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Abstract. In 2000, Figallo and Sanza introduced n x m-valued Lukasiewicz-Moisil alge-
bras which are both particular cases of matrix Lukasiewicz algebras and a generalization
of n-valued Lukasiewicz-Moisil algebras. Here we initiate an investigation into the class
tLM,, xm of tense n x m-valued Lukasiewicz-Moisil algebras (or tense LMy, m-algebras),
namely n x m-valued Lukasiewicz-Moisil algebras endowed with two unary operations called
tense operators. These algebras constitute a generalization of tense Lukasiewicz-Moisil al-
gebras (or tense LMy, -algebras). Our most important result is a representation theorem for
tense LMy, x m-algebras. Also, as a corollary of this theorem, we obtain the representation
theorem given by Georgescu and Diaconescu in 2007, for tense LMy, -algebras.
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1. INTRODUCTION

Classical tense logic is an extension of classical logic obtained by adding to the
bivalent logic the tense operators G (it is always going to be the case that) and H
(it has always been the case that). Taking into account that tense Boolean algebras
constitute the algebraic basis for the bivalent tense logic (see [4]), Diaconescu and
Georgescu introduced in [10] tense MV-algebras and tense Lukasiewicz-Moisil alge-
bras as algebraic structures for some many-valued tense logics. In the last years,
these two classes of algebras have become very interesting for several authors (see
[2], [5]-[9], [11]-[14]). In particular, in [8], [9] Chiritd introduced tense #-valued
Lukasiewicz-Moisil algebras and proved an important representation theorem which
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allowed to show the completeness of the tense #-valued Moisil logic (see [9]). In [10],
the authors formulated an open problem about the representation of tense MV-
algebras; this problem was solved in [3], [20] for semisimple tense MV-algebras.
Also, in [2], tense basic algebras were studied, which is an interesting generalization
of tense MV-algebras.

On the other hand, in 1975 Suchon [25] defined matrix Lukasiewicz algebras so
generalizing n-valued Lukasiewicz algebras without negation [19]. In 2000, Figallo
and Sanza [17] introduced n x m-valued Lukasiewicz algebras with negation which
are both a particular case of matrix Lukasiewicz algebras and a generalization of
n-valued Lukasiewicz-Moisil algebras [1]. It is worth noting that unlike what happens
in n-valued Lukasiewicz-Moisil algebras, generally the De Morgan reducts of n x m-
valued Lukasiewicz algebras with negation are not Kleene algebras. Furthermore,
in [22] an important example which legitimated the study of this new class of algebras
was provided. Following the terminology established in [1], these algebras were called
n x m-valued Lukasiewicz-Moisil algebras (or LM, ,-algebras for short).

In the present paper, we introduce and investigate tense n x m-valued Lukasiewicz-
Moisil algebras which constitute a generalization of tense Lukasiewicz-Moisil alge-
bras [10]. Our most important result is a representation theorem for tense LMy, x -
algebras. Also, as a corollary of this theorem, we obtain the representation theorem
given by Georgescu and Diaconescu in [10] for tense LM,,-algebras.

2. PRELIMINARIES

2.1. Tense Boolean algebras. Tense Boolean algebras are the algebraic struc-
tures for tense logic. In this subsection we will recall some basic definitions and
results on the representation of tense Boolean algebras (see [4], [18]).

Definition 2.1. An algebra (B,G, H) is a tense Boolean algebra if
B = <Ba/\ava_‘aOB7 1B>

is a Boolen algebra and G and H are two unary operations on B such that
(tbl) G(lB) = 13 and H(lB) = 13;

(tb2) G(x Ay) = G(x) ANG(y) and H(x Ay) = H(x) A H(y);

(th3) G(x) vy =1pifonlyif zV H(y) = 1p.

Let B = (B,A,V,—,0p,1p) be a Boolean algebra. In the following we will denote
by idg, Op and Ip the functions idg,Op,Ip: B — B, defined by idg(z) = «z,
Op(x) = 0p and Ig(z) = 1p for all z € B. We also denote by 2 the two-element
Boolean algebra.
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Remark 2.1. Let B = (B,A,V,—,0B,15) be a Boolean algebra. Then
(B,Ip,Ip) is a tense Boolean algebra.

Remark 2.2. Let (2,G, H) be a tense Boolean algebra. Then G = H = ids or
G = H = Iz.

Proposition 2.1. Let B = (B, A,V,—,0p,15) be a Boolean algebra and G, H two
unary operations on B that satisfy conditions (tbl) and (tb2). Then the condition
(tb3) is equivalent to

(th3) © < GP(z) and x < HF(x), where F,P: B — B are the unary operations
defined by F(z) = -G(—z) and P(z) = —H (—z).

Remark 2.3. By Proposition 2.1 we can obtain an equivalent definition for tense

Boolean algebras. This shows that tense Boolean algebras form a variety.

Definition 2.2. A frame is a pair (X, R), where X is a nonempty set and R is
a binary relation on X.

Let (X, R) be a frame. We define the operations G: 2% — 2% and H: 2% — 2X
by
z/\{p( y€ X,z Ry} and H(p /\{p iy € X,y Rz},

for all p € 2% and z € X.

Proposition 2.2. For any frame (X, R), (2%, G, H) is a tense Boolean algebra.

Remark 2.4. In the tense Boolean algebra (2%,G, H) the tense operators F
and P are given by:

:\/{p( ye X,z Ry}t and P(p \/{p ;ye X,y Ra},

for all p € 2% and z € X.

Definition 2.3. Let (B,G, H) and (B’,G’, H') be two tense Boolean algebras.
A function f: B — B’ is a morphism of tense Boolean algebras if f is a Boolean
morphism and satisfies the conditions: f(G(z)) = G'(f(x)) and f(H(x)) = H'(f(z)),
for any = € B.

By this definition, it follows that a morphism of tense Boolean algebras commutes
with the tense operators F' and P.
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Theorem 2.1 (The representation theorem for tense Boolean algebras). For any
tense Boolean algebra (B, G, H), there exist a frame (X, R) and an injective mor-
phism of tense Boolean algebras

d: (B,G,H)— (2%,G, H)

where operators G and H are defined as in Proposition 2.2.

2.2. Tense Lukasiewicz-Moisil algebras. In this subsection we will recall some
basic definitions and results on the representation of tense Lukasiewicz-Moisil alge-
bras (see [10]).

Definition 2.4. An algebra (£,G, H) is a tense Lukasiewicz-Moisil algebra (or
tense LM,,-algebra) if £L = (L,A,V,~,1,...,¢0n-1,0r,11) is an LM,,-algebra and
G and H are two unary operators on L such that
(tlml) G(1p) =1y and H(11) = 1z,

(z Ay) = G(x) ANG(y) and H(x Ay) = H(z) N H(y),
x) and © < HF(x), where F(z) = ~G(~x) and P(x) = ~H(~x),
= ;(G(z)) and H(pi(z)) = p;(H(z)) foralli=1,...,n — 1.

Let £ = (L,A,V,~,01,...,¢0n-1,01,11) be an LM, -algebra. In the following
we will denote by idy, O and Iy the functions id;,Op,Ip: L — L, defined by
idp(x) =2, Or(x) =0 and Ir(xz) = 1 for all x € L.

We also denote by L,, the chain of n rational fractions L, = {j/(n —1);1 < j <
n—1} endowed with the natural lattice structure and the unary operations ~ and ¢,
defined as follows: ~(j/(n—1))=1—j/(n—1) and ¢;(j/(n—1))=0ifi+j<n
or ¢;(j/(n —1)) =1 in the other cases.

Remark 2.5. Let (L,,G, H) be a tense LM,,-algebra. Then G = H = idp,, or
G=H=1I,.

Definition 2.5. Let (X, R) be a frame. We define the operations G: LX — LX
and H: LX — LX by:

:/\{p( yeX,x Ry} and H(p /\{p ;ye X,y Ra},

forallp € LX and z € X.
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Proposition 2.3. For any frame (X, R), (L:X,G, H) is a tense LM,,-algebra.

Definition 2.6. Let (£,G,H) and (£',G’,H’) be two tense LM, -algebras.
A function f: L — L’ is a morphism of tense LM,,-algebras if f is an LM,,-algebra
morphism and satisfies the conditions f(G(x)) = G'(f(x)) and f(H(x)) = H'(f(x))
for any z € L.

Now we will recall a representation theorem for tense LM,,-algebras that general-
izes Theorem 2.1.

Theorem 2.2 (The representation theorem for tense LM,-algebras). For any
tense LM,,-algebra (L, G, H), there exist a frame (X, R) and an injective morphism
of tense LM,,-algebras

®: (L,G,H) — (LX,G,H)

where the operators G and H are defined as in Proposition 2.3.

2.3. n x m-valued Lukasiewicz-Moisil algebras. In this subsection we will
recall some basic definitions and results on n x m-valued Lukasiewicz-Moisil algebras

(See [15]7 [16]7 [21]7[24])

Definition 2.7. An n x m-valued Lukasiewicz-Moisil algebra (or LM, xm-
algebra), in which n and m are integers, n > 2, m > 2, is an algebra (L, A, V,~,
{04} (i,j)e(nxm), O, 1) where (nxm) is the cartesian product {1,...,n—1} x{1,...,
m — 1}, the reduct (L,A,V,~,0r,1z) is a De Morgan algebra and {04} } (i j)e(nxm)
is a family of unary operations on L which fulfils the conditions
Cl) oy (x Vy) =052V oy,

2

Q

Oij \ 'L+1)]
C3) o0y Uz(ﬁl)x
C4) oijorsT = 0ps,

Q

5) oijx = o4y for all (4,j) € (n x m) implies x =y,
C6

7) 0ij(~x) = ~O(n_iy(m—j) T-

oijxV ~oir = 1p,

Q

(C1)
(C2)
(C3)
(C4)
(C5)
(C6)
(C7)

Let £ = (L,\,V,~,{0i;} i j)e(nxm); 0L, 1L) be an LM, x n,-algebra. In the follow-
ing we will denote by idy, Op, and Iy, the functions idp,Op,Ir: L — L, defined by
idp(z) =2, Op(x) =01 and I (x) = 1y, for all x € L.

The results announced here for LM,, x,,-algebras will be used throughout the pa-
per.

(LM1) A set 0;(L) = C(L) for all (i,5) € (n x m), where C'(L) is the set of all
complemented elements of L ([24], Proposition 2.5).
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(LM2)

(LM3)

(LM4)

(LM5)

(LM6)

(LMT)
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Every LM, «2-algebra is isomorphic to an n-valued Lukasiewicz-Moisil alge-
bra. It is worth noting that LM, «.,,-algebras constitute a nontrivial general-
ization of the latter (see [22], Remark 2.1).

Let (L,A,V,~,{0i}(,j)e(nxm), 0L, 11) be an LM, xn-algebra and (i,j) €
(n x m). We define the binary operation, called weak implication, <; ; on L,
as follows: a —=; ; b = ~o0y;a V 0,0 for all a,b € L. The implication —; ; has
the following properties:

(WIl) a—; (b—ija)=1p,

(WI2) a <= (b—j (aAb)) =1,

(WI3) a =i (bijc) = (a=;b) —ij(a=ijc),
(WI4) (aAD)—=;;a=1pand (aAb)—;;b=1p,
(WI5) a = (aVvb) =1y and b—;; (aVb) =1,
(WI6) a < bimplies a —;;b=1p,

(WI7) if a<; ; b=1p for all (4,5) € (n x m) then a < b,
(WI8) a =i 1, =1;,

(WI9) a = (bAc)=(a—=i;b)A(a—=;c),
(WIL0) oys(a) i ors(b) = a =, b,

(WIL1) oy5(a) < ors(a) = 1p,

(WI12) a =i (b= ;c) =(aAb)—=,c,

(WI13) if a < b c for all (¢,7) € (n x m) then a A b < ¢ (see [23]).

The class of LM, x m,-algebras is a variety and two equational bases for it can
be found in [24], Theorem 2.7, and [22], Theorem 4.6.

Let (L,A,V,~,{0ij}@ij)e(mnxm), 0L, 1) be an LM, xm-algebra. Let X be
a nonempty set and let LX be the set of all functions from X into L. Then
LX is an LM,y n-algebra where the operations are defined componentwise
(see [23]).

Let (L, A, V,~,{0ij}i.5)e(mnxm); 0L, 1) be an LM, xn,-algebra. We say that
L is complete if the lattice (L, A,V,0r,1) is complete. Also, we say that
L is completely chrysippian if, for every {zs}scs C L such that A z; and

seS
\/ z; exist, the following conditions hold: O'ij( A xs) = A 04j(zs) for all
ses ses seSs
(3,7) € (nxm) and aij( vV x) = \/ oy(xs) forall (i,5) € (nxm) (see [23]).

ses seS
Let C(L)t™™ = {f: (n x m) — C(L) such that for arbitrary i, j if < s

then [(r,4) < f(s,) and f(,r) < £, 5)}. Then
<C(L)T(n><m)7 A, V7 ~ {Uij}(i,j)e(nxm)7 07 I>

is an LM,, » p,-algebra where for all f € C(L)1"™*™ and (i,5) € (n x m) the
operations ~ and o;; are defined as follows: (~f)(¢,7) = =f(n — i, m — j),



(LM8)

(LM9)

(LM10)

where -2 denotes the Boolean complement of x, (05 f)(r, s) = f(4, ) for all
(r,s) € (n x m), and the remaining operations are defined componentwise
([22], Proposition 3.2). It is worth noting that this result can be generalized
by replacing C(L) by any Boolean algebra B. Furthermore, if B is a complete
Boolean algebra, it is simple to check that BT(”Xm) is also a complete LM, x -
algebra.
Let £ and £’ be two LM, x,-algebras. A morphism of LM, «,,-algebras is
a function f: L — L’ such that following conditions hold for all x,y € L:

(i) f(0r) =0z and f(1z) = 1L/;

(ii) fzVvy)=f(2)V f(y) and f(z Ay) = f(z) A f(y);
(ili) f(oi;(x)) = oi;(f(x)) for every (i, j) € (n x m);
(iv) f(~z) =~"f(2).
Let us observe that condition (iv) is a direct consequence of (C5), (C7) and
the conditions (i) to (iii).
Every LM, ym-algebra L can be embedded into C(L)1™™ ([22], Theo-
rem 3.1). Besides, L is isomorphic to C(L)T(”Xm’) if and only if L is centred
([22], Corollary 3.1) where L is centred if for each (i, j) € (n xm) there exists
cij € L such that

0 ifi>rorj>s,
OrsCij =

1 ifi<randj<s

Identifying the set (nx2) withn = {1,...,n—1} we have that =, : L, — 21"
is an isomorphism which in this case is defined by m,,(j/(n — 1)) = f; where
fi(i) =01if i+ j <n and f;(i) = 1 in the other case (see [23]).

3. TENSE n X m-VALUED LUKASIEWICZ-MOISIL ALGEBRAS

In this section we introduce tense LM, y«,,-algebras. The notion of the tense

LM, «.,-algebra is obtained by endowing an LM, «,-algebra with two unary op-

erations G and H, similar to the tense operators on an n-valued Lukasiewicz-Moisil

algebra. Here are the basic definitions and properties.

Definition 3.1. An algebra (£, G, H) is a tense n x m-valued Lukasiewicz-Moisil

algebra (or tense LM, «n,-algebra) if

L= <La /\a \/a ~, {Uij}(i,j)e(nxm); OL; 1L>

is an LM,, x,,-algebra and G and H are two unary operators on L such that:

351



(T].) G(].L) = L and H(].L) = ].L,

(T2) G(z ANy) =G(xz) NG(y) and H(x Ay) = H(x) AN H(y),

(T3) © < GP(z) and « < HF (z), where F(z) = ~G(~x) and P(x) = ~H(~x),
(T4) G(oij(z)) = 0i;(G(x)) and H(oy;(x)) = 045(H(x)) for all (¢,j) € (n x m).

In the following we will indicate the class of tense LM, x.,-algebras with tLIM,, .
and we will denote its elements simply by L or (L, G, H) in case we need to specify
the tense operators.

Remark 3.1. (i) From Definition 3.1 and (LM4) we infer that tLM,, <., is
a variety and two equational bases for it can be obtained.

(ii) If (L,G, H) is a tense LM, x.,-algebra, then from (LM1) and (T4) we have
that (C(L),C(G),C(H)) is a Boolean algebra, where the unary operations C(G):
C(L) = C(L)and C(H): C(L) — C(L), are defined by C(G) = G|¢ () and C(H) =
Hlo(r)

(iii) Taking into account (LM2), we infer that every tense LM,,«2-algebra is iso-
morphic to a tense n-valued Lukasiewicz-Moisil algebra.

According to this remark one gets the following result:

Lemma 3.1. The following conditions hold in any tense LM, x.,-algebra
(L,G,H):

(T5) x <y implies G(z) < G(y) and H(z) < H(y),
(T6) = <y implies F(z) < F(y) and P(z) < P(y),
(T7) F(OL)_OL and P( )ZOL,
(T8) F(zVy)=F(z)VF(y) and P(z Vy) = P(x) V P(y),
(T9) FH(x) < x and PG(z) <
(T10) GP(z) A F(y) < F(P(x) A y) and HF(x) A P(y) < P(F(x) A\ y),
(T11) G(z) A F(y) < F(x Ay) and H(z) A P(y) < P(z Avy),
(T12) G(z) ANF(y) < G(x Ay) and H(z) AP(y) < H(z A y),
(T13) Gz Vy) < G(x) v F(y) and H(z V y) < H(z) v P(y).

Proposition 3.1. Let (L,A,V,~,{0ij}@ j)e(nxm),0,1) be an LM, x,-algebra
and G, H two unary operations on L that satisfy conditions (T1) and (T4). Then
condition (T2) is equivalent to: (T2) G(a—; ;b) < G(a)—;;G(b) and H(a—; ;b) <
H(a) <;,; H(b) for all (i,7) € (n x m).

Proof. We will only prove the equivalence between (T2) and (T2)' in the case
of G.

(T2) = (T2)". Let (i,j) € (n x m). We obtain that G(a < ; b) € C(L) and
G(a) =i, G(b) € C(L), so G(a) —;,; G(b) has a complement —(G(a) —;; G(b)) =
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~0oys(G(a) =i G(b)) for all (r,s) € (n x m). Then, we have: G(a —;; b) A
0y (Gla) iy GB) = Glrorii(a) V 035(8)) A~y (Gla)) V 035 (GB)) =

G(~oij(a) V 0i5(b)) A 0ij(G(a)) A ~0iG(b) = G(~oij(a) V 05(b) A Gogj(a) A
~ 0 G(b) = Gl(~013 (@) V 033 (8)) A 755 (a)) A~ G(b) = Glors(a A b)) A~y GlB) =
aijG(a/\ b) A\ NO'l‘jG(b) < O’Z‘jG(b) AN NO'l‘jG(b) =0p, so G(a —>i,j b) A\ NO'TS(G( ) 4,5
G(b)) = 0r. It follows that G(a < ; b) < G(a) < ; G(b).

(T2)" = (T2). Let a,b € L be such that a < b. By (WI6) we obtain that
a—;;b=1p forall (4,j) € (nxm),s0 1y = G(11) = G(a=—; ;b) < G(a)—; ;G(b) for
all (,7) € (n x m). By using (WI7) we have that G(a) < G(b), so G is increasing. It
follows that G(anb) < G(a)AG(D). From (WI2) and (WI7) we obtain a < b, j (aAb)
for all (i,7) € (n x m), then G(a) < G(b < (a A b)) < G(b) —,; G(a Ab) for all
(1,7) € (n x m). By (WI13) it follows that G(a) A G(b) < G(a A b). Therefore,
G(a Ab) = G(a) NG(D). O

Thus, if in Definition 3.1 we replace axiom (T2) by (T2'), we obtain an equivalent
definition for tense LM, «,,-algebras.

Definition 3.2. Let (X, R) be a frame and (L, A, V, ~, {0i;} (i j)e(mxm)> 0L, 11)
a complete and completely chrysippian LM,, y,,-algebra. We will define on L the
following operations:

:/\{p( yeX,x Ry} and H(p /\{p ;ye X,y R},

for all p € LX and z € X.

Proposition 3.2. For any frame (X, R), (L~X,G, H) is an LM,,x,-algebra.

Proof. Since L is an LM,,.,-algebra hence by (LM5) we have that L* is an
LM, «xm-algebra. Now, we will prove that G and H satisfy conditions (T1)—(T4) in
Definition 3.1. Note that properties (T1)—(T3) are already proved in the n-valued
Lukasiewicz-Moisil case. We will prove only (T4). Let f € LX, 2 € X and (4,5) €
(nxm). Using the fact that L is completely chrysippian we have that: G(oy;(f))(z) =
Moii()w); v € Xz Ry} = 0ii(NMf(¥); ¥y € X, = R y}) = 0i;(G(f)(z)) =
i (G(f))(@)- O

Remark 3.2. In the tense LM, x,-algebra (L* G, H) the tense operators
P and F are defined in the following way: P(p)(z) = VV{p(y); v € X,y R z} and
F(p)(z) = V{p(y); y € X,z Ry}

Definition 3.3. Let (£,G,H) and (£',G’, H') be two tense LM,, «.,,-algebras.
A function f: L — L' is a morphism of tense LM, «,-algebras if f is an LM,, -
algebra morphism and satisfies the conditions f(G(z)) = G'(f(z)) and f(H(z)) =
H'(f(z)) for any = € L.
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Definition 3.4. Let (X, R) and (Y, Q) be two frames. A function u: (X,R) —
(Y,Q) is a frame morphism if the following condition is satisfied: a R b implies
u(a) Q u(b) for all a,b € X.

Let (L,A,V,~,{0}(,j)etnxm), 0L, 1L) be an LM, x,,-algebra and u: (X, R) —
(Y,Q) a frame morphism. We consider the function u*: LY — LX, defined by:
u*(p) =powuforallpe LY.

Proposition 3.3. Let £ be a complete and completely chrysippian LM, -
algebra, (X, R), (Y, Q) two frames and u: (X, R) — (Y, Q) a frame morphism which
satisfies the following conditions:

(a) A morphism u: X —'Y is surjective.

(b) If u(a) Q u(b) then a Rb for all a,b € X.

Then u* is a morphism of tense LM, x.,-algebras.

Proof. We will only prove that u* o G = Gou*. Let p € LY and 2 € X. We
have u*(G(p))(z) = (G(p) o u)(z) = G(p)(u(z)) = N{p(b); b € Y,u(x) Q b} and
G(u(p))(x) = G(pou)(x) = AM(p(u(a)); a € X,z R aj.

(1) Let @ € X with = R a. It follows that u(a) € Y and u(x) Q u(a), so {p(u(a));
a € X,z Ra} C{pb); be Y ulx)Q b}, hence A{p(b); b € Y,u(z) Q b} <
Np(u(a)); a € X,z Ra}.

(2) Let b € Y with u(z) Q b. By conditions (a) and (b) it follows that there exists
a € X such that b = u(a) and R a. We get that {p(b); b € Y,u(x) Q b} C
{p(u(a)); a € X,z R a}, so A{p(u(a)); a € X,z R a} < A{p(b); b €7,
u(z) Q b}.

By (1) and (2) it results that u*(G(p))(x) = G(u*(p))(z), so u* oG = Gou*. O

4. REPRESENTATION THEOREM FOR TENSE LM,,«,,-ALGEBRAS

In this section we give a representation theorem for tense LM, x.,-algebras. To
prove this theorem we use the representation theorem for tense Boolean algebras.

Let (B,G, H) be a tense Boolean algebra. We consider the set of all increasing
functions in each component from (n x m) to B, that is, D(B) = BT("Xm) ={f:
(n x m) — B such that for arbitrary 4, j if r < s, then f(r,j) < f(s,4) and
FG,m) < £, 9)}-

We define on D(B) unary operations D(G) and D(H) by:

DG)(f)=Gof and D(H)(f)=Hof forall fe D(L).

The following result is necessary for the proof of Theorem 4.1.
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Lemma 4.1. If (B,G,H) is a Boolean algebra then (D(B),D(G),D(H)) is
a tense LM, x,-algebra.

Proof. By (LM7), D(B) is an LM,, x,-algebra. We will prove that D(G) and
D(H) verify (T1)—(T4) of Definition 3.1.

(T1): Let f € D(B) and (i,5) € (n x m). Then D(G)(1p(m))(i,J
Ip))(i,7) = G(1p))(i,j) = G(15) = 1p, hence D(G)(1pp)) =

(T2): Let f,g € D(B) and (4,5) € (n x m). We have D(G)(f A g)(i
(F A9, g) = G A9, 5) = G(f(E,5) A gl 5) = GF(,5)
(G o f)(i,5) N (G o g)(i,5) = D(G)(f)E,5) A D(G)(9)(i,5) =
D(G)(9))(i,5), so D(G)(f Ag) = D(G)(f) A D(G)(9)-

(T3): Let f € D(B) and (i,7) € (n X m). Then D(G) ~ D(H)(~f)(i,7) = D(G) ~
DH)(~f)(n — iym — j) = D(G) ~ (H o ~f)(n — i,m — §) = D(G)~(H o
=f)(i,7) = (Go—-Ho~=f)(i,5). Since (L,G, H) is a tense Boolean algebra we
have that f(i,j) < G-H~-f(i,j). Therefore, f < D(G) ~ D(H) ~ f.

(T4): Let f € D(B) and (i,5),(r,s) € (n x m). Then D(G)(os(f)(i,5)) = (G o
(Grel)(0r]) = Gl(0rs )0, 4)) = GF(r,s) = (G o P)(r.5) = DG)(f)(r,s) =
0ro(D(G)(F))(i ), 50 D(G)(0rs) = 0s(D(G).

) = (Go
1pB)-
J) =

> |l o

/\G(a
(

(G
i,7)
D(G)(f)

O

Definition 4.1. Let (B,G,H), (B',G,H) be two tense Boolean algebras, f:
B — B’ a tense Boolean morphism and D(B) and D(B’) the corresponding tense
LM, «xm-algebras. We will extend the function f to a function D(f): D(B) — D(B’)
in the following way: D(f)(u) = f o u for every u € D(B).

Lemma 4.2. The function D(f): D(B) — D(B’) is a morphism of tense LM,, y -
algebras.

Proof. Since f is a Boolean morphism it is easy to prove that D(f) is a bounded
lattice homomorphism. Let w € D(B) and (4, j), (r,s) € (n x m). Then we have that

D(f)(amu)(Z,]) = f((o'rsu)(zd)) = f(u(r, s))

(r,s)). It follows that D(f)oo,s = ops50

) = (fo(D(G)u))(r,s) = f(D(G)u)(r, s)-
O

and o,5(D(f)(w)) (i, 7) = D(f)(uw)(r,s) = f(
D(f). On the other hand, D(f)(D(G)u)(r, s
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Lemma 4.3. If f: B — B’ is an injective morphism of tense Boolean algebras
then D(f): D(B) — D(B'’) is an injective morphism of tense LM,, x.,,-algebras.

Proof. By Lemma 4.2, it remains to prove that D(f) is injective. Let u,v €
D(B) be such that D(f)(u) = D(f)(v), then f(u(i,7)) = f(v(i,4)) for all (i,j) €
(n x m). Since f is injective we obtain that u(i,j) = v(4,5) for all (i,5) € (n x m).
Therefore, u = v. O

Definition 4.2. Let (L,G,H) be a tense LM, «,-algebra. We consider the
function 77,: L — D(C(L)), defined by 77 (z)(4, j) = o04j(x) for all z € L, (i,5) €
(n x m).

Lemma 4.4. A mapping 71, is an injective morphism in tLIM,, y.,.

Proof. Taking into account [22], Theorem 3.1, the mapping 7,: L — D(C(L))
is a one-to-one LM,y ,-morphism. Besides, from (T4) it is simple to check that
1.(G(x)) = G(rr.(z)) and 71, (H(x)) = H(rz(z)) for all z € L. O

Definition 4.3. Let (B,G,H) be a tense Boolean algebra. We consider the
function ¢p: B — C(D(B)), defined by ¢p(x) = fy where f: (n x m) — B,
fz(i,7) =z for all (4,5) € (n x m).

Lemma 4.5. ¢p is an isomorphism of tense Boolean algebras.

Proof. Letx € Band f;: (nxm) — B with f,(i,7) = z for all (i, ) € (nxm).
It follows that f, is increasing in each component and o,s(f.) = f. for all (r,s) €
(n x m), so f, € C(D(B)). We obtain that ¢p is well defined. It is easy to prove
that ¢p is a Boolean morphism. Let us check that ¢ 5 commutes with G and H. Let
x € B and (i,j) € (n x m). We have:

(a) ¢B(G(2))(i,7) = fa@(i,j) = G(x).
(b) C(D(G)(dp(2)(7) = D(G)lewp)(¢s@)i,j) = (G o ¢p(2)(i,j) =
G(¢p(x)(i, 1)) = G(f«(i,5)) = G(x).

By (a) and (b) we obtain that ¢p o G = C(D(G)) o ¢p. The homomorphism
¢p: B — C(D(B)) is injective because ¢p(xz) = ¢p(y) implies f, = f,, hence
fo(i,7) = fy(i,j) for all (i,5) € (n x m), so x = y. To prove surjectivity we take
g € C(D(B)). Theno;;(g) = gforall (4, j) € (nxm), which means that o;;(g)(r, s) =
g(r,s) for all (4,7),(r,s) € (n x m). But 04;(9)(r,s) = g(,j), hence g(¢,7) = g(r, s)
for all (4,7), (r,s) € (n x m), hence g is constant. Therefore ¢5(g) = g. It follows
that ¢p is an isomorphism. O
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Lemma 4.6. Let (L,G,H) be a tense LM, x,-algebra. The following implica-
tions hold:

(1) If C(G) = idC(L) then G = idL.

(11) If C(H) = idC(L) then H = idy.

Proof. (i) Let z € L. We have that 0;;(z) € C(L) for all (¢,j) € (n x m). By
the hypothesis it follows that Go;;(z) = 0y;(x). Using the fact that G commutes
with o;;, we obtain 0;;G(z) = 0;;(z) for all (i,7) € (n x m). By (C5) it follows that
G(z) = z. Therefore, G = idr. O

Lemma 4.7. Let (L,G,H) be a tense LM, «xm-algebra. The following implica-
tions hold:

(1) If C(G) = IC(L) then G = IL.
(11) If C(H) :IC(L) then H = I,.

Proof. (i) Let z € L. We have that o;;(x) € C(L) for all (4,j) € (n x m). By
the hypothesis it follows that C(G)(0i;(x)) = 1¢(ry. Since C(G) = G|c(r) we obtain
that C(G)(o4jx) = G(oyjz) = 05G(x) = 1oy = 045(11) for all (4, 5) € (n x m). By
(C5) it results that G(z) = 11. Therefore G = I.. O

Proposition 4.1. Let (D(2),G, H) be a tense LM, x,-algebra. Then G = H =
idD(g) orG=H = ID(2).

Proof. Let (C(D(2)),C(G),C(H)) be the tense Boolean algebra obtained from
the tense LM, xmp-algebra (D(2),G, H) and ¢2: 2 — C(D(2)) as defined in Def-
inition 4.3. Let us consider the functions G*, H*: 2 — 2, defined by: G* =
¢51 0 C(G) o ¢g and H* = ¢5 " o C(H) o ¢3. First, we will prove that (2, G*, H*) is
a tense Boolean algebra. We have to verify the axioms (tb1)—(tb3) of Definition 2.1.
(tbl) We must prove that G*(13) = 12. We have G*(12) = (d);l o C(GQ) o
$2)(12) = (¢3"' 0 C(@))(¢2(12)) = 63 (C(G)(le(p2y)) = ¢3 ' (o)) =
¢3 ' (92(12)) = 12, s0 G*(12) = 12

(tb2) By applying the fact that C(G), qu and ¢ 1 commute with A.

(tb3) Let z,y € 2 be such that G*(z)Vy = 1a. Thus (¢5 0C(G)od2)(x)Vy = 13. It
follows that ¢ ' (C(G)(¢2(x)))Vy = 12, hence C(G)(d2())Vd2(y) = lo(p(2)-
Since C(G) and C(H) verify (tb3) we obtain that ¢2(z) V C(H)(p2(y)) =
le(p(2))- By applying $5 ' it results that zV (¢5 ' o C(H) o ¢2)(y) =
2V H*(y) = 12. The converse implication can be proved similarly.

= 15, hence

Thus (2,G*, H*) is a tense Boolean algebra. According to Remark 2.2, we will
study two cases: G' = H' =idy and G* = H* = I,.
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(i) Suppose that G* = H* = id. Then we have that C(G) = ¢2 0 G* 0 ¢5* and
C(H) = ¢g0 H* 0 3" 50 C(G) = C(H) = idc(p(2))- By Lemma 4.6 it follows
that G = H = idp(g)-

(i) Suppose that G* = H* = Ip(3). Let g € C(D(2)). Then C(G)(g) = (¢2 0 G* o
¢35 )(9) = $2(G* (3" (9))) = ¢2(12) = Lo (p(2))- Hence C(G) = Ic(p(a))-

Similarly we can obtain that C(H) = I¢(p(2))- By applying Lemma 4.7 it results
that G = H = Ip(g). O

Definition 4.4. Let (X, R) be a frame and (2%, G, H) the tense Boolean algebra
of Proposition 2.2. We consider the function

B: (D(2%),D(G),D(H)) = (D(2)*,G", H')

defined by B(f)(2)(i,j) = f(i,j)(@) for all f € D2X), z € X, (i,§) € (n x m),
where G’ and H' are defined by G’ (p)(z) = A{p(v); v € X,z Ry} and H'(p)(z) =
Np(y); y € X,y Ra}.

Lemma 4.8. [ is an isomorphism of tense LM, ».,,-algebras.

Proof. It is easy to see that § is an injective morphism of LM,, x,-algebras. It
remains to prove that S commutes with the tense operators.
Let f € D(2%), x € X and (4,7) € (n x m). We have:

(a) BD(G)())(@)( ) = D(G)(f)(@ ) (@) = G(f (@, 5)(x) = AN (@,0)(y); v € X,
x Ry}.

(b) G'(BUNN()E5) = MBUHW)G); v € Xz Ry} = NF05)W); v € X,
x R y}.

By (a) and (b), we obtain that S(D(G)(f))(x)(i,5) = G'(B(f)(x))(%,J), so B o
D(G) = G' o 8. We define the function v: D(2)* — D(2%) by v(9)(i,j)(z) =
g(z)(i,7) for all g € D(2)*, z € X, (i,j) € (n xm). Let r < s. Forallz € X
we have that g(z) € D(2), so g(z)(r,j) < g(z)(s,j) and g(x)(i,r) < g(x)(i,s).
It follows that (9)(r, /)(z) < 7(9)(5)(z) and 4(g)(i,)(x) < 2(g)(s,)(x) for all
x € X,s0v(g9)(r,7) <v(g9)(s,4) and v(g)(¢,7) < v(g)(s, 7). Hence, v is well defined.
We will prove that 3 and v are inverse to each other. Let g € D(2)%, z € X and
(,4) € (n x m). We have (80 7)(9)(@)(0,5) = B(1(9)(@)(i) = 2g)(i, j)(@) =
g(z)(i,7), hence (B07)(g9) = g. Let f € D(2%), (i,j) € (n x m) and z € X. Then
(10 B) ()i ) (@) = 1B ) (@) = BU@NEG) = F5,7)(@), 50 (v0 B)(f) = f.

O
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Theorem 4.1 (The representation theorem for tense LM,, «.,,-algebras). For every
tense LM, x.,-algebra (L, G, H) there exist a frame (X, R) and an injective morphism
of tense LM,,xm-algebras a: (L,G,H) — (D(2)*,G’, H").

Proof. Let (L,G, H) be a tense LM,, x,,-algebra. By Remark 3.1 we have that
(C(L),C(G),C(H)) is a tense Boolean algebra. Applying the representation theorem
for tense Boolean algebras, it follows that there exist a frame (X, R) and an injective
morphism of tense Boolean algebras d: (C(L),C(G),C(H)) — (2X,G,H). Let
D(d): D(C(L)) — D(2%) be the corresponding morphism of d by the morphism D.
Then by Lemma 4.3 we have that D(d) is an injective morphism. On the other
hand, using Lemma 4.4, we have an injective morphism of tense LM, x,-algebras
7r: L — D(C(L)). Besides, by Lemma 4.8, 3: D(2%) — D(2)¥X is an isomorphism
of tense LM,, x,-algebras. Now, f in the diagram

L —" D(C(L)) —P@ D(2¥) —F D(2)¥

we consider the composition 5o D(d) o7, we obtain the required injective morphism.
O

Corollary 4.1. For every tense LM,,-algebra (L, G, H) there exist a frame (X, R)
and an injective morphism of tense LM,,-algebras ®: (L,G,H) — (LX,G', H').

Proof. It is an immediate consequence of Remark 3.1 (ii), Theorem 4.1 and
(LM10). g
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