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Abstract. We define and study Musielak-Orlicz-Sobolev spaces with zero boundary values
on any metric space endowed with a Borel regular measure. We extend many classical
results, including completeness, lattice properties and removable sets, to Musielak-Orlicz-
Sobolev spaces on metric measure spaces. We give sufficient conditions which guarantee
that a Sobolev function can be approximated by Lipschitz continuous functions vanishing
outside an open set. These conditions are based on Hardy type inequalities.

Keywords: Sobolev space; metric measure space; Hajlasz-Sobolev space; Musielak-Orlicz
space; capacity; variable exponent; zero boundary values

MSC 2010: 46E35, 31B15

1. INTRODUCTION

Sobolev spaces on metric measure spaces have been studied during the last two
decades, see [6], [12], [13], [22], [33], etc. The theory was generalized to Orlicz-
Sobolev spaces on metric measure spaces in [4], [3], [34]. We refer to [1], [2], [9], [35]
for Sobolev spaces on RY, [7], [8] for variable exponent Sobolev spaces and [31] for
Musielak-Orlicz spaces. Variable exponent Sobolev spaces on metric measure spaces
have been developed during the past decades (see e.g. [10], [11], [21], [20], [30]).

We recall the definition due to Hajlasz [12] of the first order Sobolev spaces on
metric measure spaces. He showed that a p-integrable function u, 1 < p < oo,
belongs to W1P(RY) if and only if there exists a nonnegative p-integrable function g
such that

(1.1) lu(x) —u(y)| < v —yl(g(z) + g(v))

The second author was partially supported by Grant-in-Aid for Scientific Research (C),
No. 24540174, Japan Society for the Promotion of Science.
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for almost every x,y € RY. If we replace |z — y| by the distance of the points z
and y, (1.1) can be stated in metric measure spaces. Spaces defined by using (1.1)
are called Hajlasz-Sobolev spaces. See also [13], [22]. The theory was generalized to
Orlicz-Sobolev spaces by Alssaoui ([4], [3]). Kilpeldinen, Kinnunen and Martio [24]
generalized the definition of the first order Sobolev spaces with zero boundary values
to an arbitrary metric space endowed with a Borel regular measure. In order to define
the first order Sobolev spaces with zero boundary values, the notion of the Sobolev
capacity was needed in the metric setting, and the rudiments were established in [28].
In [24], the authors extended many classical results, including completeness, lattice
properties and removable sets, to the metric setting. For Newtonian spaces, see e.g.
(6], [25], [33], [34].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to discuss
nonlinear partial differential equations with non-standard growth conditions (see
[7], [8])- For the Sobolev capacity on variable exponent Sobolev spaces, see [16], [17],
[19], etc. Harjulehto, Hiisto, Koskenoja and Varonen [18] studied variable exponent
Sobolev spaces with zero boundary values in the Euclidean setting. See also [15], [25].

In [20], basic properties of the variable exponent Hajtasz-Sobolev space were stud-
ied. Recently, we defined Musielak-Orlicz-Sobolev spaces on metric measure spaces
and proved the basic properties of such spaces (see [32]). For example, we showed
that Lipschitz continuous functions are dense, as well as other basic properties and
studied a related Sobolev type capacity on Musielak-Orlicz-Hajtasz-Sobolev spaces.
We also dealt with the boundedness of the Hardy-Littlewood maximal operator on
Musielak-Orlicz spaces on metric measure spaces.

In this paper, to develop the theory of Musielak-Orlicz-Sobolev spaces, we study
Musielak-Orlicz-Sobolev spaces with zero boundary values on metric measure spaces,
as an extension of [18], [24].

The present paper is organized as follows. In Section 2, we define Musielak-Orlicz
spaces on metric measure spaces.

In Section 3, we study Sobolev capacity on Musielak-Orlicz-Hajtasz-Sobolev
spaces. We give a characterization of the capacity in terms of quasicontinuous
functions (see Theorem 3.6), as an extension of [24], Theorem 3.4.

In Section 4, we define Musielak-Orlicz-Hajtasz-Sobolev spaces with zero bound-
ary values on metric measure spaces. We show that the sets of capacity zero are
removable in Musielak-Orlicz-Hajlasz-Sobolev spaces with zero boundary values (see
Theorem 4.5), as an extension of [24], Theorem 4.6.

In Section 5, we give sufficient conditions which guarantee that a Sobolev function
can be approximated by Lipschitz continuous functions vanishing outside an open
set (see Theorem 5.1), as an extension of [24], Theorem 5.1. These conditions are
based on Hardy type inequalities (see Theorem 5.2).
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In Section 6, we discuss Musielak-Orlicz-Sobolev spaces with zero boundary values
in the Euclidean setting, as an extension of [18].

2. MUSIELAK-ORLICZ SPACES

Throughout this paper, let C' denote various positive constants independent of the
variables in question.

We denote by (X,d, ;) a metric measure space, where X is a set, d is a metric
on X and p is a nonnegative complete Borel regular outer measure on X which is
finite in every bounded set. For simplicity, we often write X instead of (X, d, ). For
x € X,r >0and aset E C X, we denote by B(x,r) the open ball centered at z
with radius r, dg = sup{d(z,y): =, y € E} and dist(z, E) = inf{d(x,y): y € E}.

We say that the measure pu is a doubling measure, if there exists a constant ¢; > 0
such that

u(B(x,2r)) < e1u(B(a,7)

for every x € X and 0 < r < dx. A nonempty set F C X is uniformly p-thick if
there exist constants 0 < co < 1 and 0 < rg < 1 such that

W(B(z,r) 1 B) > cap(B(z, 7))
for every x € E and 0 < r < r9. This condition is often called the measure or

regularity condition (see [14]).

We consider a function
O(z,t) =to(z,t): X x[0,00) = [0,00)

satisfying the following conditions (®1)—(®3):

(®1) ¢(-,t) is measurable on X for each t > 0 and ¢(z,-) is continuous on [0, c0)
for each = € X;
(®2) there exists a constant A; > 1 such that

Al_1 <p(x,1) < Ay forall x € X;

(®3) @(z,-) is uniformly almost increasing, namely there exists a constant As > 1
such that

o(x,t) < Agp(z,s) for all x € X whenever 0 <t < s.
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Let p(z,t) = sup ¢(z,s) and
0<s<t

¢
D(z,t) = / @(z,r)dr
0
for € X and t > 0. Then ®(z,-) is convex and

t _
— )1 < <
@(x, 2) < B(x,t) < Ao®(z, 1)

for all z € X and ¢ > 0.
We shall also consider the following conditions:

(®4) there exists a constant Az > 1 such that
o(x,2t) < Agp(z,t) forall x € X and t > 0;
(®5) for every 71,72 > 0, there exists a constant B., -, > 1 such that
P(@,t) < By 100y, t)
whenever d(z,y) <yt~ /7 and t > 1;
(P6) there exist o € X, a function g € L'(X) and a constant B, > 1 such that
0<g(x)<1lforallz € X and

B '®(x,t) < ®(2',t) < Boo®(,1)

whenever d(2',z¢) > d(z,z9) and g(z) <t < 1.
Note from ($4) that

(2.1) D(x,at) < a'°®2 3 AP (x, 1)

foralla > 1, x € X and t > 0. In fact, if we choose a positive integer k such that
2F=1 < a < 2%, then we have by (®4)

at t
D(z,at) = / D(z,r)dr = a/ ?(z,ar)dr
0 0
¢
< aA]?f/ B(x, ) dr = al°82 43+ A3 D (x, 1).
0

Example 2.1. Let p(-) and ¢;(-), = 1,...,k, be measurable functions on X
such that

374



(P1) 1<p := inf p(z) < supp(z) =1 pT < o0
zeX zeX

and
(Ql) —oo<g; = inf g;(x) < sup g;(z) =: q;’ < 00
zeX z€X

forall j=1,...,k.
Set Le(t) =log(c+1t) for ¢ > e and t > 0, L (t) = Lo(t), LYV (t) = L (LY (1))
and

k
®(x,1) = 2@ [[ (L9 ()4 @.
j=1

Then ®(z,t) satisfies (®1), (92), ($3) and (P4) if p(-) and g;(-) satisfy the following
condition: for every z € X, there exists a nonnegative integer 0 < jo(z) < k such
that g;,(z)(z) >0, g;(z) = 0 whenever 0 < j < jo(x) and

(2.2) sup max L(x) < 00,
veX Jo(#)<i<k o (o) (T)

where go(x) = p(x) — 1. In fact, it is trivial that ®(z, t) satisfies (P1), (P2) and (P4).
For (®3), it is sufficient to prove that

k
B 1) = 1@ [T (£ 1)@
j=1
is uniformly almost increasing on [¢, co) for some ¢ > 0. Note that

dp(z, 1) - . () -
) 4qo(x)-1 | | J j(2)—1
: o (Lg’ ()% h(x, ),

=1

where - i
h<m,t>=2(qn<x> 11 Lé”(t)) (o)
n=0 l=n+1

Then (2.2) implies that there exists a constant ¢ > 0 such that h(x,¢) > 0 for all
t > ¢, so that @(x,t) is uniformly almost increasing on [¢, 00).
Moreover, we see that ®(z,t) satisfies (®5) if

(P2) p(-) is log-Holder continuous, namely

Cp
Ip(x) — p(y)| < Lo(1/d(z, 1))

with a constant C},, > 0 and
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(Q2) ¢;(-) is (j + 1)-log-Holder continuous, namely

C(Ij
(1/d(z,y))

lgj(z) — q;(y)| < TG

with constants Cy, >0, 7 =1,...,k.
Fix z¢p € X. Let s and ¢ be positive constants. If u satisfies p(B(zo,7)) < er” for
all7 > 1 and

(P3) p(-) is log-Holder continuous at oo, namely

Co

To(d(z,70)) for d(z',x0) > d(x, )

Ip(z") — p(z)| <

with a constant Cw, > 0, then ®(z,t) satisfies (®6) with g(x) = 1/(1 + d(z,x0))" .
Here note that if p is a doubling measure, then p(B(zo,7)) < er® for all » > 1 and
some k, ¢ > 0.

Example 2.2. Let p1(-), p2(-), ¢1(-) and ¢2(-) be measurable functions on X
satisfying (P1) and (Q1). Then,

1\ —p2(2) 1\ (=)
— p1(z) - q1 () -
Oz, t) = (1+1) (1 + t) Lo(t) Lc(t>
satisfies (®1), ($2) and (P4). It satisfies ($3) ifp; >1,j=12o0rq; 20,j=12.
As a matter of fact, it satisfies ($3) if and only if p;(-) and g;(-) satisty the following

conditions:
(1) gj(x) > 0 at points x where p;(z) =1, j =1,2;

(2) étzp)>1{min(qj(x)70) log(pj(z) — 1)} < oo.

Moreover, we see that ®(x,t) satisfies (®5) if p1(-) is log-Holder continuous and
q1(+) is 2-log-Holder continuous.

Fix 9 € X. Let s and ¢ be positive constants. If p satisfies pu(B(xo,7)) < er” for
all 7 > 1, po() satisfies (P3) and

(Q3) g2(+) is 2-log-Holder continuous at oo, namely

Cgz,00
2(2) ~ 2(a!)] <~y B for d(a!,0) > d(a,w0)
[

(d(.]?, xO))

with a constant Cg, o = 0,

then ®(-,-) satisfies (®6) with g(x) = 1/(1 + d(x,z0))" 1.
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We say that u is a locally integrable function on X if « is an integrable function on
all balls B in X. From now on, we assume that ®(z,t) satisfies (®1), ($2) and ($3).
The associated Musielak-Orlicz space

L*(X) = {f €L (X): /X <I>(y, @) du(y) < oo for some A\ > 0}

is a Banach space with respect to the norm

Il =int {300 [ 3(0. H2) ugy) <1}
(cf. [31]). Note that if ®(z,t) satisfies (®1) and (2), then ||| e(x) is a norm
and L®?(X) is complete. If ®(z,t) satisfies (®1), (®2) and (®3), then the Lux-
emburg norm with ®(z,t) instead of ®(z,t) gives a quasinorm, these (quasi)norms
are equivalent, and L®(X) contains simple functions. We also note that if ®(x,t)
satisfies (®1), then L®(X) is a lattice.
For a measurable function f on X, we define the modular g (f) by

0a(f) = /X By, |/ ()]) dpu(y)-

Remark 2.3. Let f, f, and g be measurable functions in X. Then note that
the following statements hold.

(1) If ®(x,t) satisfies (®1) and (®4), then || f||L#(x) < oo if and only if o (f) < oo,
and ||| e (x) is absolutely continuous.

(2) If ®(z,t) satisfies (1), (P2), (#3) and (P4) and the conjugate function of
®(z,-) satisfies (®4), then L (X) is reflexive ([5], Corollary 4.4, and [8], Corol-
lary 2.7.18).

(3) Let 0 < fr  f prae. in X. If ®(x,t) satisfies (®1), then | fn|lex)
Il fllLexy. Tt follows from this fact that if 0 < f < g p-ae. in X, then
[fllex) < lgllzex)-

(4) Let E be a measurable set in X with u(E) < co. If ®(x,t) satisfies (P1), then
there exists a constant Cg > 0 such that

/E @) dp(@) < Collfll o x)-

(5) If ®(x,t) satisfies (®1), (®2) and (®3), then L®(X) is a Banach function space
(see [5], Definition 1.3).

Lemma 2.4 ([31], Theorem 1.6). Let {fi} be a sequence in L*(X). Then oas(\f;)
converges to 0 for any A > 0 if and only if || f||p+x) converges to 0.
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3. SOBOLEV CAPACITY ON MUSIELAK-ORLICZ-HAJLASZ-SOBOLEV
SPACES M1?(X)

We say that a function v € L®(X) belongs to Musielak-Orlicz-Hajlasz-Sobolev
space MY®(X) if there exists a nonnegative function g € L?(X) such that

lu(x) —u(y)| < d(z,y)(9(x) + g(y))

for p-almost every z,y € X. Here, we call the function g a Hajlasz gradient of u.
We define the norm

llullare(xy = llullpex) +inf [lgllLo(x),

where the infimum is taken over all Hajlasz gradients of u. For the case when
®(x,t) = t?, the spaces M1P(X) were first introduced by Hajlasz [12] as a gen-
eralization of the classical Sobolev spaces WP(R™) to the general setting of the
quasi-metric measure spaces. For variable exponent spaces MP()(X), see [20].

For u € MY?(X), we define

0a(u) = 0a(u) + inf ga(g),

where the infimum is taken over all Hajlasz gradients of w.

Remark 3.1. For all 0 < e < 1, |luf ps1.ex) < € implies 0g(u) < € due to the
convexity of ®.

For E C X, we denote
Se(E) = {u € M"®(X): u > 1 in an open set containing E}.
The Sobolev capacity in Musielak-Orlicz-Hajtasz-Sobolev spaces is defined by

Ce(E) = uegri,f‘(E) o (u).

In case So(E) = 0, we set Cy(E) = co.
Remark 3.2. Suppose ®(z,t) satisfies (®4). Then since v € M>®(X) if and
only if go(u) < 0o, note that

Co(E) = inf oga(u),
u€Ss (E)
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where
Se(E) = {u measurable on X: u > 1 in an open set containing E'}.

Remark 3.3. We can redefine the Sobolev capacity in Musielak-Orlicz-Hajtasz-
Sobolev spaces by

Ce(E)= inf o
(b( ) uelsrélb(E) Q(I)(U)

since M1®(X) is a lattice (see [28], Lemma 2.4 and Remark 3.1), where
Sp(E) ={ue Se(X): 0<u<1}.

For the Sobolev capacity in Musielak-Orlicz-Hajlasz-Sobolev spaces the following
results hold.

Lemma 3.4 ([20], Theorem 3.11, [28], Theorem 3.2, Remark 3.3 and Lemma 3.4,
and [27], Theorem 4.1). The set function Cy(-) satisfies the following conditions:

(1) Cq(-) is an outer measure.
(2) Co(F) = EcUinf Cs(U) for E C X (Cs(-) is an outer capacity).

U: op
(3) If K1 D K2 D ... are compact sets on X, then

1—00

lim Co(K;) = Co <fﬁ K>

(4) If L®(X) is reflexive and By C E5 C ... are subsets of X, then

i—00

lim Co(E;) = Co <© E)

We say that a property holds Cg-q.e. (quasi everywhere) in X, if it holds except
of a set F C X with Cg(F) = 0. A function u is Cy-quasicontinuous on X if, for
any € > 0, there is an open set E such that Cs(E) < € and u|x\ g is continuous.

Proposition 3.5 ([24], Theorem 3.2 and Remark 3.3). Let v and v be Cg-
quasicontinuous on an open set O C X.

(1) If u=wv p-a.e. in O, then u = v Cp-qg.e. in O.
(2) If u<wv p-a.e. in O, then u < v Cop-q.e. in O.
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In fact, we can prove (1) by [23], since Cg(-) is an outer capacity and satisfies
the compatibility condition: if O C X is an open set and ' C X is a set such that
w(E) =0, then Cs(0) = C3(O \ E). As in [24], Remark 3.3, we obtain (2) by (1).

Next, we consider a Sobolev capacity in Musielak-Orlicz-Hajtasz-Sobolev spaces
in terms of Cp-quasicontinuous functions. For E C X, we denote

§<1>(E) ={uce MLCI)(X): u is Cp-quasicontinuous and u > 1 Cp-q.e. in E}.

We define
C(p (E) = 1~nf 5(1) (u) .
wESe(E)

In case S¢(E) = 0, we set Cq(E) = oo.

Theorem 3.6 ([24], Theorem 3.4). Let E C X.
(1) Ca(E) < Ca(E). B
(2) If continuous functions are dense in M1'®(X), then Co(E) = Co(E).

Proof. First, we prove (1). Let v € §@(E). Then we may assume that
0 < v <1 as in Remark 3.3. For 0 < ¢ < 1, there exists an open set V' C X such
that Cs(V) < e, v=1o0n £\ V and v|x\y is continuous by Lemma 3.4 (2). Since
v|x\v is continuous, there is an open set U C X such that

U\V={zeX\V:vz)>1l-c}={zeX:vx)>1-c}\V.

Note that E\V C U\ V. Since Cs(V) < ¢, we can take u € S¢(V) such
that gp(u) < e, u = 1 on V and 0 < w < 1 by Remark 3.3. We define w =
max{v/(1 —¢),u}. Thenw > 1on (U\V)UV =U UV, which is an open neigh-
bourhood of E and hence w € Sg(F). We have

03 (w) <Qq>( )+9<1>(U)<Qq>( )+€—>9<1>(v)

1—¢ 1—¢

as € — 0. Similarly, we see that max{g/(1 —¢),h} is a Hajlasz gradients of w and

Q@(D’laX{lL_E,h}) < Q@(lgg) + 0a(h) < Q@(lgg) +e— 0a(9)

as € — 0, where h, g are Hajlasz gradients of u, v with og(h) < &, respectively.
Hence we obtain Co(E) < Co(E).

Next, to prove (2), we show the inequality Cs(E) < Cp(E). Take u € Se(E).
Then there exists an open set £ C O such that v > 1 on O. Since [32], Propo-
sition 3.10, holds by our assumption, there exists a Cg-quasicontinuous function
v € MY®(X) such that v = u p-a.e. in X, so that v > 1 p-a.e. in O. Then we
see from Proposition 3.5 (2) that v > 1 Cg-q.e. in O. Hence v € Sp(E), so that
Ca(E) < Co(E). O
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Remark 3.7. If ®(z,t) satisfies (®4), then continuous functions are dense in
MY®(X) (see [32], Proposition 3.4).

Lemma 3.8 ([24], Lemma 3.5). Suppose {u;} € M'®(X) is a sequence of Cg-
quasicontinuous functions on X such that u; converges to u in M®(X). Then there
exist 4 € M1®(X) and a subsequence of {u;} such that u is a Ce-quasicontinuous
function on X, u = u p-a.e. in X and a subsequence of {u;} converges pointwise to
u Cop-q.e. in X.

Proof. We can take a subsequence of {u;}, which we denote again by {u;},
such that [lu; — wip1l[pex) < 477 for each positive integer i. Then note that
0o (24 u; — uir1|) < 27 Consider the sets

B ={z € X: |ui(z) —ui1(z)] >27%

oo . -
and F; = |J E;. Since 2'|u; — ui1| € S(E;) by Co-quasicontinuity of u;, we have
i=j

by Theorem 3.6 and (2.1) that
Co(E;) < 00(2'u; — uisr]) < 27°

Then it follows from Lemma 3.4 (1) that

so that

oo
C F; | < lim Cy(F;) =0.
@(le J) < Jim Ca(Fj)
Hence there exists u € MY®(X) such that 4 = u p-a.e. in X and {u;} converges
pointwise to u Cg-q.e. in X.

Next, we show that u is a Cg-quasicontinuous function on X. For € > 0, there
is a set Fj such that Ce(F;) < /2 and {u;} uniformly converges to u in X \ Fj.
Since {u;} is a sequence of Cg-quasicontinuous functions on X, there exists an open

) oo
set G; C X such that Co(G;) < £/2"7 and w;|x\g, is continuous. Set G = |J Gi.

i=1

Then we see from Lemma 3.4 (1) that

N ™

Co(G) <> CalGi) <
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and

Co(F; UG) < Co(Fj) + Co(G) < e.

Since {w;} uniformly converges to u in X \ (F; U G), we conclude that @ is a Co-
quasicontinuous function on X. Il

4. MUSIELAK-ORLICZ-HAJLASZ-SOBOLEV SPACES WITH ZERO BOUNDARY VALUES

Let E be a subset of X. We say that u belongs to the Musielak-Orlicz-Hajlasz-
Sobolev space with zero boundary values and write u € Mé ’(I’(E) if there is a Cp-
quasicontinuous function u € M1®(X) such that & = u p-a.e. in E and u = 0 Cp-q.e.
in X \ E. The space M;"®(E) is endowed with the norm

HUHMS’(D(E) = [[allprre (xy-

By [32], Lemma 3.11, it follows that the norm does not depend on the choice of the
Cg-quasicontinuous representative. Since M1®(X) is a linear space, so is M& ’(I’(E).

Theorem 4.1 ([24], Theorem 4.1). Let E C X. Then My'*(E) is a Banach space.

Proof. Let {u;} be a Cauchy sequence in M, '*(E). Then for every u; there
exists a Cgp-quasicontinuous function u; € MY®(X) such that u; = u; p-a.e. in £
and @; = 0 Cp-q.e. in X \ E. By [32], Proposition 3.3, there exists u € M1®(X) such
that ; converge to u in M1®(X). Lemma 3.8 yields that there exist € M1®(X)
and a subsequence of {u;} such that @ is a Cy-quasicontinuous function on X, 1 = u
p-a.e. in X and a subsequence of {u;} converges pointwise to & Cg-q.e. in X. This
shows that ¥ = 0 Cg-q.e. in X \ E, so that u € M&’(D(E). Thus the theorem is
proved. (Il

By straightforward arguments, we obtain the following lattice properties.

Lemma 4.2 ([24], Theorem 4.3). Let E C X and let u, v € My *(E).
(1) If A >0, then min(u, ) € My*(E) and |min(u, /\)HM(}‘I’(E) < ||u||M1 *(g)-
(2) If A <0, then max(u, \) € My *(E) and [masx(u, )| 1.2 gy < uall oo -
(3) lul € MI*(B) and [ljulll 1o gy < Il ypo
(4) min(u,v) € M) *(E).
(5) max(u,v) € My®(E).

Lemma 4.3 ([24], Theorem 4.5). Let E C X. Suppose u € M&’q’(E) and
v € MY?(X) are bounded functions. If v is Cg-quasicontinuous in X, then
w € My*(E).
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Proof. Since u € Mol’q)(E), there exists a Cy-quasicontinuous function w €
M*Y®(X) such that @ = u p-a.e. in E and u = 0 Cg-q.e. in X \ E. Here note that
a Hajlasz gradient of uv is included in L®(X) since u and v are bounded functions.
Therefore, uv € M1®(X) is Cp-quasicontinuous in X and may be nonzero outside
E in a set AU B, where

A={z € X\E: u(z) #0} and B={xe X\ E: v(z) =00}

Noting that Cg(A) = Ce(B) = 0, we have Cs(AUB) = 0 in view of Lemma 3.4 (1).
Hence uv = 0 Cp-q.e. in X\ E. Since uv = uv p-a.e. in E, we see that uv € M&’q’(E).

As in the proof of [24], Theorem 4.4, we have the following result.

Proposition 4.4 ([24], Theorem 4.4). Let E be a u-measurable set in X. Assume
that continuous functions are dense in M'®(X). Suppose u € M&’(I)(E) and v €
MY®(E). If |v| < u p-a.e. in E, then v € My"® (E).

We will show that the sets of capacity zero are removable in Musielak-Orlicz-
Hajtasz-Sobolev spaces with zero boundary values.

Theorem 4.5 ([24], Theorems 4.6 and 4.8). Let E C X be open and let N C X.
(1) If Co(NNE) =0, then My®(E) = My*(E\ N).
(2) If w(N) =0 and My®(E) = My*(E\ N), then Cs(N N E) = 0.

Proof. First we show the case (1). Since C3(NNE) = 0, we have u(NNE) =0
by [32], Lemma 3.11. Hence My *(E\ N) ¢ M} *(E). If u € M}'*(E), then there
exists a Cg-quasicontinuous function @ € M'®(X) such that & = u p-a.e. in E
and © = 0 Cg-q.e. in X \ E. Since Cs(N N E) = 0, we see that © = 0 Cg-q.e. in
X\ (E\ N). This implies My'*(E) ¢ My®(E\ N).

Next we show the case (2). We may assume that N C E. Let 29 € F and set

1
E; = B(zo,i) N {x c E: dist(z, X \ E) > {}

for all positive integers i. Define u;(x) = max(0,1 — dist(z, N N E;)) for z € X.
Then we see that u; € Ml"I’(X) is Cp-quasicontinuous on X, 0 < wu; < 1 and
u; = 1 on NN E;. Define v;(x) = dist(z, X \ E;) for x € X. Then we find that
w; = wv; € My®(E) = My'® (E\N) by Lemma 4.3 since v; € My*® (E;) € My® (E).
Since w; € M&’q’(E \ N), there exists a Cp-quasicontinuous function w; € M1®(X)
such that w; = w; p-a.e. in E\ N and w; = 0 Cg-q.e. in X \ (E'\ N). By u(N) =0,
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we have w; = w; p-a.e. in F, so that Proposition 3.5 implies w; = w; Cg-q.e. in E.
In particular, w; = w; > 0 Cp-q.e. in N N E;. On the other hand, since w; = 0
Cp-q.e. in X \ (E\ N), we have w; = 0 Cg-q.e. in N N E;. This is possible only if
Cs(N N E;) = 0, so that we have by Lemma 3.4 (1)

Cs(N) < i(]@(]\fﬁ E;) =0,

i=1

as required. (I

5. EQUIVALENCE OF FUNCTION SPACES
Our aim in this section is to describe M&’(I)(E) as the completion of
Lip(l)’(b(E) ={u e M“*(X): u is Lipschitz in X and u =0 in X \ E}

in the norm ||-|[5s1.#(x). By [32], Proposition 3.3, this completion is the closure of
Lip(l)’q)(E) in MY®(X). We denote it by H&’(I)(E).

Theorem 5.1 ([24], Theorem 5.1). Assume that ®(z,t) satisfies (P4). Let E C X
be open and let u € MY*(E). If

dist(z, X \ F) < L%(B),

then u € Hy'*(E).

Proof. Let g € L*(FE) be a Hajlasz gradient of u and define

[u(z)|
Gy =4 (9 @) Tst(z, X \ B

0 zeX\E.

) zekFE,

Let u be the zero extension of u to X \ E. As in the proof of [24], Theorem 5.1, there
exists a set N C E such that u(N) =0 and

[u(z) —uly)| < d(x, y)(G(x) +7(y))
forallz,y € X\ N. Hence g € L®(X) is a Hajlasz gradient of w. Thusu € M>®(X).
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Set
Fy={ze E\N: [a(z)| < \gx) < A\}U (X \ E)

for A > 1. Since @|p, is 2\-Lipschitz continuous, we extend it to a 2\-Lipschitz
continuous function on X using the McShane extension

uy(z) = inf{u(y) + 2A\d(z,y): y € Fi}.
Further, set
uy () = min(max(wy (z), —A), A).

By the same arguments as in [32] Proposition 3.4, we obtain that uy € Lip(l)’q)(E)
and uy converges to @ in M1®(X). Thus u € Hy®(E). O

We shall give a condition for the open set F such that the assumptions of Theo-
rem 5.1 hold for every u € MO1 ’¢(E). Recall that a nonempty set £ C X is uniformly
p-thick if there exist constants 0 < co < 1 and 0 < 9 < 1 such that

u(B(a,r) N E) > cou(B(x,r))

for every z € EF and 0 < r < 1g.
For a locally integrable function v on X, the Hardy-Littlewood maximal function
Mu is defined by

1
Ma(e) = sup s /B )l ety

Theorem 5.2 ([24], Theorem 5.6). Suppose u is a doubling measure and the
Hardy-Littlewood maximal operator is bounded on L*(X). Let E C X be an open
set such that X \ E is uniformly p-thick. Then there exists a constant C* > 0 such

that / 6<x |u(z)] ) du(z) <1
5 T Cdist(z, X \ E) h

for all u € My (E) with |[ul| yj1. 5y < 1.

Proof. Since u € Mé’(b(E), there exist a function u € MY®(X) and a set
N C X such that u(N) = 0, u is a Cp-quasicontinuous function on X, v = @ in
E\N,u =0, Ce-qee. in X \ E and ||t]|pp10(x) < 1. Let g € L*(X) be a Hajlasz
gradient of u with ||g[|ze(x) < 1. Set

Ey={x € E: dist(z, X \ E) < ro}.
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Fix ¢ € Ep and let n be a positive integer. Choose z,, € X \ F such that r, =
d(z,xzy) <roand r, < (14+1/n)dist(z, X \ E). Then, for all positive integers n, we
have by the uniform p-thickness and the doubling condition

1 1

BTV Do 0 Y0 < ey e, 00 90

i

S CQM(B(:E’ QTW)) /B(x,2rn) g(y) du(y)

02
< L Mg(x)
C2

for © € Ey. Here note that for p-a.e. £ € B(xy, ) \ E,

1
W(Blan, ) \E) /B@,L,T,,L)\E 9(y) duly)

does not hold, so that there exists z, € B(xn,r,) \ E such that u(z,) = 0,

g(§) >

lu(@)| = [u(z) = u(zn)| < d(z, 20)(9(x) + 9(2n)) < 2rn(9(x) + 9(2n))
for all x € Ep \ N and

1
(B(xn, ) \ E) /B(%M)\E 9(y) du(y)-

Therefore, we obtain for all z € Fy \ N

9(zn) <

(o) < 2D (gla) + Mo(a) < "1+ ) dist(e, X\ E)M (o).

Letting n — oo, we have for all © € Ey \ N

2
lu(z)| < %dist(x,X\E)Mg(x).

Since the Hardy-Littlewood maximal operator is bounded on L®(X), that is, there
exists a constant cys > 1 such that || Mgl +(x) < carl|gllLe(x), we have

/Eo §<x, SCfch;le:g,)L( \ E)) dul) < %/Eo §<x, Mcg—IV([x)) dul) < %

On the other hand, we have

— rolu(x)] 1 — 1
/E 3 s ) e < 5 /E B @) @) < 5
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Consequently, for C* = max{8c3cy/c2,2/r0}, we have

/Ea(x’ C dis|tu(§f))|( \ E)) du(z) < 1,

as required. O

By Theorems 5.1 and 5.2, we obtain the following corollary.

Corollary 5.3. Assume that ®(x,t) satisfies (#4). Suppose p is a doubling mea-
sure and the Hardy-Littlewood maximal operator is bounded on L*(X). Let E C X
be an open set such that X \ E is uniformly p-thick. Then My®(E) = H}'®(E).

As in the proof of [26], Theorem 4.5, we can show the following result by [32],
Lemma 3.13.

Lemma 5.4. Assume that ®(x,t) satisfies (94). Let p be a doubling measure
and let u € M"®(X). Suppose the Hardy-Littlewood maximal operator is bounded

on L®(X). Then
1

(o) = i o [ () du)
r—0 M(B(J), ’I")) B(z,r)
for Cg-q.e. in X, where u is the Cg-quasicontinuous representative of u.

By Lemma 5.4, we can show the following characterization of Musielak-Orlicz-
Hajtasz-Sobolev spaces with zero boundary values (see [25], Theorem 2.8).

Proposition 5.5. Assume that ®(x,t) satisfies (P4). Let u be a doubling measure
and letuw € MY®(X). Let E C X. Suppose the Hardy-Littlewood maximal operator
is bounded on L®(X) and

. 1 -
MY (B @) /B(x,m uly) duly) =0

for Cp-q.e. in X \ E. Then u € M)*(E).

Proof. Let u € MY®(X) and let & be a Cgp-quasicontinuous representative
of u. By Lemma 5.4, we have

for Cp-q.e. in X \ E. Hence u € M} *(E). O
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APPENDIX

A.1. Sobolev capacity on Musielak-Orlicz-Sobolev spaces W1 ®(RY). Let
RY be an N-dimensional Euclidean space. In the case X = R”, let u be the Lebesgue
measure on R and let d be the Euclidean metric. We define the Musielak-Orlicz-
Sobolev space WH®(RY) by

WEE(RN) = {u € L*(RY): |Vu| € LT(RY)}.
The norm
[ullwre@yy = llullLe@yy + [[[VulllLe @y
makes W1 ®(RY) a Banach space. We know the following result.
Lemma A.1 ([32], Proposition 5.1). ML®(RY) c WH®(RYN). Moreover, if the

Hardy-Littlewood maximal operator is bounded on L®(RY), then M'®(RYN) =
Whe(RN).

Remark A.2. Let N = 2. Then there exists a function ®(z,t) on B(0,1) x
[0,00) such that ®(x,t) satisfies (®1), (92), (®3) and (®4) and M1®(B(0,1)) #
WH®(B(0,1)). In fact, there exists a function ®(x,¢) on B(0,1) x [0,00) such that
O(x,t) satisfies (P1), (2), ($3) and (P4) and smooth functions are not dense in
Wh®(B(0,1)) (see [8], Example 9.2.6). By [32], Proposition 3.4, and the fact that
MY*(B(0,1)) <= WL®(B(0,1)), M-®(B(0,1)) is included in the closure of Lip-
schitz functions in W1 ®(B(0,1)). However, since smooth functions are not dense in
WhH®(B(0,1)), we obtain M1®(B(0,1)) # WH®(B(0,1)).

For u € WH®(RY), we define

v

0o (u) = 0o (u) + 0o (Vu).
For £ C RV, we denote

5¢(F) = {u e WH?(RY): u > 1 in an open set containing E}.
The Musielak-Orlicz-Sobolev cg-capacity is defined by

co(E) = ueisr(lpf(.E) oo (u).

In case s¢(E) = 0, we set cg(F) = oo. For the Sobolev capacity in Musielak-Orlicz-
Sobolev spaces the following results hold.
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Lemma A.3 ([19], Theorems 3.1 and 3.2).

following conditions:

(1) ca(0) = 0;

(2) if 1 C By C RN , then C@(El) < cop
(3) ca(-) is an outer capacjty;

(4) for Ey, E; C RV,

(E2);

C@(El U EQ) + C@(El N EQ) < cop

(5) IfKi DKy D ...

lim cg (K
1—00

(6) if L*(RY) is reflexive and E; C Ey C ...

lim co(E
’L*}OO

(7) if B; C RN fori=1,2,..., then

(U

i=1

Proof.

e > 0, we can take u; € sg(F;) such that

O (u;) < ca

uCg

We prove only (7). We may assume that Y co(E;

The set function cg(-) satisfies the

(E1) + co(E2);

are compact sets on RN , then

_C@<ﬂK>

are subsets of RY, then

U

) Z@

;) < 0o. Then, for
i=1

(Ez) + 2_i5.

Set v = sup u; and h= sup |Vu;|. Then note that

1<i<oo

(v) < /[RN Za(x, |u;(x
i=1

1<i<oo
0o
’L:1

and
o0

Z oo (|Vui(z

<Yeals

+25

- auls

+E<OO

) +e < oo,
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so that v, h € L*(RY). By [9], Lemma 2 (iii), Section 4.7, we have |Vv| < h a.e.

UE -), we conclude

in RY. Hence, since v € 5@(
i=1

as required. (I

We say that a property holds cg-q.e. in RY if it holds except of a set F' C RN with
co(F) =0, and a function u: RY — R is cg-quasicontinuous if for every e > 0 there
exists an open set E with cg(F) < ¢ such that u restricted to RY \ E is continuous.

Lemma A.4 ([19], Theorem 5.2). Suppose continuous functions are dense in
WL®(RN). Then u € WH®(RYN) has a ce-quasicontinuous representative.

Remark A.5. By [29], Theorem 3.5, we know that C'*°-functions are dense in
WLE(RN) if ®(z,t) satisfies (®4), (®5) and (P6).

We can show the following result by [23].

Proposition A.6 ([18], Lemma 2.1). Let u and v be cg-quasicontinuous on an
open set O C RV,

(1) If u=v p-a.e. in O, then u = v cp-q.e. in O.
(2) If u<wv p-a.e. in O, then u < v cp-q.e. in O.

Next, we consider a Sobolev capacity in Musielak-Orlicz-Sobolev spaces in terms
of cg-quasicontinuous functions. For £ ¢ RY, we denote

56(F) = {u e WH?(RYN): u is cp-quasicontinuous and u > 1 cg-q.e. in E}.

We define

co(E) = uegif( 5 0o (u).

In case 5¢(F) = 0, we set ¢o(E) = oc.
As in the proof of Theorem 3.6, we have the following result.

Theorem A.7 ([18], Theorem 2.2). Let E C RY.

(1) calE) < (E).
(2) If continuous functions are dense in W1 ®(RY), then ¢o(E) = co(E).
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As in the proof of Lemma 3.8, we have the following lemma.

Lemma A.8 ([18], Lemma 2.3). Suppose {u;} € WH®(RY) is a sequence of
co-quasicontinuous functions on RN such that u; converge to u in WhH®(RY).
Then there exist © € WH®(RN) and a subsequence of {u;} such that u is a cg-
quasicontinuous function on R™, i = u p-a.e. in RV, and a subsequence of {u;}
converges pointwise to U cgp-q.e. in RY.

A.2. Musielak-Orlicz-Sobolev spaces with zero boundary values. Let F
be a subset of RY. We say that u belongs to the Musielak-Orlicz-Sobolev space
with zero boundary values and write v € VVO1 ’¢(E) if there is a ce-quasicontinuous
function u € WH®(RY) such that & = u p-a.e. in E and @ = 0 cg-q.e. in RV \ E.
The space Wy'®(E) is endowed with the norm

el ) = [l ).

It follows that the norm does not depend on the choice of the cg-quasicontinuous
representative. Since W1H®(RY) is a linear space, so is Wy (E).
As in the proof of Theorem 4.1, we have the following result.

Theorem A.9 ([18], Theorem 3.1). Let E C RN. Then W, *(E) is a Banach
space.

As in the proof of Lemma 4.3, we have the following result by Lemma A.3 (4).

Lemma A.10 ([18], Lemma 3.6). Let E C RYN. Suppose u € Wy*(E) and

v E WL(I’([RN) are bounded functions. If v is a ce-quasicontinuous function on RY,
then uv € Wy (E).

As in the proof of Theorem 4.5, we have the following result.
Theorem A.11 ([18], Theorem 3.7). Let E C RY be open and let N C RY.

(1) If ¢cg(N N E) =0, then W)'*(E) = Wy (E \ N).
(2) If w(N) =0, Wy *(E) =Wy *(E\ N), then cs(N N E) = 0.

A.3. Equivalence of function spaces. Let E be a subset of RY. By D(l)’q)(E)
we denote the closure of C§°(E) in the space W1®(E). By Theorem A.9, we have
the following result.

Lemma A.12 ([18], Corollary 3.2). Let E ¢ RN. Then D}'*(E) c Wy®(E) C
Whe(E).
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Theorem A.13 ([18], Theorem 3.3). Let E C RY. Assume that ®(x,t) satis-
fies (®4). If continuous functions are dense in W *(RN). Then Dy'*(E) = W) * (E).

Proof. By Lemma A.12, it is sufficient to show DJ®(E) > W) *(E). Let
u € Wy ®(E). Then there is a cg-quasicontinuous function & € W1 ®(RN) such that
U =u p-a.e. in E and % = 0 cp-q.e. in RV \ E. As in the proof of [18], Theorem 3.3,
we may assume that @ is a nonnegative and bounded function with compact support.

For € > 0, we set u. = max{u — ¢,0}. Since u is a cg-quasicontinuous function
and % = 0 cg-q.e. in R \ E, there exist an open set G and § > 0 such that ulpv\a
is continuous, 7 = 0 in (RY \ E) \ G and c¢(G) < § by Lemma A.3 (3). Then there
exists a function w € WH?(RY) such that 0 < w < 1,w|g = 1 and go(w) < 6.
Define v = (1 — w)u.. Here note that v vanishes in a neighborhood of RV \ E.
Further, we find that

[ = vllwre@y) <[t = Uellwre@ny + lwte]lwre @)
Since

llu— aEHle‘f’(RN) < EHXsptﬁ“L‘I’(RN) + ||X{O<17<5}Vﬂ”L‘f’([RN)v

we have ||t — tc||y1.e vy — 0 as e — 0. We also find that

ia(wii) < [ B w(@)ie) (o)
23 [ BV du) + [ B Vi) )

< A3(2A§ +1)8 max{ sup u(x 1082 A3+1 }
zeRN

a2 / B, w(@)| V@) dp(a)

by (2.1). Since w converges to 0 in L?(RY) as § — 0, we can choose a sequence w;
which tends to 0 pointwise a.e. Hence, by the dominated converge theorem, we have
0a(wie) — 0 as 0 — 0 and so also ||wic|p1e@yy — 0 as § — 0 by Lemma 2.4.
Thus we see that v converges to 4 in WL ®(RY) as g, — 0.

Let p; € C>(RY) be functions in W1 ®(RY) which tend to v. Let ¢ € C§°(E) be
a function satisfying 1 = 1 on sptv since v vanishes in a neighborhood of R \ E.
Then, since there exists a constant M > 1 such that |1)(x)] < M for all x € RV, we
have by (2.1)

oo —v) = [ B o) —e@hap + [ B ) )
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< / B fole) = i) dna)

1 Aghpios Astl / B, i (2)]) dp().

RN\sptv

Since ; tend to v in WL ®(RY) and ¢; converge to v = 0 p-a.e. in RY \ sptv, we

conclude gg(v — ;) — 0 as ¢ — oco. Similarly, we see that 0o (V (v — ;) — 0 as

i — 0o. Thus we obtain the required result by Lemma 2.4. O
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