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Abstract. Let G be a finite group, and let N(G) be the set of conjugacy class sizes of G.
By Thompson’s conjecture, if L is a finite non-abelian simple group, G is a finite group
with a trivial center, and N(G) = N(L), then L and G are isomorphic. Recently, Chen
et al. contributed interestingly to Thompson’s conjecture under a weak condition. They
only used the group order and one or two special conjugacy class sizes of simple groups
and characterized successfully sporadic simple groups (see Li’s PhD dissertation). In this
article, we investigate validity of Thompson’s conjecture under a weak condition for the
alternating groups of degrees p+1 and p+2, where p is a prime number. This work implies
that Thompson’s conjecture holds for the alternating groups of degree p+ 1 and p+ 2.
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1. Introduction

If n is an integer, then we denote by π(n) the set of all prime divisors of n. Let

G be a finite group. Denote by π(G) the set of primes p such that G contains an

element of order p. The set of conjugacy class sizes of G is denoted by N(G).

We construct the prime graph of G, denoted by Γ(G), as follows: the vertex set

is π(G) and two distinct vertices p and p′ are joined by an edge if and only if G has

an element of order pp′. Let t(G) be the number of connected components of Γ(G)

and let π1, π2, . . . , πt(G) be the connected components of Γ(G). If 2 ∈ π(G), then we

always suppose 2 ∈ π1. Some of the characterizations by prime graph can be found

in [8], [16].

We can express |G| as a product of integers m1,m2, . . . ,mt(G), where π(mi) = πi

for each i. The numbers mi are called the order components of G. In particular,
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if mi is odd, then we call it an odd order component of G. Write OC(G) for the

set {m1,m2, . . . ,mt(G)} of order components of G and T (G) for the set of connected

components of G. For related results, in [10] the authors show that L3(q), is deter-

mined up to isomorphism by order components. Similar characterizations have been

found in [12], [11]. According to the classification theorem of finite simple groups

and [13], [17], [9], we can list the order components of finite simple groups with

disconnected prime graphs as in Tables 1–3 in [10].

In 1980, Thompson posed the following conjecture (see [15], Question 12.38).

Thompson’s conjecture: If L is a finite non-abelian simple group, G is a finite

group with a trivial center, and N(G) = N(L), then L and G are isomorphic.

In 1994, Chen proved in his PhD dissertation [4] that Thompson’s conjecture

holds for all simple groups with a non-connected prime graph (also see [3], [2]).

Recently, Chen and Li contributed interestingly to Thompson’s conjecture under

a weak condition. They only used the group order and one or two special conjugacy

class sizes of simple groups and characterized successfully sporadic simple groups

(see Li’s PhD dissertation [14]) and simple K3-groups (a finite simple group is called

a simpleKn-group if its order is divisible by exactly n distinct primes), by which they

verified Thompson’s conjecture for sporadic simple groups and simple K3-groups.

Also Chen et al. in [5] verified Thompson’s conjecture for the projective special linear

group L2(p) by its order and one special conjugacy class size, where p is a prime.

In [1], we have verified Thompson’s conjecture for the alternating groups of degree p

by its order and one special conjugacy class size, where p is a prime. Hence, it is an

interesting topic to characterize simple groups with their orders and few conjugacy

class sizes. In this paper, we characterize the alternating groups of degrees p+1 and

p+ 2 by their order and one special conjugacy class length, where p is a prime. Our

Main theorem is as follows.

Main theorem. Let G be a group. Then

(a) G ∼= Altp+1 if and only if |G| = (p+ 1)!/2 and G has a conjugacy class of length

(p+ 1)!/2p, where 7 6= p > 5 is a prime number. For the case p = 7, G ∼= Alt8

or L3(4) if and only if |G| = 8!/2 and G has a conjugacy class of length 2 880.

(b) G ∼= Altp+2 if and only if |G| = (p+ 2)!/2 and G has a conjugacy class of length

(p+ 2)!/2p, where p > 5 is a prime number.

We write pk ‖ m if pk | m and pk+1 ∤ m. The other notation and terminology in

this paper are standard, and the reader is referred to [6] if necessary.
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2. Preliminary results

For the proof of the Main theorem we need the following lemmas.

Lemma 2.1 ([7], Theorem 10.3.1). Let G be a Frobenius group with Frobenius

kernel H and Frobenius complement K. Then |K| ≡ 1 (mod |H |).

Lemma 2.2 ([2], Lemma 8). Let G be a finite group with t(G) > 2, and N

a normal subgroup of G. If N is a πi-group for some prime graph component of G,

and µ1, µ2, . . . , µr are orders of some components of G but not a πi-number then

µ1µ2 . . . µr is a divisor of |N | − 1.

Now we state the following lemma which is proved in [13], Lemma 6, with some

differences and classify the simple groups of Lie type with prime odd order component

by the θ function which will be introduced later.

Lemma 2.3. If L is a simple group of Lie type and has prime odd order component

p > 17 and π(L) has at most θ(L) prime numbers t, where p+ 1/2 < t < p, then

θ(L) 6 3.

Throughout the proof of the above lemma, we can divide simple groups of Lie

type, L, with prime odd order component p > 17, into the following cases.

(1) θ(L) = 0 if L is isomorphic to Ap′−1(q), Ap′(q),

where q − 1 | p′ + 1, A2(2),
2Ap′−1(q),

2Ap′(q),

where q + 1 | p′ + 1, 2A3(2), Bn(q),

where n = 2m
′

and q is odd, Bp′(3), Cn(q),

where n = 2m
′

or (n, q) = (p′, 3), Dp′+1(3), Dp′(q) for q = 3, 5,
2Dn(q) for (n, q) = (2m

′

, q), (p′, 3),

where 5 6 p′ 6= 2m
′

+ 1 (or 2m
′

+ 1, 3),

where 5 6 p′ 6= 2m
′

+ 1, G2(q),

where q ≡ ε (mod 3) for ε = ±1, 3D4(q), E6(q) or
2E6(q);

(2) θ(L) = 1 if L is isomorphic to one of the simple groups A1(q),

where 2 | q, A2(4),
2A5(2), Cp′(2), Dn(2),

where n = p′ or p′ + 1, 2Dn(2),

where (n, q) = (2m
′

+ 1, 2) (or p′ = 2m
′

+ 1, 3),

where m′ > 2, E7(2), E7(3), F4(q),
2F4(q),

where q = 22n+1 > 2, or G2(q),

where 3 | q;

(3) θ(L) = 2 if L is isomorphic to the simple groups A1(q),

where q ≡ ε (mod 4) for ε = ±1, 2B2(q),
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where q = 22m
′+1 > 2, or 2G2(q),

where q = 32m
′+1 > 3;

(4) θ(L) = 3 if L is isomorphic to the simple groups E8(q) or
2E6(2).

Lemma 2.4 ([13], Lemma 1). If n > 6 is a natural number, then there are at

least s(n) prime numbers pi such that n+ 1/2 < pi < n. Here

s(n) = 6 for n > 48;

s(n) = 5 for 42 6 n 6 47;

s(n) = 4 for 38 6 n 6 41;

s(n) = 3 for 18 6 n 6 37;

s(n) = 2 for 14 6 n 6 17;

s(n) = 1 for 6 6 n 6 13.

In particular, for every natural number n > 6 there exists a prime p such that

n+ 1/2 < p < n, and for every natural number n > 3 there exists an odd prime

number p such that n− p < p < n.

3. Proof of the Main theorem

Since the necessity of the theorem can be checked easily, we only need to prove

the sufficiency.

P r o o f of Main theorem (sufficiency). By hypothesis, there exists an element x

of order p in G such that CG(x) = 〈x〉 and CG(x) is a Sylow p-subgroup of G. By the

Sylow theorem, we have that CG(y) = 〈y〉 for any element y in G of order p. So, {p}

is a prime graph component of G and t(G) > 2. In addition, p is the maximal prime

divisor of |G| and an odd order component of G. The proof of the main theorem

follows from the following lemmas.

Lemma 3.1. G has a normal series 1 E H E K E G such that H and G/K are

π1-groups, K/H is a non-abelian simple group and H is a nilpotent group.

P r o o f. Let x ∈ G be an element of order p, then CG(x) = 〈x〉. Set H = Op′(G)

(the largest normal p′-subgroup of G). Then H is a nilpotent group since x acts on

H fixed point freely. Let K be a normal subgroup of G such that K/H is a minimal

normal subgroup of G/H . Then K/H is a direct product of copies of some simple

group. Since p | |K/H | and p2 ∤ |K/H |, K/H is a simple group. Since 〈x〉 is a Sylow
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p-subgroup of K, G = NG(〈x〉)K by the Frattini argument and so |G/K| divides

p− 1.

If |K/H | = p, then by Lemma 2.4 and |G| = (p+ 1)!/2 or (p+ 2)!/2, we deduce

that there exists r ∈ π(G) such that p− 1/2 < r < p. So, r ∤ p − 1 and hence,

|G/K| | (p− 1) implies that r ∈ π(H).

Let R be an r-Sylow subgroup of H . Thus |G| = (p+ 1)!/2 or (p+ 2)!/2 shows

that R is a cyclic subgroup of order r. On the other hand, the same reasoning as

before shows that R⋊P is a Frobenius group, where P is a p-Sylow subgroup of K,

so Lemma 2.1 forces p | r − 1 and hence, p+ 1 < r, which is a contradiction. �

If K/H has an element of order rq where r and q are primes, then G has also such

an element. Hence by definition of order components, an odd order component of G

must be an odd order component of K/H . Note that t(K/H) > 2.

Lemma 3.2. (a) If t ∈ π(H), then t 6 p+ 1/2;

(b) A group K/H cannot be isomorphic to a sporadic simple group. Moreover,

if K/H is isomorphic to an alternating simple group, then we must have G ∼= Altn,

where n = p+ 1 or p+ 2.

P r o o f. (a) If t divides |H | where p+ 1/2 < t < p, then since H is a nilpotent

subgroup of G and the order of T , which is the Sylow t-subgroup of H , is equal to t.

By Lemma 2.2, we must have p | t− 1, which is impossible. Thus |H | is not divisible

by the primes t with p+ 1/2 < t < p.

(b) We note that if H 6= 1, by nilpotency of H we may assume that H is a t-group

for t ∈ π1(G).

If K/H ∼= J4, then p = 43. Since 19 ∈ π(G) − π(Aut(J4)), hence 19 ∈ π(H). By

Lemma 2.2, 43 | 19i − 1 for i = 1 or 2, which is impossible.

If K/H ∼= M22, then p = 11. Since 52 | |G| and 5 ‖ |Aut(M22)|, 5 ∈ π(H). So by

Lemma 2.2, we get a contradiction.

If K/H ∼= J2, then p = 7, but 24 ‖ |G| and 27 ‖ |K/H |, which is impossible. If

K/H is isomorphic to other sporadic simple groups we can obtain a contradiction

similarly.

Now let K/H be isomorphic to an alternating group. By Tables 1 and 2 in [10],

K/H must be isomorphic to Altn, where n = p, p+ 1 or p+ 2.

For the case p+ 1, if K/H ∼= Altp, then G/H ∼= Altp or Symp. Let G/H ∼= Altp,

then |H | = p+ 1.

If there is an odd number t ∈ π(H), then t | (p + 1)/2, by nilpotency of H , we

may assume H is a t-group, and by Lemma 2.5, we get a contradiction.
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If p + 1 = 2a, then due to nilpotency of H we may assume H is an elementary

abelian 2-group. So CK(H)/H E K/H . Since K/H is a simple group, H = CK(H)

or K = CK(H).

If K = CK(H), then 2 and p are linked in the prime graph of G, which is a con-

tradiction. Hence H = CK(H). So K/H = NK(H)/CK(H) 6 Aut(H) and then

|K/H | divides f(a) = Πa−1
i=0 (2

a−2i). Since K/H ∼= Altp, p−2 = 2a−3 | f(a), which

is impossible.

If G/H ∼= Symp, then |H | = (p+ 1)/2 and this contradicts Lemma 2.2.

If K/H ∼= Altp+1, then H = 1 and G ∼= Altp+1.

If K/H ∼= Altp+2, then |K/H | > |G|, which is impossible.

For the case p + 2, if K/H ∼= Altp, since G/H ∼= Altp or Symp, we must have

|H | = (p+ 1)(p+ 2) or (p+ 1)(p+ 2)/2, respectively. Let t be an odd prime divisor

of p + 2. By nilpotency of H , we may assume H is a t-group. Lemma 2.2 yields

p | ta − 1. Thus ta = p+ 1, which contradicts gcd(p+ 1, p+ 2) = 1.

If K/H ∼= Altp+1, by the same method we must have |H | = p + 2 when G/H ∼=

Altp+1, and thus we obtain a contradiction by Lemma 2.2. Therefore,K/H ∼= Altp+2

and G ∼= Altp+2. �

Lemma 3.3. If t ∈ π(G/H) and p+ 1/2 < t < p, then t ∈ π(K/H).

P r o o f. It follows from Lemma 3.2 (a), and the proof of Lemma 6 (d) in [13]. �

Lemma 3.4. A group K/H cannot be isomorphic to a simple group of Lie type.

P r o o f. By Lemmas 3.3 and 2.4, we must have 17 6 p 6 37 and θ(K/H) > 2.

Therefore K/H is isomorphic to one of the following simple groups:

(1) L2(q), where q ≡ ε (mod 4) for ε = ±1;

(2) 2B2(q), where q = 22m
′+1 > 2;

(3) 2G2(q), where q = 32m
′+1 > 3;

(4) E8(q) or
2E6(2).

Since one of the odd order components of K/H is equal to p, by Tables 2 and 3

in [10], we must have:

(1) K/H ∼= L2(17) for p = 17;

(2) K/H ∼= L2(19),
2G2(27) or

2E6(2) for p = 19;

(3) K/H ∼= L2(q), where p = q is equal to 23, 29 or 31;

(4) K/H ∼= L2(37),
2G2(27) or

2E6(2) for p = 37.

Let p = 17. Then K/H ∼= L2(17). Since 13 /∈ π(L2(17)), we get a contradiction

by Lemma 3.3.
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Let p = 19. If K/H ∼= L2(19), then since 17 /∈ π(L2(19)), we get a contradiction

by Lemma 3.3. Since 37 | |2G2(27)|, K/H ≇ 2G2(27). For the case K/H ∼= 2E6(2),

we obtain a contradiction by 236 | |2E6(2)|.

Let K/H ∼= L2(q), where p = q is equal to 23, 29, 31, or 37. If p = 37, then

since 23 /∈ π(L2(37)), we get a contradiction by Lemma 3.3. Similarly, we obtain

a contradiction when p = 23, 29, or 31.

Let p = 37. If K/H ∼= L2(37), then since 23 /∈ π(L2(37)), we get a contradiction.

Since 23 /∈ π(2G2(27)), K/H ≇ 2G2(27). If K/H ∼= 2E6(2), a contradiction follows

by 236 | |2E6(2)|. �

Lemma 3.5. If n = 8, then G ∼= L3(4), or Alt8.

P r o o f. We know that G has a normal series 1 ⊳ H ⊳ K ⊳ G such that H and

G/K are π1-groups, K/H is a non-abelian simple group, and H is a nilpotent group.

By Lemma 3.2 (b), K/H cannot be isomorphic to a sporadic simple group, and if

K/H is isomorphic to an alternating simple group, then we must have G ∼= Alt8.

Let K/H be isomorphic to the simple group of Lie type G(q) where q = sm and s

is a prime number. We know that 7 is one of the odd order components of K/H . So

s = 2, 3, or 7. Then the order of all Sylow t-subgroups of G are less than or equal

to 64 or 81. Therefore, K/H ∼= L2(7), L2(8), L3(4), L4(2) ∼= Alt8 or U3(3).

If K/H ∼= L2(7), L2(8) or U3(3), then since 5 ∈ π(G) − π(Aut(K/H)), we have

5 ∈ π(H), which contradicts Lemma 3.2 (a).

Therefore, K/H ∼= L3(4), or L4(2) ∼= Alt8. Since |G| = |L3(4)| = |Alt8|, G ∼=

L3(4), or Alt8. �

Now Lemmas 3.2 (b), 3.4, and 3.5 imply Main theorem.

Corollary 3.6. Thompson’s conjecture holds for the alternating groups of degrees

p+ 1 and p+ 2, where p is a prime number.

P r o o f. Let G be a group with trivial central and N(G) = N(Altn), where

n = p + 1 or p+ 2. Then it is proved in [3], Lemma 1.4, that |G| = |Altn|. Hence,

the corollary follows from Main theorem. �

Acknowledgment. The authors are thankful to the referee for carefully reading

the paper and for his suggestions and remarks.

69



References

[1] A.K.Asboei, R.Mohammadyari: Recognizing alternating groups by their order and one
conjugacy class length. J. Algebra. Appl. 15 (2016), 7 pages.
doi: 10.1142/S0219498816500213.

[2] G.Chen: Further reflections on Thompson’s conjecture. J. Algebra 218 (1999), 276–285.
[3] G.Chen: On Thompson’s conjecture. J. Algebra 185 (1996), 184–193.
[4] G.Y.Chen: On Thompson’s Conjecture. PhD thesis, Sichuan University, Chengdu, 1994.
[5] Y.Chen, G. Chen: Recognizing L2(p) by its order and one special conjugacy class size.
J. Inequal. Appl. (electronic only) 2012 (2012), Article ID 310, 10 pages.

[6] J.H. Conway, R.T. Curtis, S. P.Norton, R.A. Parker, R.A.Wilson: Atlas of Finite
Groups. Maximal Subgroups and Ordinary Characters for Simple Groups. Clarendon
Press, Oxford, 1985.

[7] D.Gorenstein: Finite Groups. Chelsea Publishing Company, New York, 1980.
[8] M.Hagie: The prime graph of a sporadic simple group. Comm. Algebra 31 (2003),
4405–4424.

[9] N. Iiyori, H. Yamaki: Prime graph components of the simple groups of Lie type over the
field of even characteristic. J. Algebra 155 (1993), 335–343.

[10] A. Iranmanesh, S. H.Alavi, B.Khosravi: A characterization of PSL(3, q) where q is an
odd prime power. J. Pure Appl. Algebra 170 (2002), 243–254.

[11] A. Iranmanesh, B.Khosravi: A characterization of F4(q) where q is an odd prime power.
London Math. Soc. Lecture Note Ser. 304 (2003), 277–283.

[12] A. Iranmanesh, B.Khosravi, S.H.Alavi: A characterization of PSU3(q) for q > 5. South-
east Asian Bull. Math. 26 (2002), 33–44.

[13] A.S.Kondtratev, V.D.Mazurov: Recognition of alternating groups of prime degree from
their element orders. Sib. Math. J. 41 (2000), 294–302.

[14] J.B. Li: Finite Groups with Special Conjugacy Class Sizes or Generalized Permutable
Subgroups. PhD thesis, Southwest University, Chongqing, 2012.

[15] V.D.Mazurov, E. I.Khukhro: The Kourovka Notebook. Unsolved Problems in Group
Theory. Including Archive of Solved Problems. Institute of Mathematics, Russian
Academy of Sciences, Siberian Div., Novosibirsk, 2006.

[16] A. Vasil’ev: On connection between the structure of a finite group and the properties
of its prime graph. Sib. Math. J. 46 (2005), 396–404.

[17] J. S.Williams: Prime graph components of finite groups. J. Algebra. 69 (1981), 487–513.

Authors’ addresses: A l i r e z a K h a l i l i A s b o e i (corresponding author), Depart-
ment of Mathematics, Farhangian University, Shariati Mazandaran, Sari, Iran, and De-
partment of Mathematics, Buinzahra Branch, Islamic Azad University, Buin Zahra, Iran,
e-mail: khaliliasbo@yahoo.com; R e z a Mo h ammad y a r i, Department of Mathematics,
Buinzahra Branch, Islamic Azad University, Buin Zahra, Iran, e-mail: rezamohammadyari@
gmail.com.

70


		webmaster@dml.cz
	2020-07-03T22:00:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




