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On some joint-life annuities. - _ ;j'\
Dr. V. Lenz. C T T T

The value of an annuity for a group of lives, say z, y, Zmy ,t,»%;q.!;’edl
on the asumptions that I, is a continuous function of the age-and has
therefore at any point in the whole of the chosen range a derivative and
is integrable and, that the force of mortality y, and the force of interest o
are continuous functions of the time ¢, is given by the formula

;
. @ "'j (Zug gy td)du
alx, Y, 2, . . .) =j e ¥ dt. N
0

Using the values of annuities expressed in this manner, it is possible to
find values of annuities, the payments under which depend on the
time ¢ and the age, of the persons in the given group. When therefore
¢z, ¥, 2, ..., t)is a continuous function of the time ¢, if by this function
the law of payment of the annuities be determined, the value of the
annuity to the given group of persons, can be expressed as follows
¢
w _f(z,:x,,rui 8)du
ax, ¥, 2,...,¢) —-—:f(p(x, Y2, .. b)e Y dt. (2)
0
If we make a convenient choice of the law of payment, we can find
expressions for various annuities, in this form several of which we will
consider.

We define the reversionary annuity E,,-,, as an annuity, payable
from the time interval dt¢ to the person (y), if the person () dies in this
interval. The value of the annuity, payable from the interval of time dt

to the person (y) i8 uz4y41dt and then the law of payment is fho 4ty 1t
Therefore we have
¢
- _f(,‘z+u+,‘“_,,+o)du
Azy =jﬂz+t ayee ° dt. (3)
0

According to the first theorem for the mean value of a definite
integral we have

b b
Joeoy vy dt = ) fpin) de,

where the function g(t) is continuous over the range (a, b) and the value
of the coefficient n lies within the range. By application of this theorem
for the mean value of the integral to the value (3) we obtain

7
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t
- (g gyt by y+8du

Jztf"’“’!‘”h“}%ﬂj" dt (5)

6

and consequently by (1) it is?)
”Z = I“I+n ayl n a;,, (6)
The value of the annuity a,,;, payable to (z} after (y) will then be

1
- -—[(ﬂ;;“l.‘*ﬂyuz“’)d”
(ly:,z‘//ly4ga1+¢e 0 dt.
0

and therefore the value of the annuity payable while exactly one of the

lives (x) and (y) survives, will be
t

—'j(l‘z Futpy gyt
-

a; -j(,u,,“a“g%—/lz+;a,,u)e v dt. (7)

When we appl)' the theorem for the mean value of a definite integral
to this expression in the manner described and use the value of the life
annuity for (x, ) according to formula (1) we obtain
_‘[‘ = (/11{ n ay n My +n ;l_.u-n) E.ry (8)

By varying the law of payment, we obtain the following expression
for the value of the annuity to continue so long as at least one of the
lives (x) and (y) survives

¢
- /(f‘1+u“’l‘y+u+d)d“
— - ; 9
Azy ::j(l + Mrit Quig+ Uyt Qrir) € ’ dt. )

If again we apply the theorem for the mean value of a definite

ntegral to this integral we get the expression

azy = (1 4+ pesn ;{y+n + Myin Axpn) Zl:ry (10)
For the relation (6), it is possible to determine the time n from the
formula

- ‘a,
Betn Qyig == = —
Ary
in applymg the well-known equation

‘) Calla,way, On the Calculation of contingent assurance values and of
compound survivorship annuities, Journal of the Institute of Actuaries, 1932,
Evans, On the Calculation of Contingent Assurances and the Compound
Survivorship Annuity when Makeham’s Law holds, Journal of the Institute
of Actuaries, 1925.
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Apy = @y — Qzy.
The time n for the relation (6) is for certain cases tabulated according to
the HM 49 table, graduated by Makeham’s Law,?) in the following table.

N booss a0 0 45 0 50 55
T\ ! | i e
35 | 15012 | 14,113 13,133 12,103 11,188
40 | 13,840 13,106 12,237 11,360 10,216
15 | 12,618 12,012 11,304 10,467 9,547
5 | 11,208 10,858 10,297 9,635 8,869
5 | 9931 9,600 9,206 8697 | 8088

For three lives («, y, z) we can proceed in a similar way and find
e‘cpressions for various annuities. The law of payment for an annuity,
which is due to the couple (z, y) so long as the persons y and « are alive,
after the death of the person (x) is naturally . ¢ @y 1424 and therefore
the value of such an annuity is

t
J‘(l‘x+u“‘y§u*l‘z+u+’s)d“ (11)
“x.yz == #z+t ay+l ztt€ (It._

If again we apply to this value the first theorem for the mean value

of a definite integral as described above, we obtain, by using the value

of the life annuity for three lives (z, y, 2) according to the formula (1)
the following expression

Azlyz = ﬂn‘—&-n;y+n:z+n;zyz- (12)
In a similar manner, it is possible to find the value of an annuity
to be paid while exactly two of the lives (x), (y) and (z) survive thus
t
f(llu ut iy utezputd)du

13
xuz f[z,llz+t Ay itizit] € dt ) (13)

where

pXTI Ayitzrt = = Ug it ay+t 24t + Hy+t a;r-rl 24t Mzt Azt e
i.e. the sum of the values of the form ,tha,,“;H, formed by taking the
ages of all three lives in cyclic order. We shall use this shortened nota-
tion for other summations of values formed by the cyclic arrangement

of the index. If we apply the theorem for the mean value of an integral
to the relation (13) we obtain

?) Spurgeon, Life contingencies, 1933.
7%
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ays; = [Zptzen Oysnizin] Qaye,

In the same manner we can express the value of an annuity paid to the
person (z) if one of the lives () and (y) has died. Let us find first the
value of the annuity a;,;. paid to the person (z) after the death of the
person (x) before (y). The law of payment for this case is iy 1@, +¢ which
indicates that the annuity a,., is due, when the person (x) dies at age
x -+ ¢, (y) being then alive. The value may then be expressed as

t
"‘f(“:l‘z rto)du

Crylz :‘—’fll1+taz+t e ? dt

v 0
and by the application of the theorem for the mean value of the integral
this becomes

”alcy‘z = M b Az 4n Qayz.
The value of the annuity (;,;ylz paid to the person (z), if one of the lives ()
and (y), is dead will be
Ury'z = a}:y]z -+ a:c;u

and therefore
t

- - "(z,,z Jutddn
- : - 4
Azylz zj(ﬂwt + fy+1) Ozqr € dt
(4]

== (,ll::+n -+ Hy rn) Ozin Aryz.

We get analogous values for annuities to be paid to (z) or (y), if one of
the other two lives dies. If we desire to find the law of payment for the
case, then exactly one determined life, e. g. (z) survives, it is necessary
to deduct the values of annuities paid while the other two lives are alive.
For the life (2) the law of payment will be

(Uzst + Hyit) Qe = oyt Qy gzt — Uyt Oz itz

. This law of payment can be written also in the form

Mot Qyitizae + fy+t Qpitizat

for if in interval of time d¢ the person (x) dies, the annuity becomes.
a-reversionary annuity to be paid to the person (z) if he survives the
life (y) and similarly if in the interval of time d¢ the person (y) dies, the
annuity becomes a reversionary annuity to be paid to the person (z) if
he survives the life ().

Following this development, the value of the annuity to be paid
when one of three lives (z, y, z) exactly survives, will be
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. w ":{(Z‘pz 1w to)u
—n -. - 3
aiﬁf, :j [Z (gt + pzg) Qpie — 2Ttz 4 Ay izl e dt
0
—*bf(.!:p“ wtd)du
9]
—f[)?,uz“a””“] e di

= [Z (,Uy+n -+ Mz n) Apin — 22 Hryn Ay in:z ) Azryz.
For the values of annuities paid when at least two or one of the lives
are alive, we have
- [’1
a:}}Tz xyz -+ axyz:
PO R b} [21
am == a;;; + vz + (lﬂ/l
and from the values found above, we have
¢
[(«y;+ wio)du

f(l + Z g Oypraie) € dt
== [1 -+ 2/1;4.15 a'y+n:z‘{—n]*a-.r;/z»

) - f-f(ryx+u+-6)du
";,,; “f[l + Z (gt + piogs) Qope— Zptore ayyrard € 0 dt

= [14 2 (uy4n + ﬂz+n)—¢;x+n — Lz in ;y-{—n:z-}-n] f;:vyz-

By analogy with the values for three lives, it is possible, having
made an appropriate choice of the law of payment, to find the values of
annuities for greater groups of lives. The general form of an annuity paid

when out of m lives (x, x,, 3, . . ., ¥») exactly r of the lives survive, is
o M—r—1
— " T2 r + 2k
Qg iz Z 2k Z(ﬂxr}-t + pagrt + -+
0 k=

_-f(zyzl.l_,ﬁa)du
T+t

0
T My ot t) a’m——r—*2k+1 +t-xm~—r—2k+ gt dt

r+ 2k 4+ 1
- { 2k 4+ 1 )z(ﬂx‘+t+ﬂx,+¢+...+

t

} ——_f (Zpg, 4y +0du
0

a ' e dt.
T Mgy gk + 1) Bty p ot BTy g g 1+ 2+

.
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In the same manner we arrive at the general formula for the value of
an annuity payable, when out of m lives (2, 2y, z,, . . ., 2,,) there are
alive at least r lives

® m~—r—1
, * "‘7’::*“ r4 2k —1 .
ax;:x;:z,:...;xm xb I+ ,?_:0 2k Z(/‘z‘VH -+ Hegpt + « o 0

t

“‘f(f.‘,uzl 4yt d)du
Y dt —

d ",1“:_’.__ r - 2k
- E (Z’C -+ 1) Z(ﬂx.—]»t + Moyt t o
0 k=0 ‘
} _'f(zﬂx gy B

+”’m»r«~2k-—l+‘) a‘m 2kttt gk g1 it ) d,

where k can be every integer from 0 to the greatest integer in the
upper limit.

Généralisations des formules d’amortissement.
Josef Bily.
Dans la théorie des opérations financiéres, il ¥y a deux formules

«’amortissement, par lesquelles on peut arriver de-la valeur initiale.
du bilan B, aprés un nombre de n années & une valeur fixée B,.

Pour la valeur balancée aprés r anndes depuxs le commencement
d’amortissement, on regoit
Bo o Bn

a) en cas d’amortissement par décompte annuel d = B
nB,

de la valeur initiale de bilan B,: ‘
r r
= By (1 —rd) = (1———,;) B+ LBy
b) en cas d’amortissement par décompte annuel

An At

‘ B

d =1—1]/2n 1
VBO (1a)

de la valeur derniérement balancée:
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