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Abstract. The Cauchy problem for the system of linear generalized ordinary differential
equations in the J. Kurzweil sense dz(t) = dAg(t) - z(t) + dfo(t), z(to) = co (t € I) with
a unique solution xq is considered. Necessary and sufficient conditions are obtained for
a sequence of the Cauchy problems dxz(t) = dAg(¢) - z(t) + dfg(t), z(tg) = ¢, (K =1,2,...)
to have a unique solution zj, for any sufficiently large k such that zj(t) — zo(t) uniformly
on I. Presented results are analogous to the sufficient conditions due to Z. Opial for linear
ordinary differential systems. Moreover, efficient sufficient conditions for the problem of
well-posedness are given.

Keywords: linear system of generalized ordinary differential equations in the Kurzweil
sense; Cauchy problem; well-posedness; Opial type necessary condition; Opial type sufficient
condition; efficient sufficient condition
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1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

Let Ay € BVipe(I; R™™ ™), fo € BV (I;R™) and ty € I, where I C R is an
arbitrary interval non-degenerated to a point. Let xy be a unique solution of the
Cauchy problem

(1.1) dz(t) = dAo(t) - x(t) + dfo(t) fortel,
(1.2) z(to) = co,

where ¢y € R™ is a constant vector.
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Along with the Cauchy problem (1.1), (1.2), we consider the sequence of Cauchy

problems
(1.1g) dz(t) = dAg(t) - z(t) + dfi(t),
(1.21) z(ty) = ck

(]f =1,2,.. .), where Ay € BV]OC(I; Rnxn)’ fk S BV]OC(I; [Rn), tr € I and ¢ € R"
(k=1,2,...).

In the paper we establish necessary and sufficient and efficient sufficient condi-
tions for the Cauchy problem (1.1;), (1.2;) to have a unique solution zj for every
sufficiently large k such that
(1.3) lim zy(t) = zo(t) uniformly on I.

k—o0

The obtained necessary and sufficient criterion has the Opial type form considered
in [20] for the case of ordinary differential equations and it differs from analogous ones
given in [6], [3], [8], [23] for linear generalized differential systems. The Opial type
sufficient condition for the well-posedness is obtained in [19] for linear generalized
differential equations in the Banach space.

Some well-posedness problems for the linear and nonlinear boundary value prob-
lems for generalized differential equations are studied in [9], [4], [10], [17], [16], [15],
[19], [23] (see also the references therein).

Analogous questions for the Cauchy problem and linear and nonlinear boundary
value problems for systems of ordinary differential equations are studied in [7], [13],
[12], [14], [18], [20] (see also references therein).

The idea of the theory of generalized ordinary differential equations belongs to
Kurzweil (see [17], [16], [15]). In [17] he investigated the well-posedness question
for the Cauchy problem for linear ordinary differential systems and constructed an
example of a sequence of problems whose sequence of solutions (absolutely contin-
uous) converges to the discontinuity function (it is evident that the convergence is
not uniform). Kurzweil constructed some types of integral and differential equations
(so-called generalized ordinary differential equations) such that the above mentioned
discontinuous “limit” function is a solution of some generalized equation. Moreover,
from the theorem on the well-posedness (in the pointwise sense) of the Cauchy prob-
lem for generalized differential equations the above convergence process follows as
a particular case.

To a considerable extent, the interest in the theory of generalized ordinary differ-
ential equations has also been stimulated by the fact that this theory enables one to
investigate linear ordinary differential, impulsive and difference equations from a uni-
fied point of view; in particular, these equations of various types can be rewritten in
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form (1.1). Moreover, the convergence conditions for difference schemes correspond-

ing to systems of ordinary differential and impulsive equations can be obtained from

the results on the well-posedness (in the uniform sense) of the corresponding prob-

lems for systems of generalized ordinary differential equations (see [5], [2], [1], [11],
[21], [22] and the references therein).

In the paper, the use will be made of the following notation and definitions.

> R =]—00,00[; [a,b] and ]a, b are, respectively, closed and open intervals.

> [ is an arbitrary, non-degenerated to a point, finite or infinite interval from R, and

v VvV Vv V

£ € I is a fixed point.
R™*™ is the space of all real (n x m)-matrices X = (z;;)

n,m

i.j=1 with the norm

n
X[ = max > |ayl.
j=1,....m “4
i=1

Opxm s the zero (n x m)-matrix.

R™ = R™*1 is the space of all column n-vectors x = (z;)"_;; 0, is the zero n-vector.

R?’LXTL n

is the space of all real quadratic (n x n)-matrices X = ()} ;_;.
I,, is the identity (n x n)-matrix; diag(A1,...,A,) is the diagonal matrix with
diagonal elements A1,..., A,; d;; is the Kronecker symbol, i.e. ;; = 1 and 4;; =0
fori#j (i,7=1,...).

If X € R™*", then X! and det(X) are, respectively, the matrix inverse to X
and the determinant of X; diag X = diag(z11,...,Zn,) is the diagonal matrix
corresponding to X.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if such

is each of its component.

b
V(X) is the sum of total variations of the components z;; (i = 1,...,n; j =
a

1,...,m) of the matrix-function X : [a,b] — R™*™ \/(X) = -V (X).
b a
b

V(X) = lim V(X), where o = inf I and 8 = sup I.

I a—a+,b=B— 4
t

V(X)(t) = (V(xi5)(t);2,, where V(wy;)(t) = }/(x”) fort € I (i=1,...,n;
0

j=1,...,m).

X (t—) and X (t+) are, respectively, the left and the right limits of X at the point ¢

(X(a=)=X(a)ifaeTand X(f+)=X(8) if p €1).

> diX(t)=X(t) — X(t—-), d2 X (t) = X (t+) — X (¢).
> BV(I; R™*™) is the normed space of all bounded variation matrix-functions X :

I — R™ ™ (i.e. such that \/(X) < oco) with the norm || X||s = sup{|| X (¢)||: t € I}.
I
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> BVioe(I; R™*™) is the set of all X: I — R™ ™ for which the restriction to [a, b]
belongs to BV([a, b]; R™*™) for every closed interval [a, b] from I.

> S¢, 850 BVige(I,R) — BVioo(I,R) (j = 1,2) are the operators defined, respec-
tively, by s.(x)(t) = z(t) — s1(x)(t) — s2(x)(t) for t € I; s1(x)(&) = s2(x)(§) =0,

si(@)(t) = s1(2)(s) = Y daa()

s<TLt
and

sa(x)(t) — s2(x)(s) = Z dox(T) if s < t.

s<T<t

> If g: I — R is a nondecreasing function, z: I — R and s < ¢, s,t € I, then

/ 2(r) dg(r) = /] SO+ Y a@hon) + Y #(r)dag(o),

s<TLt s<T<t

where [ z(7)ds.(g)(7) is the Lebesgue-Stieltjes integral over the open interval
BRI
|s, t[ with respect to the measure p(s.(g)) corresponding to the function s.(g). We

assume

/ x(t)dg(t) =0 if s=t, and / z(t)dg(t) = — /ts xz(t)dg(t) ift> s.

Thus the integral considered is the Kurzweil-Stielties one (see [17], [16], [21], [22]).
> If g(t) = g1(t) — g2(t), where g1 and go are nondecreasing functions, then

[ ar1ast) = [ aranin - [ am)an() ors <t

> If G = (gin)hey € BV(IiR™), X = (a;)p ", € BV(I;R™™) and Y, Z €
BV(I; R™™), and Z(t) is nonsingular for ¢ € I, then

Se(@) (1) = (se(gin) (8)h=rs Si(GNB) = (s (gi) (8)hey fort €1 (j =1,2),
l

/ dG(r <Z/ 2y (1) dgin(T )) for s,t € I,
=175 i,5=1

B(G,X)(t) =G{t)X(¢) —G(f)X({)—/E dG(r) - X (1) fortel,
/d )+ B(Y,Z)(1)) - Z7 (1) fortel.
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> If X € BVioo(I; R™*"), det(I,, + (—1)7d;X(t)) # 0 for t € I (j = 1,2), and
Y € BVioe(I; R"™™), then

(1'4) 'A(Xa Y)(E) = OnXm;
AXY)(t) — A(X,Y)(s) = V(1) — Y(S)
+ Y diX(1) - (I — X () diY (7)

s<T<t

= > Ao X (1) (In + do X (7)) 'Y (1) i s <t.

s<T<t

> We say that a matrix-function X € BV([a, b], R™*") satisfies the Lappo-Danilevskil
condition if the matrices S.(X)(t), S1(X)(t) and S2(X)(t) are pairwise permutable
and

/ S(X)(7) dSu(X)(r) = / AS.(X)(7) - Su(X)(r) for s,t € [a, ]

For f,g € BV([a,b]; R) and ¢ € [a, b], the use will be made of the following formulas:

(1.5) /f ) dg(t) /f )dg(t—) + f(b)dig(b /f (t)dg(t+) + f(a)d2g(a),
(1.6) /f )dg(t) /f )dg(t) Zdlf ) - dig(t)

a<t<b

— Z daf(t) - dag(t) (integration-by-parts formula),
a<t<b

(L.7) /Mwwwmﬂj/MW®@@+/ht

— Y h(t)dif(t) - dig(t) Z h(t)da f(t) - dag(t)

a<t<b a<st<b

(general integration-by-parts formula),

= 3 FWdiglt) ‘/ Fdss (@) = 32 F(0)dag()

1 8 / f d81
a<t<b at<b

(1.9) /'ﬂwd</‘ () = /'f
(1.10) (/f )dg(s ) t)d;g(t) for j=1,2.
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>IfY (Y(a) = I,,a € I) is the fundamental matrix of system (1.1), then (see
g. [22], Proposition 1.2.15)

(1.11) Y7 '(t) =1+ A(a) = Y (1) A(t) + /t dy ) - A(r) fortel,

a

(1.12) d;X*t) = =X Ht)d; A(t) - (I, + (=1)7d;A(t))™" fort eI (j=1,2).

The proofs of formulas (1.5), (1.6), (1.8) and (1.9) can be found e.g. in [22]. As to
formula (1.7), it can be easily shown using the integration-by-parts formula (1.6).
If t € I, then we denote I; = I\ {t}. Moreover, we use the notation

lz||; = sup{||z(t)||: ¢t € I;} for z € BViec(I;R"?) (j=1,2; k=0,1,...),

where Iy; = {t € I: (—1)7(t —tx) >0} (j =1,2,k=0,1,...).

We will assume that A, = (akil)?,lﬂ and fr = (f;m-l)ﬁl:l (k =0,1,...), and,
without loss of generality, either t, < to (k =1,2,...), or ¢, =to (k=1,2,...), or
tr > 1o (]f: 1,2,...).

Along with systems (1.1) and (1.1x) (k =1,2,...), we consider the corresponding
homogeneous systems

(1.1p) da(t) = dAo(t) - x(t)
and
(1.1ko) dz(t) = dAk(t) - x(t).

2. FORMULATION OF THE MAIN RESULTS

Definition 2.1. We say that a sequence (A, fr;tr) (kK =1,2,...) belongs to the
set S(Ao, fo;to) if for every ¢y € R™ and a sequence ¢ € R™ (k= 1,2,...) such that

(21) lim Cr = Co,
k—o0

problem (1.1), (1.2%) has a unique solution xzj for any sufficiently large k and con-
dition (1.3) holds.
We also consider the case when

(2.15) klim crj =coj if j € {1,2} is such that (—1)7(tx —t9) =0 (k=0,1,...),
— 00
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where
(22) Ckj = Ck + (—1)j(dek(tk)Ck + djfk(tk)) (] =1,2 k= 0,1,.. )

Note that if
lim dek(tk) = deQ(to)
k—o0

for some j € {1,2}, then condition (2.1;) follows from (2.1).

Theorem 2.1. Let Ag € BV(I;R"*"), fo € BV(I;R") and t, € I (k=0,1,...)
be such that

(2.3)  det(I, + (—1)7d;Ap(t)) # 0 fort €1, (—1)’(t —ty) <0, and also
for t = to if j € {1,2} is such that (—1)I(t;, —to) > 0 for every k € {1,2,...},

and
(24) lim tr = to.
k—o0
Then
(2.5) ((Ak, feitr))iz1 € S(Ao, fosto)

if and only if there exists a sequence of matrix-functions H, € BV(I;R™*™)
(k=0,1,...) such that

(2.6) inf{|det(Ho(t))|: t € I} > 0,
and the conditions

(2.7) lim Hy(t) = Ho(t),

k—o0

\t/<I<Hk,Ak>>D} 0

tr

@8) i {12 A, - T(Ho As) o) (14

and

\t/<I<Hk,Ak>>D} 0

ty

29) Jim { I8 )7, ~ 8o, o)l (14

hold uniformly on I.
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Theorem 2.2. Let A, € BV(I;R™"), f € BV(I;R"), ¢, € R™ and t;, € I
(k = 0,1,...) be such that conditions (2.1), (2.1;), (2.3) and (2.4) hold, and the
conditions

t

(2.10) tim s {44500~ Aoy (1)1 + Vi )}
and
(2.11) Jm, sup {1t~ st (1+ V4 )} =0

tr

are fulfilled for some j € {1,2}, where cx; (k=0,1,...) are defined by (2.2),
Apj () = (1) (Ar(t) — Ai(tn)) — djAe(te) (7 =1,2; k=0,1,..)

and

Frj(®) = (1Y (fu®) = fulte)) = difu(te) (G =1,25k=0,1,...).
Then the Cauchy problem (1.1), (1.2;) has a unique solution x, for any sufficiently
large k and

(2.12) lim  sup {[lzk(t) — zo(t)} = 0.
k—00 te T t£ty,

Remark 2.1. In Theorem 2.2, it is evident that the sequence =) (k=1,2,...)
converges to o uniformly on the set {t € I,t < to} if t > to (k = 1,2,...), and
on the set {t € I,t > to} if tx < to (K = 1,2,...). Moreover, in Theorem 2.2,
if conditions (2.10) and (2.11) hold uniformly on the set I instead of the sets Iy,
(k=1,2,...), then these conditions are equivalent, respectively, to the conditions

)}
)

klil{; d]Ak (t) = deo (t) and leII;o dj fk (t) = djfo(t)

t

V (4x)

ty

213) i {10 ~ 44(6) - (Ao(0) - Aolao))] {1+

and

t

\/ (Ax)

ty

@10) i {1000 - fu00) = (Go0) — foaa {1+
uniformly on I, since (2.10) and (2.11) imply that

uniformly on I for every j € {1,2}. In addition, by (2.2), conditions (2.1;) (j = 1,2)
immediately follow from the last equalities. Thus, in this case, condition (1.3) holds.
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Theorem 2.3. Let Af, A € BV(L;R™™); f5, fr € BV(I;R™); ¢f,cr € R™ and
to,tr € I (k=1,2,...) be such that condition (2.4) holds,

(2.15)  det(I, + (—=1)7d; A(t)) #0 fort eI, (—1)7(t —ty) <0, and also
for t = to if j € {1,2} is such that (—1)I(t;, —to) > 0 for every k € {1,2,...},

the Cauchy problem

(2.16) da(t) = dAg(t) - x(t) + dfg (L),
(2.17) z(to) = ¢

has a unique solution x{ and there exist sequences Hy, € BV(I; R™*™) (k =1,2,...)
and hy, € BV(I;R™) (k =1,2,...) such that the conditions

(2.18) inf{|det(H(¢t)|: t € It} > 0 for every sufficiently large k,
(2.19) khﬁn;j = ¢y, khﬁn;j Chj = Coj»
t
(2.20) tim s {1430 = 43,00 (1+ Vo) )}
and
t
(221) tim s {155,00= £l (1+ [Veap) ) } =0

tr

hold for some j € {1,2}, where

Ap(8) = (1) (AL () — Ag(tn)) — djAx(tn)
and
frg@) = (=1 (fi () = fite)) —dj fi(te) fortel (j=1,2;k=0,1,...),
Ap(t) = Z(Hy, Ay)(t)
and
Ji(8) = hi(t) — hi(tr) + B(Hg, fr)(t) = B(Hg, fi)(tk)
—/t AAL(s) - ha(s) fortel (k=1,2,..);

t

CZ:Hk(tk)Ck-l—hk(tk) (k:1,2,...),
cij =+ (D (A () e, +difite) (G=1,23 k=0,1,...).
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Then problem (1.1y), (1.2) has a unique solution xy, for any sufficiently large k and

(2.22) Jm o sup {[[Hy()ak(t) + hi(t) —zp(0)]]} = 0.
OO te ], t#ty,

Remark 2.2. In Theorem 2.3, the vector-function x(t) = Hy(t)xk(t) + hi(t)
for every sufficiently large k is a solution of the problem

(2.161) de(t) = dAL(t) - (1) + dfi (1),
(217k) :L'(tk) = C;:.

Below we consider, mainly, the well-posedness question on the whole interval I. For
the last case, in view of Remark 2.1 conditions (2.20) and (2.21) have, respectively,

)}
)}

Corollary 2.1. Let A, € BV(I;R™™"), fr € BV(I;R"), ¢, € R® and ty, € I
(k=0,1,...) be such that conditions (2.3), (2.4), (2.6) and

the form

t

V(40)

tr

@29) i {450 - Ax(0) - (4500 - Ao (14

and

t

V(40

ty

@20 Jim {100 - (0 - G50 - Fon (1+

uniformly on I.

(225) lim (Ck — Pk (tk)) = Cp

k—o0

hold, and conditions (2.7), (2.8) and

220 i { |80, 5 - )0, - B S
t

(1+

+ | dZ(Hk, Ar)(7) - i (T)
tr
are fulfilled uniformly on I, where H, € BV(I;R™ ") and ¢, € BV(I[;R")
(k = 0,1,...). Then problem (1.1j), (1.2;) has a unique solution xj, for any

t

Vi, )} =0

tr

sufficiently large k and

(2.27) (xr(t) — pr(t)) = xo(t) uniformly on I.

lim
k—o0
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Below, we give some sufficient conditions guaranteeing inclusion (2.5). To this
end we establish a theorem different from Theorem 2.1 concerning the necessary and
sufficient conditions for inclusion (2.5) as well, and the corresponding propositions.

Theorem 2.1'. Let Ay € BV(I;R™*"), fo € BV(I;R") and t, € I (k=0,1,...)
be such that conditions (2.3) and (2.4) hold. Then inclusion (2.5) holds if and only
if there exists a sequence of matrix-functions Hy, € BV(I;R"*") (k =0,1,...) such
that conditions (2.6) and

(2.28) Jim sup \/ (Hy + B(Hy, Ay)) < o0
I

hold, and conditions (2.7),

(2.29)  lim (B(Hpy, A)(t) — B(Hk, Ar)(tk)) = B(Ho, Ao)(t) — B(Ho, Ao)(to)

k—o0

and
(2.30) kli_?;o(B(Hk’fk)(t) — B(Hy, fi)(tr)) = B(Ho, fo)(t) — B(Ho, fo)(to)

are fulfilled uniformly on I.

Remark 2.3. Due to (2.6), (2.7), there exists a positive number r such that

sup {

Further, in view of Lemma 3.3 (see below), by conditions (2.28) and (2.29) we get

\/(I(Hk,Ak)): te I‘} < T\/(Hk + B(Hk,Ak)) (k} =0,1,.. )
I

to

lim (Z(Hg, Ax)(t) — Z(Hy, Ax)(tr)) = Z(Ho, Ao)(t) — Z(Ho, Ao)(to)

k—o0

uniformly on I. Therefore, thanks to this, (2.28) and (2.30), conditions (2.8) and (2.9)
are fulfilled uniformly on I

Theorem 2.2'. Let Ay € BV(I;R™ ™), fr € BV(I;R"), ¢, € R" and t;, € I
(k=0,1,...) be such that conditions (2.1), (2.3), (2.4) and

(2.31) klgr;o sup\I/(Ak) < 0o

hold, and the conditions

(2.32) lim (Ak (t) - Ak(f,k)) = Ao(t) - Ao(to)

k—o0
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and

(2.33) (fe(®) = fr(tr)) = fo(t) = fo(to)

lim
k—o0
are fulfilled uniformly on I. Then the Cauchy problem (1.1;), (1.2;) has a unique
solution xzy, for any sufficiently large k and condition (1.3) holds.

Theorem 2.3'. Let A}, Ay, € BV(I;R™™), f&, fr € BV(I;R"), ¢f,cr, € R™
and to,t, € I (k = 1,2,...) be such that conditions (2.4) and (2.15) hold, the
Cauchy problem (2.16), (2.17) has a unique solution x{ and there exist sequences
H, € BV(I;R™™) (k = 1,2,...) and hy € BV(I;R™) (k = 1,2,...) such that
conditions (2.18),

(2.34) klir{:o(Hk(tk)ck + hi(tr)) = ci
and
(2.35) Jim sup \(45) < o0
I
hold, and the conditions
(2.36) Jm (A5 (1) = Ag () = Ao (1) = Ag(to)
and
(2.37) i (f(6) = fi(t)) = fo (1) = fo (to)

are fulfilled uniformly on I, where the matrix- and vector-functions Aj and f;
(k=1,2,...) are defined as in Theorem 2.3. Then problem (1.1), (1.2;) has a unique
solution x, for any sufficiently large k and condition (2.22) holds uniformly on I.

Corollary 2.1'. Let Ay € BV(I;R™ "), fr € BV(I;R"), ¢, € R® and t, € I
(k=0,1,...) be such that conditions (2.3), (2.4), (2.6), (2.25) and (2.28) hold, and
conditions (2.7), (2.29) and

(2.38) lim (B(Hk,fk—sm(rﬂg n dB(Hk,Aw(r)-sak(T)) — B(Ho, o)),

k—o0 e

are fulfilled uniformly on I, where H), € BV(I;R™ ") and ¢, € BV(I;R")
(k = 0,1,...). Then problem (1.1j), (1.2;) has a unique solution xj, for any
sufficiently large k and condition (2.27) holds.
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Corollary 2.2. Let A, € BV(I;R™"), fr e BV(I;R™) and t, € I (k=0,1,...)
be such that conditions (2.3), (2.4), (2.6) and (2.28) hold, and conditions (2.7),

(2.39) tin [ ) = [ Hot .
(2.40) lim t: §) dfis / Ho(s) dfo(s
(2.41) Jim djAk(t) =djAo(t) (j=1,2)
and

(2.42) Jim d (1) = difolt) (G =1,2)

are fulfilled uniformly on I, where Hy, € BVio.(I; R"*™) (k =0,1,...). Let, more-
over, either

(2.43) Jim sup{[|d; A ()] + [|d; fu(®)][} < oo (7 =1,2)
— 00 tel
or
(2.44) lim sup{||d;Hi(t)||} <oo (j =1,2).
k—oo tcT

Then inclusion (2.5) holds.

Corollary 2.3. Let A, € BV(I;R™"), fr e BV(I;R™) and t, € I (k=0,1,...)
be such that conditions (2.3), (2.4), (2.6) and (2.28) hold, and conditions (2.7),
(2.32), (2.33),

t

(2.45) kh—>n<;lo dHg(s) - Ag(s) = A*(t) — A*(to)
and
(2.46) Jim t dHy(s) - fr(s) = f*(t) — f*(to)

are fulfilled uniformly on I, where Hy(t) = I,,, H, € BV(I;R™*") (k = 1,2,...),
A* € BV(I;R™™), f* € BV(I;R™). Let, moreover, problem (2.16), (1.2), where
A§(t) = Ao(t) — A*(t) and f§(t) = fo(t) — f*(t), have a unique solution xj§. Then

((Ar, frstr))izy € S(Ao — A, fo — [ t0).
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Corollary 2.4. Let A, € BV(I;R™"), fr e BV(I;R™) and t, € I (k=0,1,...)
be such that conditions (2.3) and (2.4) hold and there exist a natural number m and
matrix-functions B; € BV(I; R™*") (I =1,...,m — 1) such that

(2.47) klg& sup\I/(Akm) < 00,

and the conditions

(248) klil{; Hkmfl(t) = In,
(2.49) i (Ag () = Awn (1)) = Ao(t) — Ao(to),
(2.50) klirlgo(fkm(t) = frm(tr)) = fo(t) — fo(to)

are fulfilled uniformly on I, where

Hio(t) = I, Hyjpr(t) = (In — (Ar(t) — Apa(te)) + (Bi(t) — Bi(tr))) Hi (1),
Akj+1(t) = Hy;(t) + B(Hyj, Ag)(t)

and
Srj+1(t) = B(Hyj, fr)(t) fort €l (j=0,....m—1).

Then inclusion (2.5) holds.
If m =1, then Corollary 2.1 coincides with Theorem 2.2'.

Corollary 2.5. Let Ag € BV(I;R™™), fo € BV(I;R") and t, €I (k=0,1,...)
be such that conditions (2.3) and (2.4) hold. Then inclusion (2.5) holds if and only
if there exist matrix-functions By € BV(I;R"*") (k =0,1,...) such that

(2.51) klirlgo sup\I/(Ak — Bi) < >

and
(2.52) det(I, + (—1)7d; B(t)) #0 fort €I (j=1,2; k=0,1,...),

and the conditions

(2.53) Jim Z7H () = 257 (1),
(2'54) leH;O(B(Zgl, Ak)(t) - B(Zk_lvAk)(tk)) = B(Z()_lvAO)(t) - B(Z()_lvAO)(tO)
and

(2:55)  lim (B(Zg " fu)(6) = B(Z; Y, fo)(te) = B(Zg ', fo)(t) = B(Zy ' fo)(to)

k—o0
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are fulfilled uniformly on I, where Zy, (Zy(tr) = I,,) is a fundamental matrix of the
homogeneous system dxz(t) = dBy(t) - z(t) for every k € {0,1...}.

Corollary 2.6. Let A, € BV(I; R™*"), f, e BV(I;R™) and t, € I (k=0,1,...)
be such that conditions (2.3) and (2.4) hold and there exist matrix-functions
By, € BV(I;R™"™) (k = 0,1,...), satisfying the Lappo-Danilevskii condition, such
that conditions (2.51) and

(2.56) det(I, + (—1)7d;Bo(t)) #0 fort eI (j =1,2)

hold, and the conditions

(2.57) Jim (Be(t) ~ Bi(tx)) = Bo(t) — Bo(to).
(258  Jim t: 27N () dA(By, A)(7) = /t t Z:1(7) dA(Bo, Ao)(7)
and

2s0) [ 770 0B R0 = [ 270 4A G0 )

are fulfilled uniformly on I, where A is the operator defined by (1.4), and Zj
(Zi(tr) = I,) is a fundamental matrix of the homogeneous system given in Corol-
lary 2.5 for every k € {0,1...}. Then inclusion (2.5) holds.

Remark 2.4. In Corollaries 2.5 and 2.6, if we assume that the matrix func-
tions By, (k = 0,1,...) are continuous, then conditions (2.52) and (2.56) are valid
obviously. Moreover, due to the integration-by-parts formula and definitions of op-
erators BB and A, each of conditions (2.54) and (2.58) has the form

t

(2.60) lim [ Z;'(7)dAg(r) = / Zy (1) d Ao (1),

k—o0 th to

and each of conditions (2.55) and (2.59) has the form

t

(2.61) im [ Z7\(7)dfu(r) = / Z M (7) dfo(r).

k— oo e to

Remark 2.5. If a matrix-function B € BV(I;R"*™), satisfying the Lappo-
Danilevskil condition, and s € I are such that det(I,, + (—1)7d;B(t)) # 0 for t € I,
(—1)7(t —s) < 0 (j = 1,2), then the fundamental matrix Z (Z(s) = I,,) of the
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homogeneous system dxz(t) = dB(t) - z(¢) has the form (see [11])

exp(So(B)(t) — So(B)(s))

x I A=diB(r))™t J] (1+daB(7)) fort>s,
(2.62)  Z(t) = { exp(So(B)(t) — So(B)(s))

x [I A=diB(r)) [I (1+daB(r))~t fort<s,
I, ) ) for t = s.

Corollary 2.7. Let A, € BV(I;R™"), fr € BV(I[;R™) and t, € I (k = 0,
1,...) be such that conditions (2.3) and (2.4) hold, the matrix-functions S.(Ay)
(k=0,1,...) satisfy the Lappo-Danilevskil condition and

(2.63) Jim sup; ld; Akl < oo (j=1,2),

and the conditions

(2'64) kh_{EO(Sc(Ak)(t) - Sc(Ak)(tk)) = SC(AO)(t) - SC(AO)(tO))
(2.65) Jm d;A(t) = djAo(t) (7 =1,2)

and

(2.66) Jim t exp(—Se(Ak)(T) + Sc(Ar)(tk)) dfi(T)

- / exp(—Se(A0)(7) + Se(Ax) (to)) dfo(7)

to

are fulfilled uniformly on I. Then inclusion (2.5) holds.

Corollary 2.8. Let A, € BV(I;R™"), fr e BV(I;R™) and t, € I (k=0,1,...)
be such that conditions (2.3), (2.4),

n
li ;
Jim sup Z \/(ak”) < 00
il=13i#l T
and

L+ (=1)Ydjagii(t)) #0 fortel (j=1,2;i=1,...,n)
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hold, and the conditions

lim (ak”(t) — a;m(tk)) = aom-(t) — a()ii(to) (Z = 1, PN ,n),

k—o0
t t

lim | 20 (7) dA(agii, aka)(7) = | 205 (1) dA(agii, aon) (1) (i #1; i,0=1,...,n)

k—o0 e to

and

t

lim Z}?zi (1) dA(agii, fri)(T) = / 207“1 (1) dA(aoii, foi)(T) (E=1,...,n)

k—o0 ¢ to

are fulfilled uniformly on I, where A is the operator defined by (1.4), and zy;,
defined according to (2.62), is a solution of the Cauchy problem dz(t) = z(t) da; (1),
z(ty) =1 fori € {1,...,n} and every sufficiently large k. Then inclusion (2.5) holds.

Remark 2.6. In Theorems2.1’-2.3’ and Corollaries 2.1/, 2.2-2.8, we can assume
Hy(t) = I,,, without loss of generality. In this case, it is evident that

I(Ho,Y)(t) —Z(Ho,Y)(s) =Y (t)=Y(s) forY € BV(I;R™ ") and ¢,s € I.

Remark 2.7. The following example shows that if condition (2.63) is violated,
then the statement of Corollary 2.7 is not true in general.

Example. Let I = [0, 1], Ao(t) = 0, f()(t) = fk(t) = 0, tp =19 = 0, Cp = Cy = ].,

2k?
k! forte U lt2i—1k, t2ik],

i=1
Ak(t) - 2k?

0 for t ¢ U Jt2i—1k, taix,
i=1

where t;; = (2k?+1)7%i (i = 0,...,2k?) for every natural k. Then all the conditions

of Corollary 2.7 are fulfilled except of (2.63). It is evident that z(t) = 1. On the

other hand, the Cauchy problem (1.1;), (1.2;) has a unique solution zj and, in
2

addition, (1) = (1 — 1/k2)k . Therefore, condition (1.3) is not valid since

lim zx(1) = exp(—1) # zo(1).

k—o0
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3. AUXILIARY PROPOSITIONS

Lemma 3.1. Let a € I be a fixed point. Then:
(a) if X € BVipe(I; R™™) Y € BV (I; R™*!) and Z € BVyoe(I; R¥F), then

B(X,B(Y,Z))(t) = B(XY,Z)(t) fortel,
( /dY ) /dBXY -Z(s) fortel,
(b) if X € BVioo(I;R™ "), Y € BVioe(I; R"*") and Z € BVoo(I; R"*™), then
I(X,Z(Y,2))(t) = (XY, Z)(t) fortel.
Lemma 3.2. Let h € BV)o.(I; R™), and let H € BVic(I; R™*™) be a nonsingular
matrix-function. Then the mapping * — y = Hx + h establishes a one-to-one

correspondence between the solutions x and y of systems dz(t) = dA(t) - x(t) + d f(¢)
and dy(t) = dA.(¢t) - y(t) + df«(t), respectively, where

A() = T(H,A)E),  f.(t) = ht) — h(a) + B(H. £)(t) - / CAAL(s) hu(s) forte T,
and a € [ is a fixed point. Besides,

In + (1) d; Au(t) = (H(t) + (=1)d; H(t)) - (In + (1)’ d; AR)H (1) (5 =1,2).

Lemma 3.3. Let ay, S € BV(I;R) (k=0,1,...) be such that
I — Bolls = I
Jim 1Bk — Bolls =0 and Jim sup\l/(ak) < 00,

and let the condition

lim (ag(t) — ar(a)) = ao(t) — ao(a)

k—o0

be fulfilled uniformly on I, where a € I is a fixed point. Then

klim / B (1) da (7 / Bo(7) dao(7) uniformly on I.
—00
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Lemma 3.4. Let

det(I, + (=1)7d; Ag(t)) #0 fort eI (j=1,2)

and let
(3.1) lim Yy (t) = Yo(t) uniformly on I,
k—o0
where Yy and Y, (k = 1,2,...) are fundamental matrices of homogeneous sys-

tems (1.1g) and (1.1x0) (kK =1,2,...), respectively. Then

(3.2) inf{|det(Yo(t))|: t € I} >0,

(3.3) inf{|det(Yy ' (t))|: t € I} >0,

and

(3.4) klggo Y, '(t) =Y, '(t) uniformly on I.

We omit the proofs of the above lemmas. One can find the proofs of Lemmas 3.1
and 3.2 in [3], and Lemmas 3.3 and 3.4 in [6].

The conclusion of the next lemma is often used implicitly in various papers
(e.g. [7], [22]). We give the proof from those papers.

Lemma 3.5. Let sequences of matrix-functions By, € BV, (I; R™*™) and points
tr, €I (k=0,1,...) be such that conditions (2.4),

(3.5) det(I, + (=1)7d;Bo(t)) # 0 forte I, (=1)/(t—to) <0 (j=1,2)
and
(3.6) lim sup{||d;By(t) = d; Bo(t)|[: t € I, (=1)7(t —#,) <0} =0 (j = 1,2)
hold. Then
(3.7)  det(I, + (—1)7d;By(t)) #0 fort €I, (=1)7(t—t;) <0 (j =1,2)
and there exists a positive number rqo such that
(3.8) (I, + (=1)7d; Bo(t)) || < rg fort €I, (=1)7(t—t9) <0
and

[(In + (=1Yd;Bi(t)) | <ro fortel, (1Y (t—tx) <0 (j =1,2)
for every sufficiently large k.

201



Proof. Since \/ By < oo, the series Y ||d; Bo(t)|| (j = 1,2) converge. Thus for
1 tel
any j € {1,2} the inequality ||d; Bo(t)|| > 1/2 may hold only for a finite number of

points t;1,...,tjm,; from I. Therefore,

1
(39) deBQ(t)H < 5 fortel, t;ﬁ f,ji (Z =1,.. .,mj).

First consider the case when j = 2 and ¢y > ¢ for every sufficiently large k. We can
assume that to; >t (i = 1,...,ma) for every sufficiently large k.

It follows from (3.5), (3.6) and (3.9) that det(l, + d2Bg(t2:)) #0 (i =1,...,m2)
and ||d;Bi(t)|| < 1/2fort € I, , t # to; (i =1,...,mo) for every sufficiently large k.
The latter inequalities imply that the matrices I, + d2 By (t) (j = 1, 2) are invertible
fort € I,, t #tj; (i =1,...,m; ), too. From this, it is evident that condition (3.7)
is fulfilled and there exists a positive number 7o for which estimates (3.8) hold.
Analogously we can prove this estimate for the other cases. (I

4. PROOF OF THE MAIN RESULTS

Proof of Theorem 2.2. In virtue of (2.10),

(4.1) lim sup {||d;Ax(t) —d;jAc(t)]|} =0 (j=1,2).
k—00 te T t£ty,

So, according to Lemma 3.5 there exists a positive number r such that
det(I,, + (—1)7d;jAg(t)) #0 fort €I, (1) (t—tx) <0 (j =1,2)

and

(4.2) ||(In + (=1)7d; Ao(t)) Y| <7mo fortel, (1) (t—t) <0 (j=1,2)

for every sufficiently large k. Hence, there exists a natural kg such that problem
(1.1x), (1.2) has a unique solution xy, for every k > k.

Let zx(t) = xp(t) — xo(t) for k € {ko,ko + 1,...}. First, consider the case when
ty > to (k= ko, ko +1,...). Below, for this case, we assume that k > ko.

Let ¢ be an arbitrary small positive number. It is not difficult to check that

t t

dAo(s) - 2k (s) +/ dAka(s) i () + frz(t) — frz(te +€)

tr+e

zi(t) = zr(ty +¢) +/

tr+e

for ¢ =t + g, where Akj(t) = Akj(t) - Aoj(t), f_kj(t) = fkj(t) - foj(t) (j = 1,2).
Thanks to (1.10) and the definition of a solution of system (1.1;), we get

(4.3) djzy(t) = d;Ap(t) - au(t) + dif(t) fortel (j=1,2).

202



Using the integration-by-parts formula (1.6), equalities (4.3), the general integration-
by-parts formula (1.7) and equality (1.9) we conclude

/t dflkg(s) Tk (S)

kte
t
= Mpo(t) - 2 (t) — Apalth + ) - anlth + ) — / Apa(s) dzp (s)
trp+e
+ Z dlzzlkg (S) . dlfck(s) — Z dgzzlkg(s) . dgxk(s)
tr+e<s<t trt+els<t
= Akg(t) . xk(t) — Akg(tk + E) . J)k(tk + 6)
t
- Ak (s)(dAx(s) - zx(s) + dfi(s))
tr+e
+ Z di Ak (s) - (d1 Ax(s) - 2 (s) + di fi(s))
trt+e<s<t
— ) daAja(s) - (daAr(s) - k(s) + dafi(s)) for t >ty +e.
trt+e<s<t
Therefore,

(44) zk(t) = zi(te +€) + Tk2(t, tk +€) + Qra(t, ti +€) + / dAp(s) - zk(s)

tr+e

for t > tj + ¢, where

o7 = A 0) (1) = Aas(r) - 21(5) = [ Ag(9)a406) ()
+ Y didyy(s) - diAr(s) - za(s)
s€|T,t]
- Z do Ay (8) - deAp(s) - dewi(s) for T <t (j=1,2),
se[r,t]

jkj(t,t) = Oan (j = 1,2), jkj(t,’r) = —jkj(T,t) fort <t (j = 1,2);
Qi (t,7) = frj(t) = () — B(Akj, fr)(t) + B(Awj, fr)(7) (5 =1,2).

Let By be a matrix-function defined by By(tx+¢) = Ao(tx+e) and By(s) = Ag(s—)
for s >ty + €. Obviously,

dQBO(tk» + E) = dQAQ(tk» + E) and dl(Bo(S) - Ao(S)) = _dlAQ(S) for s >t + <.

Hence, according to (1.5),

/t dAo(s) - zx(s) = / dBo(s) - 2(s) + diAo(t) - zu(t) for t > ty +&.

kte ti+e
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Consequently, thanks to (2.3), it follows from (4.4) that

2o(t) = (In — dy Ao (1)) (zk (b + &) + Tiat, b + ) + Opalt b + )

t
+ / dBy(s) - zk(s)) for t >ty +¢.
trp+e

Let 1 = ro + 1. Due to (4.1) and estimate (4.2), without loss of generality we get

(4.5) @] <7 (IZk(tk o)l + T2t tr + )| + 1| Qra(t, 1 + )

t
[ 1@l av Bl fores o
trp+e

Let

ar=sup {[|[A®l}, A= sup {lfec®l}, = sup {\/

tel t#ty tel t#ty tel t#ty, Jeot]

(Ak)

Then by (2.10) and (2.11) we have
(4.6) lim ap(l+4+ ) = lim Bx(1+ ) =0.
k—o0 k—o0
It is evident that

| Tk (t, tr + )|l < 20k l|7kllk2 + arvell k] ke

sdale( ¥ laol+ X laddl)

tr+e<s<t tr+e<s<t

and, therefore,
(4.7) [Tr2(t, te + )|l < exllzpllke for t =ty + e,

where e, = (2 + 3vk) (k = 1,2,...). Moreover, if we take into account the fact
that the operator B is linear with respect to each of its variables and equals zero if
the second variable is a constant function, then we obtain

1B(Agz, fi)(t) = B(Aga, fr)(tr + &)l
< ||B(Az, fr2)(t) — B(Agz, fro)(t + )|
+ |B(Agz, fo)(t) — B(Agz, fo)(tk +€)|| for t >ty +e.
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Let o = \/(Ao) and r3 = \/(fo). By the definition of the operator B, we have
I I

IB(Akz, frz)(t) — B(Aga, fra) (tr + e)ll < 20w By + B(yk +12) for t >ty +e.
Moreover, using the integration-by-parts formula we find
I1B(Akz, fo)(t) — B(Akz, fo)(tr + )|

<ak\/<fo>+2ak( I CIEEDS IIdzfo(S)H) for >ty + ¢

trpt+e tet+e<s<t trte<s<t

and, consequently,

1B(Akz, fo)(t) — B(Arz, fo)(tk +€)|| < Bagrs for t >ty +e.
Further,
(4.8) | Qualt, ti +€)|| < Ok for t >ty +¢,

where 0, = k(2 + 20 + v + 72) + 3agrs. From (4.5), by (4.7) and (4.8) we get

t

(4.9) |z <™ (IIZk(tk + &)l + exllerllne + 0 +/ [z () d||V(BO)(T)||>
trp+e

for t > ty, + &. So, according to the Gronwall inequality (see [22], Theorem 1.4.30)

Iz @] < r1(llzk(E + )l + exllzk k2 + o) exp(r|[V (Bo)(t) = V(Bo)(t)l])

<
< 7"1(||Zk(tk +e)|l + erllen k2 + (5k) exp(rire) for ¢ >ty +e.
Now, passing to the limit in the last inequality for ¢ — 0, we conclude
(4.10) I 2ellk2 < ri([lze ()| + exllzellne + 0k ) exp(rirs).
In virtue of (4.6), we find
(4.11) khﬁngo e =0.

Therefore, there exists a natural ky > k¢ such that

1
ryexp(rirs)e; < 3 (k= k1).
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Due to this inequality, (4.10) implies
[zkllk2 < [[zollkz + 71 (l2e(te )l + exllznllre + k) exp(rira) - (k= k1),

which, due to (2.13) yields that the sequence |||z (k = k1,k1+1,...) is bounded.
In view of conditions (2.10) and (2.11) we have

(4.12) lim &), = 0.
k—o0

Moreover, using (2.13) we get

Jim 2k (tk+) = kli_{I;O(xk(thr) —zo(tkt)) = kli_>n(r>lo(xk(tﬁ) —zo(to+))
= kh_{folo ([(In + da A(t)) e (tr) + da fr(tr)]
— [(In, + d2A(to))zo (to) + dzfo(to)])

= lim (Ckg — C()Q) =0.
k—o00
Therefore, by this, (4.11) and (4.12), it follows from (4.10) that
lim ||Zk||k2 =0.
k—o0
Analogously to (4.4), we can show that

(413) Zk(t) = Zk(tk — 8) - jk2(tk — E,t) — QkQ(tk - E,t) — /tks dAO(s) . zk(s)

for t <t — . Let now the matrix-function By be defined by By (tr —e) = Ao (tr, —¢)
and Bo(s) = Ag(s+) for s < t, —e. It is evident that

dlBo(tk — E) = dlAQ(tk — E) and dQ(B()(S) — Ao(S)) = —dQAQ(S) for s < tp —€.
Hence, according to (1.5),
tr—e trp—¢
/ dAp(s) - zi(s) = / dBy(s) - zx(s) + daAp(t) - zi(t) fort <ty —e.
t t
Using these equalities, from (4.13) we obtain
25 (t) = (I + d2 Ao (t)) ! (zk(tk — &) — Tra(ty, —,t) — Qra(ty —&,t)
tr—€
— / dAo(s) - zk(s)> fort <ty —e.
t
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From this, analogously as above, we have

(4.14) llzellk1 < r1(llze(te—)I + exllzkller + 0r) exp(rira)

and, in addition, the sequence ||z k2 (kK = k1,k1 +1,...) is bounded.
Thanks to (2.10) and (2.11),

Jim ([l A(te) + d2 At || + lldi fi(t) + dafi(t)]]) = 0.
Using this and (2.12), we conclude
Jm 2ty —) = Hm (zp(te—) — oty —)) = lUm (zx(tr—) = zo(to+))
= lim ([(In = di A(te))ar (tr) — du fi(tr)]
— [(In + d2A(to))0(to) + d2 fo(to)])
= Jim ([(Zn + d2 A(te))er + da fi ()]
— [(In + da A(to))xo (to) + d2fo(to)])
~ lim (diA(tr) + doA(tr))cr — (dyfr(tr) + dofr(tr))
= lim (Ckg - Cog) = 0.
k—o0
Therefore, due to (4.14), taking into account (4.11) and (4.12), we find
i {|ze |k = 0.

So, condition (2.12) holds for t, >ty (k =1,2,...).
In a similar way, we can prove the theorem for the cases when t, < to (k =1,2,...)
orty =to (k=1,2,...), as well. O

Proof of Theorem 2.3. In view of condition (2.15), analogously to the proof of
Theorem 2.2, we can show that the Cauchy problem (2.17j), (2.18;) has a unique
solution zj for every sufficiently large k. Moreover, according to Lemma 2.2, the
mapping * — Hyx + hy establishes a one-to-one correspondence between the so-
lutions of problem (1.13), (1.2;) and the solutions of problem (2.17), (2.18;) for
every natural k. So, problem (1.1;), (1.2%) has a unique solution xj, and z}(t) =
Hi(t)xg (t) + hi(t) for every sufficiently large k.

Conditions (2.15), (2.18)—(2.21) guarantee the fulfillment of the conditions of The-
orem 2.2 for the Cauchy problem (2.16), (2.17) and the sequence of the Cauchy
problems (2.17%), (2.18;) for every sufficiently large k. Hence, by Theorem 2.2,

klim sup {[ly(t) — 25(t)[|} = 0.
=00 ¢ £,

Thus condition (2.22) holds. O

207



Proof of Corollary 2.1. Let us verify the conditions of Theorem 2.3. From (2.6),
(2.7) it follows that condition (2.18) holds, as well as the condition

4.15 lim H_'(t) = Hy'(t) uniformly on I.
k 0

k—o0

Put hi(t) = —Hi(t)er(t) (k=1,2,...). In view of (2.4) and (2.7), we get
lim Hk(tk) = Qo,
k—o00

where Qo = Ho(to—) if t, < to, Qo = Ho(to) if t, = to, and Qo = Ho(t0+) if t, > tg
for every sufficiently large k. By this and (2.25), (2.19) is fulfilled for ¢fj = Qo(to)co.
Further, by (2.8) and (2.9), conditions (2.23) and (2.24) hold uniformly on I, where

A;;(t) = I(Hk,Ak)(t) —I(Hk,Ak)(tk) fortel (k? =0,1,.. .);
fo(t) = B(Ho, fo)(t) — B(Ho, fo)(to)

and

fe(t) = B(Hy, fro — o1)(t) — B(Hy, fr — ©)(tx)
+ dZ(Hy, Ag)(s) - pr(s) fortel (k=1,2,...).

tr

Taking into account Lemma 3.2, it is not difficult to see that problem (2.16), (2.17)
has a unique solution x(t) = Ho(t)xo(t).
Thanks to Theorem 2.3 and Remark 2.1, we have

lim (Hy (t)x(t) — Hi(t)er(t)) = z5(t)

k—o0
uniformly on I. Hence, by virtue of conditions (2.7) and (4.15), condition (2.27) is
valid. O

Proof of Theorem 2.1. The sufficiency follows from Corollary 2.1 if we assume
er(t) =0 (k=1,2,...).

Let us show the necessity. Let ¢, € R™ (k= 0,1,...) be an arbitrary sequence of
constant vectors satisfying (2.1) and let e; = (6;;)7; (j =1,...,n).

In view of (2.3), we can assume without loss of generality that problem (1.1;),
(1.2;) has a unique solution z;, for every natural k.

For any k € {0,1,...} and j € {1,...,n}, let yu;(t) = zx(t) — zx;(t), where xy;
is the unique solution of system (1.1;) under the Cauchy condition z(tx) = cx — €;.
Moreover, let Yy (t) be the matrix-function whose columns are yg1(t),. .., Ykn(t).
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It can be easily shown that Yy and Y (k= 1,2,...) satisfy, respectively, homoge-
neous systems (1.1p) and (1.1x) (k=1,2,...), and

(4.16) yei(te) =¢; (j=1,....,n; k=0,1,...).

If
Z a;yr;(t) = op
=1

for some natural k and o;j € R (j = 1,...,n); then using (4.16) we have

n
E Q€5 = On
j=1

and, therefore, a3 = ... =, =0, 1e. Yy and Yy (kK =1,2,...) are the fundamental
matrices, respectively, of the homogeneous systems (1.19) and (1.1x) (k=1,2,...).
Thanks to Corollary 2.1 and Lemma 3.4, conditions (3.1)—(3.4) hold uniformly on I.

We can assume without loss of generality that Yi(¢tx) =1, (£ =0,1,...). We put
Hy(t) =Y, ' (t) (k=0,1,...) and verify conditions (2.6)—(2.9).

Conditions (2.6) and (2.7) coincide with (3.3) and (3.4), respectively.

According to equality (1.11), we have

(4.17) Hy(t) + B(Hg, Ax)(t) =1, (k=0,1,...).
Thus condition (2.8) is evident, since by the definition of the operator Z we find
(4.18) T(Hi, Ak)(t) = Opxn (E=0,1,...).

On the other hand, in view of (4.17) and equalities Hy(tx) = I, (k = 0,1,...),
according to Lemma 3.1 and the definition of a solution of system (1.1;), we have

B(H. (7l = B(Hxai — yo)(7)ls, = B{Hua)(IL, — BHe g (D),
— B(Hy, o) (1), / AB(Hy, A)(s) - 21 (5)
— Hy(8)as(t) — Hi(tn)an ()
-/ A (s) ) - [ AL, — Hy(s)) - 2 (5)

= Hk(t)xk(t) — :L'k(tk) fortel (]f =0,1,.. .),

209



where yy(t) = f:k dAk(s) - xk(s) (k=0,1,...). Hence,

(4.19) B(Hg, fi)(1)]t, — B(Ho, fo) (1)},
= (Hk(t)zk(t) — Ho(t)zo(t)) — (wk(tk) — 2o(to))
fortel (k=1,2,...).

Due to the necessity conditions of the theorem condition (1.3) holds. This, (2.1),
(4.18) and (4.19) imply that condition (2.9) holds uniformly on I. d

Proof of Theorem 2.2’. Thanks to conditions (2.31), (2.32) and (2.33), condi-
tions (2.10) and (2.11) hold. The theorem follows from Theorem 2.2 and Remark 2.1.
O

Proof of Theorem 2.3’. Condition (2.34) is equivalent to condition (2.19).
Moreover, due to (2.35), (2.36) and (2.37), conditions (2.23) and (2.24) hold. There-
fore, the theorem follows from Theorem 2.3 and the remark analogous to Remark 2.1.

U

Proof of Corollary 2.1’. Let us verify the conditions of Theorem 2.3’. The
validity of conditions (2.18), (2.34) and (4.15) can be shown in a way similar to the
proof of Corollary 2.1. In addition, by (4.15) there exists a positive number r such
that

IH @ < v fortel (k=0,1,...).

Using Lemma 3.1, from this estimate, (2.7), (2.28), (2.29), (2.38) and (4.15) we find
that condition (2.35) holds, and conditions (2.36) and (2.37) are fulfilled uniformly
on I, where

hi(t) = —Hi(t) i (t), Aj(t) = Z(Hy, Ap)(1)l;, fort el (k=0,1,...);

f(t) = B(Ho, fo)(7)ly,, fr(t) = B(Hi, fr. — ¢i)(T)]1, +/t dB(Hg, Ax)(s) - ¢x(s)
fortel (k=1,2,...).

Further, the rest of the proof coincides with the proof of Corollary 2.1. (]

Proof of Theorem 2.1’. Sufficiency follows from Corollary 2.1’ if we assume
or(t) =on (k=1,2,...). The proof of necessity is the same as in the proof of The-
orem 2.1. We only note that by condition (2.7) and equality (4.17), condition (2.28)
is valid, and condition (2.29) is fulfilled uniformly on I. Moreover, according to Re-
mark 2.3, it is evident that sufficiency immediately follows from Theorem 2.1. O
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Proof of Corollary 2.2. By (2.41), (2.42) and (2.43) (or (2.44)), the conditions

lim Z (lek(S) . dlAk(S) — leo(S) 'dlAQ(S)) = Oan,

k—o0

s<tys,tel
lim Z (diHp(s) - difr(s) — diHo(s) - difo(s)) = on,
k—o0

s<tys,tel
lim Y (dpHy(s) - daAy(s) — daHo(s) - da Ao(5)) = Opxcn
koo s<tys,tel

and

lim Z (doHp(s) - dafr(s) — d2Ho(s) - d2fo(s)) = on

k—o0
s<t;y s,tel

are fulfilled uniformly on 7. From this, the integration-by-parts formula, (2.39)
and (2.40) we obtain that conditions (2.29) and (2.30) are fulfilled uniformly on I.
Therefore, the corollary follows from Theorem 2.1’. O

Proof of Corollary 2.3.  Using (2.7), (2.32) and (2.45) we conclude that
d; A§(t) = Onxn (j = 1,2). Hence, in view of (2.3) we have

det(I, + (=1)7d; Aj(t)) # 0 fort €I, (—1)I(t—ty) <0 and also
for t = tg if j € {1,2} is such that (—1)7 (¢, — to) > 0 for every k € {1,2,...}.

On the other hand, (2.7), (2.32), (2.33), (2.45) and (2.46) yield that the conditions

lim (B(Hp, Ay)(t) = B(Hk, Ay) () = B(In, Ag)(t) = B(In, Ag)(to)

k—o0

and

lim (B(Hg, fx)(t) = B(Hy, fr)(tk)) = B(In, f5)(t) = B(In, fg)(to)

k—o0

hold uniformly on I. Thus, Corollary 2.3 is a direct consequence of Theorem 2.1’. [

Proof of Corollary 2.4. Let
Cru(t) =1, — (A (t) — A (te)) + (Bi(t) — Bi(tg)) (I=1,...,m; k=1,2,...).

Thanks to (2.48), without loss of generality we can assume that the matrix-functions
Hy (I1=1,...,m)and Cg (I =1,...,m) are nonsingular for every natural k. Using
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now Lemma 3.1, we find that

B(Chj, B(Hgj-1, Ar))(7)|t, = B(Hij, Ar)(7))],
B(Chj, B(Hyj—1, fx))(7)It, = B(Hgj, fr)(7)]F,

and
I(ij,I(ij_l,Ak))(T)ﬁk = I(ij,Ak)(T)ﬁk G=1,....m; k=1,2,...).

In addition, by conditions (2.47)-(2.50), conditions (2.6) and (2.28) hold, and con-
ditions (2.7), (2.29) and (2.30) are fulfilled uniformly on I, where Hy(t) = I,, and
Hy(t) = Hgm—1(t) (k=1,2,...). The corollary follows from Theorem 2.1’. O

Proof of Corollary 2.5. Let us show sufficiency. Let Hy(t) = Z,'(t)
(k = 0,1,...) in Theorem 2.1’. Thanks to (2.53), there exists a positive num-
ber 7 such that ||Z, '(t)|| <7 fort € I (k=0,1,...). Using this estimate, by (1.11),
the definition of the operator B and the integration-by-parts formula, we have

1Z,1(t) + B(Z, 1 AR () — 2, (s) — B(Z, ', Aw) (s)|
= ||B<Z,;%Ak — By)(t) — B(Z,;%Ak — Bi)(s)]|

+ Z A2 Z;H(7) - do(Ax(T) — Bk(T))H
7n\/ Ay — By) +2r Z |d1(Ax(T) — Bi(7))|l
+or Hdz(Ak(T)_Bk(T))H

t
<5r\/(Ak—Bk) for s<t (k=0,1,...).

Consequently,

\/(Hx + B(Hy, Ar)) <5r\/(Ax = Bx) (k=0,1,...)
I I

and due to (2.51) estimate (2.28) holds. Conditions (2.29) and (2.30) coincide with
conditions (2.54) and (2.55), respectively. Sufficiency follows from Theorem 2.1'.
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Let us show necessity. Let Bjy(t) = Ax(t) (k = 0,1,...). Then Zy(t) = Yi(t)
(k =0,1,...), where Yj and Y, (k = 1,2,...) are fundamental matrices, respec-
tively, of systems (1.1p) and (1.1xp). Analogously, as in the proof of Theorem 2.1,
conditions (2.53) and (4.19) are valid. In addition, condition (2.54) coincides with
condition (2.29), and condition (2.55) follows from condition (4.19). O

Proof of Corollary 2.6. Due to conditions (2.56) and (2.57), without loss of
generality, we can assume that condition (2.52) holds for every natural k. Condi-
tion (2.53) follows from condition (2.57) by representation (2.62).

Let us verify condition (2.54). Using the integration-by-parts formula we find

B(Z; ', Aw)(t) — B(Z,;% Ap)(s)

t
= / Z M) dAg(T) = Y diZ N (7) - di Ag(T)

s<T<t

+ Y daZ (1) - daAg(r) fors <t (k=0,1,...).

s<T<t

In addition, in virtue of equalities (1.12), we have
G20 = 27 OdBull) - (I + (1 Be) ™ (= 1,2 k=0,1,...).

Consequently, due to (1.4), we get

B(Z ' Ap)(t) — B(Z, Y, A (s) = / t Z; M (7) dA(By, Ap)(7) (k=0,1,...)

for s < t. In the same way we establish the last equalities for the case when ¢ < s.
Analogously, we check the equalities

B(Z " fo)(t) = B(Z ', fr)(s)
t
= / Z, (1) dA(By, fe)(r) fors,t €I (k=0,1,...).
Therefore, equalities (2.54) and (2.55) coincide, respectively, with equalities (2.58)
and (2.59). The corollary follows from Corollary 2.5. O

Proof of Corollary 2.7. The corollary follows from Corollary 2.6 if we assume
Bi(t) = S.(Ax)(t) (k = 0,1,...). In addition, we note that condition (2.54) has
the form (2.63), equality (2.57) is equivalent to conditions (2.64) and (2.65), and by
virtue of (2.62) condition (2.58) coincides with (2.66). O

Proof of Corollary 2.8. The corollary follows from Corollary 2.6 if we assume
that By (t) = diag(Ax(t)) (k=0,1,...). O
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