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COMMUTATORS OF MARCINKIEWICZ INTEGRALS
ON HERZ SPACES WITH VARIABLE EXPONENT

HoONGBIN WANG, Zibo
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Abstract. Let Q € L¥(S" 1) for s > 1 be a homogeneous function of degree zero and b
a BMO function. The commutator generated by the Marcinkiewicz integral pug and b is
defined by

2 3.\ 1/2
t_3 .

([T Uz —y) gy
bl = ([ [ e - il o

In this paper, the author proves the (LP()(R™), LP()(R™))-boundedness of the Marcinkie-
wicz integral operator uq and its commutator [b, uo] when p(-) satisfies some conditions.
Moreover, the author obtains the corresponding result about pq and [b, ug] on Herz spaces
with variable exponent.
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1. INTRODUCTION

The theory of function spaces with variable exponent has been extensively studied
by researchers since the work of Kovacik and Rékosnik [9] appeared in 1991, see [2], [4]
and the references therein. In [1], [3] and [15], the authors proved the boundedness
of some integral operators on variable LP spaces.

Given an open set E C R™ and a measurable function p(-): E — [1,00), LPC)(E)
denotes the set of measurable functions f on E such that for some A > 0,

[ (52 o
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This set becomes a Banach function space when equipped with the Luxemburg-
Nakano norm

||f||Lp(A>(E)—inf{)\>O: A('f&x”)p(x)dx@}.

These spaces are referred to as variable LP spaces, since they generalize the stan-
dard LP spaces: if p(z) = p is constant, then LP()(E) is isometrically isomorphic
to LP(E).

For all compact subsets F' C E, the space Lfo(')(E) is defined by Lp(')(E) =

c loc

{f: f € LPO)(F)}. Define P°(E) to be the set of p(-): E — (0,00) such that

p~ =essinf{p(z): x € E} >0, p" =esssup{p(z): v € E} < oo.
Define P(FE) to be the set of p(-): E — [1,00) such that

p~ =essinf{p(z): z € E} > 1, p'" =esssup{p(x): » € B} < .
Denote p/(z) = p(z)/(p(x) — 1). Let B(E) be the set of p(-) € P(FE) such that the
Hardy-Littlewood maximal operator M is bounded on LP()(E). In addition, we
denote the Lebesgue measure and the characteristic function of a measurable set
A C R™ by |A| and xa, respectively. The notation f =~ g means that there exist

constants Cp,Cs > 0 such that Cig < f < Cag.

In variable L? spaces we have the following important lemmas.

Lemma 1.1 ([1]). If p(-) € P(R™) satisfies

(11) (o) = p0)| < S =3l <3
and
(1.2 (o) =20)| < s ol >

then p(-) € B(R™), that is the Hardy-Littlewood maximal operator M is bounded
on LPC)(R™).
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Lemma 1.2 ([9]). Let p(-) € P(R™). If f € LP)(R™) and g € L' ()(R™), then fg
is integrable on R™ and

gHLP’(‘)(R")7

[ 18@g(@)do < ol flaoeny

where
1 1
rp=1+———

p= pt
This inequality is called the generalized Holder inequality with respect to the

variable LP spaces.

Lemma 1.3 ([8]). Let p(-) € B(R™). Then there exists a positive constant C' such
that for all balls B in R™ and all measurable subsets S C B,

(mn (R 0 1) (mn 3
IxB|| Lo )(R™) < @’ Ixsll Lo ) (R™) < (ﬂ) 1 nd lIxsll poc ) (R™) < C(ﬂ) 27
Ixsll e @) IS17 [IxBll Lre) (&my |B| IXBl o) (mey |B
where 01, o are constants with 0 < d1,d2 < 1.

Throughout this paper §1, d2 are the same as in Lemma 1.3.

Lemma 1.4 ([8]). Suppose p(-) € B(R™). Then there exists a constant C > 0
such that for all balls B in R™,

1
EHXB”LP(‘)([R") XBHLp’(«)([Rn) < C.

In 2010, Izuki [8], [7] introduced the Herz spaces with variable exponent and proved
the boundedness of some operators on these spaces. Next we recall the definition
of the Herz spaces with variable exponent. Let By = {z € R": |z| < 2*} and
Ay = By \ Brp_1 for k € Z. Denote by Z, and N the sets of all positive and
non-negative integers, xx = x4, for k € Z, xp, = xx if k € Z4 and X0 = xB,-

Definition 1.1 ([8]). Let a € R, 0 < p < oo and ¢(-) € P(R™). The homoge-
neous Herz space with variable exponent an(’; (R™) is defined by

K@) = {F € L@ \{0D): 17l < 00},

where

0o 1/p
lligan ={ X 21l -

k=—o00
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The nonhomogeneous Herz space with variable exponent K (”)’([R") is defined by

KSP®) = {f € LID®R™): [flicenan) < oo},

where
oo

1/p
s = { 3 2Tl oy b -

k=0

Suppose that S”~! denotes the unit sphere in R™ (n > 2) equipped with the
g

2
normalized Lebesgue measure. Let 2 € Lipﬁ(R“) for 0 < 5 < 1 be a homogeneous

function of degree zero and

(1.3) /Si Q') do(z') = 0,

where 2’ = z/|z| for any = # 0. In 1958, Stein [13] introduced the Marcinkiewicz
integral related to the Littlewood-Paley ¢ function on R" as

uol@) = ([ IFadhie >|2‘“) ,

where

Qz —y)

Foi(f)(x) = / ) .

o—yl<e [T =Y

It was shown that pg is of type (p,p) for 1 < p < 2 and of weak type (1,1).
Let b be a locally integrable function on R™; the commutator generated by the
Marcinkiewicz integral pug and b is defined by

bk = (7] b -l

Motivated by [10], [14], we will study the boundedness for the Marcinkiewicz
integral operator po and its commutator [b, ug] on the Herz space with variable
exponent, where (2 € L¥(S"71) for s > 1.
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2. ESTIMATE FOR THE MARCINKIEWICZ INTEGRAL OPERATOR

In this section we will prove the boundedness of the Marcinkiewicz integral oper-
ators pgo on Herz spaces with variable exponent.

A nonnegative locally integrable function w(z) on R™ is said to belong to A,
(1 < p < o0), if there is a constant C' > 0 such that

P <|Q| / (@) dx) (IQI / “l@)'" d> SO

where p’ = p/(p —1).
The weighted (L?, LP) boundedness of o was proved by Ding, Fan and Pan [5].

Lemma 2.1 ([5]). Suppose thatQ € L*(S™ ') (s > 1) satisfies (1.3). If w € A/,
s’ < p < oo, then there is a constant C, independent of f, such that

| ma(h@Pts)de < [ ()Pt do

R™

Lemma 2.2 ([3]). Given a family F and an open set E C R", assume that for
some pg, 0 < pg < oo and for every w € Ao,

/ f (@) w(z) dz < Co /E (2)w(z)dz, (f,g) € F

Given p(-) € PO°(E) such that p(-) satisfies (1.1) and (1.2) in Lemma 1.1, then for all
(f,g) € F such that f € L”W(E),

HfHLP(')(E) < C||9HLP<->(E)

Since A,/ C Ao, by Lemma 2.1 and Lemma 2.2 it is easy to get the (LPO(R™),
LPO)(R™))-boundedness of the Marcinkiewicz integral operators fiq.
To obtain Theorem 2.1, we need the following lemmas.

Lemma 2.3 ([11]). If a > 0,1 < s < 00,0 <d < sand —n+(n—1)d/s < v < o0,
then

Sw 1)

1/d
(/ | |y|”|ﬂ<x—y>|ddy> < Cla|+m
<alz
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Lemma 2.4 ([12]). Define a variable exponent ¢(-) by 1/p(x) = 1/4(z) + 1/q
(x € R™). Then we have

1 f9llLecrrny < CllfllLacr ®ey 1 fll Larm)

for all measurable functions f and g.

Lemma 2.5 ([4]). Let p(-) € P(R™) satisfy conditions (1.1) and (1.2) in
Lemma 1.1. Then
|QIYP@ if |Q| < 2" and z € Q,
QI if Q| > 1

for every cube (or ball) @ C R™, where p(co) = lim p(x).

Tr— 00

<
”XQ”LP(‘)([R") ~ S

Theorem 2.1. Suppose that 0 < v < 1, 0 < p < o0, ¢q(-) € P(R") satisfies
conditions (1.1) and (1.2) in Lemma 1.1, Q € L*(S""!), s > ¢~ and —nd1—v—n/s <

a < ndy —v —n/s. Then ug is bounded on K;’(’.’)’([R") and K;’(’.’)’([R").

Proof. We only prove the homogeneous case. The nonhomogeneous case can
be proved in the same way. We suppose 0 < p < oo, since the proof of the case
p = oo is easier. Let f € K:;(’)’([R") Denote f; = fx; for each j € Z, then we have

f@) = % f(). Then

j=—o00
> i 1/p
@1 lnlagen = { 30 2l o |
k=—o0
oo k—2 py1/p
<C{ Z 2kap( Z |N9(fj)Xk|Lq(->(Rn)) }
k=—o0 jzfoo
0 k+1 py1/p
+C{ Z 2kap< Z ||NQ(fj)Xk|Lq(«>(R”)> }
k=—o0 j=k—1
= k > py\1/p
k=—o0 j=k+2

= CIl —|— CIQ —|— 013
We first estimate Io. By the (L¢C)(R™), L) (R™))-boundedness of the commuta-

tor pq we have

oo

(2.2) I < C{ >

k=—o00

i 1/p
ST (M} = Cllfllger -
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Now we estimate I;. We consider

WMEK@|<(AW|/;y<ASE|n1E() %)UQ

~ 2 1/2
(z—y) dt
/ ‘/ ——=f;(y)d _)
( || |z—y|<t |$ — gyt fi(y)dy 3

=: In1 + L.
Note that © € A, y € Aj and j < k — 2. So, we know that |z — y| ~ |z|, and by the
mean value theorem we have

1‘< 1yl

(2.3) L SRS Sy [ ] -
2=yl |zl [z —yf?

By (2.3), the Minkowski inequality and the generalized Holder inequality we have

o] 1/2
mee [ Pl 5) W
z—y

Rn y|n 1

-y, 1 1 1/2
o R e 0 e e T

Q(z 1/2
<o [ P

n =yt |z

2i/2
<CEFEEX;M@—yMﬂwMy

< C2U7 92275 5]l Lo (e 1@ = x5 (| v ) emy-

N

Similarly, we consider I15. Noting that |x — y| ~ |z|, by the Minkowski inequality
and the generalized Holder inequality we have

e @L—Jhm>(/w@fm@

re | =yt |t

90— y)
¢ [ LWl

y"
< Cc27hn ||fj||Lq<->(Rn) Qz — ')Xj(')HLq/(‘)(R")'

N

So, we have

lna(f;) (@) < 27| £ll pac (mmy

Qz — ')Xj(')HLq/(‘)([R")'
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Noting that s > ¢'~, we denote ¢'(-) > L and 1/¢'(z) = 1/G'(x)+1/s. By Lemma 2.3
and Lemma 2.4 we have

<12z = )x; O
<12z = )x; O]

(2:4) (2@ = )x; Ol Lo @my Lo @)X Ol o) @y

Ls(Rm) XBJ'”Ld'(-)(Rn)

1/s
<oz ([ 106 -l a) s o

J

< 2~ Ivok(v+n/s) 19

Losn—1) 1B | Lar ) (-
When |B;| < 2" and z; € B;, by Lemma 2.5 we have

18, | Lo my = 1B 1M % |lxs, | o) ey | B3| 75
When |B;| > 1 we have

Bj| /.

”XBJ‘”L‘?/(‘)(R") ~ |Bj|1/q () ~ ||XBj||Lq/<«>(Rn)
So, we obtain

B;|7V/s.

(2.5) ||XBj||L‘7/(‘)([R”) ~ ||XB,~||L4’(»)(R7L)

By (2.4), (2.5), Lemma 1.3 and Lemma 1.4 we have

”NQ(]C')Xk”Lq(‘)([R")

<

<271 £l acr ey 16 = )5 ()l o gy Xl 0 ()
< 027k Q| o) | £l L) ey 1 X B, L) @my X Bl Lot )
< 027 27RO Lo (snn) 1 £5]l Lacr ey 1XB, || oo (gmy | B3 7
X [Ix By | Lot (m)
; IXB; |l Lo ) (n
< Cok=7)(v+n/s) €] LS(S"Hl)||fj||Lq<»)(Rn)J—()
IXBill Lo ()
< C’Z(j—k)(nég—u—n/s)||9| LS(S"*1)||fj||L‘1(‘)(R”)'
Thus we obtain
) -2 . py1/p
I < C||Q|LS(S"1){ Z 2kap< Z 2(jk)(n62Vn/s)”fjHLa(-)(Rn)) }
k=—o0 Jj=—00
0o k—2 ‘ ‘ py1/p
—Cllen{ (X Fe2 s e ) |

k=—o0 “j=—00
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If1 <p< oo, take 1/p+ 1/p" = 1. Since nds — v —n/s — «a > 0, by the Holder
inequality we have

(2.6)

) k=2
X{ Z ( Z 2jap|fj|€q(»(ﬂ2<”)2(]k)("‘52V"/Sa)p/2)

k=—o0 ‘“j=—o00

k—2 p/p'\1/p
x ( 3 g(j—kxnarv—n/s—a)p’/z) }

Jj=—00

1/p
{ 5 ( Z 25| 5112 s 2<jk><n52un/sa>p/2)}

k=—oc0 “j=—00

0o ' 00 ] 1/p
x{ 3 21&p|fj||’£q(_)(Rn)< > Q(J—k)(nég—v—n/s—(y)p/Q)}

j=—o0 k=j+2
1/p
<ol 3 2w} = Ol ligenr
j=—00
If 0 < p < 1, then we have
o k—2 ‘ ‘ 1/p
(2.7) { Z Z 2]ap2(]k)(n52un/sa)P”fj“I)lq(A)(Rn)}
k=—00 j=—00
[} . o . 1/p
{3 PN sy 3 200 |
j=—o0 k=j+2

< C||f||1’<;(’_f;(uzen)-

Let us now estimate 3. Note that x € Ay, y € A; and j > k + 2, so we have
|z —y| ~ |y|. We consider

bl </olyl /. i |i2(— o PR IOk %Y
+ </|: /I » |i2(_ S )1fj( 4 %>1/2

=: I31 + Iss.
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Similarly to the estimate for 171, we get
Iy < C2%7D2279% f| Laeo ey 1922 = )65 (D v ey -
Similarly to the estimate for 115, we get

I3z < 277 fjll ot amy

Q( )Xj(')”Lq/(‘)(Rn).

So, we have

e (£7)(@)] < C277 | fill Lac) @y 12 = X3 Ol Lo -

By (2.4), (2.5), Lemma 1.3 and Lemma 1.4 we have

e (fi) Xkl Lac (mm)
<oz ”fJ'”L‘I(‘)(R") Qz — ')Xj(')"Lq’(-)(R7z) |Xk||Lq<«>(Rn)
< szjnzfjugk(wn/s)nm Lo 1 fill L) gy |XBJ,||L§,(_>(RR) x Bl Lot @y
<027 Nl o> ey X8, | > gy 1 B3| 7

X IxBillLac) &)
X B, ”Lq(‘)(R")

< 02k=9)(vtn/s) ie] | ”
XB;llLat) (Rm)

Lot 1 fill Lao (mm)

< Cz(k—j)(nél +v4n/s) HQ'

rosn—1) 15l e @my-

Thus we obtain

o0 0 ' py1l/p
LS(Snl){ Z 2kap< Z 2(k—])(n61+u+n/8)||fj||Lq(,)(Rn)> }

I <clo
k=—o0 Jj=k+2
s o0 py1/p
=l 30 (3 et o ) |
k=—oc0 “j=k+2

If 1 <p< oo, take 1/p+ 1/p" = 1. Since nd + v + n/s + « > 0, by the Holder
inequality we have

—7)(ndé1+v :
Lb»(sw{ 2. (Z 25 o g2 *”/”“)”/2)

(2.8) Is < C|9]

k=—o0 “j=k+2
o0 p/p'\1/p
« < Z 2(kj)(n51+u+n/s+a)p'/2> }
j=k+2
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Sw 1)

1/p
{ Z (Z 25 £512 <k—y><n51+u+n/s+a>p/2>}

k=—o0 “j=k+2
Sw 1)
4 j—2 4 1/p
x{ Z 2jap||fj||iq«>(w)< Z Q(k—J)(n61+v+n/s+a)P/2)}

j=—00 k=—o0

o'} ) 1/p

<of 3 H o} = Wl
j=—o00

If 0 < p < 1, then we have

(2.9)

s(gn—1)

o} 00 1/p
X{ Z Z QJaPQ(k—J)(mh+v+n/s+oz)p||fj||Z£q(.)(R,,)}

k=—o00 j=k+2

s(gn—1)

oo j—2 ‘ 1/p
{ I D)
Jj=—00 k=—o0

< C||f||1’<;(1f)’(u;en)-

Therefore, by (2.1), (2.2) and (2.6)—(2.9) we complete the proof of Theorem 2.1. [

3. BMO ESTIMATE FOR THE COMMUTATOR OF MARCINKIEWICZ
INTEGRAL OPERATOR

Let us first recall that the space BMO(R™) consists of all locally integrable func-
tions f such that

1
11 =sup 55 [ 1£(a) = fol do < .
Q 1QlJq
where fo = |Q|™* fQ ) dy, the supremum is taken over all cubes @ C R™ with
sides parallel to the coordmate axes and |@Q| denotes the Lebesgue measure of Q).

Let b € BMO(R™). The weighted (LP, LP) boundedness of [b, uq] was proved by
Ding, Lu and Yabuta [6].
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Lemma 3.1 ([6]). Suppose that Q € L5(S"1) (s > 1) satisfies (1.3). If b(z) €
BMO(R") and w € Ay,/y, s’ < p < 00, then there is a constant C, independent of f,
such that

| bl @Puta)dr <€ [ (f@)Pulz) do

R

By Lemma 3.1 and Lemma 2.2 it is easy to get the (LP()(R™), LPC)(R™))-
boundedness of the commutator [b, uq).

Next, we will give the corresponding result about the commutator [b, uq] on Herz
spaces with variable exponent.

Theorem 3.1. Suppose that b € BMO(R"),0<v <1,0<p < o0, q(-) € P(R™)
satisfies conditions (1.1) and (1.2) in Lemma 1.1, Q € L*(S"1), s > ¢'~ and —nd; —
v—n/s<a<ndy—v—n/s. Then b, ua] is bounded on K(’(’)’([R") and K N(R").

In the proof of Theorem 3.1, we also need the following lemma.

Lemma 3.2 ([7]). Let p(-) € B(R™), let k be a positive integer and B a ball
in R™. Then for all b € BMO(R™) and all j,i € Z with j > 1,

||b||* S sup 1(0 = b)" x5l Lo @n) < CIIDIIE,

IxBl Lro) (rm)
(b= b5,)"xB, |l Lo @ny < CG = D) IBIEIXB, | Loe @ny»
where B; = {x € R": |z| < 2"} and B; = {z € R": |z| < 27}.

Proof of Theorem 3.1. Similarly to Theorem 2.1, we only prove the homo-
geneous case and still suppose 0 < p < oo. Let f € an(”;([}%”), and let us write

f(z) = § fxi(z) = i [j(z). Then we have

Jj=—o0 j=—o0
(3.1) b, gl (H)ll o p my
> i 1/p
—{ 3 2ol sl o |
k=—o0
o0 k—2 pN1/p
<C{ 2 2( > ||[b,m1<fj>xk|LMR")) }
k=—oc0 j=—00
= i py1/p
+C{ Z 2kf¥p< Z |[b7/’[/Q](‘fj)kaLQ(‘)(Rn)) }
k=—o00 j=k-1
> ad py1/p
+C{ Z 2k(yp< Z ||[baNQ](fj)Xk|Lq(»(Rn)) }
k=—00 j=k+2

=ChJ+CJa+CJs.
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Noting that [b, u] is bounded on L) (R™), we have

1/p
(3.2) { Z 2kap|\fk||Lq<) R } = CHfHk:(vg(u;eny

k=—o0

Now we estimate J;. We consider

sl < ( | "

U

=:Ji1 + Jio.

/ W—‘lﬂ[b(x) b)) dy

z—y|<t |.1? )

[ 2 - sls | o

z—y|<t |£L' - y|n !

Note that « € Ay, y € A; and j < k—2, and we know that |z —y| ~ |z|. By (2.3),
the Minkowski inequality and the generalized Holder inequality we have

|| 1/2
e [ S -l [ F)

i oyl £
[z —y)| 1|2

<o [ el gy -
an |$— |n 1|() ()HJ ||$—y|2 |J)|2

|2z = y)llb() = d)[1£ W) _[yI"?
<C an |x_y|n71 |x—y|3/2
j/2
O [ 19 =)o) ~ b))l dy

J

< czu—kv?z—kn{w(x) by /A 9 — )15 ()] dy

+ [ 196 = libs, —b(y)llfj(y)ldy}

J

dy

< G297 022780 || Laco oy { (@) = B, 1922 = )5 ()| v oy
+11Qz = ) (bs, = b())X () Lo or @my }-

Similarly, we consider Jio. Noting that |« — y| ~ |z|, by the Minkowski inequality
and the generalized Holder inequality we have

Q@ -y, < dr\'?
ha < [ B vl )|</ ) dy

g |z — o]
|z —y) _
<o [ B sl wlay
< C27| £l pacr (mmy {10(x) = b, 19z = )X ()| Lo ey
+ 120z = ) (0B, — b(-)x; ()l L) @y }-
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So, we have

b, el (f7)(@)] < C27 | £jll Lo ey { [B() = b, 12 = )25 ()l paro gsm)
+1Q(@ = ) (bs, = ()X ()l arer m }-
Noting that s > ¢’~, we denote ¢'(-) > 1 and 1/¢'(z) = 1/G'(x) + 1/s.
Lemma 2.3 and Lemma 2.4 we have
122 = )x; Ol oo my < N2z —)x5 ()]
< [192(z = )x; ()]

Ls(R™) Xj(')||Lq"/<»)(u;en)

XB; ||La'(->(Rn)

1/s
<0w”(/ |Q<x—y>|5|y|5”dy) I, L0 o

J

Ls (Rn)

<027

nye

When |B;| < 2" and z; € B;, by Lemma 2.5 we have

|B; |1/<7/(:cj) B;|~ /s

||XBj||L§’(‘)([R") ~ IxB; Il o )(R™)

When |B;| > 1 we have

X8, | Lo ey = 1Bi1MT ) = X8, | parc (my | B3l

By| e

So, we obtain ||XBJ.||LQ~:(.>(R”) ~ ||XBJ.||LQ,(_)(R,L)
So, we have

(33) 26— GO o < 025 .

Similarly, by Lemma 3.2 we have

(ba; = ()X Ol Lo ) mmy
II( = x() ) 1(bs; = bC)X5 Ol Lar ) my

(3.4) [92(x =)

<

< o]l ||XB ”LQ()(R") Qz —)x;() )
<C

nye

By (3.3), (3.4), Lemma 1.3, Lemma 1.4 and Lemma 3.2 we have

110, 1] (£5) Xk | Lo

C27*| £l pac )(R7)
« (20D Wwn/)

s 1XB; I Lo o) mey 1(0() = 0, )Xk ()] Lot ()
+ o2

Xkl LaO ()

n

264



CQ*kn||fj||Lq<>(u;en)
x ((k = 7)Ib]l«
+ [[pl] 2477
< C(k = DIl £l pac oy 2~ 2D 080/

X [Ix8; | Lo @ny IXBi I L) ()

ssn-1)|1XB; ||L<1() R™) |XBk||LQ() (R™)

X8 llLae) ([R"))

n

IXB; 1l Lo ) (rmy

<Ok = DBl oo (my 2E=D @4/ o )
(& = DBl fill Lao> @) X8| L) ()

<02j k)(nda—v— n/s)(k ])

a1 15l e any-

Thus we obtain

oo

k—2
Ji < C{ Z 2’%?( Z o(i=k)(n8>—v—n/s)

k=—o0 j=—00
py\1/p
'”Lq(‘)(u{e")) }
)

x (k—j)
o -2 py1/p
x{ Z < Z 2]&2(J—k)(n52—V—n/3—a)(k_j)”fj”Lq(A)(R,,L)) } .

k=—o00 “j=—00

If1 <p< oo, take 1/p+1/p’ = 1. Since ndy — v —n/s — a > 0, by the Holder

inequality we have

(3.5)

s(Sn—1)
k—2

x{ Z ( Z 2jap||fj||lzq(A)(R”)2(jk)(mizun/sa)p/2>

k=—o00 “j=—00

k—2 p/p'N1/p
" ( 3 2(j—k>(n62—v—n/s—a)p’/z(k_j)p/) }

j=—00

Sw 1)

o0

s ) 1/p
{ Z (Z QJQPHf]”Lq()(R” j k)(néa—v—n/s—a)p/ )}

k=—o00 ‘j=—00

00 S 1/p
SPIEL I >( > Al vnlseniz) |
j=—o0 k=j+2

1/p
< C[b]« Z 2P| fil ey @ny ¢ = CHIf g gy
( a()

j=—o00
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If 0 < p < 1, then we have

(3.6)

0 k—2

1/p
x{ Z Z gjapo(i—k)(ndz—v—n/s— a)p( §)P ”fJ”L‘I()([R” }

k=—00 j=—0o0
P
j_—OO
0 1/p
~ < Z gU=k)(ndz—v=n/s—alp(f, _j)p>}
k=j+2

S OBl fll eoer gy -

Let us now estimate J3. Note that z € Ay, y € Aj and j > k + 2, so we have

240\ 1/2
3

2 40\ /2
3

|z —y| ~ |y|. We consider
lyl T —
i< ([ H[b@) ~ b)) w)

—) x) — ,
< lyl ‘/ﬂc y|<t |13— y|n o1 @) =0l f5(y) dy
=: J31 + Ja2.

Similarly to the estimate for Ji1, we get
T3 < C207D2279 fi Loy ) {10(2) = b, 19002 = ) () v ey
+ 119 = )5, = b)) Ol oo @y }-
Similarly to the estimate for Jio, we get
Jz2 < C277| fll oo amy {10(2) = b, 102 = )x5 ()l Lo gem)
+ Q@ — ) (bs;, = b())xi (Ml oo @y }-
So, we have
I[b, ) (£7)(@)] < C277" || fjll Lacr (am) {10(2) = b5, 2z = )x5 () Lor o gy
+ 12z — -)(bs, — b('))Xj(')”Lq’(-)([R")}'
By (3.3), (3.4), Lemma 1.3, Lemma 1.4 and Lemma 3.2 we have

116, el (f5) Xkl Lac) (my

< C277"| fill pac (rmy
~ (2(k J)(v+n/s) HQ'

[(b() = bB, )Xk ()l Lac) )
Xk || Lao @)

Lesn-1) X8 | Lo o) ()
+[16]1.27

n
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<277 fill pac )([R")
x (5 = K)b]l-
+ [|of. 2%

< C(F = )bl f5]] pacr gmy2 22 4/

X AIxB; Lo ey IX B | Loty (R

ssm=1IxB; oo @y IXBill Loty g

X B, HL‘I(‘)(R"))

n

x5, ”Lq(')([R")

< C(] - k)”b”*”f]”LQ(>(R”)2(k7])(u+n/ ||XB ||L O @)
i 11 LaC) (Rm

< C2k=i)(né1+v+n/s) (j—k)

il Lo ()

Thus we obtain

)
00 LS ' py1l/p
x{ Z 2kap< Z 2(k—])(n61+v+n/8)(]’ _k)”.fjHLq(‘)(R")) }
k=—o0 J=k+2
)

o o ' py1l/p
X{ Z ( Z 2]a2(k_])("51+”+"/3+0‘)(j—k)”fjHLQ(-)(R")) } .

k=—o0 “j=k+42

If1 <p< oo, take 1/p+1/p’ = 1. Since ndy + v +n/s+ a > 0, by the Holder

inequality we have

(3.7)

{ > ( > gy 2N el

k=—oc0 “j=k+2
[eS)
>< (

) , A\ P/P'y1/p
(k=g (ndvtvtn/sta)p’/2 (5 _ Jyp ) }
j=k+2

L) ) s 1/p
jo k—j)(n v+n/s+a)p/2
X{ > ( S DR, g 208D ) )}
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o0 Jj—2 1/p
X PNy (T 2o anseoniz) |
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1/p
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If 0 < p < 1, then we have

(3.8)  Jz < CJb]l.[1€2]

Lb’(snfl)
0 00 1/p
30X ke
k=—o0 j=k+2
= Cl|bll< /[ L= (sn-1)
0 _ Jj—2 ) 1/p
{5 2oy 3 20—y |
j=—o00 k=—o0

< CJpllelfl ey

Therefore, by (3.1), (3.2) and (3.5)—(3.8) we complete the proof of Theorem 3.1. O
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