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Abstract. We solve the initial value problem for the diffusion induced by dyadic fractional
derivative s in RT. First we obtain the spectral analysis of the dyadic fractional derivative
operator in terms of the Haar system, which unveils a structure for the underlying “heat
kernel”. We show that this kernel admits an integrable and decreasing majorant that
involves the dyadic distance. This allows us to provide an estimate of the maximal operator
of the diffusion by the Hardy-Littlewood dyadic maximal operator. As a consequence we
obtain the pointwise convergence to the initial data.
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1. INTRODUCTION

The classical result of pointwise convergence to the initial data for the heat equa-
tion Ou/dt = Au, u(z,0) = f(z) can naturally be extended to fractional diffusions of
the type Ou/0t = —(—Au)®, u(z,0) = f(x), with 0 < s < 1. This fact follows from
the estimates for the Fourier transform of e~l¢l* given by Blumenthal and Geetor
in [2]. In fact when s = 1 we are in the classical local case. In this case the solution
is given by convolution of the Weierstrass kernel with f. Hence its maximal function
sulg |u(z,t)| is bounded above by the Hardy-Littlewood maximal function M f(x).
t>

When 0 < s < 1 the results in [2] prove that, even when the decay of the kernel is no
longer gaussian, we have that it is bounded above by a constant times (14 |z|)~"~2.
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So we still have the inequality

(1.1) sup |u(x,t)] < CM f(x).

t>0

We can rephrase the above for 0 < o < 2 without the use of the Fourier transform
by saying that (1.1) holds for the solution of

ot

{@:—D"u7 reR™ t>0,
U(IE,O) = f(x)v xr € R™,

given by k; * f(z) = u(z,t) with k(z) the inverse Fourier transform of e !¢/ where

D7 g(x) = p'V'/,, 9(z) —9(y) 4

x—y[rte

It is well known that D7 = (—A)?/2, see for instance [3]. Let us remark that Fourier
analysis is used here to obtain the right estimates for the kernel given by the Fourier
transform of e~ l¢",

In this note we aim at proving pointwise convergence for the initial value problem

ou
ot
u(z,0) = f(z), x€R",

~D3u, z€RY, t>0,

where

DZ, g(x) = /R 9@) ~9W) g,

+ ()t

and 0(z,y) is the measure of the smallest dyadic interval containing both x and y.
We say that 4 is the dyadic distance in R+. The dyadic operator D was introduced
n [1]. We show that

sup |u(z,t)] < CMgy f(x)
>0

where Mg, denotes the dyadic Hardy-Littlewood maximal operator, i.e.

(12) My f(@) = s [ 111,

z€I€ED |I|
where the supremum is taken over the family of all dyadic intervals of RT contain-
ing z. In doing that we unveil the generalized Fourier analysis involved in Dgy
(0 < o < 1). The basic fact is that the Haar functions are eigenfunctions of Dg,
This allows to provide a structure for the underlying “heat kernel”. Finally we show
that this kernel admits an integrable and decreasing majorant in terms of d(x,y).
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The paper is organized as follows. We introduce the general setting and state the
main results in Section 2. In Section 3 we obtain the spectral analysis of the opera-
tor D, in terms of the Haar system and prove Theorem 2.1. Section 4 is devoted
to obtaining the maximal estimate contained in statement (2.4) of Theorem 2.2 and
as a consequence we demonstrate the pointwise convergence to the initial data.

2. SETTING AND STATEMENT OF THE MAIN RESULTS

Let 2 = |J 27 be the family of all dyadic intervals in RT organized in genera-
jEZ
tions 27. If I belongs to 27, then I = I} = [(k —1)277,k277) for some k € Z* and
|I| = 277, where the vertical bars denote Lebesgue measure in R.

For each I € 97 there exist 2 disjoint intervals It and I~ in 277! both contained
in I, which are precisely the right and left halves of I, respectively. An “ancestor”
of I is any J € & such that I C J. Given I and I’ in 2, we shall say that J € 2
is the “first common ancestor” of I and I’ if J is an ancestor of both I and I’ and
J C J' for any common ancestor J' of I and I’.

The dyadic distance 6(z,y) from x to y, both in RT, is defined as the measure of
the smallest dyadic interval J € & containing both = and y and §(x, ) = 0. Notice
that for any two points x and y in R™, §(z, y) is well defined since for |j| large enough
and j negative the interval [0,277) is dyadic and contains z and y. As is easy to see
|z —y| < d(z,y) but 1/6(x,y) is still singular in the sense that [, dy/é(z,y) = oo
even when st(myl) dy/6(z,y)'~¢ and fR+\Bg(a:,1) dy/6(z,y)'T¢ are both finite for
€ > 0. See Lemma 3.1 in Section 3.

For I € & we shall write h; to denote the Haar function supported on I. In other
words hy = |I|*1/2 (x7- — X1+ ), where x g denotes the indicator function of the set E.
The system H = {hy: I € 2}, known as the Haar system, is an orthogonal basis
for L?(R*) and an unconditional basis for L?(RT),1 < p < oo (see for example [4]).
The span of the set of Haar functions will be denoted by S(#), that is, if f € S(H)
then there exists a finite subset F,, of 2 such that

f) =Y (fih)hi(x),

IeFy

where (f,hs) denotes the inner product [, fhydz as far as it is well defined.
The fractional dyadic derivative of order o € (0, 1) of a function f is defined by

flz) = fy)

Dy f(x) = - W Y
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provided that the integral is absolutely convergent. This is the case if for example f
is a bounded Lipschitz function with respect to §. In particular, if f is Lipschitz in
the classical sense, since |x — y| < d(z, y).

We are now in position to state our main results.

Theorem 2.1. Let 0 < 0 < 1 be given. Then,
(1) for each hy € H we have

(2.1) D3 hi(z) = bs|I|"7hi(x),

with b, = 1+ [2(2° — 1)]7;
(2) for f € S(H) the function u defined in R x Rt by

u(z,t) = Z e Pl f by )by ()

s
solves the problem
ou
—(x,t) = —Dj t ERT >0
(22) { ot ((E, ) dyu(xv )a z ) )
U(IE,O):f((E), xERJr;

(3) u(x,t) can be written as an integral operator with the positive and finite kernel

1 (5(w,y))7

ki(z,y) = 177\ /e

where

® | =

p(s) =

{—ebvs‘” +> 2J‘ebo<2-fs>-“]

j=1
for t > 0. In other words

(2.3) u(a, 1) = / R ) ) dy

Theorem 2.2. Let 0 < 0 < 1,1 < p < oo and f € LP(RT) be given. Then the
integral in (2.3) is absolutely convergent for almost every x € RY and u(-,t) belongs
to LP(RT) for each t > 0. Moreover,

(1) the function u(x,t) satisfies
(2.4) sup |u(z,t)] < CMgy f(x)
>0
for some constant C > 0;
(2) u(-,t) converges to f in LP ast tends to 0;
(3) tliré1+ u(x,t) = f(x) for almost every z € RT.

196



3. THE DYADIC FRACTIONAL DIFFERENTIAL OPERATOR
AND THE PROOF OF THEOREM 2.1

The first result in this section is an elementary lemma which reflects the one
dimensional character of R* equipped with the distance 6.

Lemma 3.1. Let 0 < € < 1, and let I be a given dyadic interval in R*. Then,

for x € I, we have
dy
— =c I
/15(»”6,1/)1*5 l

dy _
— =C.|I|"*
/u;e+\1 d(z,y)tte d

where c. = 2°71(2° —1)7! and C. = [2(2° — 1)] !

and

Proof. Observe that the open ¢ ball Bs(x,r) is the largest dyadic interval I
containing = with length less than r. Then for I € 27 and z € I we have

[ S Ly
0@,y Jpy(ae-itny 0z, y)tE ~  Jiy: 2+ 1<6(ay)<2-+) O(T,y) e

k=j—1
= {y: 6(z,y) =271} 2~ (DD
k=j—1
1 (o)
= - (k4+1)e
T2 Z 2 =
k=j—
The proof of the second identity follows the same lines. O

Let us notice that the indicator function of a dyadic interval I € 2 is a Lipschitz
function with respect to the distance 6. In fact |x;(z) — xr(y)| < d(z,y)|I|~*. Hence

for 0 < ¢ < 1, the integral
/ xr(@) — i([(y) dy
R+ 6(1‘) y) to

is absolutely convergent since by Lemma 3.1 for every x € RT and for any dyadic
interval J containing x we have that

[ @)= ‘ /m a +/ r(e) — )l
R+ (5(:[: y 1+U (E y 1+0 Je 5($,y)1+‘7
dy
III / §(x e O(z,y)tte
< |I|01 alJI1 7+ 2C,|J]7°.
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Now, for 0 < 0 < 1 we are in position to define the operator Dgy on the linear
span S(H) of the Haar system H, by

f@) - 1) o,

R+ (5(1‘, y)lJrU

(3.1) D, f(x) =

Although in [1] the authors prove that Haar functions are eigenfunctions of Dg,

we will give a simpler alternative proof.

Proof of Theorem 2.1. Notice that for I,I’ € 2 with I NI’ = 0, we have that
(3:2) o(z,y)=C, zel, yel.

Moreover, C' = |J|, where J is the first common ancestor of I and I’.
Take hy € H. Suppose first that « ¢ I. Since h; is supported on I, we have
hr(x) = 0. Hence

JH S = o st 0 e

The first integral on the right hand side is zero since hy(y) = 0 for all y € RT \ I.
For the second integral, since « ¢ I and y € I, we apply (3.2) to obtain

/5_’” - —c—l—”/m(y) dy = 0.
I

Therefore, we have proved (2.1) for x ¢ I.
Suppose now that x € I. Let us denote by I* the child of I which contains z.
Then

O(z,y)tte O, y)tte 6(z,y)tte

hi(z) = hily) [ hilz) = hi(y) hi(z) — hi(y)
/I dyf/* dy+/j\1* dy

Since hy is constant in each child of I, the integral over I* vanishes. Note that in
the integral over I \ I* we have d(x,y) = ||, hence

o3 [ M= [ ) - hi)a

=117 [ (@) = hatw) ay
= |17t ”[/hf )dy — /hl dy]
1 @) = 1] b (o
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Finally, applying Lemma 3.1, we have that

h[(.l?) B hI(y) _ . . —1—0 — x —0
s [ A=) [y = @

Hence, from (3.3) and (3.4) we obtain

o [ hi(z) = hi(y) hi(z) — hr(y)
Diyha(e) = /1 S(z, y)tte vt /uw\f S(z,y)tte W
=I|7%(z) + Co|I|"hr(x) = (L + Co)|I|”7hy(z).

Thus we have proved (2.1) for « € I, and the proof of (1) in Theorem 2.1 is complete.
In order to show (2), notice first that, from (1), the identity

DG f(x) = bolI|"(f, hr)hi(x)

1€e2

holds for every f € S(#). Hence for such an f, the function

(3.5) =Y e TN f b hy ()

1€e2

solves problem (2.2). In fact, the orthonormality of the Haar system shows that the
series defining u has only a finite number of non vanishing terms, so that

ou P o )
e, t) = 3 =b 177 T f h b () = = 37 e M f ) DY i)
Ie2 Ico
— _Dgy<z e b1t g, h1>h[>(x) = —D3 u(z,t).
1€

On the other hand, it is immediate that u(x,0) = f(x).
Finally, to prove (3), set for t > 0

(3.6) ki(z,y) = Z e Wty (y)hy ().

I€e2

Notice that for fixed positive z, k;(x,y) can be regarded as the function of y whose
Haar coefficients are given by c;(z,t) = e~ I""th;(z). This function of 3 belongs
to L2(Rt) since |cs(z,t)|> = e~ 20I/1"7¢|I|=1 whenever x € I. Hence

Z ler(z,1)] Ze 20, 1|~ "t|I| 1 Z :ef2b(,2j”t2j7

Ie2 137 jez
I>x
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which is finite. Then for f € S(#H) the integral fR+ ki(z,y)f(y)dy is absolutely
convergent. Therefore writing the integral as an inner product and noticing that

(53 entwtihn ) = 3 erta0)f ),

1€2 1€2

we obtain from (3.5) that
it kt(xa y)f(y) dy = u(a:, t)'

Notice first that for fixed z and y in R, the only contribution to (3.6) are the terms
in which I contains both x and y. We shall denote by I the first common ancestor
of z and y, and let [ be such that I € 2'. Also we shall denote by I7 the dyadic
interval in 2'~7 containing I°. Then

y)= Y e (y)hs ()
§=0

:efb(,\jol—vthlo h[o _’_Zefb \]J‘ athp( )hlj(x).
j=1

Let us observe that, for every j > 1,  and y belong to the same child of I7, so that
h1i(y) = hpi(x). Moreover,

hii (y)hos () = ||
Hence,

o—bolI7| 7t

0|—0o
kt(l',y) = efbg‘f ‘ th[O h[O Z |I.7

j=1

Now, notice that d(z,y) = |I°| and that |[I7| = 27|I°|. Also, since z and y belong to
different children of I°, we have that hjo(y)ho(z) = —|I°|~!. Then, we obtain that

e bo(28(2,y)) "t

kr(z,y) = —e Po0@w) 7ls T4+ Z 55(e9)
1 { —bod(x,y) Tt —bo (295( 4
= — e (z _|_ 2= Je (z,y)) "7t .
5(z,y) ;

Hence, defining ¢: RT™ — R by

1 —0c - ig)—c
o(5) = 3 |-entee T 4 et |

J=1
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we have that

1 (5(fc,y)).

ki(z,y) = 177\ /e

Notice that the series defining ¢(s) converges for every positive s. On the other
hand, since e %% 7 < e (2’9)"7 for every j > 1, ¢(s) is strictly positive for every
s > 0. Therefore the proof of (3) in Theorem 2.1 is complete. O

4. MAXIMAL FUNCTION ESTIMATES AND THE PROOF OF THEOREM 2.2

To start with the analysis of the way in which the initial condition is attained, in
this section we shall denote by K; the operator with kernel &, i.e.

Ko f(x) = / b)) dy = w0

In this section we aim at proving that the maximal operator K* associated with
u(x,t) satisfies

K™ f(z) = sup | K¢ f(z)| = sup [u(z, t)] < CMay f(z),
t>0 t>0

for every f € LP(R™), where Mg, denotes the dyadic Hardy-Littlewood maximal
operator defined in (1.2). In order to do this, we shall construct a decreasing function
t: RY — RT such that ¢ € L(0, 00) with

L (@)
k@) < sz (S5 )-
Proof of Theorem 2.2. For s > 0, since Y.277 =1 and [e*| < 1 for z € RT,
i>1

1 ,
pls) < 5D 271 —et
j=1

we have

—0o

!

Then using the Taylor expansion for the exponential function we obtain
1 b b
- —J|2] = 27
@ o) <5227 [F] =
Jjz1

For 0 < s < 1, fix 0 < € < 1 and define n(s) := |—¢elog, s|, where [-| denotes the
floor function. Then we can split the series defining ¢ in the following way:

s n(s)

o bo 1 . joy—o 1 . jo\—o
(4.2) Pls) = g =S 27T @ L 2§ giebe (977
5 5 Jj=1 5 j>n(s)
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The absolute value of the first term on the right hand side of (4.2) is clearly bounded.
The second term is also bounded since for j < n(s) we have that e be(275)77 <
e=bes™ 797 Then

n(s —b s— (=)o n(s) —b s— (=)o

_22 Je—ba (2977 22 i

For the third term we can see that

1 ; jig-o 1 1 2 2
z E 9= Jg=ba(278)77 = E 9= ¢ Z9=n(s) « 28 )

X X X 1—¢
5 ji>n(s) 5 ji>n(s) s s 5

Therefore, for 0 < s < 1 we have that

C

gl—e’

(4.3) p(s) <

So, from (4.1) and (4.3), ¢(s) < 1(s) for every s € RT with

1/st7¢ ifo<s<1,
P(s) = C{

1/stt7 ifs>1

for some positive constant C. Hence,

Kl ()] < / eIl < [ ae(SH2) 1wl dy

§(z,y)
= d
Z ti/e /y t1/221<5(z,y) t1/02j+1}w< tt/e )|f(y)| Y

‘]_700

. . 1
< 271y (27 7/ dy.
S 2 STTTT Jy, o rmgyen, TN

j=—o00
Since |Bs(z,r)| < r and each Bjs is a dyadic interval, we have

> _ . 1
Kif(@) < D 27 ‘
| tf(x)| ,ll)( )lBé(x7t1/‘723+1)| Bs(z,t1/02i+1)

j—foo

|f(y)l dy

< Z 27+ ( QJ)Mdyf( ) =4May f(z Z /{ e <2}¢(2J)
y: 20 -1y<2d

j=—00 Jj=—o0

< 4May f(2) / ) dy < Al May  0).

202



Therefore, taking supremum in ¢ we obtain
sup K, )] < 41 May S (@)
>

which completes the proof of (1) in Theorem 2.2.
In order to prove (2), notice first that for g € S(H) and 1 < p < oo we have the LP
convergence of K;g to g. Take f € LP, then for a function g in S(H) we have that

IKef = fllee <NKe(f —9)llee + 1 Keg — gllee + [lg — fllze
< C[May(f = 9llze + [1Keg — glle + lg — fllze
<

Cllf = gllze + 1 K9 — gllLe.

So, from the above remark and the density of S(#) in LP we obtain the desired
result.

Finally, as usual, the pointwise convergence to the initial data in (3) is an imme-
diate consequence of the boundedness properties of the maximal operator associated
with « and the pointwise convergence in a dense subset of L? (1 < p < 0c0). We will
sketch a brief proof for the sake of completeness.

Since we already know that K;f — f in the LP sense as t — 07, in order to prove
the pointwise convergence, define

E={felL”: th%1+ K.f exists for almost every = € RT}.
—

Notice that S(H) C E C LP. Since S(#) is dense in LP, we only need to prove
that F is a closed subset of L?. Let {f,} be a sequence contained in F such that f,
converges in LP to a function f. To see that f € F it is enough to prove that for all
€ > 0 we have

(4.4) |E:| == Hx limsup K f(z) — liminf K, f(z) > 5}‘ =0.
t—0+

t—0t

For every n we can write

|Ee| < Hx limsup K, f,(z) — liminf K, f,,(x) > EH
t—0t

t—0+ 3
+ Hx liﬁ(s)lijt(f — fo)(z) > %H + Hx litIEéEfKt(f — fa)(z) < —%}‘

The first term is zero since f, € E. For the other two terms we use the weak type
inequality boundedness on LP of the maximal operator K* which follows from the
item (1). Notice that for every function g we have that

liminf Kyg(z)| < K*g(x) and |limsup Kig(z)| < K*g(z).

t—0+ t—0+
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Then, since K* is weakly bounded on L?, we obtain

o € c P
Hx lltniingt(f — fu)(x) > g}‘ < E—prn — fliz»
and C
e _ _E v P
{o tmint (5 = £)@) < =5 }| < A= S
Hence,

c
B2l < Sl = I

When n tends to infinity we have (4.4). Then E is closed and therefore E = LP.
This means that for every f € LP we have that

lim u(x,t) = lim K,f exists for a.e. z € R™.
t—0+ t—0+

But we already know that u(z,t) — f(z) when ¢ — 0% in L?, hence (3) follows,
which completes the proof. ([
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