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Abstract. A type of adaptive finite element method is presented for semilinear elliptic
problems based on multilevel correction scheme. The main idea of the method is to trans-
form the semilinear elliptic equation into a sequence of linearized boundary value problems
on the adaptive partitions and some semilinear elliptic problems on very low dimensional
finite element spaces. Hence, solving the semilinear elliptic problem can reach almost the
same efficiency as the adaptive method for the associated boundary value problem. The
convergence and optimal complexity of the new scheme can be derived theoretically and
demonstrated numerically.
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1. INTRODUCTION

The purpose of this paper is to propose a multilevel correction type of adaptive
finite element (AFEM) method for semilinear elliptic equations. Furthermore, we
also give the corresponding convergence and optimality analysis in a general setting
for the nonlinear term. The concept of adaptive finite element method was proposed
by Babuska and his collaborators in [2], [3], [4], [5], which led to much work about
the a posteriori error estimates, mesh refinement, convergence and optimal complex-

ity and so on. For linear partial differential equations, especially, for the Possion
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equation and its variants, the theory is well-developed. For instance, Dorfler [9] in-
troduced Dorfler’s marking and proved strict energy error reduction for the Laplace
problem provided the initial mesh is fine enough. Morin, Nochetto, and Siebert [15],
[16] proved that there is no strict energy error reduction in general by introducing the
concept of data oscillation and interior node property. Mekchay and Nochetto [14]
proved a similar result for general second order elliptic operators by introducing the
new concept of total error, that is, the sum of energy error and oscillations. For more
results, please refer to the papers [2], [3], [4], [5], [7], [L7] and the papers cited therein.

Besides for the linear boundary value problem, AFEM is also an efficient method
for nonlinear elliptic equations (see, e.g., [10], [11]) and eigenvalue problems (see, e.g.,
[12], [19]). In this paper, a new adaptive scheme is designed for the semilinear elliptic
problem based on the multilevel correction method (see [13]). With the new proposed
method, solving semilinear elliptic problem will not be much more difficult than the
solution of the corresponding boundary value problem. And we adopt the techniques
in [10], [13] to prove the convergence and optimal complexity for this AFEM.

An outline of this paper goes as follows. In Section 2, we introduce some basic
notation, the finite element method for the semilinear elliptic equation and some
settings in this paper. In Section 3, we construct the multilevel correction adaptive
algorithm and the corresponding convergence and complexity analysis are given in
Section 4 and Section 5, respectively. In Section 6, some numerical results are pre-
sented to verify the theoretical results. Finally, some concluding remarks are given
in the last section.

2. DISCRETIZATION BY FINITE ELEMENT METHOD

In this paper, the letter C' (with or without subscripts) is used to denote a constant
which may be different at different places. For convenience, the symbols z1 < i,
T2 2 Y2 and x3 &~ y3 mean that x1 < Ciy1, T2 = coya and czzz < y3 < Cazs.
Let Q C R? (d = 2,3) denote a bounded domain with Lipschitz boundary 9. We
use the standard notation for Sobolev spaces W*P(£2) and their associated norms
|-ls.p.0 and seminorms |-|s , o (see, e.g, [1]). For p = 2, we denote H*(Q) = W*2(Q)
and H(Q) = {v € HY(Q): v|spq = 0}, where v]|gg = 0 is in the sense of traces. For
simplicity, we use ||-||s,o to denote ||||s 2,0 and V' to denote H}(f2) in the rest of the
paper.

Here, we consider the following type of semilinear elliptic equation:

51 -V - (AVu) + b(z,u) = f in Q,
@1 { u=0 on 09,



where A = (a; j)dxad is a symmetric positive definite matrix with a; ; € Wh> (i,j =
1,2,...,d), b(z,u) is a nonlinear function corresponding to the second variable.

In this paper, we assume the nonlinear term has the property such that (2.1) has
a unique solution u € H}(Q). The weak form of the semilinear problem (2.1) can be
described as: Find u € V such that

(22) a(u,v) + (b('vu)av) = (fa ’U) Vv e ‘/7
where
(2.3) a(u,v) = (AVu, Vo).

Obviously, a(u, v) is bounded and coercive on V, i.e.,

(2.4) a(u,v) < Cqllul

ellvlie and collullf o <a(u,u) YuveV.

a0 = va(w,w) satisfies ||w|

Now, we introduce the finite element method for semilinear elliptic problem (2.2).

So ||w|

0,0 ~ w10

First we generate a shape regular decomposition of the computing domain 2 C
R? (d = 2,3) into triangles for d = 2, or tetrahedrons or hexahedrons for d = 3
(cf. [6], [8]). The mesh diameter h describes the maximum diameter of all cells
T € T,. Based on the mesh 7j,, we construct the finite element space V};, C V.

The standard finite element scheme for semilinear equation (2.2) is: Find uy, € V},
such that

(2.5) a(tp, vn) + (b(, un),vn) = (fyvn) Yop € Vi,
In this paper, we denote
(2.6) On(u) = inf fJu—xlla0

In order to design and analyze the multilevel correction type of AFEM, we introduce
the following assumptions.

Assumption A. The nonlinear term b(z, -) has the estimates

(2.7) (b(+;v) = b(,w),¥) < Cpllv —wloalYlee Yo,w, eV
and
(2.8) [6(-;v) = b(-,w)l[o,.0 < Cpllv —wlla,0 Vv, w9 €V.

For generality, we only state the following assumptions about the error estimate
for the discrete equation (2.5):
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Assumption B. The discrete equation (2.5) has a unique solution @ and the
following error estimates hold:

(2.9) l|u — |
(2.10) lu — |

a0 S On(u),

0,0 S Na(Vi)llu = nlla,0,

where 71,(V4) depends on the finite dimensional space V}, and has the following prop-
erty:

(2.11) lim 14 (V) = 0, Na(Vi) <1 (Vi) if Vi, C Vi C V.

3. ADAPTIVE FINITE ELEMENT METHOD BASED ON MULTILEVEL CORRECTION

In this section, we propose the multilevel correction AFEM for (2.2). Given an
initial triangulation, the AFEM runs along the following loop:

Solve — Estimate — Mark — Refine

In order to analyze the AFEM for semilinear elliptic equation, we first recall some
basic conclusions of the AFEM for linear elliptic equation (see [7]).

3.1. AFEM for linear elliptic equation. In this subsection, we recall AFEM
for an elliptic boundary value problem with homogeneous Dirichlet boundary condi-
tions

51) {Lu = -V -(AVu) = f inQ,

u=0 on 0.
The weak form of (3.1) can be described as: Find u € V' such that
(3.2) a(u,v) = (f,v) VveW

And the corresponding finite element approximation of (3.2) is: Find uy € V}, such
that

(33) a(uh,vh) = (f, Uh) Yo, € Vj,.

Now we review the residual type a posteriori error estimator for the solution of (3.3).
Let T := {Tk}ren, denote the sequence of all conforming meshes by refining the
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initial mesh 7; and let V},, denote the corresponding finite element space defined on
the mesh 7 € T. In this paper, we use & to denote the set of interior faces (edges
or sides) of 7. For any v € Vj,, we define the element residual Ry (v) and jump
residual J,(v) by

(3.4) Rr(v):=f—Lv=f+V -(AVv) inT €Ty,
(3.5) To(v) :i= —AVeT vt — AVYT v = [AV]. - ve on e € &,

where e is the common side of elements 7" and T~ with the unit outward normals
vt and v, respectively, and v, = v~. Let w, be the union of elements which share
the side e, and wy the union of elements sharing a side with 7. For T € Ty, we
define the local error estimator 73 (v, T) by

(3.6) M@, T) = hl[Re@)5r+ D hel T3,
e€&y,eCOT

and the oscillation 63c; (v, T) by

(3.7) 08¢i (v, T) := h7[|Rr(v) = PeRe@)[§ 7+ > hellTe(v) = PeTe()[l3 .
e€&y,eCOT

where Py and P. are the L2-projection operators to polynomials of some degree on
T and e, respectively.

Given a subset w C (2, we define the error estimate 7j7(v,w) and the oscillation
03¢ (v,w) by

(88)  Rww) = Y ROT) ad GEww) = Y. &),
TeTk, TCw TeETk, TCw

The procedure Refine used in the adaptive algorithm is Dorfler’s marking strategy
which is introduced in [9]:

Algorithm 3.1. Marking Strategy Ey:
Given a parameter 0 € (0, 1).
(1) Construct a minimal subset M, of Ty by selecting some elements in 7 such
that

Z ﬁl%(uva) > 9771%(1%79)
TeMy

(2) Mark all the elements in M.

We now recall some well-known results of the AFEM for linear elliptic equation.
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Lemma 3.1 ([7], Lemma 2.2, Global upper and lower bounds). Let u € H}(Q)
be the solution of (3.2) and uy, € V4, the corresponding finite element solution. Then
there exist constants 6’1, Cy and C3 > 0 depending only on the shape regularity C,
and ¢, such that

élﬁk(“’/ﬁ n)a

llu = k|3 o + C308¢; (uk, Th).

(3.9) v — urlla.0
(3.10) Coiid (uk, Tr)

NN

Lemma 3.2 ([7], Proposition 3.3, Local perturbation). Let T € T. Forall T € T
and any pair of discrete functions v,w € V(T ) we have

(3.11) osc(v,T) < osc(w, T) + Crl|v — w1,wr,
where C, is a constant depending on the coefficient A and the mesh regularity.

Lemma 3.3 ([7], Theorem 4.1). Let {uj}ren, be the sequence of finite element
solutions corresponding to the sequence of nested finite element spaces {Vi, }ren,
produced by the AFEM. Then there exist constants ¥ > 0 and £ € (0,1) depending
only on the shape regularity of the meshes and the marking parameter 0, such that
any two consecutive iterates satisfy the inequality

(312)  lu—upsllz 0 + Aierr (s, Tirr) < E (|l — unll? o + 37 (ur, Tr)),
where the constant 4 has the form

(3.13) s 1
| T awa ey
Let us define R7;, 7., := Tk \ (Tk N Tr41) to be the set of refined elements in 7j.
Thus Mj, C RT;«HT;«H'

Lemma 3.4 ([7], Lemma 5.9, Optimal marking). Let uy € Vi, and upy1 € Vi,
be the finite element solutions of (3.2) over a conforming mesh Tj, and its refinement
Trk+1 with marking element set My,. Suppose that they satisfy the decrease inequality

ot — 12,0+ 32086 i ) < €21 — gl + 3686 (i T)

with constants 3. > 0 and & € (0,3). Then the set R := Ry, _7,,, satisfies the

inequality

ﬁi(ukaR) 2 ﬁl%(uka 779)7
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where

- Oy (1 — 262 ~ C
0= —— Cs( €*>~ - with C’ozmax{l,%}.
Co(C? + (1+2C3C3)34) s

3.2. Multilevel correction adaptive algorithm for semilinear elliptic
equation. In this subsection, we present a type of multilevel correction adaptive
method for the semilinear elliptic equation which is the key contribution of this
paper.

Similarly to the element residual R (v) and the jump residual 7, (v) for (3.3), we
define the element residual Ry (v) and the jump residual J.(v) for (2.5) as follows:

(3.14) Rrw):=f-b(,v)—Lv inTE€Ty,
(3.15) T (v) := —AVot vt — AVYT v = [AVV]. v, om e € &.

For any T € T, we define the local error indicator n?(v,T) by

(3.16) M@, T) = W7 [Re@)5r+ D hellTe(v)]
e€&,eCOT

2
0,e
and the oscillation osc} (v, T') by

(3.17) osci(v,T) i= h|Rr(v) = PrRr(@)[§r+ D el Te(v) = PeTe(v) 5
e€&,eCOT

Given a subset w C €2, we define the error estimate 7?(v,w) and the oscillation
osci (v,w) by

(3.18)  ni(v,w) = Z n2(v,T) and osci(v,w) = Z osci (v, T).
TeTK, TCw TeTk, TCw

Similarly to Marking Strategy Fy defined in Algorithm 3.1, we also define Marking
Strategy F for (2.5) to enforce the error reduction as follows:

Algorithm 3.2. Marking Strategy E
Given a parameter 6 € (0,1).
(1) Construct a minimal subset My, from 7 by selecting some elements in 7 such
that

7 ni(u, T) > 07 (u, Q).
TeEMy

(2) Mark all the elements in M.
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Then we propose the following multilevel correction adaptive method which is
based on Marking Strategy E in Algorithm 3.2 and the multilevel correction idea in
[13], [19]. As in the multilevel correction method for eigenvalue problems [13], [19],
we do not solve the semilinear problem directly in the refined mesh which is different
from the normal AFEM for semilinear problem. In the new AFEM, solving the
semilinear problem in the refined mesh is replaced by solving a linear elliptic problem
in the refined mesh and a semilinear problem in a very low dimensional space.

Algorithm 3.3. Multilevel Correction Adaptive Algorithm
(1) Generate a coarse triangulation 7y for the computing domain . Based on the
mesh Ty, build a linear finite element space Vy. Pick up an initial mesh 73
which is produced by refining 7y several times in the uniform way (refine all the
elements). Then build the initial finite element space V}, on the triangulation T;
and solve the following semilinear elliptic equation: Find u; € V3, such that

(3.19) a(uy,v1) + (b(+,u1),v1) = (fyv1) Vo € V.

(2) Set k=1.

(3) Compute the local error indicators ny(ug, T).

(4) Construct the submesh M; C T by Marking Strategy E defined in Al-
gorithm 3.2 with parameter 6 and refine 7, to generate a new conforming
mesh Tr1.

(5) Solve the linearized equation: Find gi1 € V4, , such that

(3.20) a(Ugs1,ves1) = (f = b(, ur), ves1) Vrpr € Vi, -

6) Define a finite element space Vi 5, ., := Vy®span{u 1} and solve the following
k41 +
semilinear elliptic equation: Find ug41 € Vg ., such that

(3.21)  a(ury1,vErs1) + (0, ursr), v rs1) = (frvER+1) YOHE+1 € VH R -

(7) Let k:=k+ 1 and go to Step (3).

Since the large-scale semilinear problem is replaced by the linear elliptic prob-
lem (3.20) in the refined mesh (which can be solved by many fast solvers) and a low-
dimensional semilinear problem (3.21), the overfull computational efficiency can be
improved.
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4. CONVERGENCE OF ADAPTIVE FINITE ELEMENT METHOD

In this section, we give the convergence analysis of Algorithm 3.3 for the semilinear
elliptic problem (2.2) based on the existing conclusions in Section 3.1 for the linear
elliptic problem (3.1).

4.1. The relationship between semilinear and linear elliptic equations.
In order to analyze the convergence and complexity of Algorithm 3.3, we establish
the relationship between the solutions of linear and semilinear elliptic equations.

Let w, € V be the exact solution of the following problem: Find wy € V such
that

(4.1) a(wg,v) = (f = b(-,ug),v) VveW
Define the Galerkin-projection operator Il,: V' — V},, by
(4.2) a(w —Iw,v) =0 YveV,.
For any w € V, we apparently have the inequality

(4.3) [

0.0 < [[wla0-
From the fifth step of Algorithm 3.3 and (4.1), we have
(4.4) ij,\k = kak—l-

For the finite element solution wuy of (2.2) and the solution wy of linear elliptic
equation (4.1), we obtain the following relationships.

Lemma 4.1. Let wy be the solution of (4.1), uy the solution of (2.2) obtained by
Algorithm 3.3 and let Assumptions A and B hold. We have the estimates

(4.5) [l — gl

a,0 = |Jwr — Iwg|

a,)
+ 0 (Var)) ([l = urlla.q + [[u = ur-1la0),
(4.6) lu = uplla,0 = [wp—1 — Mpwp-1llag

+ O0Ma(Va))(lu — urlla, + |l — ug—1]la,0)-

Proof. First, u — ur can be decomposed as follows
(47) U —up =u— wg +wp — Hpwy + Hpw, — Hpwg—1 + Hpwp—1 — ug.

535



Combining (2.2), (2.7), (2.10), and (4.1) leads to

(48)  flu—wil7 0= alu—wy,u—wi) = (b(,u) = b(:, ux), u — w)

S lu = urllo.ellv — willa.o S 10 (Va)llu — uklla.ollu — willao-

Using (4.3) and (4.8), we have the estimates

(4.9)  |Mhwe — Mywi—1]le,0 < [[wr — wr—1la,0 S |u — wklla,0 + [|[u — Wk—1]a,0
S N (Ve (lu = uklla,0 + lu — uk—1la,0)-
Since IMywk—1 — ug € Vi p,, and Hpwg_1 = Uy, the following inequality holds:
(4.10) ||ﬂk — ungﬂ = a(ﬁk — Uk, ﬂk — uk) = (b(-,uk_l) - b(-,uk), ﬂk - uk)
S lluk—1 — ukllo,olltr — uklla,o-
That is
(4.11) [Mgwp—1 —uklla,0 < lluk—1 —uklloe < na(Va)([[u—uk-1lla,0 + lu—uklla.0)-

Combining (4.7) with (4.8)—(4.11) leads to the desired result (4.5).

In order to prove the second identity, we decompose u — uy to
U— U =U— W1 +Wg—1 — w1 + Mpwp—1 — up.

Due to the estimates (4.8), (4.11) in the first part, (4.6) can be proved similarly. O

For the approximate solution uy of (2.2) and the solution wy of the linear elliptic
equation (4.1), we establish the following relationships for the a posteriori error
estimators defined in (3.8) and (3.18).

Lemma 4.2. Let wy, be the solution of (4.1) and uy, the solution of (2.2) obtained
by Algorithm 3.3. The a posteriori error indicators defined in (3.18) and (3.8),
respectively, satisfy the following relations:

(4.12) e (ur, Te) = e(Mpwr—1, Tr)
+OMa(Va))(lu — uklla,0 + llu — ug-1]la,0),
(4.13) N (Ui, Tie) = e (pwr, Tr)

+O0Ma(Va))(lu = ukllag + [lu = wr-1la,0)-
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Proof. From the definitions of ny(ug,T) and 7 (ug, T) in (3.18) and (3.8), we
have

(4.14) e (ug, T) — fe(Mpwg—1,T)

1/2
—<h%||f—b<',uk>—Luk||8,T+ T hen[Awk]e-uenae)

e€&y,eCOT

1/2
- (h%nf b))~ LalZr Y RV, uen%;,e)

e€&p,eCOT

< {(hTHf —b(-,ur) — Luglor — hrllf — (-, ue—1) — Liklo,r)*

1/2
the S (IAVule - velloe — [[AVA, - ueno,ef}

e€&p,eCOT

< {(thb(-,uk) b u) — Duup + Linllo.x)?

1/2
the Y (||[Avuk]e-ye—[Avak]e-yeuo,e)?} .

e€&p,eCOT

It is obvious that the inverse estimate implies
[ Lurllor S hy' [ Vukllor VT € T

Then the following inequalities hold:

(4.15) D hrlLul e £ ) lunllz v S Nl o
T€Th TeTx

From the inverse estimate and the trace inequality

lolloor < hy'Zlollox + by Pllvlar Vs> 1/2, ve HY(T), T € T,
we have
(4.16) helllAVVele - vells e S IVORlgz S lellzz Yor € Vg
Combining (4.14)—(4.16) with (4.10) yields

(417)  me(uk, T) — ik (Mgwi—1,T) S hrl[b(-; uk) — b(, uk—1)llo,r + [[ur — Ukla,7-
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From Assumption A, B and (4.17), we derive

1/2 1/2
Mk (e, Te) — e (Mpwi—1, Te) = (Z U;%(umT)) - (Z ﬁi(kak_l,T)>

TETk TeTk

1/2
< (X o) = (a1, 7))

TET,
S 0a(Ve)|16( uk) — b, uk—1)llo,0 + 1a(Var) [|uk — uk—1lla.0
S 1a(Va) (JJu — ug |

a0+ [u = uk-1lla,0)-

This is the desired conclusion (4.12). The result (4.13) can be derived similarly and
we complete the proof. O

Lemma 4.3. Let wy and uy be the solutions of (4.1) the latter obtained by
Algorithm 3.3. Then the oscillations defined in (3.8) and (3.18) have the estimates

(4.18) osck(uk, Ti) = osck (Igwy—1, Ti) + O (Var))([[u — uklla,0 + [[u — ug—1lla,9),
(4.19) oscy(ug, Tr) = oscx (Upwr, Tr) + O(ne (V) (||u — uk|

a0+ [Ju—up_1lla,0)

Proof. By a procedure similar to that in Lemma 4.2 and the definition of
oscillation, we can derive the desired results. ([

4.2. Convergence of multilevel correction adaptive algorithm. In this sub-
section, we give the convergence analysis of Algorithm 3.3 for the semilinear elliptic
equation.

First, based on Lemma 3.1 and Lemmas 4.1-4.3, we analyze the reliability and
efficiency of the a posteriori error estimator defined in (3.18).

Theorem 4.1. Let 7,(Vy) be small enough. Then for the finite element solution
ug of (2.2), there exist mesh independent constants Cy, Cy and C3 such that

(4.20) [ = uglla,0 < Crogp(uk, Tr) + O(na (Vi) [[u — up—1 |

a,Q
and
(4.21)  Comi(ur, Ta) < llu— x|y o + Cs oscy (ur, Te) + O(m; (Vi) |l — wr—1|2 g
where
1 —C'no(Vir) 4+ Cn3 (V) 44 Cnz (V)

with the constants C' and C only depending on the mesh regularity and 51, 52, 53
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Proof. Since wi_1 is the exact solution of the equation
a(wg-1,v) = (f = b(, up—1),v) YveV,
from Lemma 3.1 we obtain
wg—1 — Mywp—1|a,0 < Crie(Mywy—1, Tr)
and
Coif (Mywp—1, Te) < [lwi—1 — Mywp—1 2 o + C308¢k (Mywe—1, Tr).-

Then from Lemmas 4.1-4.3 we can get the desired results. O
Now we are in the position to present the error reduction of Algorithm 3.3.
Theorem 4.2. Let 6 € (0,1) and {uy}ren, be the sequence of finite element solu-

tions of (2.2) corresponding to the sequence of nested finite element space {Vp, }ren,

produced by Algorithm 3.3. Assume that 1,(Vy) is sufficiently small. Then there

exist constants v > 0 and 6; € (0,1) depending only on the shape regularity of
meshes and the marking parameter 6 used by Algorithm 3.3, such that

(4.22) [ = well? o + v (ur, Te) < 03 (JJu — w1l o + ¥0—1 (ur—1, Te-1))
+ 0011z (Vi )lu — w27 o,
where 0 is a constant independent of the mesh size.

Proof. From Lemma 3.3 and the definition of wg_; in (4.1), we have the
contraction property

(4.23) Jwi—1 — Mpwp—1[|2 o + Y77 Mpwr -1, Tr)
< E(||lwe—1 — Hk71wk71||§,g + A7y (g1 wi—1, Te—1))
+ Oz (Ve ) ([ — ur—1 |12 o + lu — ur—2ll2 o)

By Lemmas 4.1 and 4.2, there exists a constant C' > 0 such that

(4.24)  flu—wll? o + 777 (ur, Tre)
< (14 60)Jw—1 = Mwye—1 12 o + (1 + 61) 775 (Mewi—1, Tr)
+ O e (Vi) (JJu — w120 + llu = u—1 17 )
< (L +8)E (w1 — Me—1wie—1 7.0 + i -1 Mr—1wx—1, Te-1))

+ OO (Vi) (lu = unlZ o + llu = un—1]17 0 + u — ur—2||% o).
where the Young inequality is used and 61 € (0,1).
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Using a similar argument on the right-hand side term of (4.24), we have

(4.25)  flu—uil2q + 303 (s, Th)
< (14 80) (14 82)E(lu — w20 + 30 (w1, Timn)
+ C RV (= il + = i

3,9 + [Ju — Uk%”i,ﬂ)a

where d2 € (0, 1) satisfies (1 + d2)(1 + 61)¢2 < 1 and C* depends on C in (4.24).
From (4.25), we have

(1= C* 2 (Ve )l — urll? o + m3 (ur, Tr)
< (14 80) (1 +00)E + C*n2 (V) [Ju — ur—1[l3 o
+ (14 62) (14 61)E%m; 1 (ue—1, Tee1) + C* (Vi) lu — up—2 |3 o

Denote
g 1 1 2 *,2
(4.26) y=— %:J +d2)( +&K-+Cn4ng
1= C*n3(Va) 1—C*n2(Vir)
PO G
TRV
Since

(1462)(1 + 61)€2%
(14 02)(1 4 61)&2 + C*n2(Vy

)<ﬁ<%

we obtain the desired conclusion (4.22) and 6; € (0,1) when 7,(Vy) is sufficiently

small. Then we complete the proof.

Theorem 4.3. Let u and ug be the exact solution and the corresponding approx-

imation by Algorithm 3.3, respectively. When n,(Vy) is small enough, there exist

constants > 0 and a € (0,1), depending on the shape regularity of meshes and

the parameter 6, such that any two consecutive iterates k and k — 1 have the error

contraction properties

(4.27) di, <6id;, | +0oms(Var)llu — uk—2|? o
and
(4.28) iy, + BPna (Vi )dy, | < o?(di, , + B2n;(Va)dy, ),

where dik = |ju— ungQ + 1 (uk, Tie)-
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Proof. It is obvious that the inequality (4.27) can be derived from Theorem 4.2
directly. We choose o and 3 such that

o = Bz (Vi) = 61, o®B° = .
The above two equations lead to

o — 0% + /01 + 400m3 (Vi) and B = 200 .

2 03+ /0F 40002 (Vir)

Then we have o < 1 provided 71,(Vy) is small enough and 6; < 1. It means the
desired result (4.28) is obtained with the chosen « and 3. O

5. COMPLEXITY ANALYSIS

Due to the complexity analysis results for the linear boundary value problem,
we are able to analyze the complexity of Algorithm 3.3 for the semilinear elliptic
problem.

In this section, we assume that 7,(Vz) is small enough such that

(5.1) Na (Vi) |lu — ug—2|

3,9 < lu— Uk71||(2z79-

Then from Theorem 4.2, we have the following error reduction property: for Algo-
rithm 3.3

(5:2) = w7 0+ % (uk, Te) < 03 (lu — w117 0 + 081 (-1, Too1))

with 62 = 62 + 01 (Vir) < 1.
As in the normal analysis of AFEM for the linear boundary value problem, we
shall study the complexity in a class of functions defined by

A = {v e Hy(Q): |v]s,, < oo},

where v > 0 is a constant and

[v]s,y = Eglgfinf{ncﬂ; inf(lo—vkl|Z o+ (v-+1) oscZ (vp, T/ 2<e} (# Tk = #T1)°
and Tr C 71 means T is a refinement of 7;. It is seen from the definition that, for
all v > 0, A5 = Aj, and we denote A° as A3, |v[s as |v]s, for simplicity. Hence,
the symbol A° is the class of functions that can be approximated within a given
tolerance € by continuous piecewise polynomial functions over a partition 7 with
the number of degrees of freedom #7T — #7T1 < e_l/s|v|i/5.

In our analysis, we also need the following two results (see, e.g., [7], [17], [18]).
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Lemma 5.1 (Complexity of refinements). For k > 0, let {7x}r>1 be any sequence
of refinements of 71, where Tj1 is generated from Ty, by Dorfler’s Marking Strategy
with a subset My, C Ti. Then

k-1
(5.3) #Te —#T < Coy_ #M; Vk>1.

J=1

Here and hereafter in this paper, we use #7 to denote the number of elements in
the mesh 7.

For the smallest common refinement of 7, 7y, that is T := T, ® T¢, we have the
following property.

Lemma 5.2 (Overlay of mesh). For T, Tz C Ti, the overlay T := T, @ Ty is
conforming and satisfies

(5.4) #T < #Ts + #Te — #7T1.

In order to give the proof of the optimal complexity of Algorithm 3.3 for solving
the semilinear elliptic problem, we should give some preparations.

Using the assumption (5.1) and the procedure similar to that in the proof of
Theorem 4.2 when (4.12) is replaced by (4.18), we have

Lemma 5.3. Let ug_; and uy be finite element solutions of (2.2) over a con-
forming mesh Ti_1 and its refinement Ty, with marked set My,_,. Suppose that they
satisfy the estimate

(5.5) flu— Uk”iﬂ + Vs OSCi(Ulm Tr) < ff(”u — Ug—1 ||iQ + Vs 050%71(1¢;€_17 Ti-1)),
where 7, and £, are some positive constants. Then for problem (4.1), we have
(5.6) w1 = Twya || o + v.05¢t (Mywy—1, Tr)

S éf(”“’k—l - Hk—lwk—le,ﬂ + V*ﬁfi—l(nk—lwk—la Ti—1))

with
(1+01)& + C*oy ' (Vi) (1 + €7)
1= G687 '0a(Vir) (1 + na(Vir))
where the constants C' and C* depend on 61, d3 € (0,1) as in the proof of Theo-
rem 4.2.

&= (146
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Theorem 5.1. Let ui_1 and uy be as in Lemma 5.3. Suppose that they have the
decrease property

llu = w7 0 + v 0scq (ur, To) < & (lu — w17 o + 7 056k (up—1, Tim1))

with constants v, > 0 and 2 € (0,1/2). When n,(Vy) is sufficiently small, the set
R = Rr,_,—7. satisfies the inequality

Me_1 (uk—1,R) = Bng_1 (uk—1, Tr—1)

with ~
and C :max<1,%),
Vx

Cy(1—282)
4Co(CF + (14 2C3C))
where &, is defined in Lemma 5.3 with 6, and &, being chosen such that £2 € (0,1/2).

B=

Proof. The result is a direct consequence of Lemmas 3.4, 4.2, and 5.3. (]

Lemma 5.4 (Cardinality of My). Let u € A° be the solution of (2.2), Tj the
conforming partition obtained from Ty, and let 6 satisfy

Cay
be (0’ C5(C2+ (1 + 203012)7))'

Then the following estimate is valid:
(5.7) # My < O|lu = url|3 o+ osci (ur, To)) ™/ ul )/,

where the constant C depends on the discrepancy between 6 and

Cay
C3(CF + (14+2C1CF)y)

Proof. We choose 8, 81 € (0,1) such that 8; € (0,53) and

CQ’)/ 2
6 < 1=5%).
03(012+(1+2C%C%>v>( )
Set
1
e = il = unllz o+ osci us, Ti) %

Let 01,02 € (0,1) be constants such that

(5.8) (14 01)(1+62)B7 < 1.

943



And let 7; be a refinement of 77 with minimum degrees of freedom satisfying
lu = uell? o+ (v + 1) osce (ue, T2)* < &2,

where u. denotes the solution over the mesh 7.. By the definition of A%, we can get
1
V2

Let 7. be the smallest common refinement of 7; and 7.. For w. defined in (4.1),
from Lemma 3.2 and Young’s inequality we have

—1/s
#T = #T S (5581)  (lu = wnll2 0+ osen(ue, 7))~ @ ul /.

08¢2 (Mawe, T2) < 208¢2 (Mowe, T2) + 203 [Tew, — T2 o
Due to the orthogonality
[|we — H*WEHi,Q = |lwe — HEWEHi,Q — [Twe — stsni,ﬂa

we arrive at
9 1 —~ 92 2 1 —~ 2
Hwe - H*w€||a 9} + —20sc*(H*w5,’7;) < HwE - HEwS”a Q + _QOSCE(HEU)@’];)'
’ 207 ’ Cy
From the definition of 4 in (3.13), 5 := 1/((1+ 6, ")C?), we have ¥ < 1/(2C%).
Then we derive that

(5.9) lwe = Towe||? o +F05¢X (., T2)

1
< we —]I*UkHZgz+-52?5OSC§GI*u@,7§)
7

< fJwe — Heweni,ﬂ + Ofé/cg(ﬂgws, 7e)

1
Ct
< fJwe — HEwEHi,Q + (7 + U)ﬁ?i(ﬂews,ﬁ)
with ¢ = 1/C? — 5 € (0,1). Applying an argument similar to that in the proof of
Theorem 4.2, when Lemma 4.2 is replaced by Lemma 4.3, we obtain

[ = wal|Z 0 + y 0scu (s, To) < B3 ([t — uel|? o + (v + 1) 0scz (ue, T2)),
where

(1+01)(1 + 62) + C567 'm2(V)

5.10 2 _
(510 Fo L= oo, o2 (V)

with C5 being the constant which depends on C7..
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Then we arrive at
-2
lu = wa|l? o + v 052 (ue) <E (lu—ugll? g + v 0scE (ur, Tr))

with ZQ = %Bgﬂf If 1, (Vy) is small enough, we have EQ € (0, %) Thus by Theo-
rem 5.1, we have

S iR, T) =0 ) ni(uk, Tr),

TeM(T) TETy
where _ ~ N
5 _G(1-28) Co:max(g 1)
ACo(C2 + (14 2C2C2)y)’ o
and L ~
& = (14 5y LEEA OO VIO LE)

1= Cna(H)(1 +10(Va))
It follows from the definition of v (see (4.26)) and ¥ (see (3.13)) that v < 1 when

1. (V) is small enough. On the other hand, we have C3 > 1 and hence Cy = 53/7
Since 7, (Vi) < 1, we obtain that &2 € (0, 158%). And using Theorem 4.1, we have

Ch(1 — 2€2) - Cy
4C(C2 + (1 +2C202)7) ~ (4C5/7)(C2 + (1 +202C2)7)
> @ —(1-4?)

4C3(CF /v +142C3CE)
_ ACy(4 + Cna (Van))y(1 — B°)
AC3(4+ Cn2(V){C3(1 = C'na(Vi))? + (1 + 2C3C3(1 — C'na(Vi))?)7}

02'7 2
> 1- 6.
O5(C2+ (11 203012)7)( ) >

7= (1- 5

Thus

#FMp < #R < #T — #Te < #Te —#Th

< 1 e 2 —~1/(28), (1/s

< (—=h (lle = ukllz 0 + v osci (uk, Tk)) uls".
V2

Then we derive the desired estimate (5.7) with an explicit dependence on the dis-

crepancy between 6 and
Cory

C3(CF + (14+207CF)y)

As a consequence, we obtain the optimal complexity as follows.
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Theorem 5.2. Let u € A® be the solution of (2.2) and {uy}ren, be a sequence
of finite element solutions produced by Algorithm 3.3. Under the assumption (5.1),
the k-th approximate solution satisfies the optimal bound

(5.11) lu = urllz o + v osci(ur, Te) S (#T — #T1) > Jul?,

where the hidden constant depends on the exact solution u and the discrepancy

between 6 and
Caory

C3(CF + (14+201CY)y)

Proof. From Lemmas 5.1 and 5.4 we obtain

k—1 k—1
(512)  #Th —#TL S ) #M; S Y (lu— il o +vosci (uy, 7))~ jul /.
j=1 j=1

And from the efficiency of the a posteriori estimator, we have
(5.13) llu = w0 + 15 (uy, T) < C(llu —ugl7 0 + v 0sci (ug, T;))-

Combining (5.12) and (5.13) leads to

k—1
T —#T0 S Y (lu—usll3 0 +m5 (g, 7))~ I ul /.
j=1
By the contraction property (5.2)

A2(k—7
o — wgl|? g + 2 (un, To) < 7 (| —uj |12 + ym2 (g, T5)),

we have

k—1
#Te = #T0S (lu = w20+ 70 (un, o)~/ @ full/* Y 05
j=1

S (llu = wkll3 0+ i (ur, To)) ™ ul .

Since osck (ug, Tr) < nr(uk, Tr), we arrive at the desired result (5.11). O

Remark 5.1. Step (5) of Algorithm 3.3 means we use the fixed-point iteration
for the nonlinear elliptic equation. Of course, for strong nonlinear equations, we can
use the Newton iteration to design the corresponding multilevel correction adaptive
algorithm.

546



6. NUMERICAL RESULTS

In this section, two numerical experiments are presented to verify the theoretical
analysis and efficiency of Algorithm 3.3.

Figure 1. The initial triangulation and the one after adaptive iterations for Example 6.1.

errors of Multilevel Correction Algorithm
100K errors of AFEM |
- slope = —1/3

)
—
@]
P
o
=

1071 :

103 10* 10* 109 107
Number of elements
Figure 2. Errors by adaptive finite element method of Algorithm 3.3 for Example 6.1.

Example 6.1. We consider the semilinear elliptic problem

—Au+uP=f inQ,

6.1
(6.1) u=0 on 0f,
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where = (0,1)3. We choose the right-hand side term f such that the exact solution
is given by

(6.2) . sin(nx) sin(rcy)'
(22 + y2)1/2

We give the numerical results for the approximate solutions by Algorithm 3.3
with the parameter § = 0.4. In order to show the efficiency more clearly, we compare
the results with those obtained by the direct AFEM. Figure 1 shows the initial
triangulation and the one after 20 adaptive iterations. It is shown in Figure 2 that
the approximate solutions by Algorithm 3.3 have the optimal convergence rate which
coincides with the theoretical results.

Example 6.2. In the second example, we solve the semilinear elliptic problem

—Au+u¥?=1 inQ,
(6.3)

u=0 on 0,

where Q = (0,1) x (0,2) x (0,2) \ (0,1) x [1,2) x [1,2). Due to the reentrant corner
of €, the exact solution with singularities is expected. Since the exact solution is
not known, we choose an adequately accurate approximate solution on a fine enough
mesh as the exact one.

Figure 3. The initial triangulation and the one after adaptive iterations for Example 6.2.

Algorithm 3.3 is applied to this example with parameter § = 0.4. Figure 3 shows
the initial mesh and the one after 18 adaptive iterations. In order to show the effi-
ciency of Algorithm 3.3 more clearly, we also compare the results with those obtained
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Figure 4. Errors by adaptive finite element method of Algorithm 3.3 for Example 6.2.

by the direct AFEM. Figure 4 gives the corresponding numerical results for the first
22 adaptive iterations which show the optimal convergence rate of Algorithm 3.3.

7. CONCLUDING REMARKS

In this paper, we propose a type of multilevel correction type of AFEM for semi-
linear elliptic equations. Unlike the classical AFEM for semilinear equations, the
proposed method transforms the semilinear equation solving to a series of linear
elliptic equation solving and some semilinear elliptic solutions in a very low dimen-
sional space. The high efficiency of linear elliptic equation solving can improve the
overall efficiency of the AFEM for semilinear elliptic equations. The corresponding
analysis of the convergence and optimal complexity has also been given.
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