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Abstract. We propose an adaptive finite element method for the solution of a coefficient
inverse problem of simultaneous reconstruction of the dielectric permittivity and magnetic
permeability functions in the Maxwell’s system using limited boundary observations of the
electric field in 3D.

We derive a posteriori error estimates in the Tikhonov functional to be minimized and in
the regularized solution of this functional, as well as formulate the corresponding adaptive
algorithm. Our numerical experiments justify the efficiency of our a posteriori estimates and
show significant improvement of the reconstructions obtained on locally adaptively refined
meshes.

Keywords: Maxwell’s system; coefficient inverse problem; Tikhonov functional; La-
grangian approach; a posteriori error estimate
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1. INTRODUCTION

This work is a continuation of the recent paper [6] and is focused on the numerical
reconstruction of the dielectric permittivity e(x) and the magnetic permeability p(x)
functions in Maxwell’s system on locally refined meshes using an adaptive finite ele-
ment method. The reconstruction is performed via minimization of the correspond-
ing Tikhonov functional from backscattered single measurement data of the electric
field E(x,t). That means that we use backscattered boundary measurements of the
wave field F(z,t) which are generated by a single direction of a plane wave. In the

This research is supported by the Swedish Research Council (VR). The computations
were performed on resources at Chalmers Centre for Computational Science and Engi-
neering (C3SE) provided by the Swedish National Infrastructure for Computing (SNIC).
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minimization procedure we use domain decomposition finite element /finite difference
methods of [5] for the numerical reconstructions of both the functions.

Comparing with [6], we present the following new points here: we adopt results
of [8], [9], [21] to show that the minimizer of the Tikhonov functional is closer to
the exact solution than a guess of this solution. We present the relaxation property
for the mesh refinements for the case of our inverse problem and derive a posteriori
error estimates for the error in the minimization functional and in the reconstructed
functions e(x) and p(z). Further, we formulate two adaptive algorithms and apply
them in the reconstruction of small inclusions. Moreover, in our numerical simula-
tions of this work we induce inhomogeneous initial conditions in Maxwell’s system.
Non-zero initial conditions involve uniqueness and stability results of reconstruction
of both the unknown functions e(x) and p(z), see details in [6], [11]. Using our
numerical simulations we can conclude that an adaptive finite element method can
significantly improve reconstructions obtained on a coarse non-refined mesh in order
to accurately obtain shapes, locations and values of functions e(x) and p(z).

An outline of this paper is as follows: in Section 2 we present our mathematical
model and in Section 3 we formulate forward and inverse problems. In Section 4
we present the Tikhonov functional to be minimized and in Section 5 we show dif-
ferent versions of the finite element method used in computations. In Section 6
we formulate the relaxation property of mesh refinements and in Section 7 we in-
vestigate the general framework of a posteriori error estimates in coefficient inverse
problems (CIPs). In Sections 8, 9 we present theorems for a posteriori errors in
the regularized solution of the Tikhonov functional and in the Tikhonov functional,
correspondingly. In Sections 10, 11 we describe mesh refinement recommendations
and formulate adaptive algorithms used in computations. Finally, in Section 12 we

present our reconstruction results.

2. THE MATHEMATICAL MODEL

Let a bounded domain Q C R%, d = 2,3, have Lipschitz boundary 92 and let us
set Qp = Q x (0,7), 0Qr := 0 x (0,T), where T > 0. We consider Maxwell’s
equations in an inhomogeneous isotropic media in a bounded domain Q C R?

D -V x H(z ,t): in Qr
B+ V x E(x,t) = in Qr,
(2.1) D(z,t) = eE(z,t), B( ) = pH(z,t),
' E(z,0) = Ey(z), H(zx,0) = Hy(z),
V- -D(z,t)=0, V-B(z,t)=0 in Qp,
n X D(x,t) =0, n-B(x,t)=0 on 7,
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where © = (21, 22,23). Here, E(z,t) is the electric field and H(x,t) is the mag-
netic field, e(x) > 0 and u(x) > 0 are the dielectric permittivity and the magnetic
permeability functions, respectively, Ey(z) and Hy(z) are given initial conditions.
Next, n = n(x) is the unit outward normal vector to 9. The electric field E(x,t) is
combined with the electric induction D(zx,t) via

D(z,t) = eE(x,t) = eyacer Bz, t),

where €y,c ~ 8.854 x 107!2 is the vacuum permittivity which is measured in Farads
per meter, and thus &, is the dimensionless relative permittivity. The magnetic field
H(x,t) is combined with the magnetic induction B(z,t) via

B(:L’,t) = :L"H(xat) = ,LtvaCILLTH(Q:,t),

where fivac ~ 1.257 x 1079 is the vacuum permeability measured in Henries per
meter, which implies that u, is the dimensionless relative permeability.

By eliminating B and D from (2.1), we obtain the model problem for the electric
field E with the perfectly conducting boundary conditions:

0*FE

) Ew+VX(M71VXE)=O inQT,
) V(€E)=O inQT,
) E(z,0) = fo(x), Fe(x,0) = fi(z) in Q,
) Exn=0 ondQr.

Here we assume that
fo € H(Q), f1 € L*(Q).

By this notation we shall mean that every component of the vector functions fy and
f1 belongs to these spaces. Note that equations similar to (2.2)—(2.5) can be derived
also for the magnetic field H.

As in our recent work [6], for the discretization of Maxwell’s equations we use
a stabilized domain decomposition method of [4]. In our numerical simulations we
assume that the relative permittivity e, and relative permeability u, do not vary
much, which is the case of real applications, see recent experimental work [10] for
similar observations. We do not impose smoothness assumptions on the coefficients
g(x), p(z) and we treat discontinuities in a way similar to [13]. Thus, a discontinuous
finite element method should be applied for the finite element discretization of these
functions, see details in Section 5.
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3. STATEMENTS OF FORWARD AND INVERSE PROBLEMS

We divide Q into two subregions, Qrgm and Qout such that Q = Qrem U Qour,
Qrem N Qour = 0, and INrrMm C ONour. For an illustration of the domain de-
composition, see Figure 1. The boundary 92 is such that 9Q = 012 U QU 039,
where 0:1€) and 0> are, respectively, front and back sides of the domain €2, and
05€) is the union of left, right, top and bottom faces of this domain. For numerical
solution of (2.2)—(2.5) in Qouyr we can use either the finite difference or the finite
element method on a structured mesh with constant coefficients e =1 and = 1. In
Qrem, we use finite elements on a sequence of unstructured meshes K, = { K}, with
elements K consisting of triangles in R? and tetrahedra in R? satisfying the maximal
angle condition [12].

¢) Test 2: Q = Qppm U Qour d) Test 2: Qreum

Figure 1. Domain decomposition in numerical tests of Section 12. a), ¢) The decomposed
domain Q2 = Qpgym U QouT- b), d) The finite element domain QEg\.

Let S := 012 x (0,T), where 0;12 is the backscattering side of the domain  with
the time domain observations, and define S 1 := 012 x (0,t1], S1,2 := 0 QA x (t1,T),
Sg:= 020 x (0,T), S3:= 050 x (0,T).

To simplify notation, further we will omit subscript r in €, and p,. We add
a Coulomb-type gauge condition [1], [26] to (2.2)—(2.5) for stabilization of the finite
element solution using the standard piecewise continuous functions with 0 < s < 1,
and our model problem (2.2)—(2.5) which we use in computations rewrites as

0’FE

+ VX (p'VXxE)=sV(V-(cE) =0 inQr,

E(2,0) = fo(z)., Eu(x.0)=fi(z) inQ,

OnE =1(0,f(t),0) onSi1, OE=-0FE onbSa,

OnE=-0F onS;, 0,FE=0 onSs,
wx)=¢e(x) =1 in Qour.
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In the recent works [5], [6], [10] it was demonstrated numerically that the solution
of the problem (3.1) approximates well the solution of the original Maxwell’s system
for the case when 1 < p(z) < 2,1<e(z) <15and s =1.

We assume that our coefficients e(x), pu(z) of equation (3.1) are such that

(3.2) e(z) € [1,d1], dy =const. >1, e(z)=1 for z € Qour,
p(x) € [1,ds], dg2 =const. >1, p(x)=1 forz € Qour.

In our numerical tests the values of constants dy,ds in (3.2) are chosen from experi-
mental set-up similarly to [10], [30] and we assume that we know them a priori.
This is in agreement with the availability of a priori information for an ill-posed
problem [2], [16], [32]. Through the work we use the following notation: for any
vector function u € R® when we write u € H*(Q), k = 1,2, we mean that every
component of the vector function u belongs to this space. We consider the following

Inverse Problem (IP). Assume that the functions e(z) and p(z) satisfy con-
ditions (3.2) for the known dy,ds > 1 and are unknown in the domain Q \ Qour.
Determine the functions e(x), u(x) for z € Q \ Qour, assuming that the following
function E(z,t) is known:

(3.3) E(x,t) = E(z,t) ¥ (z,t) € Sr.

The function E(z,t) in (3.3) represents the time-dependent measurements of the
electric wave field FE(z,t) on the backscattering boundary 0:. In real-life exper-
iments, measurements are performed on a number of detectors, see details in our
recent experimental work [10].

4. TIKHONOV FUNCTIONAL

We reformulate our inverse problem as an optimization problem, where we seek for
two functions, the permittivity (z) and permeability p(z), which result in a solution
of equations (3.1) with best fit to time and space domain observations E , measured at
a finite number of observation points on 01{). Our goal is to minimize the Tikhonov
functional

(4.1) J(e,p) = J(E,e,p) = %/5 (E — E)?25(t)do dt

1 1
+tom / (e —eo)?dz + 3 / (1 — po)? da,
Q Q
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where E is the observed electric field, E satisfies the equations (3.1) and thus depends
on ¢ and pu, € is the initial guess for € and po is the initial guess for u, and ~;,
i = 1,2, are the regularization parameters. Here, z5(¢) is a cut-off function, which
is introduced to ensure that the compatibility conditions at Qr N {t = T} for the
adjoint problem (4.10) are satisfied, and 6 > 0 is a small number. The function zs
can be chosen as in [6].

Next, we introduce the spaces of real valued vector functions

(4.2) Hy = {we HY(Qr): w(-,0) =0},
Hy :={we H (Qr): w(-,T) =0},

Ul = HL(Qr) x HL(Q7) x C(Q) x C(Q),

U° = L?(Qr) x L*(Qr) x L*(Q) x L*(Q).

We also define the L? inner product and the norm over 1 and 2 as

(u,v)ar = /Q/OT uv dz dt,

lull? = (u, war,
(u,v)q = / uv dez,
Q
ul* = (u, u)q.
To solve the minimization problem we take into account (3.2) and introduce the
Lagrangian
(4.3)
L(U) = J(Ea & ,LL) - ((Eat}\a atE))QT - (8)\(%, 0)7 fi (x))ﬂ + ((Mflv X E,V x )\))QT
+5(V-(E), V- Nar = (A p®))si; + (A E)s, , + (A E))s,,

where u = (E,\,e,p) € Ut and p(t) = (0, f(¢),0), and J; define the derivative in
time. We now search for a stationary point of the Lagrangian with respect to u
satisfying for all @ = (E, \,&,71) € U!

(4.4) L'(w;@) =0,

where L'(u;-) is the Jacobian of L at u. The equation above can be written as

@) V) = 5 + 5EE) + G E) + 5@ =0

To find the Fréchet derivative (4.5) of the Lagrangian (4.3) we consider L(u + u) —
L(u) for all m € U' and single out the linear part of the obtained expression with
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respect to w. In our derivation of the Fréchet derivative we assume that in the
Lagrangian (4.3) the functions u = (E, \, ¢, 1) € U can vary independently of each
other. In this approach we obtain the same result as by assuming that the functions
E and X are dependent on the coeflicients €, i, see also Chapter 4 of [8] where
similar observations take place. Taking into account that F(z,t) is the solution of
the forward problem (3.1), assumptions that A(z,T) = (OA/0t)(x,T) = 0 as well as
w=¢=1on 990, and using conditions (3.2), we obtain from (4.5) that for all @

(4.6)
0= g_i(u)(x) = - ((Eatxa atE))QT - (€f1($),X(£L',O))Q + ((M_lv X B,V x X))QT
+ S((V : (€E), \% X))QT - ((Xﬂp(t)))sl,l + ((Xa atE))Sl,Z
+ (X 0:E)s, VYXe Hy(Qr),
4.7)
0= g—é(u)@) = (B = E,E2))s; — (¢0\, 0 E)ar + (17'V x A,V x E)o,

+ S((V AV (EE)))QT - ((8t/\7E))51,2US2
— (eE(z,0),0:\(2,0)) VYE € H5(Qr).

Further, we obtain two equations that express that the gradients with respect to ¢
and p vanish:

w8 0=2Lwe = - (@18, - (M0, A@R)
+5(V-EE),V-Nay +7(e —¢c0,8)a Vre,
49) 0= S = (1Y X BV x May + (i~ o Vo € 2

We observe that the equation (4.6) is the weak formulation of the state equa-
tion (3.1) and the equation (4.7) is the weak formulation of the adjoint problem

9%\ -
(410) 22 4V x (1 x \) = seV(V - \) = —(E — E)|g,25 in Qr,

ot?
o\
/\(aT) - E(7T) - 07

8n)\ = 8t/\ on 5172,
OpA = O\ on Sy,
OpA=0 on S3,

which is solved backward in time.
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We now define by E(e, ), Mg, 1) the exact solutions of the forward and adjoint
problems for given ¢, u, respectively. Then defining

U’(Evu) = (E(E7M)a /\(5#)757#) € U17

using the fact that for exact solutions E(e, u), A(e, pt) because of (4.3), we have

(4.11) J(E(e, p), e, p) = L(u(e, p))-

Assuming that the solutions FE(e, 1), A(e, 1) are sufficiently stable, see Chapter 5
of book [23] for details, we can write that the Fréchet derivative of the Tikhonov
functional is the function J'(e, p, E(e, 1)) which is defined as

(4.12) J' (e, ) = T (e, 1, E(g, ) = %(eau,E(s,u)) + g—i(eau,E(s,u))

— SE (e ) + G (ule )

Inserting (4.8) and (4.9) into (4.12), we get

(413) (e p)(@) = T (o B, w)(x) = — / NG E(z,1) dt — A(z,0) fi ()
T
+s/ (V- E)( - () dt + (e — <o) (a)
0

- / (12 % E)(V x N)(z,£) db + 724t — o) ().

5. FINITE ELEMENT METHOD

5.1. Finite element spaces. For computations we discretize Qppym X (0,7) in
space and time. For discretization in space we denote by Kj; = {K} a partition of
the domain Qpgy into tetrahedra K in R? or triangles in R2. We discretize the time
interval (0,7) into subintervals J = (t;_1,tx] of uniform length 7 = ¢, — t;_1 and
denote the time partition by J, = {J}. In our finite element space mesh Kj, the
elements K are such that

Kyn= |J E=KiUK,...UK,
KeKy,

where [ is the total number of elements K in €.
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Similarly to [17] we introduce the mesh function h = h(z) which is a piecewise-
constant function such that

(51) h|K:hK VK€K}L,

where hg is the diameter of K which we define as the longest side of K. Let 7’
be the radius of the maximal circle/sphere contained in the element K. For every
element K € K} we assume the shape regularity assumption

(5.2) a1 < hxg <7az; ai,as = const. > 0.

To formulate the finite element method for (4.5), we define the finite element
spaces. First we introduce the finite element trial space Wf for every component of
the electric field E defined by

WE .={weHL: wkxs€PI(K)xP(J)VK € Ky, VJ € J,},

where P;(K) and P;(J) denote the set of linear functions on K and .J, respectively.
We also introduce the finite element test space W,f‘ defined by

W i={we H): wlgxs € PI(K)x P(J)VK € Kj,, YJ € J,}.

To approximate the functions u(x) and e(z) we will use the space of piecewise
constant functions V,, C L*(Q),

Vi i={u € L*(Q): u|x € Py(K) VK € Ky},

where Py(K) is the space of piecewise constant functions on K. In some numerical
experiments we will use also the space of piecewise linear functions W;, C H(Q),

(5.3) Wi, = {v(z) € HY(Q): v|x € PI(K) VK € K}.

In a general case we allow the functions e(x), u(x) to be discontinuous, see [22].
Let F}, be the set of all faces of elements in K}, such that F}, := F}{ UFf, where F}{ is
the set of all interior faces and F}? is the set of all boundary faces of elements in K.
Let f € F/ be the internal face of the nonempty intersection of the boundaries of two
neighboring elements K and K~. We denote the jump of the function v, computed
from the two neighboring elements K+ and K~ sharing the common side f as

(5.4) [vn] = vy — vy,
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and the jump of the normal component v, across the side f as
(5.5) [op]] = v -nT + vy, - n,

where n,n~ are the unit outward normals on f*, f~, respectively.

Let Pj, be the L?(Q)-orthogonal projection. We define by f}{ the standard nodal
interpolant [17] of f into the space of continuous piecewise-linear functions on the
mesh K. Then by one of the properties of the orthogonal projection we have

(5.6) If = Pufllrze) < If = fillr2ee)-

It follows from [29] that

(5.7) If = Pufllrzi) < Cihlfllm V[ € H(Q),
where C; = C() is a positive constant depending only on the domain .

5.2. A finite element method for optimization problem. To formulate the
finite element method for (4.5) we define the space Uy, = W/F x W} x V}, x V},. The
finite element method reads: Find u; € Uy, such that

(5.8) L'(up)(@) =0 V7€ Uy

To be more precise, the equation (5.8) expresses that the finite element method
for the forward problem (3.1) in Qpgym for continuous (e, ) will be: find E), =
(E1p, E2p, E3p,) € W such that for all Ne W7 and for the known (g5, p) € Vi, x V,

(5.9) —((eh% %)) — (enfr. M@, 0)a + (15 'V X Ep, V x X))oy,

+ 5((V : (ghEh)7 V. X))QT - ((X7p(t)))51,1 + ((Xa 8tEh))S1,2
+ (N ER)s, =0 VX e Hy(Qr),

and the finite element method for the adjoint problem (4.10) in QpgMm for continuous
(g, p) reads: find A\, = (Ap1, Ana, Ang) € W) such that for the computed approxima-
tion Ej, = (Eip,, Eap, E3,) € W of (5.9) and for all E € W and for the known
(Eh,,uh) eV, xV,

(5.10) ((Bn = B)lsy 25, E) = (£n0An, By + (11, 'V % A, V x B)ay
+ S((V : >‘h7 V. (EhE)))QT - ((atAhaE))Sl,zusz
— (enE(2,0), 0 (2,0) = 0 VE € HL(Qr).
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A similar finite element method for the forward and adjoint problems can be
written for discontinuous functions e, p which will include additional terms with
jumps for computation of coefficients. In our work similarly to [13] we compute
the discontinuities of coefficients € and g by computing the jumps from the two
neighboring elements, see (5.4) and (5.5) for definitions of jumps.

Since we are usually working in finite dimensional spaces U, and U;, C U' as a set,
Uy, is a discrete analogue of the space U!. It is well known that in finite dimensional
spaces all norms are equivalent, and in our computations we compute approximations
of smooth functions e(x), u(x) in the space V.

5.3. Fully discrete scheme. To write fully discrete schemes for (5.9) and (5.10)
we expand FEj and ), in terms of the standard continuous piecewise linear functions
{i(2)}M, in space and {¢x(t)}X_, in time, respectively, as

N M
Ep(z,t) = Z ZEh%(fUWk(t)a
k=1 i=1
N M
M@, ) =D FAnpi(@)vi(t),
k=1i=1
where Ey, := Ej,, and Ap := Ay, , denote the unknown coefficients at the point

x; € Kp, and the time level ), € J,, substitute them into (5.9) and (5.10) to obtain
the following system of linear equations:

(5.11)  M(E*"' —2E* + EF ') = — P?KE* — s7?CEF + 72 F* + 2 P*
—37(MD) - (BM! —EF),
MM —2XFh 1) = — 7288 — 2 KAP — 572 ON"
+ 37(MD) - (A" = X1 + 2 (DA)F.

Here, M is the block mass matrix in space and M D is the block mass matrix in space
corresponding to the elements on the boundaries 012, 022, K is the block stiffness
matrix corresponding to the rotation term, C is the stiffness matrix corresponding
to the divergence term, F¥, P* DXF S* are load vectors at time level t;, E¥ and \*
denote the nodal values of Ey, and Ap, respectively, at time level ¢, and 7 is the
time step. We refer to [5] for details of derivation of these matrices.

Let us define the mapping Fi for the reference element K such that F. K (IA( =K
and let » be the piecewise linear local basis function on the reference element K such
that ¢ o Fx = @. Then the explicit formulas for the entries in system (5.11) at each
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element K can be given as

M} = (eni o Fi, 05 0 Fi) i
K = (1;,"V x ¢; 0 Fi,V x ¢j 0 Fi )k,
CK = (V- (enpi) o Fk,V - ¢jo Fx)k,
I = (En = B)sy 70,95 © Fio)x,
Ff = (enf1,¢j ° Fx)k,
PF = (p,¢j 0 FK)o,
MDY = (¢; 0 Fx,9j 0 Fi)o,0x Uty »
DA = (en0iAn(,0), 95 0 Fi )k,

where (-,-)x denotes the L%(K) scalar product, and 9;Q, 92Qx are boundaries 0K
of elements K, which belong to 0:£2, 321, respectively.

To obtain an explicit scheme, we approximate M by the lumped mass matrix M
(for further details, see [14]). Next, we multiply (5.11) by (MZ%)~! and get the
following explicit method:

(5.12) (I + ir(M")"'MD)EF!
_ 2Ek —r (ML) lKEk 47 (ML) le +’7'2(ML)71Pk
+ (M) Y (MD)EF ! — sr*(M*)"'CEF — EF Y,
(I+3r(M")"'MD)X"!
= — T (MF)TISE 42X — P2 (M) TR — s (M) TIOAR
+ 72 (ME)THDNY = AR 4 2 (M) T (MD)ART

In the case of the domain decomposition FEM/FDM method when the schemes
above are used only in Qrgy we have

(5.13) EFt! = 2BF — 72(MP) T KEF + 72(ME)TLFY
+ 73 (MP) PR — s (M) T CEF BN,
Ak_lz _TQ(M ) 1Sk+2Ak Q(ML) 1KAk
2
(

MEYTLONE 4 72(ME) 1D — AP

— ST
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6. RELAXATION PROPERTY OF MESH REFINEMENTS

In this section we reformulate results of [9] for the case of our IP. For simplicity,
we shall sometimes write ||-|| for the L2-norm.

We use the theory of ill-posed problems [32], [31] and introduce the noise level ¢
in the function E(z,t) in the Tikhonov functional (4.1). This means that

(6.1) E(z,t) = E*(x,t) 4+ Es(x,t); E*,Es € L*(S7) = Ho,

where E* (z,t) is the exact data corresponding to the exact function z* = (e*, u*),
and the function Ejs(x,t) represents the error in these data. In other words, we can

write
(6.2) HE5||L2(ST) <O

The question of stability and uniqueness of our IP is addressed in [6], [11], which
is needed in the local strong convexity theorem formulated below. Let H; be the
finite dimensional linear space. Let Y be the set of admissible functions (e, 1) which
we defined in (3.2), and let Y; := Y N H; with G := Y;. We introduce now the
operator F': G — Hs corresponding to the Tikhonov functional (4.1) such that

(6.3) F(2)(z,t) := F(e, p)(x,t) = (BE(z, t,e, 1) — E)?25(t) ¥ (x,t) € S,

where E(x,t,e, ) := E(x,t) is the weak solution of the forward problem (3.1) and
thus depends on € and p. Here, z = (g, 1) and z5(t) is a cut-off function chosen as
in [6].

We now assume that the operator F(z)(z,t) which we defined in (6.3) is one-to-
one. Let us denote by

(6.4) Vi(z)={2' € Hy: ||/ —z2|| <dVz=(e,u) € H}

the neighborhood of z of the diameter d. We also assume that the operator F' is
Lipschitz continuous, which means that for Ny, Ny > 0

(6.5)  F' () < N1, [|1F'(21) = F'(22)[| < Nallz1 — 22| V21, 22 € VA(2").
Let the constant D = D(Ny, N3) = const. > 0 be such that

(6.6) [7°(21) = J'(22)| < Dllz1 — 22 V21,22 € Va(z"),
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where (¢*, u*) is the exact solution of the equation F(¢*, u*) = 0. Similarly to [9],
we assume that

(6.7) lleo — €|l

[0 — ||
41 = 6%, (1 = const. € (0, min(vy,2

< 0", vy = const. € (0,1),
< 0", v = const. € (0,1),

- Vl))7

(1
Yo = 62, ¢ = comst. € (0, min(vg,2(1 — 1)),
which in closed form can be written as

(6.8) |20 — 2*|| < 6W¥2) 25 = (e0, po), (v1,v2) = const. € (0,1),
(6.9) (71,72) = 61 (¢1, () = const. € (0, min((v1,v2),2(1 — (v1,12)))),

where (71,72) are regularization parameters in (4.1). Equation (6.8) means that
we assume that all initial guesses zo = (o, o) are located in a sufficiently small
neighborhood Viu: (2*) of the exact solution z* = (¢, u*). Conditions (6.9) imply
that (2*, zp) belong to an appropriate neighborhood of the regularized solution of
the functional (4.1), see proofs in Lemmas 2.1 and 3.2 of [9].

Below we reformulate Theorem 1.9.1.2 of [8] for the Tikhonov functional (4.1).
Different proofs of it can be found in [8] and in [9] and are immediately applied
to our IP. We note here that if functions (e, ) € H; satisfy conditions (3.2) then
(e, ) € Int(G).

Theorem 1. Let Q C R? be a convex bounded domain with the boundary 09 €
C3. Suppose that conditions (6.1) and (6.2) hold. Let the function E(z,t) € H*(Qr)
in the Tikhonov functional (4.1) be the solution of the forward problem (3.1) for
the functions (e,u) € G. Assume that there exist exact solutions (¢*,u*) € G of
the equation F(e*,p*) = 0 for the case of the exact data E* in (6.1). Let the
regularization parameters (v1,72) in (4.1) be such that

(’71772) = (’Yla’m)(é) = 52(1/171/2)7 (Vla VQ) = const. € (Oa %) V4 € (0, 1)'

Let zo = (g0, pto) satisty (6.8). Then the Tikhonov functional (4.1) is strongly convex
in the neighborhood V{.,, .y(s)(€*, *) with the strong convexity constants (a1, az) =

(v1,72)/2. The strong convexity property can be also written as
(6.10)

llz1 — 22 < W(JI(Zl) — J'(22),21 — 22) V21 = (e1,p11), 22 = (g2, u2) € H.
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Alternatively, using the expression for the Fréchet derivative given in (4.12), we can
write (6.10) as
(6.11)

llex — ealf* <

521 (Jé(glﬂ,ufl) - Jé(€2a,u'2)a€1 - 52) v(glalu‘l)a (EQMU‘Q) € Hla

2
1 = pa]|® < 520 (Tu(E1 ) = (€2, p2), i — ) V(€1 m), (2, p2) € H,

where (-,-) is the L?(Q) inner product. Next, there exists a unique regularized
solution (£,, ji,) of the functional (4.1) such that (g4,,/1y,) € Viserva) s3(€", 1*).
The gradient method of the minimization of the functional (4.1) which starts at
(€0, i10) converges to the regularized solution of this functional. Furthermore,

(6.12) ey =™l < Oulleo — ™[, ©1 €(0,1),
”:u"Yz _M*H <@2|‘M0_M*|‘a SPRS (071)

The property (6.12) means that the regularized solution of the Tikhonov func-
tional (4.1) provides a better accuracy than the initial guess (o, po) if it satisfies con-
dition (6.8). The next theorem presents an estimate of the norm || (e, ) — (€4; s iy, ) ||
via the norm of the Fréchet derivative of the Tikhonov functional (4.1).

Theorem 2. Assume that the conditions of Theorem 1 hold. Then for any
functions (g, i1) € Viy, ~,)(5)(€*, 1*) the following error estimate holds:

2 2
(613)  [I(e: 1) = (€20 o) S a1 (& Il < gy 1 (& s

which explicitly can be written as

2 2 2
(614) H€— E’Yl(é)” < 52—Vl||PhJé(€7M)H < 52v1 ||Jé(€7M)H = 52 HL/E(U(E):LI’))”?

123, (u(e, )l

2 2 2
||‘LL - M’)’2(5)H < 52—1,2”Ph‘];ll,(€a,u’)” < 62—,,2"‘]//1,(87#)" = 52v2

where (£, (), vy (5)) 1S the minimizer of the Tikhonov functional (4.1) computed
with regularization parameters (71(5),72(8)) and Py: L*(Q)) — H; is the operator
of orthogonal projection of the space L*(Q2) onto its subspace Hj.

Proof. Since (g4, ftv,) := (€4,(5)s Mo (s)) is the minimizer of the functional (4.1)
on the set G and (g4, , fty,) € Int(G), hence Py J' (4, t1y,) = 0, or

(6.15) Ph‘]é(e“/u,u”/z) =0, PhJ[/l,(e"/lﬂlu"YZ) =0.
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Similarly to Theorem 4.11.2 of [8], since (e, 1) — (€4, , tby,) € Hi, we have

(J,(Ea ‘LL) - J/(g’YUM’Yz)v (67/L) - (g’YU,u”Yz))
= (PhJ,(Ea ‘LL) - PhJ/(e’YUMVz)v (evﬂ) - (e'Ylﬂ:u"YZ))'

Hence, using (6.10) and (6.15), we can write

2
H(evﬂ) - (6717M72)H2 < m(‘]/(ga,u’) - Jl(e“/nﬂvz)v (evﬂ) - (e“rulu”/z))

2

= oy (P (60 10) = Pu (5, 100 (6 10) = (511 10))
2 !

= 5t (Prd (e 1), (&, 1) = (315 1))
2

< sy 1Pad (& Wl - e 1) = ()
Thus, from the expression above we get

2
Ly A N - vy L LA Y 0L B (YD CEW &

We now divide the expression above by ||(¢, ) — (€41, t4y,)||- Using the fact that
[Pud" (2, )| < N1 (e, )l

we obtain (6.13), and using the definition of the derivative of the Tikhonov func-
tional (4.12), we get (6.14), where the explicit entries of LL(u(e, ), L), (u(e, 1)) are
given by (4.8), (4.9), respectively. O

Below we reformulate Lemmas 2.1 and 3.2 of [9] for the case of the Tikhonov
functional (4.1).

Theorem 3. Let the assumptions of Theorems 1 and 2 hold. Let ||(e*, u*)|| < C,
with a given constant C'. We define by M,, C H; the subspace which is obtained
after n mesh refinements of the mesh K;. Let h, be the mesh function on M, as
defined in Section 5. Then there exists a unique minimizer (€, u,) € G N M,, of the
Tikhonov functional (4.1) such that the following inequalities hold:

2
(6.16) LR EACHDIE
2
T = EACHDI

Now we present the relaxation property of mesh refinements for the Tikhonov
functional (4.1) which follows from Theorem 4.1 of [9].
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Theorem 4. Let the assumptions of Theorems 2 and 3 hold. Let (e, un) €
Vissu (€%, w*)NM,, be the minimizer of the Tikhonov functional (4.1) on the set GNM,,.
The existence of the minimizer is guaranteed by Theorem 3. Assume that the regu-
larized solution satisfies (e, pt) # (en, ftn), which means that (e,u) ¢ M,. Then the
relaxation properties

Munllen — €l

n2n | tn — p|

lent1 el

| ttnr1 — pll

NN

hold for 1, m2,n € (0,1).

7. GENERAL FRAMEWORK OF A POSTERIORI ERROR ESTIMATE

In this section we briefly present a posteriori error estimates for three kinds of
errors:
> for the error |L(u) — L(up)| in the Lagrangian (4.3);
> for the error |J (e, ) — J(ep, ur)| in the Tikhonov functional (4.1);
> for the errors [e—ep| and | — pp| in the regularized solutions e, p of this functional.

Here, up, ey, pp, are finite element approximations of the functions w, e, u, respec-
tively. An a posteriori error estimate in the Lagrangian was already derived in [4]
for the case when only the function e(x) in system (3.1) is unknown. In [25], [24]
a posteriori error estimates were derived in the Lagrangian which corresponds to the
modified system (3.1) for 4 = 1. An a posteriori error in the Lagrangian (4.3) can
be derived directly from the a posteriori error estimate presented in [4] and thus, all
details of this derivation are not presented here.

However, to make clear how a posteriori errors in the Lagrangian and in the
Tikhonov functional can be obtained, we present the general framework for them.
First we note that

(7.1) J(e, 1) = J(en, pin) = JL(en, bn)(€ — n) + Ty (ens pin) (10 — 1)
+ R(e,en) + R(k, pin),
L(u) — L(up) = L' (up) (u — up) + R(u,up),

where R(e,epn), R(p, i), R(u, up) are the remainders of the second order. We assume
that (epn, pp) are located in a small neighborhood of the regularized solutions (g, u),
correspondingly. Thus, since the terms R(u,uy), R(g,ep), R(u, pin) are of the second
order, they will be small and we can neglect them in (7.1).
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We now use the splitting

(7.2) U—up = (u—u,{)—i— (u,{ — up),

e—en=(c—eb)+ (e} —en),

po— g = (= ) + (h, — pn)
together with the Galerkin orthogonality principle

(7.3) L'(up)(@) =0 Vae Uy,

insert (7.2) into (7.1) and get the error representations

(7.4) L(u) = L(up) = L' (un) (u — up),
J(e, 1) = J(ens pn) = JL(en, pn)(e = ep,) + Ji(ens mn) (p — fh)-

In (7.2), (7.4) the functions u! € Uy, and &}, ul € V}, denote the interpolants of u,
€, W, respectively.

Using (7.4) we conclude that the a posteriori error estimate in the Lagrangian
involves the derivative of the Lagrangian L’(uj) which we define as a residual,
multiplied by the weights u — u,{ Similarly, the a posteriori error estimate in the
Tikhonov functional involves the derivatives of the Tikhonov functional J!(ep, pp)
and J, (en, un) which represent the residuals, multiplied by the weights ¢ — el and
w— ,u{L, correspondingly.

To derive the errors |¢ — ep| and |p — pp| in the regularized solutions e, of
the functional (4.1) we will use the convexity property of the Tikhonov functional
together with the interpolation property (5.7). We will now make both the error

estimates more explicit.

8. A POSTERIORI ERROR ESTIMATE IN THE REGULARIZED SOLUTION

In this section we formulate a theorem for a posteriori error estimates |¢ — ep|
and |p — pp| in the regularized solution e, of the functional (4.1). In the proof
we reduce the notation and denote the scalar product (-,-)r2 as (-, -), as well as we
denote the norm |||z as ||-||. However, if the norm should be specified, we will write
it explicitly.

270



Theorem 5. Let the assumptions of Theorems 1 and 2 hold. Let z, = (ep, un) €
W), be finite element approximations of the regularized solution z = (e, ) on the
finite element mesh K},. Then there exists a constant D defined in (6.6) such that
the following a posteriori error estimates hold:

D 2D
8.1) e —enll < Crlhllenll + lllenll) = gz Crlhllenll + lllenlll) - Ven € Vi,

D 2D
= il < = Cr(hllpnll + Wnlll) = 5 Crhllpnl + Wmalll) ¥ in € Vi

Proof. Let z, = (ep, ptn) be the minimizer of the Tikhonov functional (4.1).
The existence and uniqueness of this minimizer is guaranteed by Theorem 2. By
Theorem 1, the functional (4.1) is strongly convex on the space L? with the strong
convexity constants (a1, a2) = (v1/2,72/2). This fact implies, see (6.10), that

(8.2) (a1, a2)llz = 2n |20y < (J'(2) = T'(2n), 2 = 2n),

where J'(zp), J'(z) are the Fréchet derivatives of the functional (4.1).
Using (8.2) with the splitting

z—zp = (2 — 24) + (25, — 2n),

where zﬁ is the standard interpolant of z, and combining it with the Galerkin or-
thogonality principle

(8.3) (J'(zn) = J'(2), 2} — z1) =
such that (zp, 2{) € W}, we obtain
(8.4) (a1, 02)ll2 = znllf < (J'(2) = I (2n), 2 = 2).
The right-hand side of (8.4) can be estimated using (6.6) as
(J'(2) = J'(zn), 2 = 23,) < Dllz = 2| - |12 = 2.
Substituting the above equation into (8.4), we find that

(8.5) Iz = znll < (e

D
(a1, a2)

Using the interpolation property (5.7)
Iz = 2zl 2(9) < Crhllz] o),
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we get an a posteriori error estimate for the regularized solution z with the interpo-
lation constant C7:

D D
m”z -z < (701h|\2||H1(Q)-

8.6 z—zp|| <
(5.6) Iz — 2 o

We can estimate h||z||g1(o) as

(8.7) izl <Y hilzllma =D Iz + V2) L2 b
K K

LZ(K)>

< X (el + | L2ng
K

< hflznllz2) + Z(”[Zh]”N(K))'
K

We denote in (8.7) by [z3] the jump of the function zj, over the element K, hy is
the diameter of the element K. In (8.7) we also used the fact that [20]

(8.8) va| < el

Substituting the above estimates into the right-hand side of (8.6), we get

D D
Toragy Ol + =S Crlllanlll ¥ 2 € Wi

Now taking into account zp, = (ep, pn), we get the estimates (8.1) for ¢ —ep| and

[z = znll <

|e — pr|, correspondingly. O

9. A POSTERIORI ERROR ESTIMATES FOR THE TIKHONOV FUNCTIONAL

In Theorem 2 we derived a posteriori error estimates for the error in the Tikhonov
functional (4.1) obtained on the finite element mesh Kj,.

Theorem 6. Suppose that there exists a minimizer (e,u) € H'(Q) of the
Tikhonov functional (4.1) on the mesh K}. Suppose also that there exists a finite
element approximation z, = (ep, pp) of z = (e, ) of J(e, ) on the set W), and the
mesh Kj with the mesh function h. Then the following a posteriori error estimate
for the error e = |J(e, u) — J(en, pn)| in the Tikhonov functional (4.1) holds:

(9'1) €= |J(€a /.L) - ‘](Eha /Jh)l
< Cr(|en, )l (Pllenll + len]lD) + 1177 (ns ) [ (Al anl + 2] 11))
= Cr(ILZ(ulen, ) (hllenll + enll) + 1L, (u(en, )| (Rllpall + [all).-
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Proof. By the definition of the Fréchet derivative of the Tikhonov func-
tional (4.1) with z = (e, ), 2zn = (ep, 4n) we can write that on the mesh K,

(9.2) J(2) = J(zn) = J'(zn)(z — 2n) + R(z, z1),

where the remainder is R(z,z) = O((z — 21)?), (2 — z) — 0 for all 2,2, € W},
and J'(z) is the Fréchet derivative of the functional (4.1). We can neglect the term
R(z,zp) in the estimate (9.2), since it is small. This is because we assume that zp,
is the minimizer of the Tikhonov functional on the mesh Kj and this minimizer is
located in a small neighborhood of the regularized solution z. For similar results for
the case of the general nonlinear operator equation we refer to [2], [9]. We again use
the splitting

(9.3) z—zpn=z—2 +2 — 2

and the Galerkin orthogonality [17]

(9.4) J (1) (2 — 21) =0 Yz}, 21, € Wy

to get

(9.5) J(2) = J(zn) < J'(z0)(2 = 21),

where z{ is the standard interpolant of z on the mesh Kj, [17]. Using (9.5), we can
also write

(9.6) | 7(2) = J(zn)| < 1" ()l - 12 = 24,

where the term ||z — z{|| can be estimated through the interpolation estimate
Iz = z4llz2@) < Crllhz| mi()-

Substituting the above estimate into (9.6), we get

9.7) [7(2) = J(zn)l < Crll T Ga)l[ 2]l 2] ey -

Using (8.8), we can estimate hl/z|| g1 () similarly to (8.7) to get

(9-8) 17 (2) = J(zn)l < Crll T Gu)ll(Rllznll + zn]ll) ¥ 20 € W

Now taking into account zp, = (ep, pp) and using (4.12), we get the estimate (9.1)
for |J(57M) - ‘](Eha :uh)l' U
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10. MESH REFINEMENT RECOMMENDATIONS

In this section we will show how to use Theorems 5 and 6 for the local mesh
refinement recommendation. This recommendation will allow to improve accuracy
of the reconstruction of the regularized solution (&, 1) of our problem IP.

Using the estimate (8.1), we observe that the main contributions of the norms of
the reconstructed functions (e, up) are given by neighborhoods of the points in the
finite element mesh K}, where the computed values of |hep| and |huy| achieve its
maximal values.

We also note that terms with the jumps in the estimate (8.1) disappear in the case
of the conforming finite element meshes and with (g5, pp) € V3. Our idea of the local
finite element mesh refinement is that it should be refined in all neighborhoods of all
points in the mesh K, where the functions |hep| and |hup| achieve their maximum
values.

Similarly, the estimate (9.1) of Theorem 6 gives us the idea where to locally refine
the finite element mesh K, to improve the accuracy in the Tikhonov functional (4.1).
Using the estimate (9.1), we observe that the main contributions of the norms on the
right-hand side of (9.1) are given by neighborhoods of the points in the finite element
mesh K}, where the computed values of |hep|, |hun|, as well as the computed values
of [JZ(en, pn)ls |J},(€n, pn)| achieve its maximal values.

Recalling (4.12), (4.8), and (4.9), we have

(10.1)  J (e, un)(z) = —/OT(8t/\8tE)(a:,t)dt+s OT(V-E)(V-/\)(a:,t)dt

_)‘(xvo)fl(m)+71(5h —50)(.13), x €Q7
(10.2)  T(en (@) = — / (4729 X BV 3 ) (@, ) db-+7 (1 — o) (@), @ € Q.

Thus, the second idea where to refine the finite element mesh K} is that the neigh-
borhoods of all points in K, where |J. (e, ptn)| +[J},(€n, pn)| achieves its maximum,
or both functions |hep|+|hun| and |JL (e, ptn)|+|J},(€n, pn)| achieve their maximum,
should be refined. We include the term |hep|+ |hpp| in the first mesh refinement rec-
ommendation, and the term |J(ep, p1n)| +[J, (€n, r)| in the second mesh refinement
recommendation. In our computations in Section 12 we use the first mesh refinement

recommendation and check the performance of this mesh refinement criterion.

The first mesh refinement recommendation for IP. Applying Theorem 5,
we conclude that we should refine the mesh in neighborhoods of those points in Qpgnp
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where the function |hep| + |hun| attains its maximal value. More precisely, we refine
the mesh in such subdomains of Qpgn, where

|hen| + |hyn| > B max (|hen| + |hpn])
QrEM

and where B € (0,1) is the number which should be chosen computationally and h
is the mesh function (5.1) of the finite element mesh K.

The second mesh refinement recommendation for IP. Using Theorem 6,
we conclude that we should refine the mesh in neighborhoods of those points in
Qrgwm, where the function |J.(en, )|+ 1J},(en, p1n)| attains its maximal value. More
precisely, let 8 € (0,1) be the tolerance number which should be chosen in compu-
tational experiments. Refine the mesh K}, in such subdomains of Qpgy, where

| T (ens pn) + T, (e, )| = 5&%0«74(%%) + J,(en, pn)|)-

Remarks. 1. We note that in (10.1), (10.2) we have exact values of FE(z,t),
A(z, t) obtained with the computed functions (g}, 1y, ). However, in our algorithms of
Section 11 and in computations of Section 12 we approximate exact values of E(x,t),
A(z,t) by the computed ones Ej(z,t), Ap(z,t).

2. In both mesh refinement recommendations we used the fact that functions e, u
are unknown only in QpgMm.

11. ALGORITHMS FOR THE SOLUTION OF IP

In this section we will present three different algorithms which can be used for
the solution of our IP: the usual conjugate gradient algorithm and two different
adaptive finite element algorithms. The conjugate gradient algorithm is applied on
every finite element mesh K} which we use in computations. We note that in our
adaptive algorithms we refine not only the space mesh K} but also the time mesh J;
accordingly to the CFL condition of [15]. However, the time mesh .J. is refined
globally and not locally. It can be considered a new research task to check how the
adaptive finite element method will work when both the space and time meshes are
refined locally.

Taking into account the remark in Section 10, we denote

(11.1)
T

T
g (z) = — / (O AROLER) (z, t e, puyy) dt + S/ (V-Ep)(V - ) (z, t,ep, ) de
0 0
—Ah(x,O)fl(fE)+71(€Z—€0)($), T e Qa
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(11.2)

gu(x) =

T
—A(()QVXMVXMW%&MM&+W( o)), zeR,

where the functions A, E, are approximated finite element solutions of the state

and adjoint problems computed with € := €} and u := u}, respectively, and n is the

number of iterations in the conjugate gradient algorithm.

11.1. Conjugate Gradient Algorithm.

Step 0.

Step 1.

Step 2.

Step 3.

Step 4.

Discretize the computational space-time domain 2 x [0, 7] using partitions
K, and J;, respectively, see Section 5. Start with the initial approxima-
tions ) = ¢ and uf) = po and compute the sequences of 7!, uy:
Compute solutions Ej(x,t, e, uf) and Ap(z,t,ef, uj) of state (3.1) and
adjoint (4.10) problems, respectively, using explicit schemes (5.13).
Update the coefficients ¢ := 52”'1 and pp, 1= uZ'H on K and J, via the

conjugate gradient method:

ep = ep +acdz (),

uZ“ = py + apdy(x),

where
dZ(z) = —g2'(x) + Brdz ™" (x),
I (2) = —gn(x) + B (2),
with
g loz@l”
T gt @)l
o @I
"l (@)1
Here, d2(x) = —g2(z),d5(x) = —gp(x) and ac,a, are step-sizes in the

gradient update which can be computed as in [28].

Stop computing €} at the iteration M :=n and obtain the function 5hM =
ep if either ||g7'||z2(q) < € or the norms |[e}]|12(q) are stabilized. Here, 6
is the tolerance in n updates of the gradient method.

Stop computing u} at the iteration N := n and obtain the function uhN =
pyy if either [|g3 || L2(q) < 6 or the norms ||}!|| 12 (o) are stabilized. Otherwise
set n :=n + 1 and go to step 1.

11.2. Adaptive algorithms. In this subsection we present two adaptive algo-

rithms for the solution of our IP. In Adaptive algorithm 1 we apply the first mesh
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refinement recommendation of Section 10, while in Adaptive algorithm 2 we use the
second mesh refinement recommendation of Section 10.

We define the minimizer of the Tikhonov functional (4.1) and its approximated
finite element solution on k times adaptively refined mesh K}, by (e, 1) and (eg, k),
correspondingly. In both our mesh refinement recommendations of Section 10 we
need to compute the functions e,y on the mesh Kj,. To do that we apply the
conjugate gradient algorithm of Section 11.1. We will define by ej, := M, g == pl¥
the values the obtained at steps 3 and 4 of the conjugate gradient algorithm.

Adaptive Algorithm 1

Step 0. Choose an initial space-time mesh Ko X J;, in Qpgm X [0,7]. Compute
the sequences of eg, pg, k > 0, via the following steps:

Step 1. Obtain numerical solutions e, ur on Kj, using the Conjugate Gradient
Method of Section 11.1.

Step 2. Refine such elements in the mesh K}, , where the inequality

(11.3) |hek| + [hpk] = Br max (Jheg| + |huk))
QFEM

is satisfied. Here, the tolerance numbers Ek € (0,1) are chosen by the user.
Step 3. Define a new refined mesh Kj,, ., and construct a new time partition J;,
such that the CFL condition of [15] for explicit schemes (5.13) is satisfied.
Interpolate e, i, on a new mesh Ky, ., and perform steps 1-3 on the space-

time mesh Kp,  , X J

i1~ Stop mesh refinements when [ley —ex_1]| < tol

and || — pr—1] < toly or [|gF(x)| < tols and ||gf(z)| < tols, where tol;,
i =1,...,4 are tolerances chosen by the user.

Adaptive Algorithm 2

Step 0. Choose an initial space-time mesh K, x J,, in Qprm. Compute the se-
quence e, ik, k > 0, on a refined meshes K}, via the following steps:

Step 1. Obtain numerical solutions e, p1y, on Ky, x J;, using the Conjugate Gra-
dient Method of Section 11.1.

Step 2. Refine the mesh K}, at all points, where

(11.4) 192 ()] + 19 (2)] > Brmax(gZ (2)] + g, ()]),

and where a posteriori error indicators g¥, gﬁ are defined in (10.1), (11.1).
We choose the tolerance number Sj € (0,1) in numerical examples.

Step 3. Define a new refined mesh Kj,, ., and construct a new time partition .J;,
such that the CFL condition of [15] for explicit schemes (5.13) is satisfied.
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Interpolate g, i, on a new mesh Ky, ., and perform steps 1-3 on the space-

time mesh Kj, , x J. Stop mesh refinements when ||e; —ex—1]| < toly

Tk+41"

and || — pr—1 | < tolg or ||gF(x)|| < tolz and [|gf(x)|| < tols, where tol;,
i1 =1,...,4, are tolerances chosen by the user.

Remarks. 1. First we make comments how to choose the tolerance numbers
Bk, Bk in (11.4), (11.3). Their values depend on the concrete values of nax (1g%(x)|+
FEM

|gl’j(x)|) and g;giiﬂheﬂ + |hpk]), correspondingly. If we take values of [, 23\;; which
are very close to 1 then we refine the mesh in a very narrow region of the Qpgy, and
if we choose B, @ ~ 0 then almost all elements in the finite element mesh will be
refined, and thus, we will get a global and not local mesh refinement. Our numerical
tests in Section 12 show that the choice of S, Bk = 0.7 is almost optimal one since
with these values of the parameters S, ,ﬂ; the finite element mesh K}, is refined
exactly at the places where we have computed the functions (ep, pp).

2. To compute L?norms ||y — ex—1||, ||t — pr—1| in step 3 of the adaptive
algorithms the solutions €;_1, pi—1 are interpolated from the mesh K}, , to the
mesh Ky, .

12. NUMERICAL STUDIES OF THE ADAPTIVITY TECHNIQUE

In this section we present numerical tests for the solution of our IP using the
adaptive algorithm 1 of Section 11.2. The goal of our simulations is to show the
performance of the adaptivity technique in order to improve the reconstruction which
was obtained on a coarse non-refined mesh.

In our tests we reconstruct two symmetric structures of Figure 1 which represent
the model of a waveguide with small magnetic metallic inclusions with the relative
permittivity € = 12 and the relative magnetic permeability p = 2.0. We note that we
choose ¢ = 12 in metallic targets similarly to our recent work [6] and experimental
work [10], where metallic targets were treated as dielectrics with large dielectric
constants and were called effective dielectric constants. Their values were chosen
similarly to [6] and [10] in the interval

(12.1) e € (10, 30).

In our tests we choose p = 2.0, because the relative magnetic permeability belongs
to the interval u € [1, 3], see [30] and [6] for a similar choice.
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As in [6] we initialize only one component Ey of the electrical field E = (E1, Es, Es)
on St as a plane wave f(t) such that (see boundary condition in (3.1))

2
sin(wt) ifte (0, —n),
w
(12.2) £(t) = )
0 ift>—.
w
Compared with [6], where in computations only zero initial conditions were used
in (3.1), in Test 2 of our study we use a non-zero initial condition for the second
component Fs given by the function

(12.3) fo(x) = Ey(z,0) = e*(I%erngzg) 'COSt|t=O — e*(I%erngzg)’
E. . .
fi(z) = %(m,O) = —e~(aitaital) ~sint|t:0 =0.

We perform two different tests with different inclusions to be reconstructed:

Test 1. Reconstruction of two layers of scatterers of Figure 1b) with additive noise
o = T% and o = 17% in backscattered data on the frequency interval
w € [45,60] with zero initial conditions in (3.1).

Test 2. Reconstruction of one layer of scatterers of Figure 1d) with additive noise
o0 = T% and o = 17% in backscattered data on the frequency interval
w € [45,60] with one non-zero initial condition (12.3) in (3.1).

12.1. Computational domains. For simulations of forward and adjoint prob-
lems we use the domain decomposition method of [5]. This method is convenient for
our computations, since it is efficiently implemented in the software package WavES
[33] using PETSc [27]. To apply the method of [5] we divide our computational do-
main £ into two subregions as described in Section 3, and define Qppn := QouT such
that Q = Qpgm U Qrpu, see Figure 1. In Qpgpy we use finite elements and in Qpp
we use the finite difference method. We set functions ¢(z) = p(z) = 1 in Qppm and
assume that they are unknown only in Qpgy. We choose the dimensionless domain
QreMm such that

QFEM = {1[,'/ = ((El,{EQ,{Eg) S (—32,32) X (—06,06) X (—06,06)}
and the dimensionless domain €2 is set to be
Q= {2 = (21,72,73) € (—3.4,3.4) x (—0.8,0.8) x (—0.8,0.8)}.

Here, the dimensionless spatial variable is ' = /1 m. In the domain decomposition
between Qrgm and Qppy we choose the mesh size h = 0.1. We use also this mesh
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size for the coarse mesh K in both adaptive algorithms of Section 11.2. As in [5],
[4], [6] in all our tests we set s =1 in (3.1) in Qpgem.

Because of the domain decomposition Maxwell’s system (3.1) transforms to the
wave equation in Qppy and in Qpgym and we solve Maxwell’s system (3.1) with
boundary conditions obtained from the finite differecence method; these systems
for the forward and adjoint problems are presented in [6]. We solve the forward
and adjoint problems in time [0, 7] = [0, 3] by both adaptive algorithms and choose
the time step 7 = 0.006 which satisfies the CFL condition [15]. To be able to test
adaptive algorithms we first generate backscattered data at S by solving the forward
problem (3.1) with the plane wave f(t) given by (12.2) in the time interval ¢ = [0, 3]
with 7 = 0.006 and with known values of €, = 12.0, u = 2 inside the scatterers
of Figure 1 and ¢ = p = 1.0 everywhere else in ). Our data were generated on
a specially constructed mesh for the solution of the forward problem: this mesh was
several times refined in the places where inclusions of Figure 1 are located. This
mesh is completely different from the meshes used in computations in Tests 1, 2.
Thus, the variational crime in our computations is avoided.

12.2. Reconstructions. We start to run adaptive algorithms with guess values of
e = 1.0, p = 1.0 at all points in Q2. In our recent work [6] it was shown that such choice
of the initial guess gives a good reconstruction for both functions ¢ and u, see also [2],
[5] for a similar choice of initial guess for other coefficient inverse problems (CIPs).
Taking into account (12.1), we choose the following sets of admissible parameters for
€ and p:

15},

(12.4) M.e{eeC@)|1<e(z)<
< p(z) < 3}

M, € {peC@) 1

In our simulations we choose two constant regularization parameters v; = 0.01,
v2 = 0.7 in the Tikhonov functional (4.1). These parameters satisfy conditions
(6.8) and were chosen because of our computational experience: such choices for
the regularization parameters were optimal since they gave the smallest relative
errors e. = ||e — ep||/||en]| and e, = ||t — pall/||r]| in the reconstruction, see [6] for
details. Iteratively regularized adaptive finite element method for our IP when zero
initial conditions fo = f1 = 0 in (3.1) are initialized, was recently presented in [18].
Currently we perform numerical experiments with iteratively regularized adaptive
finite element method for the case when we initialize one non-zero initial condition
(12.3) in (3.1). This work will be described in the forthcoming paper. In the above
mentioned works iterative regularization is performed via algorithms of [2]. We also
refer to [16], [19] for different techniques for the choice of regularization parameters.
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To get our reconstructions of Figures 2—4, we use the image post-processing pro-

cedure described in [6]. Tables 1-4 present computed results of reconstructions for

€ and p on different adaptively refined meshes after applying adaptive algorithm 1.

Similar results are obtained for adaptive algorithm 2, and thus they are not presented

here.

o=1%
Test 1 maxew error,% N maxpug; error, % M
QreM QreM
w =45 14.96 24.6 3 1.82 9 3
w = 50 14.96 24.6 3 1.73 13.5 3
w = 60 14.95 24.5 3 1.76 12 3
Test 2 maxes error, % N max pug; error, % M
QrFEM QrFEM
w =45 12.97 8 3 1.99 0.5 3
w =50 14.57 21.4 3 1.79 10.5 3
w = 60 9.3 22.5 3 1.91 4.5 3

Table 1. Results of reconstruction on a 5 times adaptively refined meshes of Tables 3, 4 for
o = T% together with computational errors between maxq.p,, 5 and exact " in

percents. Here, N is the final iteration number in the conjugate gradient method
for computation of €, and M is the final iteration number for computation of .

o=17%
Test 1 maxesy error,% N maxpug; error, % M
QrFEM FEM
w =45 14.96 24.6 3 1.65 17.5 3
w =50 14.96 24.6 3 1.97 1.5 3
w =60 14.95 24.5 3 2.04 20 3
Test 2 maxew error,% N maxpug; error, % M
QreM QreM
w =45 14.69 22.4 3 1.71 14.5 3
w =50 14.47 20.5 3 1.63 18.5 3
w = 60 8.44 29.7 3 1.74 13 3

Table 2. Results of reconstruction on a 5 times adaptively refined meshes of Tables 3 and 4
for 0 = 17% together with computational errors between maxqg g, ex and ex-

act €* in percents. Here, N is the final iteration number in the conjugate gradient
method for computation of €, and M is the final iteration number for computation

of p.

To get our reconstructions of Figures 2—4, we use the image post-processing pro-

cedure described in [6]. Tables 1-4 present computed results of reconstructions for

¢ and p on different adaptively refined meshes after applying adaptive algorithm 1.
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w coarse mesh 1 ref. mesh 2 ref. mesh 3 ref. mesh 4 ref. mesh 5 ref. mesh

45 # nodes 10958 11028 11241 11939 14123 18750
# elements 55296 55554 56624 60396 73010 96934
ggompP 15 15 15 15 15 14.96
P 2.58 2.58 2.58 2.58 2.58 1.82

50 # nodes 10958 11031 11212 11887 13761 17892
# elements 55296 55572 56462 60146 71010 92056
ggompP 15 15 15 15 15 14.96
g oP 2.38 2.38 2.38 2.38 2.38 1.73

60 # nodes 10958 11050 11255 11963 13904 18079
# elements 55296 56666 60564 71892 61794 92926
ggompP 15 15 15 15 15 14.96
g0 2.46 2.46 2.46 2.46 2.46 1.76

Table 3. Test 1. Computed values of er”"F := maxqng,, € and gy ¥ = maXqpg,, /4 o1

the adaptively refined meshes. Computations are done with the noise o = 7%.

w coarse mesh 1 ref. mesh 2 ref. mesh 3 ref. mesh 4 ref. mesh 5 ref. mesh
45 # nodes 10958 11007 11129 11598 12468 14614
# elements 55428 55428 56024 58628 63708 74558
ggomp 15 15 15 15 15 14.96
g oP 2.39 2.39 2.39 2.39 2.39 1.71
50 # nodes 10958 11002 11106 11527 12433 14494
# elements 55296 55398 55908 58240 63540 73900
ggomp 15 15 15 15 15 14.47
pusomP 2.24 2.24 2.24 2.24 2.24 1.63
60 # nodes 10958 11002 11104 11560 12459 14888
# elements 55296 55398 55904 58402 63628 76068
ggomp 8.46 8.46 8.46 8.46 8.46 8.44
g 0P 2.50 2.50 2.50 2.50 2.50 1.74
Table 4. Test 2. Computed values of e5°™P := maxqpp., € and o = maxQpg, 4 on

the adaptively refined meshes. Computations are done with the noise o = 17%.

(a) max e~ 14.9
QreEM

Figure 2. Test 1. Computed images of reconstructed functions e(x) and p(x) on a 5 times
adaptively refined mesh. Computations are done for w = 45, o = 7%.

Similar results are obtained for adaptive algorithm 2, and thus they are not presented
here.
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12.2.1. Test 1. In this example we performed simulations with two additive noise
levels in the data: 0 = 7% and o = 17%, see Tables 1-4 for results. Using these
tables, we observe that the best reconstruction results for both the noise levels are
obtained for w = 45 in (12.2). Below we describe the reconstructions for w = 45 in
(12.2) and o = T%.

We achieve good values of contrast for both functions already on a coarse mesh,
see Tables 1, 2 of [7]. However, Figures 3a), b) show us that the locations of all
inclusions in z3 direction should be improved. The reconstructions of € and p on the
final adaptively refined mesh are presented in Figure 2. We observe significant im-
provement of reconstructions of € and p in x3 direction on the final adaptively refined
mesh compared with reconstructions obtained on the coarse mesh, see Figure 3.

(c) max e ~ 14.9 (d) max p = 1.8

QrEM QrEM

Figure 3. Test 1. Computed images of reconstructed functions e(x) and p(x) in zox3 view:
a), b) on a coarse mesh, ¢), d) on a 5 times adaptively refined mesh. Computations
are done for w = 45, 0 = 7%.

12.2.2. Test 2. In this test we again used two additive noise levels in the data,
o =T% and o = 17%, as well as the non-zero initial condition (12.3) in (3.1). Results
of computations are presented in Tables 1-4. Using these tables, we see that the best
reconstruction results in this test for both the noise levels are obtained for w = 50
in (12.2). The reconstructions of ¢ and p on the final adaptively refined mesh for
w = 50 in (12.2) and o0 = 17% are given in Figure 4. We again observe significant
improvement of reconstructions of ¢ and p in x3 direction on the final adaptively
refined mesh in comparison to the reconstruction obtained on the coarse mesh, see
Figure 5.
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- -
ssssss]| [seswsoel

L =
(a) max e~ 14.4 (b) max pu =~ 1.6
FEM QrEM

Figure 4. Test 2. Computed images of reconstructed functions £(x) and u(x) on a 5 times
adaptively refined mesh. Computations are done with w = 50, o = 17%.

(c) maxe ~ 144 (d) max p =~ 1.6

QFEM QFEM

Figure 5. Test 2. Computed images of reconstructed functions e(x) and p(x) in zox3 view:
a), b) on a coarse mesh, ¢), d) on a 5 times adaptively refined mesh. Computations
are done for w = 50, 0 = 17%.

13. CONCLUSION

In this work we derived a posteriori error estimates in the reconstructed coefficients
¢ and p and in the Tikhonov functional to be minimized. Numerically we tested our
algorithms with two different noise levels, ¢ = 7% and o = 17%, on the frequency
band w € [45,60]. The main conclusion of our previous study [6] was that we could
get large contrast of the dielectric function € which allows us to reconstruct metallic
targets, and that the contrast for p was within limits of (12.4). However, the size
of u in x1, xo directions and the location of all inclusions in z3 direction should be
improved. We get results similar to those obtained in [6] on a coarse mesh. However,
with mesh refinements, as was expected, the quality of reconstruction improved
a lot, see Figures 3, 4, 5. Using these Figures and Tables 1-4 we observe that now
all inclusions have correct locations in z3 direction and their contrasts and sizes in
x1, o directions are also improved and reconstructed with a good accuracy. We can
conclude that we have supported tests of our previous works [3], [4], [10], [9], [21]
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and have shown that the adaptive finite element method is a powerful tool for the
reconstruction of coefficients in Maxwell’s equations from limited observations.
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