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Abstract. We develop a new technique which, for the given smooth function, generates
the anisotropic triangular grid and the corresponding polynomial approximation degrees
based on the minimization of the interpolation error in the broken H !_seminorm. This
technique can be employed for the numerical solution of boundary value problems with the
aid of finite element methods. We present the theoretical background of this approach and
show several numerical examples demonstrating the efficiency of the proposed anisotropic
adaptive strategy in comparison with other adaptive approaches.
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1. INTRODUCTION

An automatic mesh adaptation is an efficient tool for the numerical solution of
partial differential equations (PDEs). In this paper we develop the method which
combines two approaches:

> (isotropic) hp-adaptive methods, which allow the adaptation in the element size
h as well as in the polynomial degree of the approximation p. The origins of
the hp-methods, which give exponential rate of the convergence, date back to the
pioneering work of Ivo Babuska et al., see, e.g., [3], [8], [24], [25], [26], [28].

The research of V.Dolejsi has been supported by Grant No. 13-00522S of the Czech
Science Foundation. The author acknowledges also the membership in the Necas Center
for Mathematical Modeling ncmm@karlin.mff.cuni.cz.
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> anisotropic mesh adaptation techniques, generating anisotropic elements (i.e., long
and thin triangles), which are suitable in computation of problems with boundary
or internal layers, see, e.g., [1], [2], [9], [14], [16], [20], [21], [29].

The combination of these approaches offers enough flexibility in the choice of finite
element spaces where an approximate solution is sought. This allows to achieve
the prescribed error tolerance with significantly lower number of degrees of freedom
than the standard numerical methods. The triangular grid with the corresponding
polynomial approximation degrees is called the anisotropic hp-mesh.

In [13] we developed an adaptive technique which constructs, for the given function
u: Q — R2, an anisotropic hp-mesh such that

i) the interpolation error of the projection of u on Sy, (= space of discontinuous

i) the interpolati f the projection of Shp f disconti
piecewise polynomial functions uniquely defined for each hp-mesh, cf. (3.1)) in
the Li-norm (g € [1,00]) is below the given tolerance,

(ii) the dimension of Sy, (= number of degrees of freedom) is the smallest possible.

In this paper, we deal with a modified problem where the interpolation error in
condition (i) is considered in the broken H'-seminorm which is more natural par-
ticularly for the solution of second order boundary value problems. In [13], we ap-
proximated the interpolation error by a polynomial function and derived its bound,
which was the basis of the optimization of the element shape. In this paper, we
derive the approximation of the gradient of the interpolation error function together
with its bound. Consequently, we use the technique from [13] for the element shape
optimization (cf. Theorem 3.1). Moreover, at the end of Section 3, we discuss a poss-
ible extension of this approach to the broken W*:-seminorm, where ¢ € [1, 00| and
k>1.

The content of the rest of the paper is the following. In Section 2, we introduce
basic notation and properties of anisotropic hp-meshes. In Section 3 we present
a theoretical background of the presented hp-adaptation algorithm employing some
results from [13]. Its application to the numerical solution of boundary value prob-
lems is briefly given in Section 4. The resulting adaptive technique is independent of
the problem considered and can be combined with conforming as well as nonconform-
ing finite element approximations. The efficiency of the algorithm is demonstrated
by experiments in Section 5. Finally, we add several concluding remarks.
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2. ANISOTROPIC hp-MESHES

In this section we recall basic terms and definitions of the anisotropic hAp-meshes,
the details can be found in [13]. Let Q C R? be a bounded computational domain
with a polygonal boundary 9Q. We denote by 75, = {K}, h > 0 a conforming
triangulation of Q2 and by %, the set of edges of .7},. The edges e € .%}, are considered
as vectors from R? given by its endpoints, the orientation of e € .%, is arbitrary.

2.1. Anisotropic triangle. The anisotropy of a triangle is described by a matrix
M € Sym, where Sym is the space of 2 x 2 symmetric positively definite matrices.
Let the matrix M € Sym be given, it can be decomposed in the form

(2.1) M = @y, diag(Aw,1, Au,2) Qg
where diag(a,b) denotes the diagonal matrix with the entries a and b, 0 < Ay,1 <

Au,2 are the eigenvalues of M, ¢y € [0, ) and Q is the rotation by the angle ¢ in
the counter clockwise direction. Moreover, the set

(2.2) By := {x € R?% ™Mz < 1},
defines an ellipse whose semi-axes have lengths ry; = ()\MJ')*I/Q, 1 = 1,2, and

its orientation is ¢y (= angle between the major semi-axis and the axis z; of the
coordinate system), see Figure 1.

Figure 1. The ellipse Ejy; with the length of semi-axes m\j 1, "v,2 and the orientation ¢y,
and the corresponding triangle Ky with the anisotropy {ry,1,7wm,1/7w,2, &\ }-

Definition 2.1. Let M € Sym and let Ey; be the ellipse given by (2.2). Let Ky
be an acute-angle isosceles triangle which is inscribed into the ellipse Ey; and which
has the maximal possible area, see Figure 1. We call Ky the triangle corresponding
to M.
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Similarly to [4], [5], [20], [21], and the works cited therein, we describe the
anisotropy of a triangle by three parameters: the size, the aspect ratio and the
orientation.

Definition 2.2. Let Ky be the triangle corresponding to M € Sym and let Ay 1,
Auv,2 and ¢y be given by (2.1). Let ry; = ()\Mﬂ')_l/Q, 1 = 1,2, be the lengths of the
semi-axes of the Ey;. We say that
> 1,1 is the size of Ky,
> oy = ryv,1/mv,2 = 1 is the aspect ratio of Ky,
> ¢y is the orientation of K.

The triplet {ry,1,0m, ¢u} is called the anisotropy of K.

Obviously, the matrix M € Sym defines a Riemann metric in R?, where the dis-

1/2 For the purpose of

tance of x,y € R? is given by ||z — y|lu := ((x —y) ™M (z — y))
the definition of an optimal hAp-mesh, we recall one result from [9], Section 3, which
implies that the triangle Ky, corresponding to M is equilateral in the metric given

by M.

Lemma 2.1. Let M € Sym and let Ky be the corresponding triangle. Let e;,
i = 1,2,3, denote the edges of Ky, which are considered as vectors from R? given
by their endpoints. Then

(2.3) leillu :== (e, Mey)/? =3, i=1,2,3.

2.2. Anisotropic meshes. Similarly to, e.g., [2], [9], [14], [16], [22], [23], we
define an anisotropic triangular grid .7, as a mesh consisting of equilateral triangles
with respect to the given Riemann metric. Let M:  — Sym be an integrable
mapping. We define the distance between vy € Q and v; € Q by

lvy — vo|lm == /0 ((v1 — v9) "M (v + t(v1 — v0))(v1 — vg)) /2 dt,

which induces a metric on . Thus, we call M the Riemann metric on ). In virtue
of (2.3), it would be natural to define a mesh .7, such that

(2.4) lejm = V3 Vec F,

where %, is the set of edges of .7},. However, for the given metric M, there does not
exist (except special cases) any triangulation satisfying (2.4). Therefore, we define
the triangulation generated by the metric M such that (2.4) is satisfied approximately
by the least square technique, see [9], [14].
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Definition 2.3. Let M: Q@ — Sym be the Riemann metric on 2. We say that
the triangulation .7}, is generated by the metric M if

(2.5) I = argmin > (el —v3),

h ec.F,

where the minimum is taken over all possible triangulations .7,/ of Q and %] is the
set of edges of .7}.

Let us note that there exist algorithms and codes, e.g., [10], [19], which construct
the mesh .7}, for the given metric M in the sense of Definition 2.3. These algorithms
are based on the combination of several local operations which minimize the right-
hand side of (2.5). However, a different ordering of these operations leads to different
(but similar) hp-grids. The mesh generation is fast in comparison to the numerical
solution of the corresponding boundary value problem.

2.3. hp-mesh. Let .75, = {K} be a triangulation of 2. To each K € 9}, we assign
a positive integer px (= local polynomial approximation degree on K). Then we
define the polynomial degree set p := {px; K € J}. The pair Ty := { T, p} is
called the Ap-mesh. The polynomial degree set p can be defined in the following way.

Definition 2.4. Let P: Q — R™ be the given integrable function, which we call
the polynomial degree distribution function. Let 9}, be a triangulation of Q. Using P,
we define the polynomial degree set p = {px; K € Z,} by

(2.6) pr = int [|—11(,|/K77(x)d47 K e 9,

where int[] denotes the rounding to the nearest integer.

Therefore, for the given Riemann metric M: ©Q — Sym and for the given polyno-
mial degree distribution function P: Q — RT, we are able to construct the hp-mesh
Ihe = {Ih,p}, where .7, and p are given by Definitions 2.3 and 2.4, respectively.
Let us note that in practice, it is sufficient to evaluate M and P only in a finite
number of nodes = € ).
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3. OPTIMAL ANISOTROPIC hp-MESH FOR THE GIVEN FUNCTION : Q=R

This section exhibits a theoretical background of this paper. We employ several
results from [13]. We formulate and (partly) solve the main problem, which defines
the optimal anisotropic hAp-mesh for the given function u: Q — R. The optimality
is based on the minimization of the number of degrees of freedom provided that the
interpolation error in the broken H'-seminorm is below the given tolerance. For
simplicity, we deal with functions from V := C*°(Q).

3.1. The main problem. For the given hp-mesh 3, = {9, p}, we define the
space of discontinuous piecewise polynomial functions by

(3.1) Shp = {v € L*(Q); v|x € PPX(K)VK € .},

where PPX (K)) is the space of polynomials of degree < px on K € .7;,. The dimension

of Sphp is equal to Npp := > (px + 1)(px + 2)/2, which is called the number of
KET,
degrees of freedom of the hp-mesh J},;.

First, we introduce a local projection operator.

Definition 3.1. Let u € V be the given function, z € Q and p € N an integer.

We define the mapping 7z ,: V — PP(2) such that

O rzpu(@) O u(x)

3.2 =
(3:2) Ot Oz~ Ot dxh™!

Vi=0,....,k Vk=0,...,p.

Thus, 7z pu is the Taylor polynomial of degree p about z € 2. The existence and
uniqueness of 7z ,u is obvious. Using the mapping 7z ,, we define the projection into
the space Shp.

Definition 3.2. Let 4, = (4, p) be an hp-mesh, xx the barycenter of K € .7},
and Spp the corresponding space of discontinuous piecewise polynomial functions
given by (3.1). We define the operator II;,: V' — Sy, by

(3-3) (Mhpt) |k = Ty prc (ulc) VK € T,

where 7z, p, is given by (3.2). The operator I, is defined separately for each
K € 9} and it is unique for the given hp-mesh. In the analysis, we are interested
in the optimization of the interpolation error u — Ilppu in the broken H'-seminorm
defined by

1/2
ol 501 ) :—(Z |v|%2<K>) L vefwe L2(Q): wlx € HVK) VK € 7).
KeJ,,

Now, we are ready to formulate the following problem.
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Problem 3.1. Let u € V be the given function and w > 0 the given tolerance.
We seek a hp-mesh T, (and therefore the corresponding space Spp) such that
(P1) |u—Inpul g1 (g,) < w, where Hpp: V= Spyp, is defined by (3.3),

(P2) the number of degrees of freedom Np, of F, (= dim Spp) is minimal.

Problem 3.1 is complex and we are not able to solve it efficiently. Therefore,
we introduce an auxiliary local problem whose solution is an optimal anisotropic
element with the barycentre at the given node Z € ). Then, using the solution of
the auxiliary problem and heuristic considerations, we derive the Riemann metric
M: Q — Sym and the polynomial degree distribution function P: Q — R™T, which
define the hp-mesh 7,,. This hp-mesh satisfies condition (P1) of Problem 3.1 and
the corresponding number Ny, is as small as we are able to achieve. Therefore, we
expect that this resulting hp-mesh is close to the solution of Problem 3.1.

2. Auxiliary problem. Let u € V, & = (Z1,Z2) € 2, and p € N be given.
Using the Taylor expansion of degree p + 1 at Z, we have

L1 /& (k) 0Fu(z)
(3.4) u(z) =) o (Z <l> W(xl — 1)z — :zg)’”) +0(6P?), z€Q,

k=0 1=0 10T
where (’f) = % and 0 = |z — Z|. Let 7z pu be given by (3.2), then (3.4) reads
(3.5) u(@) = Ta pu(z) = e (z) + O(072),
where

p+1
in p+1\ 0" u(@) _ -

(3:6) @) = G [( ) e L CRES IR

is the interpolation error function of degree p located at . Obviously, e‘-nt( )=0
and el (x) ~ u(x) — 7z pu(x) up to the higher order terms. Moreover, (3.3) and (3.5)
give

(37) (u—thu)|K e int |K VK € %,

IK:pK
where x g is the barycentre of K € 7},.

Now, we introduce the following auxiliary local problem.

Problem 3.2. Letu € V, z € Q, p € N, and @ > 0 be given. We seek an
anisotropic triangle K (i.e., its anisotropy {hk,ok, K}, cf. Definition 2.2) having
the barycentre at T such that

(PL) leFhl g xy <@
(p2) the area of K is the maximal possible.
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The condition (p2) follows from the consideration that in order to minimize the
number Ny, of the hp-mesh, we have to construct triangles with the maximal possible
area (for the given polynomial approximation degree p).

3.3. Solution of the auxiliary problem. We write the function elnt defined
by (3.6) in the form

p+1

(38) 1nt Za fl p+1— l7

where §; :==z; — T;, 1= 1,2, and

1 p+1\ P lu(z)
. = —_— =0,... 1.
(39) T ! ( l ) Ozt oxh ! O

Using the definition of the H'-seminorm, we have
(310) 1nt |H1 / |v61nt |2 diL'

Let us consider the integrand of (3.10). Taking into account (3.8)—(3.9), we have

p+1 p+1
(3.11) Vet (z) ( Z et l) ( Z et l)
p+1 p 2
= (St Vo (Sr et
=0
P 2
= <Z ﬂ}l’£i5§l> + <Z 6§Q’£i£§l> ,
=0 =0
where

(3.12) W 1+ D, 8P = (p+1-Day, 1=0,...,p

In order to simplify the last terms in (3.11), we introduce the following lemma.

604



Lemma 3.1. Let 5; € R for{ =0,...,p. Then

p 2 2p 4 .
(3.13) (z ﬁzfiéé’_l> =3 e
=0 1=0

where . 4
K] 7
Y= BiBivjs Yapi =Y BpiBp—(i-iy» i=0,...,p.
j=1 j=0
Proof. The identity can be derived by a direct computation. O

The next lemma is a direct consequence of (3.8), (3.11), and Lemma 3.1:

Lemma 3.2. Let e,

(3.8)=(3.9). Then

be the interpolation error function (3.6) written in the form

2p

(3.14) Vel ()P = il — 1) (w2 — 22)* 7,
i=0

i 2 2 i 1 2 2
where 5 = (5,8 + 5782, vaes = LG8 %0 + 825670 5),
j:

Jj=1

1=0,...,p, and 61(1), ,6’1(2), 1=0,...,p, are given by (3.12).
int |2
z,p
tion depending on 2p + 1 coefficients. On the other hand, the sought anisotropy of

Lemma 3.2 implies that |Ve is a polynomial function of degree 2p, i.e., a func-

a triangle is given by three parameters. Therefore, in order to solve Problem 3.2, it
el
Motivated by [4], [5], we derived in [13] a bound of the interpolation error function

is advantageous to bound |Ve by an expression depending on three parameters.

(which is a polynomial function of degree p + 1) in the form

(315) el (@)] < Ap((x — 2)"Qp, B, QF (v — 7)) PV vaeq,
where A4, > 0, Qg, is the rotation matrix by the angle ¢, and ﬁgp is the matrix
given by
— 1 0
(3.16) D, := (0 92/(p+1)) . o>1.

By virtue of (3.15)—(3.16), we seek a bound of the magnitude of the gradient of the
interpolation error functions (which is the polynomial of degree 2p) in the form

(317) Ve @)P < Ap((z - 9)'Q,, 0,05, (@~ 1)) VY xeQ,

z,p
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where A, > 0, Q, is the rotation by the angle ¢, and D,, is given by

1 0
(3.18) D, := (0 91/p>, 0>1.

The values A, > 0, g, > 1, and ¢, € [0,2r) represent the size, the aspect ratio, and
the orientation of the square of the magnitude of the gradient of the interpolation
error functions |Ve |* and they are defined in such a way that the bound (3.17) is
as sharp as possible in the following sense:

Obviously, both sides of (3.17) are 2p-homogeneous functions of (x — Z), i.e.,
flx—z) = |z —z*’ f((x — z)/|z — z|). Hence, it is enough to verify (3.18) for z € Q,
|z — | = 1. Moreover, both sides of (3.17) define bounded domains F? and G? in R?,
namely F? and GP are the interiors of the closed curves
(3.19)

{yeR?; y= |Ve¥f;)(x)|2(x — ), |z —z| =1, r € R?} and
{y € R% y= A, ((z — 570y, D, 0% (r - 2)" (¢ —7), [v— | =1, 2 € R},

respectively.

Obviously, if FP C GP then (3.17) is valid. Therefore, in order to guarantee
sharpness of (3.17), we set parameters A, > 0, g, > 1, and ¢, € [0,2n) in such
a way that FP? C GP and the area of G? is minimal.

Definition 3.3. The triplet {A,, 0y, ¢p} arising in (3.17) is called the anisotropy
of the magnitude of the gradient of the interpolation error function |Velt|?.

Remark 3.1. The triplet {A,, 0p,¢p} can be easily found numerically with
the aid of the algorithm introduced in [13], Section 3.2. First, we set the triplet
{A,, 8y, Pp}, where A, is the maximal value of Vel (z + €)| for € € R?, [¢] =1,
given by (3.14), ¢, is the angle of the direction { along which the maximal value
Vel (z+&)| is attained and g, is the ratio between A, and the value of Vet (z+¢)|
along the direction perpendicular to the direction with the maximal value.

However, in the general case, inequality (3.17) is not valid for {flp, Op, @p}. There-
fore, the triplet {jlp, Op, §p} has to be modified in such a way that the corresponding

set GP is increased in order to contain FP.

Example 3.1. Figure 2 shows the sets F? and G? for p=1,2,3,zZ = (1,1), and
u(zy, v2) = 0.01(6x] + 4afzy — 32522 + 8xfad + 122325 + 5atah + x12§ — ).

The bound (3.17) is the basis for the solution of Problem 3.2 formulated below.
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Figure 2. Boundaries of FP, GP, p = 1,2, 3, for Example 3.1.

Theorem 3.1. Letu e V,z € Q,pe N, andw > 0 be given. Let {A,, ¢y, 0p} be

int

the anisotropy of the gradient of the corresponding interpolation error function e,

satistying (3.17). We set vz, by
(3.20) vap = @02/ (epAp)) VP,

where ¢, == n?/(p+1) and n = 3.1415... Then the triangle Kz, with the
anisotropy {hg,og, ¢r} given by

(320 he= (/e[ 0w =g/ 6n =y~ /2
is (almost) the solution of Problem 3.2, namely we have
(3.22) ezl (k) < (pApey 2 (v )" )2 =,

The word “almost” means that the condition (pl) in Problem 3.2 is satisfied and the
condition (p2) is satisfied up to a replacement of K by its corresponding ellipse, cf.
Definition 2.1.

Proof. The proof uses the same technique as the derivation of [13], Lemma 3.15.
Since it is relatively long, we present only the main steps.

(i) Instead maximizing the area K for a fixed error |ei§,';,|H1(K) = w, we fix the
area K and minimize the error |e§zn,;)| H(K) These tasks are equivalent.

(ii) In order to simplify the integration, we replace the triangle Kz , by the corre-
sponding ellipse Ej ,, cf. Definition 2.1. Obviously, |eiEI:§J|H1(Ki,p) < |eig-;1’§,|H1(Ei’p).

(iii) We denote by hr and hﬁ = hp/og the size of the semi-axes of the sought
ellipse Ez, and by ¢g the angle between the main axes of £ and axis z;. Let
E :={€ € R%; |¢| < 1} be the closed unit ball (= the reference circle), we define the
mapping Fr: E — R? by Fg(2) := Q4,Se& + T, where Qg is the rotation by the
angle qu and Sg = diag(hg, hL) = hp diag(1,05,"). We can simply verify that Fg
maps E onto Ej e, Fp(E) = Ex .
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(iv) Furthermore, the definition of the mapping Fr gives the implications
(3.23) r=Fg(%)=1-17=0Q,Sp3 = (x—2)" =2TSLQy,.

The Jacobi matrix D Fg/Di has the determinant equal to h Ehﬁ and the area of the

ellipse Ez j is equal to
(3.24) Vp = Tthphy = thy/op.
(v) With the aid of (3.17), the theorem on substitution and (3.23), we have
e nlin(e..,) = /E Vel (x)[* de < / Ap((z — )"y, D, 0% (z — 7)) do

/ Ap(#TSEQY, Qp, Dy, QF Qy,Spd)Phipht dé.

(vi) After some manipulations, we derive the inequality

int |2 Vg p\PH! T A\p 48
(325) |e§?7P|H1(E:z,p) < AP(T) E((E G(E) d(E,
where
op(cos® T + Q;l/p sin?7)  —sinTcosT(1 — gp 1/p)
G:= , Ti=0r — @p.
—sinTcosT(1l — g;”p) o' (sin® 7 + g,jl/p cos® T)

(vii) We find that the right-hand side of (3.25) is minimal if the matrix G is
diagonal and the two diagonal terms are equal. Hence, taking into account that
> 1 and g, > 1, we obtain cosT = 0 and consequently

(3.26) T=6¢p—p,=71/2 & op= Q;}/(zp).

(viii) Inserting (3.26) in (3.25), we have

int |2 Vz,p\PT1 —1/(2p) | ~12\P A4 _ Vap\PTt 1,5 21
Bl < A(52) 7 [yl I i = 4, (T2) 0

which together with (3.24) and (3.26) proves the theorem. O
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Finally, let us note that the value vz, is equal to the area of the element (up to
a multiplicative constant) and due to (3.20), it is related to the local tolerance @. It
will be specified in the next section.

3.4. Setting of the size of a triangle. We need to set the area v; ;, of a triangle,
i.e., its size since its ratio was already specified. The main Problem 3.1 requires the
error bound |u — Ilnpulp () < w, where w > 0 is the given (global) tolerance. In
order to set w in Problem 3.2, we use the implication

(3:27)  |u—ppul 1 () < w <= [u— Mppul g1 () < wW(IK|/IQNY? VE € F.

Although the equidistribution condition on the right-hand side of (3.27) does not
guarantee that the resulting grid is the globally optimal one, we employ it for the
setting of the local tolerance @ in (3.20), since we do know how to solve this complex
problem in an effective way.

In virtue of (3.7) and the right-hand side of (3.27), we require that

(3.28) Xl (s ) < wap/ 1)

Hence, in order to specify the area vz p, using (3.22) and (3.28), we set the condition
cpApop ' * (Vs )P = Wz, /|9, which implies

w2oy? \ 1/
(3.29) Vap (|Q|cpAp) .

3.5. Choice of the polynomial approximation degree. In the previous sec-
tions, we have derived the anisotropy of the optimal triangle Kz, which minimizes
the norm of the interpolation error function e%r:';, on Kz, for any £ € € and for
an arbitrary given polynomial approximation degree p. In this section, we set the
optimal polynomial degree p.

We introduced the so-called density of the number of degrees of freedom (DOF) by

(p+1)(p+2)
21/9?’,1)

(3.30) Np(T) = , PeEN, T e,

representing the number of degree of freedom per unit area. Formal integration of
(3.30) over 2 gives the total number of DOF. Hence, in order to minimize the number
of DOF, we minimize the integrand n,(Z). Therefore, for each Z € €, we choose the
polynomial degree p € N such that the corresponding value 7z , is minimal, i.e., we
put

(3.31) pz = argminn, (7).
peEN
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Let us note that in the practical implementation, the degree p is bounded from above
by pmax (= the maximal implemented polynomial approximation degree), hence the

minimum in (3.31) always exists.

3.6. Anisotropic hp-adaptation algorithm. Now we are ready to define the
Riemann metric M and the polynomial degree distribution function P, which gen-
erate the hp-mesh 7, by Definitions 2.3 and 2.4, such that 9, is “close” to the
solution of the main Problem 3.1. The word “close” means the best hp-mesh which
we are able to achieve. It is possible to show that for some special problems, the
resulting hp-grid is exactly the solution of Problem 3.1. We introduce the following
algorithm.

Algorithm Generation of M(z) and P(z) for x €
let w € V and w > 0 be given
for all p=1,2,...,pmax do

evaluate the anisotropy {A,, ¢p, 0p} introduced in Definition 3.3
using (3.29), set the area v,(z) of the triangle K, ,
using (3.21), set the anisotropy of triangle K, , by {hr(z),o0r(z), ¢ ()}
using Definition 2.2, set matrix M, (x) defining K, ,
using (3.30), evaluate the quantity n,(x) := (p + 1)(p + 2)/(2vp(z))
end for

find p, € N minimizing 7,(z), i.e. p, :=arg min  7,(x).

_17"'7pmax
set M(z) := M, (z) and P(z) := p,.

Theoretically, we can employ the above algorithm for any = € 2. In practical
applications, we evaluate M and P only for a finite number of x € {2 and then we
continuously interpolate M and P on 2.

3.7. Extension to W*9-seminorm. The technique can be extended to the mesh
optimization with respect to the broken W*:4-seminorm for k > 1 and ¢ € [1,00].
First, let us discuss the case k = 1 and ¢ < co. Using (3.17), the corresponding
modification of step (v) in the proof of Theorem 3.1 leads to

bl = [ Velb@lde= [ (Ve @) ds

Ezp z,p

s / (Ap((@ — 2)"Qp, Dy, O (x — 2))")*/* da.
E

z,p
Then the subsequent steps have to be modified appropriately.
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Furthermore, for k > 1, it is necessary to evaluate the k*"-order derivative of the
v,
be possible to derive an analogue to Lemma 3.2, whose result is a polynomial of

interpolation error function, namely |V¥el' (z)[2. After some calculation it would
degree 2(p + 1 — k). However, there is a restriction £ < p + 1. Otherwise, the
corresponding seminorm vanishes. Finally, the case ¢ = oo is simpler and can be
carried out analogously.

4. APPLICATION OF ALGORITHM 1 TO THE NUMERICAL SOLUTION OF BVP

Algorithm 1 defines an anisotropic hp-mesh for the given function u:  — R
which is optimal in the broken H'-seminorm. This algorithm can be employed for
the numerical solution of boundary value problems (BVP) where the function «
represents the exact solution.

Since u is unknown, we replace it by the approximate solution up, € Spp, of BVP.
Using a higher-order reconstruction, we approximate the anisotropy of the magnitude
of the gradient of the interpolation error function. Then, using Algorithm 1, we
generate a new (better) mesh 9,5;/ where the more accurate approximate solution can
be obtained. The whole iteration loop is repeated until the desired stopping criterion
is achieved. The mesh ?h]g is generated by our in-house code ANGENER  [10], some
implementation details can be found in [13].

5. NUMERICAL EXAMPLES

In this section, we present numerical examples, which demonstrate the efficiency
of the proposed anisotropic hp-adaptive method in comparison with other adaptive
techniques. We consider two linear convection-diffusion problems which are solved
with the aid of the discontinuous Galerkin method (DGM). We employ the incom-
plete interior penalty Galerkin (IIPG) variant of DGM, which was analysed in several
papers [7], [27], [11]; the solution strategy used is given in [12].

5.1. Linear convection-diffusion equation with boundary layers.
We consider the scalar linear convection-diffusion equation (similarly to [6], [15])

(5.1) AU~ — —=—— =g inQ=(0,1)3%

where € > 0 is a constant diffusion coefficient. We prescribe the Dirichlet boundary
condition on 0 and the source term g such that the exact solution has the form
u(r1,22) = (c1 +ca(l —21) +e /) (c1 + ca(1 — 22) +e772/¢) with ¢; = —e~1/¢ and
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cg = —1 — ¢;. The solution contains two boundary layers along 1 = 0 and x5 = 0,
whose width is proportional to €. Here we consider ¢ = 1072 and & = 10~3. This
example is suitable for the anisotropic adaptation since thin and long triangles can
be employed in the boundary layers.

In order to demonstrate the efficiency of the presented method in the comparison
with other approaches, we carried out the following types of the mesh adaptation:
> isotropic hp-adaptive algorithm,
> anisotropic h-adaptive algorithm with the fixed p = 3,
> anisotropic hp-adaptive algorithm from [13]|, which optimizes the hp-mesh with

respect to the L2-norm,
> the anisotropic hp-adaptive Algorithm 1 presented above, which optimizes the

hp-mesh with respect to the broken H'-seminorm.

We investigate the convergence of these algorithms in the broken H!-seminorm
with respect to the number of degrees of freedom, the results are plotted in Figure 3.
We observe an evident efficiency of the anisotropic Ap-method in comparison to the
isotropic hp- as well as anisotropic h-methods. Moreover, the anisotropic hp-method
based on the optimization with respect to the broken H'-seminorm is a little more
efficient than the one based on the optimization with respect to the L2-norm which
is in agreement with our expectations.

Furthermore, Algorithm 1 seems to be exponentially convergent, which means that
the decrease of the error is faster than any linear decrease in logarithmic scale. We
also observe that when Algorithm 1 is approaching the prescribed error tolerance, it
reduces the computational error as well as the number of degrees of freedom. The
final Ap-grids are shown in Figure 4, each element is drawn in the grey scale colour
corresponding to the polynomial approximation degree.

100 T T T 1000 T T T
hp-isotropic —8— hp-isotropic —8—
h-anisot, Ps-approximation —a— h-anisot, Ps-approximation —s—
10F---- hp-anisot, L2-optimal —&— 100k---- hp-anisot, L2-optimal —— _|

1

10
0.1
1
0.01
0.1
0.001
0.01 !
0.0001 ‘
I
le—05 0.001 7
I
le—06 0.0001 * i i
100 1000 10000 100000 100 1000 10000 100000

Figure 3. Example (5.1), convergence of the errors in the broken H '-seminorm with respect
to DOF.
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Py

0.0E+00 5.0E—01  1.0E-+00 0.0E-+00 5.0E—01  1.0E+00 0.0E+00 50E—-02 1.0E—01
e=10"2 e=10"3 £ =107 (zo0om)

Figure 4. Example (5.1), the final hp-meshes.

5.2. Double curved interior layers problem. We consider a linear convection-
dominated problem (see [18], Example 6.2)

ﬂergﬂ—o in Q= (0,1)%,

(5.2) —eAu+by 92, Doy =

where ¢ = 1076 and (b1, ba) = (—w2,21) is the velocity field with curved characteris-
tics. We prescribe the homogeneous Neumann data at the outflow part 0Qx = {0} x
(0,1) and the discontinuous Dirichlet data u = 1 at (z1,22) € (3,2) x {0} and u =0
elsewhere on 9Qp := 00N\ 0Qx. Then this discontinuous profile is basically trans-
ported along the characteristic curves leading to sharp characteristic interior layers.

We investigate the ability of the proposed anisotropic hp-algorithm to capture the
sharp curved interior layers. Figure 5 shows the final Ap-grid with the zooms of both
interior layers. Furthermore, Figure 6 shows the isolines of the solution obtained
on the final grid and the diagonal cut of the approximate solution along o = ;.
We observe a sharp capturing of both the interior layers without any overshoots and
undershoots of the solution. We recall that no stabilization technique (see, e.g., [17])

was used in the discontinuous Galerkin solver.

hp

1 _
0.0E+4-00 5.0E-01  1.0E400 6.6E—01 6.7E-01 6.8E—01 0.0E400 2.56E-02 5.0E—02

Figure 5. Example (5.2), the final hp-mesh (left), 50x zoom of the begin of the outer arc
(centre) and 20X zoom of the end of the inner arc (right).
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Figure 6. Example (5.2), the isolines of the solution (left) and the diagonal cut (right).

6. CONCLUSION

We presented the technique which generates anisotropic hp-grids based on the
interpolation error estimates in the broken H'-seminorm. These grids were employed
for the numerical solution of second order boundary value problems with the aid of
the discontinuous Galerkin method. Although the presented numerical examples
demonstrate the efficiency of this approach in comparison to isotropic hp- as well as
anisotropic h-methods we have no information about the computational error. We
suppose that it will be possible to combine this approach with some a posteriori error
estimation technique. Particularly, we expect that a posteriori error estimate gives
us the information about the size of the error and the presented technique about the
anisotropy of the elements. This will be the subject of future research.
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