u, is the principal solution at the endpoint b and #, is the

principal solution at the endpoint a, as in [11].
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Here we consider the case when Iy, [, are finite numbers. The other cases can be

investigated similarly.

Lemma 8. Let b, — b, a,, — a as n — co. Define uy,,, U,, as

- Ul(bn)
Up, = u1 + lp, u2, lp, =— ,
by 1 b, U2 bn UQ(bn)
'&'an =uz + lan Uy, lan = _UB (an)

ug(an)

Then it is obvious that lim up, = Up, im Ug, = Ug.
n—roo n—oo
Let o > 0 be large enough to satisfy 3/(20) < ¢, — ¢o. Extend @y, to (a,b) denoting
it as up, So that uy € Dy .y as follows:
0, a<z<c—1/0—p,
(3:2) u =49 w-1llo—p<z<a,
’a'b7 < T < b7

where

(3.3) — Alcosor(a — o+ 9) +1], —o- <P < o
. g = Alcospm(x —¢cp + @ s 29\30\29

and

(3.4) glev) = w(cv),  g'(cr) = wy(cy),

where A, ¢ are constants. Similarly, extend u, to (a,b) denoting it as u, so that

Ug € Dmax as follows:
Ug, @< T <Cq,

1
fa Ca<x<0a+5_¢v

(3.5) Ug :=
1
0, co+-—p<z<Lh,
0
where
(3.6) f = Blcos on(z — ¢cq + ) + 1] —i< <i
. = om a T ¥ » 2 ISP 29;
and
(3 7) f(ca) = ﬁa(ca)v f(;(ca) = ﬁ;(ca);



where B, ¢ are constants. Define {uy, } as follows:

07 a<$<Cb—1/Q—§0n,

gn, e —1/0— ¢y <z <0,

3.8 Up, =
( ) b ﬁbnv Ch <T < bna
0, b, < x < b,
where
(3.9) — Anfcoson(e — b+ o) + 1), - < on < o
. gn = An|COS POT(T — Cp T Pn ) zg\sﬁn\ 297
and
(3.10) gnlcn) =, (cb),  gnlcw) = Ty, (cp)-
Define {ug, } as follows:
0, a<zT<any,
Ug,,, 0anp < T < Cq,
(3.11) Ua, =
fn; Ca<x<0a+1/g_@na
0, cat+1/0—n <z <b,
where
(3.12) fo = Buleos 0n(@ — co+ o) 41— < on <
. n — n QTC a SOn bl ZQ\SDTI\ZQ’
and
(3.13) Jn(ca) = U, (ca), frlz(ca) = ﬂ:zn (Ca)-

Then the definitions of uy, up, and ug, u,, are meaningful.

Proof. Consider u; defined as in (3.2)—(3.4).
For convenience let sin gngp = x, cos pnp = V1 — 22 and Uy(cy) = a, () = S.
Then from (3.4) obtain

AWV1—-22+1)=a, -—prdz=_0,

where A # 0, since a # 0.
If 8=0, then =0, i.e. ¢ =0, and A = /2.
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Assume § # 0, then

V1i—-224+1
(3.14) vicrtl o
—oTT B
and by solving equation (3.14) we get
—2afon
(3.15) v = et g

obviously, }—2a69n/(92n2a2 + 52)| < 1, so the solution is well defined,

2.2 92 32

o‘ntat + 8
3.16 A="——
(3.16) 20022

From sin o = 2, —1/(20) < ¢ < 1/(20),

1 . —2afor

(317) Y = Ea’rcsln (m)

The above results show that for every 4,(d) # 0, uy(d) # 0, d € [, b), there exist
exactly one A and ¢ such that

_ P () + (#(d)
(3.18) A= 20%721iy(d) - ’
0 —2omi(d)ig(d)
(3.19) ¢ = groresin (o s (a,(d))? )

So up is well defined. Similarly, we can prove up,,, Uq, %q, are well defined. O

n )

Lemma 9. Let H; be the ||-||s completion of Dy, and let up, up, and u, be
defined as in Definition 8. Then
(1) up,tq € Dpmax are linearly independent modulo Dpin;
(2) [ta; up](b) = [ta, up](a) = 0;
(3) {ue, },{ua,} € Hs.

Proof. Parts (1) and (2) are clear, and for a proof of part (3) see the proof of
Lemma 8 in [7]. O
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Lemma 10. (1) Let g, g, be defined as in (3.3)—(3.4) and (3.9)—(3.10). Then
An — A on — .
Consequently,

g =9, Gn— 9,

and {gn},{9g,} are uniformly bounded on [c, — 1/0 — pn,cp] and —1/(20) < ¢, <

1/(20).
(2) Similarly, for f, f, defined in (3.6)—(3.7) and (3.12)—(3.13), we have

B, —> B, @, — .

Consequently,
o= fo o= f

and {f.},{f)} are uniformly bounded on [c,, < ¢o +1/0— ¢n] and —1/(20) < pn <
1/(20).

Proof. We prove item (1), item (2) can be proved similarly. Equations (3.18)—
(3.19) define functions F' and G:

A= F(uy(cp), @y(cp)), = Glap(cp), @y(cp))-

Similarly,
Ay = F(t, (ch), Uy, (cb), on = G, (), @y, (cb))-

From (3.18) and (3.19), F' and G are continuous functions. Hence

lim A, = lim F(ap,(cp),, (b))

n—00 T 00
= F(,Lli)néo ﬂb,,L (Cb); ’nh~>n-olo ﬂ;)n (Cb)) = F(ﬂb(cb), ,l’llb(cb)) _ A

Similarly,
lim oy, = G(ip(cv), Uy(cp)) = -

n—oo

Then from (3.3) and (3.9), we have

g =9, Gn— 9.

Since the trigonometric functions {g,} and {g},} are all bounded, and since A is
a fixed number determined by u(c) and u;(cp), we conclude that {g,} and {g]}
are uniformly bounded functions. O
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Theorem 2. Let the notation and hypotheses of Lemma 7 hold. Then the domain
of the Friedrichs extension of the minimal operator Sy, generated by the differential
expression M on J = (a,b) is given by:

(3.20) D(SF) = Dmin + span{ug, up}-

Proof. First we prove up, — up in H, i.e.
(3.21) [Jup = up, || = 0

here we may assume that ¢, —1/0 — p, < ¢, — 1/0 — . We have

b
22/ |ub—ubn|2wdx
a

co—1/0—p cp
= / IgnIdewwL/ lg — gnl*wda
Cb_l/g_‘Pn Cb_1/9_§0

l|up — usp,

bn b
+ Iy — lbn)2/ |uz|2w dz + / |ub|2w dz.
c bn

b

By virtue of Lemma 10, g, — g, ¥n — ¢, and {g, } are uniformly bounded functions.
And note I, — Il and ug, up € Dpax. Then

lim ||up — usp, || = 0.
n— oo
Secondly, let us prove

(322) (Smax(ub” — ubm),ubn — Up ) — 0.

m

Assume ¢, — 1/0 — om < &y — 1/0 — ¢y, and by, < b,,. Then

(Smax (up,, — up,, ), up, — up,,)

cb—1/0—pn
- / Smax(gm)g;nw dx

v—1/0—pm

Cp D
+ / Smax(gn - gm)(gn - gm)w dl‘
Cb71/97§0n

bm br
+ A, — lbm)2 / |uQ|2w dz + )\/ |, |2w dz.
b

Cb

310



Since I, — lp and ug, up, € Dmax, the last two integrals converge to zero. The first
two integrals are

cp—1/0—pn
(3.23) / Smax (gm ) gmw dz
Cb_l/g_‘Pm

cp—1/0—pn o 9 / cp—1/0—
B / (plg)n)? + algml®) dx — [pgr,9m]e 1 /0_ 00,
(&

b—1/0—¥m
Cp
(324) / Smax(gn - gm)(gn - gm)w d{E
cp—1/0—pn
Cy
-/ (0lg = Gl + dlgn — gnl?) da
co—1/0—pn

b

- [p(g;’L - g;n)(gn - gm)]zb—l/g—¢n'
Also from Lemma 10, ¢, — ¢, gn — ¢, g, — ¢, and {gn},{g),} are uniformly
bounded functions. Combining it with p~!, ¢ € Lioc(J, R) and the Holder inequality,
we conclude that integrals (3.23), (3.24) both converge to zero. So
(Smax(ub, —u,, ), up, —us,,) =0, n,m— oo.

Combining (3.21) and (3.22), we obtain

(3.25) |up — us,

s — 0.
Then from Theorem 1, u, € D(Sg). Similarly, we can prove u, € D(Sr). Hence,
Din + span{ug, up} € D(SF).
Lemma 6 (GKN Theorem) and Lemma 9 yield that
D(T) = {y € Duax | [y, uale = 0, [y, ws];, = 0}

is a domain of a self-adjoint extension 7" of the minimal operator Mpyiy,.
It is clear that Dy, + span{us,up} € D(T). Now we prove

Diyin + span{uq, up} = D(T).
From item (5) in Lemma 7 and the construction of u,, us, we have

Dmax - Dmin + Span{ulv U2, Us, ’LL4} - Dmin + Span{uba U2, Ugq, U4}.
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For all f = fo + ciup + coug + csug + caug € D(T), fo € Dmin,
0= [f,wplq = cauz, up)(b) = c2luz, ua)(b), and  [uz,u](b) # 0,
so we get co = 0; similarly, we get ¢4 = 0, hence,
f=fo+crup + c3uq € Diin + span{ug, up},

i.e. D(T) C Duin + span{ug, up}. So Duin + span{ug, up} = D(T).
From the uniqueness of the Friedrichs extension shown in Theorem 1, the domain
of the Friedrichs extension is

D(SF) = Dmin + spanf{ug, up}-

O

To make Theorem 2 more general and convenient to use, we give the following
theorem:

Theorem 3. Let the notation and hypotheses of Lemma 7, Theorem 2, and
Definition 2 hold. Then the domain of the Friedrichs extension of the minimal
operator Sy, is

(3.26) D(SF) = Dmin + span{U,, Uy },
where
0, a<zx<ecy Ug, A< x<Cq
(3.27) Up:=1 gp, ca<T<0h, Us:=14 gay Ca<T<0p,
Uy, cp < <b, 0, ¢ <x<hb,

where gy, g, are smooth functions which connect uy and 0, 4, and 0 so that Uy, U, €
Dmax-

Proof. Since Uy, U, defined above and up, u, defined in (3.2), (3.5) satisfy
(328) Uy —up = hO € Dmin7 Us —uqg=¢eg € Dmin;

we have
Dmin + Span{U(u Ub} = Dmin + Span{ua; Ub} = D(SF)

In fact, if f € Dpin + span{U,, Uy}, we have

f = fO"‘aUa"‘BUba
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where fy € Duin, and by (3.28),
= (fo+aeo+ Bho) + aug + Bup € Dyin + span{ug, up}.
We have Dy + span{Uy, Uy} C Dyin + span{ug, up }-
Similarly we have Dy + span{U,, Up} O Dpin + span{ug, up}- O

To compare our method of construction with those in [6] and [11] we consider the
following example:

Example 1. Let us consider the Friedrichs extension of the Legendre equation
(3.29) —(py) =Xy onJ=(-1,1), pt)=1-t*, —1<t<l.

This equation is singular at both —1 and 1 and the deficiency index of its minimal
operator is 2.
The equation
—(py) =0, —-1<t<l,

has two linearly independent solutions z1, z2 on (—1,0] and vy, v2 on [0, 1):

1 1—t

=1, -1<t<0,
2 14+tl 2(t) ’
1 1—¢

=1, 0<t<]l.
2 14+t 2(t)

Then we have

U =20=1, U,=wv2=1.

To define Uy, U_1,let =1 <c_1 <0< cq1 <1, and let

0, —-l<zr<c_, 1, —-1<x<0,
Uy = gp, €1 ST < 0, U_y:= Ya; 0<z< C+1,
1, O0<azx<1, 0, crpi<z<l,

where gy, g, are smooth functions such that U_;, U; lie in the maximal domain.
From Theorem 3, the domain of the Friedrichs extension of the Legendre equation
onJ=(-1,1)is

(3.30) D(SF) = Dpin +span{U_1, U }.

This is equivalent to the well-known boundary condition determining the Legendre
Friedrichs extension [6]:

(py')(=1) = 0= (py')(1)
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In fact, let

(3.31) D(SF) = {y € Dmax: (py')(=1) = 0= (py")(1)},

then on the one hand D(Sr) C D(Sr), and on the other hand D(Sr) C D(Sr), i.e.
we have D(Sr) = D(Sr).

Remark 3. We comment on the well-known characterization of the Friedrichs
extension for the Legendre equation (3.31) and the characterization given by The-
orem 3. As mentioned in Introduction, although the Friedrichs operator Sz is cus-
tomarily described as an extension of Sy, it is actually a restriction of Spax, see
(3.31). In contrast, the characterization (3.30) of Theorem 3 is an actual extension
of the minimal operator. It is interesting to observe that—in the Legendre case—the
singular condition (3.31) ‘looks like’ a regular Neumann boundary condition but is
actually the singular analogue of the regular Dirichlet condition.

Although Theorems 2 and 3 are stated for the LC/LC case they also include the
case when one or both endpoints are regular. If both endpoints are regular the
assumption that Sy, is bounded below is not needed, since this is always true in the
regular case (with p and w positive) considered here. Next we state the regular case
as a corollary. The cases R/LC and LC/R are obtained similarly to the corollaries
of Theorems 2 and 3 (but in these cases the assumption that Sy, is bounded below
is required).

Corollary 1. Assume equation (1.1) is regular at both a and b. Then:

(1) The minimal operator Spi, is symmetric and bounded below, therefore Spin
has a Friedrichs extension. Let v denote its lower bound.
(2) The domain of the Friedrichs extension Sg of Spin is

D(SF) = Dmin + spanf{ug, up},
where uq € Dmax,Uq(a) = 0,ul(a) # 0, and u, is identically zero in a left
neighborhood of b; up € Dmax, us(b) = 0, u(b) # 0, and uy is identically zero
in a right neighborhood of a.
Example 2. Let us consider the Friedrichs extension of the Legendre equation

—(pyY =Xy onJ=1[0,1), pt)=1-#* 0<t<]1.

It is regular at 0 and singular at 1, the deficiency index is 2.
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The equation
_(py/)/:O, 0<t<]—a

has two linearly independent solutions

1—t
) =1,
1+l
satisfying
u1(0) =0, ui(t) #0 forevery t € (0,1), us=1#0,
u[11] =1; u[21] =0.
Since

U1 ! [ug,ul] 1
(u_g) - pu :1—t2>0’
2

u1/ug is an increasing function on [0, 1). Furthermore we have

u(t u(t
lim — 1():00, lim — 1():0.
t—1 ug(t) t—0 ug(t)
By Definition 1 we have
Up =1ug =1, Ug = u1.
Define Uy, Uy as in Theorem 3. Let 0 < ¢y < ¢; < 1,
0, 0<x<c, uy, 0<x<cp,
Ur:=9 g, co<zr<c, Uy:i=4 ga, co<x<ey,
ug, c1 <z <1, 0, ca<z<l,

where gy, g, are smooth functions.
The Friedrichs extension of the Legendre equation described by Theorem 3 is

(332) D(SF) = Dmin -I— span{Uo, Ul}

It is easy to check, as in Example 1, that this is equivalent to the well-known
boundary condition [6]

(3.33) y(0) = 0= (py")(1).

Remark 4. As in Remark 3 we note that the known characterization (3.33) of
the Friedrichs ‘extension’ is actually a restriction of the maximal domain whereas
the characterization (3.32) given by Theorem 3 is a genuine extension of the minimal

domain.
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4. THE LC (R)/LP CASE

At an LP endpoint no boundary condition is required or allowed to determine
a self-adjoint realization of (1.1) in L?(.J,w). From the well-known GKN Theorem
the following observations follow: If both endpoints are LP, then the deficiency
index d is d = 0; if exactly one endpoint is LP then d = 1; if neither endpoint is LP
then d = 2. When d = 0 there is no boundary condition and D(SF) = Dpyin. When
d = 1, then D(SF) is a one dimensional extension of Dy, and a one dimensional
restriction of Dyyax. When d = 2, then D(SF) is a two dimensional extension of Dy,
and a two dimensional restriction of Dy ..

Theorem 4. Assume M is LC (or regular) at a and LP at b, the minimal operator
M pnin being bounded below with a lower bound pi. Then the domain of the Friedrichs

extension of My, Is
D(SF) = Dmin +span{z,} or D(Sp) = Dmuin + span{Z,},

where z,(Z,) is a Limit-Circle solution at a, and z, is constructed as in Definition 8;
and Z, is constructed as in Theorem 3.

Proof. Letc € (a,b), A < v. From the hypotheses that a is LC (R) and b is
LP, and Sy, is bounded below with lower bound v and from Lemma 5, Theorem 4.1
in [3], it follows that
(1) The deficiency index of (1.1) on (a,c) is di = 2, the deficiency index of (1.1) on
(c,b) is dg = 1.

(2) The Friedrichs extension Sp exists and has discrete spectrum with lower
bound v.

(3) There exist d; = 2 solutions of equation (1.1) on (a, ¢) which lie in L?((a, c), w),
denoted as z1, z2, determined by the initial conditions

z1(c) =0, zgl] (¢)=1; z2(c) =1, zgl] (¢)=0.

(4) There exists a dy = 1 solution of equation (1.1) on (¢, b) which lies in L2((c, b), w),
denoted as z3, determined by the initial conditions

(5) There exist my = 2d; — 2k = 2 Limit-Circle solutions at a, d; — m1 = 0 Limit-
Point solutions at a.

(6) There exist mo = 2d2 — 2k = 0 Limit-Circle solutions at b, do — mg = 1 Limit-
Point solutions at b.
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(7) The solutions z1, z2, 23 can be extended to (a, b) so that the extended functions,
denoted by 21, 22, 23, satisfy z; € Dmax(a,b), j = 1,2, 3, and 21, 22 are identically
zero in a left neighborhood of b, z3 is identically zero in a right neighborhood of
a, and

Dinax = Dmin + span{z1, 22, 23}

Define z, as in Definition 8, Define Z, as in Theorem 3. We know that only the
LC solutions contribute to the determination of the self-adjoint boundary conditions
[3], [14]. Since M has no LC solutions at b, there is no restricting condition at b.
Therefore,

D(SF) = Dpin +span{z,} or D(Sr)= Dpin +span{Z,}.

5. COMMENTS

Niessen and Zettl [11], building on the work of Friedrichs [1], [2], Rellich [12],
Kalf [5], Rosenberger [13], and others, characterized the Friedrichs extension in terms
of boundary conditions determined by the principal and nonprincipal solutions. In
this section we summarize these results and compare them with our results which are
obtained by a completely different method. Our method is based on the construction
of a Hilbert space H, whose elements are the functions of the domain D(Sp,iy) of the
minimal symmetric operator Syi,. The method used in [11] is based on ‘regularizing’
singular S-L problems and then applying the regular results from [10]; it relies heavily
on the oscillatory properties of (1.1) in contrast to our approach which relies on the
construction of a Hilbert space whose elements are the domain of Sy,;,. Of course, the
Friedrichs domain is unique so our characterization is equivalent to that of Niessen-
Zettl given in [11]. As we will see below the NZ approach is a ‘top down’ approach
while ours is a ‘bottom up’ approach. This can be seen from the perspective of
the well known von Neumann formula for the domain of the adjoint of a symmetric
operator A in an abstract Hilbert space H:

D(A*) = D(A) + Ny + Ny, Im(\) #0,

where IV, and Ny are the deficiency spaces. So A is self-adjoint if and only if both
the deficiency spaces are {0}. In our case we have

Dnax = Drin + Ny + NX, Im(>\) ?é 0.
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So to get self-adjointness one needs to empty both the deficiency spaces. The NZ
approach can be described as making Dy,.x smaller while our approach here can be
described as making Dy, bigger; in both cases until equality is achieved. The details
follow below.

First we list some well known facts in the next proposition for the convenience
of the reader. Recall that an endpoint of (1.1) is oscillatory if there is a nontrivial
solution which has an infinite number of zeros in any neighborhood of that endpoint;
an endpoint is nonoscillatory if it is not oscillatory. No interior point is oscillatory. At
a regular or LC endpoint the oscillation is independent of real A. At an LP endpoint
the oscillation depends on A. So we say that an LP endpoint is LPO if equation (1.1)
is oscillatory for every A € R.

Proposition 1. Let (1.1) and (1.2) hold. Then

(1) The equation (1.1) is oscillatory at one endpoint of J for some A € R if and
only if Sy, is not bounded below.

(2) If an endpoint is LP then no boundary condition is required or allowed at that
endpoint in order to determine a self-adjoint extension of the minimal operator
Smin in the Hilbert space H = L*(J,w).

(3) Assume a is LC. Then equation (1.1) is oscillatory for some A € R if and only
if it is oscillatory for all A € R. The same result holds at b.

Proof. These are well known [16]. O

By combining a number of results from [11] and [10], the following theorem can
be obtained.

Theorem 5 (Niessen-Zettl). Let (1.1) and (1.2) hold and let [y, z] = y(pz') —
2(py') for y, z € Diax denote the Lagrange bracket. Assume there is a A\, € R such
that (1.1) is nonoscillatory for A = X\, and let u, be the principal solution at a;
assume there is a Ay € R such that (1.1) is nonoscillatory for A = A, and let u; be
the principal solution at b. Recall that the principal solution is unique up to constant
real multiples. Then:

(1) If a and b are regular, then the Friedrichs extension S exists and its domain
is given by
D(SF) = {y € Diax: y(a) =0= y(b)}

(2) If a is regular and b is LCNO, then the Friedrichs extension Sp exists and its
domain is given by

D(SF) = {y € Dmax: y(a’) =0= [yaub](b)}
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If b is regular and a is LCNO, then the Friedrichs extension S exists and its
domain is given by

D(SF) = {y € Dumax: [y:udl(a) = 0=y(b)}.

If each of a and b is LCNQO, then the Friedrichs extension Sg exists and its
domain is given by

D(SF) = {y € Dmax: [y, ua)(a) =0 = [y, up](b)}.

If a is regular and b is LP but not LPO, then the Friedrichs extension S exists
and its domain is given by

D(Sr) ={y € Dpax: y(a) = 0}.

If b is regular and a is LP but not LPO, then the Friedrichs extension S exists
and its domain is given by

D(Sp) = {y € Duax: y(b) = 0}.

If both the endpoints are LP but not LPO, then the minimal operator is bounded
below, self-adjoint and has no proper self-adjoint extension. In this case

D(SF) = Dmin.

Ifb is LCNO and a is LP but not LPO, then the Friedrichs extension Sg exists
and its domain is given by

D(SF) = {y € DmaX: [yaub](b) = 0}

If a is LCNO and b is LP but not LPO, then the Friedrichs extension S exists
and its domain is given by

D(SF) = {y € Dmax: [yaua](a’) = 0}

Remark 5. Inthe NZ Theorem there is no explicit assumption about the regular,

LC or LP classification of the endpoints. In contrast, our approach here makes no

explicit mention of oscillation or nonoscillation.
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