Applications of Mathematics

Kenta Kobayashi; Takuya Tsuchiya
Extending Babuska-Aziz’s theorem to higher-order Lagrange interpolation
Applications of Mathematics, Vol. 61 (2016), No. 2, 121-133

Persistent URL: http://dml.cz/dmlcz/144840

Terms of use:

© Institute of Mathematics AS CR, 2016

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/144840
http://dml.cz

61 (2016) APPLICATIONS OF MATHEMATICS No. 2, 121-133

EXTENDING BABUSKA-AZIZ’S THEOREM TO HIGHER-ORDER
LAGRANGE INTERPOLATION
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Cordially dedicated to Prof. Ivo Babuska on the occasion of his 90th birthday.

Abstract. We consider the error analysis of Lagrange interpolation on triangles and tetra-
hedrons. For Lagrange interpolation of order one, Babuska and Aziz showed that squeezing
a right isosceles triangle perpendicularly does not deteriorate the optimal approximation
order. We extend their technique and result to higher-order Lagrange interpolation on both
triangles and tetrahedrons. To this end, we make use of difference quotients of functions
with two or three variables. Then, the error estimates on squeezed triangles and tetrahe-
drons are proved by a method that is a straightforward extension of the original one given
by Babuska-Aziz.
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1. INTRODUCTION

Lagrange interpolation on triangles and tetrahedrons and the associated error
estimates are important subjects in numerical analysis. In particular, they are crucial
in the error analysis of finite element methods. Let d = 2 or 3. Throughout this
paper, K C R¢ denotes a triangle or tetrahedron with vertices x;, i = 1,...,d + 1.
We always suppose that triangles and tetrahedrons are closed sets in this paper.

Let \; be its barycentric coordinates with respect to x;. By definition, we have
d+1

0 < XN <1, DN = 1. Let Ny be the set of nonnegative integers, and v =
i=1
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d+1
(a1,...,a4+1) € Ng“ a multi-index. Let k be a positive integer. If |y| := > a; =k,
i=1

then v/k := (a1/k,...,aq+1/k) can be regarded as a barycentric coordinate in K.
The set ¥*(K) of points on K is defined by

v
sh(K) = {T e K | =k, v e NG

Let 1 < p < co. From Sobolev’s imbedding theorem and Morry’s inequality, we
have the continuous imbeddings

WP(K) c CHYP(K), p>d,
W*AK) c WhH(K) c CO'UK) Vq>d,

W2P(K) c Wha/(d=p) () c %2 /p(K), g <p<d.
If d = 3, we also have the continuous imbeddings

WH2(K) ¢ W (K) ¢ Whi(K) ¢ C*=1(K) Vg >3,

WAP(K) C W23/G) (1) ¢ W3/ () ¢ ¢O33/7(K), 1<p< 2.
’ 2

Although Morry’s inequality may not be applied, the continuous imbedding W1 (K)
C C%K) (d = 2,3) still holds. For the imbedding theorem, see [1], [7], and [16]. In
the sequel we always suppose that p is taken such that the imbedding W*+1:P(K) C
CY(K) holds, that is,

1<p<o, fd=2,k+1>220rd=3, k+1>3, and
<p<oo, ifd=3, k+1=2.

N W

Note that our discussion includes the case d = k+ 1, p = 1 that is sometimes ignored

in literature.
We define the subset 7,7 (K) C W*t1P(K) by

THK) = {ve WFLP(K) | v(x) =0 Vx € B%(K)}.

p

Let Py, be the set of polynomials with two or three variables for which the degree is at
most k. For a continuous function v € C(K), the kth-order Lagrange interpolation
Tk v € Py, is defined by

v(x) = (IFv)(x) Vx e DF(K).
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From this definition, it is clear that
v—Thve 7;’“(K) Vo e WHP(K).

For an integer m such that 0 < m < k, B;,””“(K) is defined by

B;n’k(K) = sup |U|m7p7K )
veTk (i) Vlk+1,p,K

Note that we have

BIF(K) = inf{C € R" | |v = Zjv|mpx < Cloligrprx Vv € WFTIP(K)},

that is, B;”’k(K) is the best constant C for the error estimation
[0 = Zi0lmp e < Clolipipx Yo € WEHP(K).

To establish the mathematical foundation of the finite element methods, we must
show that B)"P(K) is bounded. Many textbooks on finite element methods, such as
those by Ciarlet [8], Brenner-Scott [6], and Ern-Guermond [10], present the following
theorem. Let hx be the diameter of K and px the radius of the inscribed ball of K.

Shape-regularity. Let 0 > 2 be a constant. If hx/ox < o and hg < 1, then
there exists a constant C' = C(o) independent of hy such that

v — Tl 2.6 < Chilvlaox Vv e H(K).

The maximum of the ratio hx/ox in a triangulation is called the chunkiness
parameter [6]. The shape regularity, however, is not necessarily needed to obtain an
error estimate for triangles and tetrahedrons. For triangles, the following estimations
are well-known [4], [5], [11].

The maximum angle condition. Let 6; (/3 < 6; < 1) be a constant. If any
angle 0 of K satisfies § < 0y and hx < 1, then there exists a constant C' = C(6;)
independent of hx such that

(1.1) HU _Ill(’UHLZK < ChK|U|2727K Yov e HQ(K)

Later, Kiizek [14] introduced the semiregularity condition for triangles, which is
equivalent to the maximum angle condition. Let Rg be the circumradius of K.
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The semiregularity condition. Let p > 1 and ¢ > 0 be constants. If
Ri/hik < o and hx < 1, then there exists a constant C' = C(o) independent of hg
such that

(12) HU _I}(UHLP,K < ChK|U|2’p’K Yv € WQ’p(K).

For tetrahedrons, the following estimation is well-known [15], [9].

Krizek’s maximum angle condition. Let 6, (1/3 < 62 < 1) be a constant.
Let v be the maximum angle of faces of a tetrahedron K and ¢y the maximum
angle between faces of K. If v, < 62, o < 02, and hx < 1, then there exists
a constant C' = C(f2) independent of hx such that

(1.3) v —Ziv|lipx < Chrlvlaprx Yve WHP(K), 2<p< oo

Jamet [11] presented a general result which covers both the triangles and tetrahe-
drons. Let E4 := {es}?_; C R? be a set of unit vectors which are linearly indepen-
dent. Let ¢ € RY be a unit vector and 6, 0 < 6, < 1/2 the angle between ¢ and the
line which is defined by e;. Define

PED) = s o, 10
Let K C R? be a d-simplex. Let N := d(d +1)/2 and let Ex be the set of N unit
vectors that are parallel to the edges of K. Define 0 := Emln {6(E4)}. Note that

if d =2 and K is an obtuse triangle, then 26 is the maximum angle of K.

Theorem 1.1 (Jamet). Let 1 < p < co. Let m > 0, k > 1 be integers such that
k+1—m>2/p(1<p<oo)ork; m>21p=1)ifd=2,ork+1—m>3/pif
d = 3. Then the following estimate holds:

thrl m

(14) |’U —I§(U|m’p’]{ < C(COI;T)|U|]€+LP’K Vv e Wk+1’p(K),

where C' depends only on k, p.

Remark. Note that in [11], Théoréme 3.1, the case d = 2 and p = 1 is not
mentioned explicitly but clearly holds for triangles.

For further results of error estimations on “skinny elements”, readers are referred
to the monograph by Apel [2].

The common idea of the above mentined estimations is that (i) show an error esti-
mate for a particular type of elements, then (ii) extend it for general elements by affine
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transformation. To prove the maximum angle condition for triangles, for example,
Babuska and Aziz showed the following theorem (see [4], Lemma 2.2, Lemma 2.4).
Let K be the right triangle with vertices (0,0)7, (1,0), and (0,1)T, and K, the
right triangle with vertices (0,0)", (1,0)T, and (0,a)" (0 < a < 1). That is, K, is
obtained by squeezing K.

Theorem 1.2 (Babuska-Aziz). There exists a constant independent of o (0 <
a < 1) such that B;n’l(K(y) < C, m =0, 1. As an immediate consequence, we
obtain the error estimation of Lagrange interpolation Z}, on a right triangle K; for
m=0,1,

[0 = Tivlm,2,x < Chi ™ 0l2,2, K-

Theorem 1.2 claims that squeezing a right isosceles triangle perpendicularly does
not deteriorate the optimal approximation order of Z},. Babuska and Aziz then
claim that the estimate (1.1) for general triangular elements is obtained by affine
transformations. Kobayashi and Tsuchiya [12] extended Theorem 1.2 to any p (1 <
p < 00).

Now, let K denote also the reference tetrahedron with vertices (0,0,0)7, (1,0,0) T,
(0,1,0)7, and (0,0,1)". Let K, be the “right” tetrahedron with vertices (0,0,0) "
(1,0,0)T, (0,,0) ", and (0,0,8)" (0 < o, 3 < 1).

The aim of this paper is to extend Theorem 1.2 and establish the following theorem.

)

Theorem 1.3. Ifd = 2, there exists a constant Cy, p, , such that, form =0,.. .k,

(1'5) Bm,k(Ka) — sup M < Ck,m.p; E>1,1<p< .
veTH(Ka) [Vlkt1p K0 ’

If d = 3, there exists a constant Cy n,,p such that, for m =0,...,k,
(1.6)

—m =0, 2 < p < oo,
|v|mvp7Ka
Bl"F(Kag) = sup = L Chmps § k=1, m=0, 3 <p< oo,
veTH(Kap) [Vlk+1.p.K0p
>2,k—m>1, 1<p< o0

Using Theorem 1.3 and affine transformations, we can derive an error estimation
on general triangles. See Section 4.

The above mentioned estimations (1.1), (1.2), (1.3), (1.4) cover Theorem 1.3 par-
tially. We also mention that Shenk [18] showed (1.5) for p=2,k > 1, m =0, 1, and
(1.6)forp=2,k>2,m=0, 1.

Because of the restrictions for m, k, and p in the above mentioned estimations,
it seems that (1.5) with £k = m > 2, 1 < p < 2, and (1.6) with &k = m > 2,
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1 < p < 3 have not yet been proved. To prove Theorem 1.3, we introduce the
difference quotients of functions with two or three variables in Section 2. Then,
Theorem 1.3 is proved in Section 3 by a method that is a straightforward extension
of Babuska-Aziz’s original argument. The notation of functional spaces used in this
paper are exactly the same as those in [13].

2. DIFFERENCE QUOTIENTS FOR MULTI-VARIABLE FUNCTIONS

In this section, we define the difference quotients for two- and three-variable func-
tions. Our treatment is based on the theory of difference quotients for one-variable
functions given in standard textbooks such as [3] and [19]. All statements in this
section can be readily proved.

For a positive integer k, the set $* C K is defined by

ik::{xvzzgef( 76N3,0<|’y|<k},

where v/k = (a1/k,...,aq/k) is understood as the coordinate of a point in Sk,
For x,, € ¥* and a multi-index § € N& with |y| < k — |§|, we define the correspon-
dence A? between nodes by

Ax, :=x,,5 € 8.

For two multi-indexes n = (mq,...,mq), 6 = (n1,...,n4), n < 6 means that m; < n;
d

(t=1,...,d). Also, § -n and ¢! are defined by 0 - n:= > m;n; and §! :=ny!...ngl,
i=1

respectively. Using A%, we define the difference quotients on $F for fe CO(I?) by

Bl Adx. ] — Kl (=1)lel=inl A7
[ %y, A%y ] §<:5 (6 — ) J(A"x).

Let 0:= (0,...,0) € N&. For simplicity, we denote f!°![xo, A%xg] by fI%1[A%%g]. The
following are examples of fI%/[A%xq]: if d = 2,
27 A (2,0 k?
A )X(o,o)] = 7(f(x(2,0)) —2f(x(1,0)) + [(X0,0)))5

FAATYx g 0] = K (f(xa1) — f(xXa0) = f(X01) + F(X00)),
3
f?’[A(Q’l)X(o,o)] = %(f(X(Q,l)) - 2f(X(1,1)) + f(X(o,l)) - f(X(270))

+2f(x1,0)) — f(X(0,0)))>
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and if d = 3,

A
FHAGDx X(0,0,0)] = 7(f(x 2,1,1)) — 2f(X1,1,1)) + f(X(0,1,1

)

— f(x2,0,1)) +2f(x1,0,1)) — f(X(0,0,1))
— f(xX@2,1,0) +2f(X(1,1,0)) — [(X0,1,0))
+ f(X(2,0,0)) — 2f(X(1,0,0)) + f(X(0,0,0)))-

Let n € N¢ be such that || = 1. The difference quotients clearly satisfy the

recursive relations

k _ _ _ _
f“s‘[x% Aéxv] = m(fw 1[X’Y+TI7A5 "Xoypn] = 1 1[X%A5 "x4]).

If feCk (IA(), the difference quotient f191[x,, A%x] is written as an integral of f.
Setting d = 2 and ¢ = (0, s), for example, we have

1
Il g w
£ b AV ) = R (o) = o) = [ 00, (54 ) dun,
0
fS[X(z A(O’S)X(z )]
wi Ws—1 1
// / 8(0q)f ——+E(w1+...+w5))dw5...dwgdwl.
To provide a concise expression for the above integral, we introduce the s-simplex
Set={(t1,ta, ..., t) ER® [, >0, 0<t1+... +t, <1},

and the integral of g € L*(Ss) on S is defined by

w1 Ws—1
/ g(w,...,w dWS.f// / g(wy, ..., ws)dws ... dwsdws.
Ss

Let us temporarily set d = 2. Then f*[x(q), A(O’S)x(l,q)] becomes

l 1
fS[X(l Y A(O,s)x(l q)] = / 8(0’S)f<—, a4 +—(wy+...+ ws)) dW.
’ ’ s, Kk k
For a general multi-index (¢, s) we have

P g A% )]

1 qg 1
(t,s) - kS _
/S 818 f( k(zl+...+zt),k+k(w1+...+w5))dztdws.
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Let ny be the rectangle defined by x, and A‘va as the diagonal points. If 6 = (¢,0)
r (0,s), Di degenerates to a segment. For v € Ll(f/(\') and Dis/ with v = (I, q), we
denote the integral as

1
/(M //s, 21—|— —I—zt),%—I—E(wl—I—...—l—ws))dthWS.

If ny degenerates to a segment, the integral is understood as an integral on the
segment. By this notation, the difference quotient f*+*[x,, A»*)x ] is written as

e xy, A)x,)] = / o f.
D’(‘f,s)
Therefore, if u € 7;k (IA(), then we have

(2.1) 0=u**[x,, A% ] = /D“‘ N oSy v D(Vt’s)c K.
For the case d = 3, the integral st v is defined in exactly the same manner.

3. PROOF OF THEOREM 1.3

Let S C K be a segment. In the proof of Theorem 1.3, the continuity of the
trace operator ¢t defined as ¢: Wl’p(f/(\') > v v|lg € LY(S) is crucial. If d = 2, the
continuity of ¢ is standard and is mentioned in many textbooks such as [7]. For the
case d = 3 the situation becomes a bit more complicated. If the continuous inclusion
WHkHLP(K) ¢ C9(K) holds, the continuity of ¢ is obvious. Even if this is not the
case, we still have the following lemma. For the proof, see [1], Theorem 4.12; [9],
Lemma 2.2, and [17], Theorem 2.1.

Lemma 3.1. Let d = 3 and let S C K be an arbitrary segment. Then the
following trace operators are well-defined and continuous:

t: WYP(K) = LP(S), 2<p<oo, t: WPP(K)— LP(S), 1<p<oc.
For a multi-index d, |4] > 1, p is taken such that

2<p<oo, fk+1-10=1,d=3,
(3.1) _

1<p<oo, ifk+1—-|0/22 d=3ord=2.
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The set Z5% C Wh+1=18Lp(K) is then defined by

=0k . k+1-10l.p( ¢ — 5~ 7

CI {UGW | "’(K)‘/Dé V=0V DlpCK}.
lp

By Lemma 3.1 and (3.1), Egvk is well-defined. Note that u € 7, (IA() implies ?%u €

E%F by definition and (2.1).

Lemma 3.2. We have Eg’k NPr_is = {0}. That is, if ¢ € Pj_|5| belongs to Egvk,
then q = 0.

Proof. We notice that dim Pj,_ 5 = #{D?pc I?} For example, if k =4, d = 2,
and || = 2, then dim P, = 6. This corresponds to the fact that, in I?, there are six
squares with size 1/4 for 6 = (1,1) and there are six horizontal segments of length
1/2 for § = (2,0). All their vertices (corners and end-points) belong to 24(K) (see
Figure 1). The situation is the same for d = 3. Now, suppose that v € Pj,_ 5 satisfies
foP q = 0 for all D?pC K. This condition is linearly independent and determines
¢ = 0 uniquely. [l

Figure 1. The six squares of size 1/4 for § = (1,1) and the (union of) six segments of
length 1/2 for 6 = (2,0) in K.

The constant Ag’k is defined by

vlo %
S,k . 0,p, K
Ap" = sup

vezi® Vlkr1oisp R

The following lemma is an extension of [4], Lemma 2.1.

Lemma 3.3. Let p be given by (3.1). Then we have Af,’k < 00.

Proof. The proofis by contradiction. Suppose that Ag’k = 00. Then there exists
=4,k
—p

By [8], Theorem 3.1.1, there exists {¢,} C Pj_|s| such that

a sequence {wg}2, C such that |wn|,  z =1 and nli_>ngo|wn|k+1_‘5‘7pﬁ =0.

1 1

[wn + qnllji1_ )52 < qgi)nf ‘ lwn + ally 115y p. 2 T I S Clwnlyiq_ispz T n

k—|5
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; o k+1—18],p( 7Y ;
and nlgngo |lwn, + qn||k+17‘5"p’K = 0. Because {w,} C W 51:2(K) is bounded,
{gn} C Pj_|5) is bounded as well. Hence, there exists a subsequence {gy, } such that
qn; converges to ¢ € Pj_j5; and lim ||w,, + q“’““*\(ﬂ # = 0. By definition and
ni—»00 Ps

the continuity of the trace operator, we have st wyn, =0 and
lp

0= lim (wm—i—(j):/ g v CK
o, 0y,

Nn; —00
Therefore, it follows from Lemma 3.1 that ¢ = 0. This implies that

0= lim |wp, =1,
n; —>00

= > lim |w,,
k+1—15|,p,K & ni~>oo| n;

p, K
which is a contradiction. O

Proof of Theorem 1.3. The proof is a direct extension of the proof given in [4],
Lemma 2.2. Let d = 2 initially. Define the linear transformation F,: RZ — R? by

(@*,y)" = (=,ay)", (z,9)T €R% 0<a<],

which squeezes the reference element K perpendicularly to K, := Fa(IA( ). Take an
arbitrary v € W*2(K,) and define u € WFLP(K) by u(x,y) := v(z,ay). To
make the formula concise, we introduce the following notation. For a multi-index
v = (a,b) € N2 and areal t # 0, (@) :=a’. Let 1 < p<oocand 1 <m < k.
Because u € 7;,k (IA() and 9u € Eg’k, we may apply Lemma 3.3 and obtain

S m(a) ol

|v[?, — 0,p,K
(3 2) ,p, — |’Y‘*m
' |v|k+1.p.K S B D) =009y
T S 0p.K

v
[v|=m

ml ()= (k+1—m)!
Ivém/v(a) 7p(\n\=1§1—mw|an(mu)| ff)
m! P
h‘ng(a) WJ|a%u|0pK
Mzzm%(a)77p<\n\:1§17mWw(mu)lg,pﬁ)
> T—!!(Oé) P9V ul?
[v|=m
> 2 () w|orulh

[y|=m

> (o) Tol)

N

OpK

k4+1—m p,K

S ma) ol

[v|=m 7

< Chomops
> )y (Aol

yI=m P

N
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where Cim, p 1= ln‘lax AY*. Here, we use the equality
vl=m

(E+1)! m! (k+1—m)!
s 2. B 7! '
y+n=4
[vI=m,[nl=k+1-m

Hence, we obtain (1.5) for this case. If m = 0, we have

p
(3 3) |,U|gvp7Ka — |u|07p71?
‘ VIt k > M(Oc)*‘sp|35u|p _
Pt 0,p,K
lulg % lulg ) %
K K =
(k+(17)€7 _ pO,p, < Bg’p(K)p < o0.
> T|85U|g ” |u|k+1pf{
ISl=ht1 O P P

Setting p = co and 1 < m < k, we have

max { (o) 7|0"u .
|’U|m,oo,Ka o |'y\:m{( ) | |0,oo,K}

v  ma o)~ 9|0%u -
oo, g (@00, )

(3.4)

max {(@)7710uly o i}
l=m s

max {(2)=7  max {(a)707(Mu)], . z}}

[v[=m In|=k+1-m
max {(a)77|07ul, &}
fyi=m .

<
b - oo _
max{(a) 7 max {070 u)ly o 21}

‘Hllax{(a)’”lf(?WIoOog}
vl=m o

max (a)*“/|87u|k+17moof<}
[v[=m o

max {(a) 107 uly . g}
yl=m T

mmasx {(0) 7 (AL 0l o i}
yl=m T

N

< Ck,m,oov

where Cim, 00 = H‘lax ALF. Now, the case with p = oo and m = 0 is obvious.
[y|=m

Therefore, (1.5) is proved.
Next, let d = 3 and repeat the above proof. Define the linear transformation

F.p: R? = R3 by
(x*’y*7z*)—r = (x’ayﬂ/gz)—r’ (x7yﬂz)—r 6 RB’ 0 < a’ /3 < 17
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which squeezes the reference tetrahedron K perpendicularly to K,g = aﬂ(f(\' ).
Take an arbitrary v € W*1P(K,4) and define u € WP (K) by u(z,y,z) :=
v(x, oy, Bz). Let p be given by (3.1) with m = |§]. To make the formula concise, we
introduce the following notation. For a multi-index v = (a,b, ¢) € N} and areal t # 0,
(a, )t := o’ Bt. Because u € ﬁk(f?) and 9°u € E5*, we may apply Lemma 3.3
as above. Thus, we may repeat (3.2), (3.3), and (3.4) replacing K, by Kag, ()"
by (a, 8)7P, etc. Thus, (1.6) is proved. O

4. CONCLUDING REMARKS

Theorem 1.3 deals only with right triangles and “right” tetrahedrons. Based on
Theorem 1.3, a new error estimation of Lagrange interpolation on triangles is ob-
tained in [13]. It should be emphasized that no geometric condition on triangles is
imposed in Theorem 4.1.

Theorem 4.1 (Kobayashi-Tsuchiya [13]). Let K be an arbitrary triangle. Let
1 < p < oo, and let k, m be integers such that k > 1 and 0 < m < k. Then, for the
kth-order Lagrange interpolation Zf- on K, the following estimation holds:

Rx

(41) o= Thvlmpu < C(5
K

m
) W olk1,p, 50 = CRERE 2 0]41,p, 16

for any v € W*+LP(K), where the constant C depends only on k, p and is indepen-
dent of the geometry of K.

Any tetrahedron can be obtained from a “skinny right” tetrahedron by an affine
transformation. To obtain an error estimate, we need to estimate the ratio of the
maximum and minimum singular values of the Jacobian matrix of the affine trans-
formation. If we obtained an expression of the ratio in terms of geometric quantities
of the tetrahedron, a new error estimation will be obtained. The authors hope that
they will report further development of error estimations on tetrahedrons in near
future.
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