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Abstract. We consider a convexity notion for complex spaces X with respect to a holo-
morphic line bundle L over X. This definition has been introduced by Grauert and, when L
is analytically trivial, we recover the standard holomorphic convexity. In this circle of ideas,
we prove the counterpart of the classical Remmert’s reduction result for holomorphically
convex spaces. In the same vein, we show that if HO (X, L) separates each point of X, then
X can be realized as a Riemann domain over the complex projective space P", where n is
the complex dimension of X and L is the pull-back of O(1).
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1. INTRODUCTION

Let X be a complex space and L a holomorphic line bundle over X with projection
map 7: L — X. Following Grauert [5], page 380, we say that X is L-convez if
each compact set K in X admits a compact neighborhood K*, such that for every
point z € X \ K* the following property holds true:

For every vector v € L, := m (x) and every open neighborhood U of the zero
section of L, there is a global holomorphic section o € I'(X, L) such that o(z) = v
and o(K) CU.

Obviously, standard holomorphic convexity is regained as L-convexity when L is
holomorphically trivial.

Now, a well-known result due to Remmert [8] (see also the work of Cartan [4], Ex-
ample 1, page 9) asserts that every holomorphically convex space X admits a proper
reduction onto a Stein space Y, namely, there is a proper surjective holomorphic
map m: X — Y onto a Stein space Y such that m,(Ox) = Oy; a fortiori = has
connected fibers.
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On the other hand, if we have enough holomorphic functions on X, such that every
point of X is separated by O(X), a so called K-complete space or holomorphically
spreadable space, then X is a branched Riemann domain over C™, that is, there is
a holomorphic map ¢: X — C" with discrete fibers, where n = dim(X).

The goal of this paper is to prove, in analogy with the usual results on holomor-
phic convexity and spreadability, the following theorems (definitions are given in
sections Section 2 and Section 3).

Theorem 1.1. Let X be a complex space which is L-convex with respect to
a globally generated holomorphic line bundle L over X.

Then there is a complex space X, a proper holomorphic map 7w: X — Xy with
connected fibres onto a complex space Xy, and a holomorphic line bundle Ly on X
such that:
> Xy is Lo-convex,
> every point of X is separated by I'(Xo, Lg), and
> the canonically induced map T'(Xo,Lo) — T'(X,L) is bijective; a fortiori

L = 7*(Ly).

The counter part to Grauert’s Theorem [6], Satz 12, page 253, asserting that every
K-complete space of dimension n is a Riemann domain over C™, reads as follows.

Theorem 1.2. Let X be a complex space of dimension n and let L be a holo-
morphic line bundle over X such that each point of X is separated by T'(X, L).

Then there is a discrete holomorphic map w: X — P™ such that L = 7*(O(1));
hence, if X has pure dimension, then it becomes a Riemann domain over P".

We conclude this section with an example due to Grauert [5], pages 379-382, that
motivates the study of convexity with respect to holomorphic line bundles, namely,
there is a 2-dimensional complex manifold F' and a nonempty open subset Q2 C F
with the following properties:

> The set Q2 is weakly 1-complete, that is, there is a C*°-smooth proper plurisubhar-
monic function ¢: Q@ — [0, 00);

> every holomorphic function on 2 is constant;

> the set 2 is a domain of meromorphy in F, that is, there is a meromorphic function
on 2 which cannot be extended meromorphically across any boundary point of Q.

This is done as follows: Take a compact Riemann surface S of genus greater than or
equal to 1 and a topologically trivial holomomorphic line bundle F' over S such that
no positive tensor power of F' is analytically trivial. As such, we endow F with a flat
hermitian metric ||| (see the article of Ueda [11]) and set  := {v € F; |v|| < o}
for o > 0, and p(v) = 1/(¢ — ||v]]) (for o = oo, we put Q = F and ¢(v) = ||v|).
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Compactify each fiber of F' with the point at infinity to obtain a ruled surface M
over S, that is, a P!-bundle over S. Since M is projectively algebraic, there is
a positive divisor A on M. Let G be its associated holomorphic line bundle. In
order to check Theorem 1.2, Grauert proved that € is G*-convex for some positive
integer k, sufficiently large.

Throughout this paper, all complex spaces are reduced and with countable
topology. For definitions see Section 2 and Section 4.

2. GRAUERT’S CONVEXITY

Let X be a complex space and let m: L — X be a holomorphic line bundle
over X. The notion of convexity with respect to holomorphic line bundles appeared
for the first time in a paper by Grauert [5].

Definition 2.1. We say that X is L-convex if each compact set K in X admits
a compact neighborhood K* such that for every point z € X \ K* the following
property holds:

For every vector v € L, := m (x) and every open neighborhood U of the zero
section of L, there is a global holomorphic section o € T'(X, L) such that o(x) = v
and o(K) CU.

Remark 2.1. If L is analytically trivial, then X is holomorphically convex pre-
cisely when X is L-convex.

A (singular) hermitian metric h on L is given in any trivialization §: L|q — QxC
by
vl = [te?®, zeQ, teC, v==0 (z1),

1
loc

where ¢ € L, .(€) is called the weight function with respect to the trivialization 6.
Observe that, in general, given ¢ > 0, the set {v € L; ||v||;, < €} is open if the
weight functions are upper semi-continuous. In this case the condition in Defini-

tion 2.1 becomes:

Let © € X \ K*. Then, for any vector v € L, and € > 0, there exists a global
holomorphic section o of L over X such that o(z) = v and |lo(y)||n < € for all
ye K.

Now, coming back to L-convexity, because one always can endow L with a con-
tinuous (even C°°) hermitian metric h, Grauert’s definition is characterized by the
following lemma.
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Lemma 2.1. The space X is L-convex if, and only if, for every compact set
K C X its hull K with respect to I'(X, L) is relatively compact in X, where

K = {x €X; 30, >0V0el(X,L) |o@)|n < Cs Iznea;{cna(z)uh}.

Observe that the hull K contains K and does not depend on h; moreover, K need
not be closed in X.

If L is trivial, that is L = X x C, then K equals the ordinary holomorphically
convex hull K , where

R = {reX: V)€ OX).|/(@)| < max| /)] }.

(To see this, note that as O(X) is a C-algebra, taking powers f™ with n € N and
then extracting the n-th root, it follows that, in Lemma 2.1, we may choose C, = 1.)
This motivates the following definition.

Definition 2.2. We say that X is (L, h)-convex if for every compact subset K
of X its hull K} is compact in X, where

Ky :={z € X; Yo e (X, L) [lo(x)|n < < max o (y)]}-

Remark. Note that if X is L-convex, then for any choice of a continuous hermi-
tian metric h on L, X becomes (L, h)-convex. The converse does not hold (see the
subsequent Example 2.3).

Lemma 2.2. Let X be a Stein space. Then X is L-convex with respect to any
holomorphic line bundle L over X.

Proof. By standard arguments one checks readily that if 7" C X is a holomor-
phically convex subset of X and z¢ € X, then T'U {xo} is holomorphically convex.

Now, to check the L-convexity of X, we let K be a compact subset of X. Let
xe X\ K and let U be an open neighborhood of the zero section of L. Let v € L,
v # 0. Since Ku {z} is holomorphically convex, the restriction map

H°(X,L) — H°(K U {z},L)
has dense range. Let oy € T'(X, L) be such that oy(K) C U/2 and |0y (z)/v—1| < z.

This implies |A| < 2, where A :=v/oy(x), and then o := Aoy is such that 0’([?) cU
and o(z) = v.

O
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Remark. The conclusion remains valid for 1-convex spaces instead of Stein
spaces. (A complex space is called 1-convez if it is a proper modification of a Stein
space in a finite number of points.)

Example 2.1. Let ¢: X — [0, 00) be an upper semi-continuous function, where
X is a complex space without nonconstant holomorphic functions.

Let L = X xC, ||lv||n := |t|e¥®), where v = (x,t) € L. Then, for a compact subset
K of X, one has

Ky = {:c € X p(z) < sup sO(Z)}-
zeK

Thus, if ¢ is continuous, then X is (L, h)-convex if, and only if, ¢ is proper.

Example 2.2. Here we recall the intermediate g-holomorphic convezity de-
fined by Barlet and Silva [3]. Suppose that there are global holomorphic sec-
tions sg, s1,...,84 in L without common zeros. They induce a holomorphic map
m: X — P? and on L = 7*(O(1)), the pull-back of the standard Fubini-Study
metric on P? induces a hermitian metric h, on L; alternatively this can be obtained

by setting
|v]

Is(x)]”

[|v]|n, = if ve Ly,

where

Is(@)1? = Is;(@)]-
§=0

Notice that the weight functions of h, are constant along the fibers of .

The authors call X g-holomorphically conver if X is (L, h,)-convex. If this is the
case, the fibers of 7 are holomorphically convex.

Example 2.3. Let Z be a projective manifold of dimension greater than or
equal to 2 and consider a very ample line bundle over Z, denoted by F. Let A be
a nonempty analytic subset of Z of codimension greater than or equal to 2. We put
X :=Z\Aand L:=F|x. Then X fails to be L-convex; however we may endow L
with a smooth hermitian metric h such that X becomes (L, h)-convex.

Indeed, consider finitely many global holomorphic sections, say sp,...,s, in
I'(Z,F), whose common zero set is A. Put on L the smooth hermitian metric
induced by so,...,s, as above. With respect to this hermitian metric, X becomes
(L, h)-convex. (As a matter of fact, for this to hold, A may be any proper analytic
subset of Z.)

To show that X is not L-convex, one applies Lemma 2.3 from below, because
I(X,L) ~ I'(Z,F) and the latter has finite dimension over C. Alternatively, we
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may use the pseudoconcavity! of X, which implies that I'(X, L) has finite dimension
over C.

Lemma 2.3. Let X be an irreducible complex space and assume that L is a holo-
morphic line bundle over X such that the complex vector space I'(X, L) has finite
dimension. Then X is L-convex if, and only if, X is compact.

Proof. Let K be a subset of X with nonempty interior and let {o1,...,0,} be
a basis of I'(X, L) over C. Let ||-|| be a continuous hermitian metric on L. Let A be
the compact subset of C™ made of A = (A1,..., Ay) with [A] 4+ ... 4+ [An| = 1. We
readily see that

W= irelf\ max IAo1(y) + ...+ Amom W)l

is strictly positive.
For z € X, weput C = max [[Mo1(z) + ... + Amom(2)|| so that we obtain K = X,
€
which shows that X is compact. O

Corollary 2.1. Let X be a pseudoconcave irreducible complex space. Then X is
L convex with respect to some holomorphic line bundle L over X if, and only if, X
is compact.

Proof. Since the sheaf of germs of holomorphic sections in L is locally free,
coherent and torsion free, from [1], the complex vector space I'(X, L) has finite
dimension and the proof follows by Lemma 2.3. (]

Definiton 2.3. Let H be a nonempty subset of I'(X, L). We say that

1. the point a of X is separated by H if there are og,...,on € H and an open
neighborhood U of a such that oy, 01,...,0x does not vanish simultaneously
on U and the induced holomorphic map y: U — PV is discrete at a;

2. the family H gives local coordinates at a € X if there are finitely many elements
0o, ...,0on and U as above such that y is an immersion at a.

The above conditions can be rewritten by saying that (after shrinking U around a
and permuting coordinates, if necessary) oy does not vanish on U and the holomor-
phic map

Uz (ﬂ(x),...,”—N(x)) ecn

0o 0o

! A complex space X is said to be pseudoconcave in the sense of Andreotti (see [1]) if X
contains a relatively compact open subset 2 which meets every irreducible component of
X and such that each point zg € 9Q admits a neighborhood system of open sets {Uy, }»
such that, for all v, zg is an interior point of U, N Q (the holomorphically convex hull of
Uy N Q in U, with respect of O(Uy)).
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contains the point a, which is isolated in its fiber, and that

generate the space m,/ m?l over C, where m,, is the maximal ideal of Ox 4.

It is worth mentioning that, for L = X x C so that H C O(X), we obtain holomor-
phic spreadability (or K-completeness) with respect to a subfamily H of holomorphic
functions on X. (This extends the standard terminology for H = O(X); in this case
we require that for each point xg € X, there are finitely many fi,..., fr € H such
that g lies isolated in the fibre f~1(f(x¢)), where f = (f1,..., fx): X — C* (here
k may depend on x.)

Further, a holomorphic line bundle L is called globally generated if, for every point
xo of X, there is a section ¢ € I'(X, L) such that o(xo) # 0.

Observe that, in this case, given a discrete subset A of X, the subset Sy of sections
s € T'(X, L) such that s(x) # 0 for all x € A is dense in I'(X, L) (with respect
to the topology given by uniform convergence on compact subsets of X). This is
a consequence of Baire’s theorem if we note: 1) I'(X, L) is a Fréchet space and ii) for
a point a € X, the subset of I'(X, L) counsisting of those sections vanishing at a is
closed and has empty interior. (The following observation settles ii) above, namely,
for a Fréchet subspace F’ of another Fréchet space F, if F’ has nonempty interior,
then F' = F.)

In particular, we deduce easily that, if X has finite dimension, then there are
finitely many sections og,01,...,0r € I'(X, L) without common zeros; hence they
induce a holomorphic map 7: X — P*; besides, one has L = 7*(O(1)). (This can
be achieved in a standard way by induction on the complex dimension of X, and is
therefore omitted.)

Then, by a proper choice of A, we can show that there are “many” global holo-
morphic sections o in L whose zero sets Z(o) are rare analytic sets. (For this it
is enough to choose A to contain at least a point from every positive dimensional
irreducible component of X.)

This discussion and the one in [6] improves upon the result due to Grauert [6],
Satz 12, page 253.

Theorem 2.1. Let X be a complex space of dimension n and let H C O(X) be
a family of holomorphic functions such that X is holomorphically spreadable with
respect to H. If H is closed in O(X), then there is a discrete map w: X — C"
whose components belong to H.

499



3. PrOOF OF THEOREM 1.1

Let X be a complex space and let L be a holomorphic line bundle over X. We
define an equivalence relation R on X as the analytic subset of the product space
X x X consisting of all couples (z,y) € X x X such that, for every two holomorphic
sections ¢ and 7 of L over X,

For x € X, we let R(zx) = {y € X; (x,y) € R}, that is, R(z) is the fiber of R
over x.
For a subset T of X we denote by R(T) the saturated envelope of T, that is,

R(T)={ye X; (x,y) € R for some z € T'}.

Lemma 3.1. If L is globally generated, then R(x) equals the intersection of the
zero sets of those holomorphic sections of L which vanish at x.

Proof. First, let y € R(z) and consider o € T'(X, L) such that o(x) = 0. Let
7 € I'(X, L) with 7(x) # 0. From (z,y) € R, it follows that 7(z)o(x) =
o(y) = 0.

For the reverse inclusion, let 01,02 € I'(X, L) and let 7 be as above. There are

0, hence

A1, A2 € C such that o; — A\;7 vanish at x for ¢ = 1, 2; hence they vanish at y, too.
This immediately shows that

and the proof is completed. ([

The analytic equivalence relation R is said to be proper if, for every compact
subset K of X, the saturated set R(K) is compact. In that case, we may consider
the quotient of X by the induced equivalence analytic relation given by the connected
components of R(z), as « runs throughout X.

Lemma 3.2. If X is L-convex, then R is a proper analytic equivalence relation.

Proof. Indeed, let K C X be a compact set. Clearly R(K) is closed. We will
show that R(K) C K. Assume, in order to reach a contradiction, that this is not
true; hence there is y € X \ K and some z € K such that y € R(z).

In order to proceed, observe that there is 7 € I'(X, L) with 7(x) # 0. (Otherwise,
assume that 7(x) = 0 for every 7 € I'(X,L). Then let v € L,, v # 0, and put
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Q= L\ {v}. By the hypothesis, there is a section § € I'(X, L) such that 6(y) = v.
But, as y € R(x) and since 6(x) = 0 by assumption, it follows that 6(y) = 0, whence
v = 0, which is a contradiction! In particular, this shows that the base locus of L is
compact.)

Fix a continuous hermitian metric h on L. Let Q = {v € L; ||v||n < 1} and take
w € L, such that ||wl||;, > max{1,]||7(y)||n/l|7(x)||n}. Then there is a holomorphic
section o € T'(X, L) such that o(y) = w and ||o(z)||n < 1 for z € K, in particular
@)l < 1.

Let A € C such that o(x) = Ar(xz). Thus ¢ — A7 vanishes at z, hence it van-
ishes at y, too. Therefore o(y) = Ar(y). Thus ||w|, = [Al7W)||n, but |A| =
llo(@)||n/]|7(x)|n, so that we obtain |w|n < [|7(y)||n/|l7(z)||n, which contradicts the
above choice of w. O

Remark 3.1. The conclusion of Lemma 3.2 remains true if we use (L, h)-convexity
instead of L-convexity.

End of proof of Theorem 1.1. Thanks to Lemma 3.2, the relation R° defined
by the connected components of R(z), z € X, is a proper analytic equivalence
relation on X. We shall see that the Hausdorff topological space X := X/R? is, in
fact, a complex space and the canonical map ¢: X — X, which is proper and has
connected fibres, becomes holomorphic. This follows by [4] if we note the following
description of R. Because L is globally generated, we can cover X by open sets of
the form Uy := X \ Z(A) for A € I'(X, L) with A # 0.

Now, fix A as above and set, for practical purposes, U = U,. We see that R is
given on U by global holomorphic functions, namely,

RNO(UxU) = {(z,y) €U x U; f(z) = f(y) for any € O}U)},

where Of(U) C O(U) is formed by taking quotients of o|; over A7, and for every
compact set K C U, R%(K) C U.

By a well-known result due to Cartan [4], Main theorem, page 7, it follows
that U/R° are complex spaces and there are canonical holomorphic mappings
ov: U — U/R". Moreover, gy is proper with connected fibers. These data
can be glued together to a complex space Xy := X/R° and a holomorphic map
0: X — Xp. (See also the article of Kaup [7], where the case of open equivalence
analytic relation is treated.)

Also, the 1-cocycle defining L descends to a 1-cocycle on X, thus defining a holo-
morphic line bundle Lo over Xy, such that L = ¢*(Lg) and the naturally induced
map ¢: I'(Xo, Lo) — (X, L) is bijective. This gives readily that each point of X,
is separated by I'(Xy, Lo) and Xy is Lo-convex. O
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4. GLOBAL GENERATION AND POINTS SEPARATION

This section contains the proof of Theorem 1.2. Recall that a complex space X is
said to be a Riemann domain over another complex space Y if: i) X is connected
and ii) there is a holomorphic map 7: X — Y which is open and has discrete fibers.
(In the case X is irreducible and Y is locally irreducible and of the same dimension,
the openness condition is superfluous. As a matter of fact, the classical setting is for
domains over C" or P".)

We split the proof into two parts (see the subsequent Proposition 4.1 and Propo-
sition 4.2.): first we produce a discrete holomorphic mapping from X into a complex
projective space of dimension k > n and secondly, we decrease, if necessary, the
dimension of the target space down to n.

Proposition 4.1. Let X be a complex space of dimension n and let L be a holo-
morphic line bundle over X, such that each point of X is separated by T'(X, L).

Then there are finitely many global holomorphic sections og,01,...,0, in L
which exhibit a holomorphic map m: X — P* with discrete fibers. In particular,
L =7*(0O(1)).

Proof. First, we need the following result.
Claim 1. Let Z be a Stein space and let A C Z be a closed analytic subset. Then,
for every coherent analytic sheaf 7 on Z, the restriction mapping

HY(X,F) — HY(X \ A, F)

has closed image.

Indeed, thanks to Banica and Stanasila [2], Corollaire 6.8, page 101, we know
that H}(Z, F) is, with respect to the canonical topology, a Fréchet-Schwartz space.
Then, from the long exact cohomology sequence with supports in A, we retain the
exact portion

HY(Z,F) — HYZ\ A,F) — HA(Z,F),

from which the desired conclusion follows.

Now, since L is globally generated, there are finitely many globally defined holo-
morphic sections og, 01, ...,0nx in L without common zeros and such that each zero
set Z(o;) is a rare analytic set in X.

Let o be one of the sections 0g,01,...,0n8. Put A = Z(o) and U = X \ A.
Define Q(U) as the subset of holomorphic functions on U which are obtained taking
quotients of restrictions of sections of I'(X, L) to U over o]y .

Claim 2. The set Q(U) is closed in O(U).
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To check this, let {(s,/o)|v}, be a sequence in Q(U) that converges uniformly
on compact subsets of U to a holomorphic function f € O(U). Let U = {U;}; be
a trivializing covering of X by open (Stein) subsets. Let {;;};; be the defining
cocycle of L. Therefore, s, is given on U; by {sf,i)},, C O(U;) such that s = &ij sf,i);
similarly o is given by 0 € O(U;). Because the sequence {(sf,i)/a) Ui\ A Jv converges
to flu,\a, it follows from Claim 1 that there are holomorphic functions s e o)
such that f = sWa(® on U; \ A.

It follows that s(*) = fijs(j) on U; NU; \ A. Since A is rare and X reduced, the
above equality holds true on U; N U;. Thus {sV}; patch to a section s € I'(X, L)
and, consequently, f € Q(U).

Finally, the proof of Proposition 4.1 will be concluded thanks to Theorem 2.1 and
the above claim. O

Here we give the second key step in the proof of Theorem 1.2.

Proposition 4.2. Let X be a complex space of dimension n and let L be a holo-
morphic line bundle on X. Let 0g,01,...,0, be globally defined holomorphic sec-
tions of L, which give a discrete holomorphic mapping into some P*, with k > n.

Then, for any ¢ > 0 and any matrix A = (a;;) of type (n+ 1) x (k + 1), there
is a matrix B = (b;;) of the same type and rank n + 1 such that |b;; — a;;| < €

k
for all i, j, and sections Y b;;o;, 0 < i < n, give a discrete holomorphic mapping
§=0
into P".

Before getting involved with the proof, let us mention a few words about the
Hausdorff measure (see Shiffman [9]).

Let A be a subset of a metric space X. Let §(A) denote the diameter of A, and let

1 if A
8%(A) = { 1 70,
0 if A=10,

and
0P(A) = (6(A))P for p > 0.

For p > 0 and € > 0 define

hP(A) := inf{z P (An); AC | An and 5(A,) < g},
n=1 n=1
hP(A) = lim HP(A) = sup HP(A).

e—0 e>0
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We refer to hP as the Hausdorff p-measure. For any A C X, h?(A) equals the
number of points of A. These set functions are regular metric outer measures, and
hence the Borel sets are hP-measurable.

If A is hP-o-finite, then h"(A) = 0 whenever r > p. If M is an n-dimensional
Riemannian manifold, then M is h™-o-finite, the compact subsets of M have finite
Hausdorff n-measure, and hence, the open sets have nonzero Hausdorff n-measure.
(For a nonnegative integer k, the usual notion of k-volume in a Riemannian manifold
differs from A* by a universal multiplicative constant c;, which is the volume of the
ball centered at the origin and of radius 1/2.) It follows that k-dimensional analytic
sets have zero Hausdorff (2k + 1)-measure, since a k-dimensional analytic set is an
at most countable union of manifolds of real dimension at most 2k.

We shall also need a few things concerning the rank of a holomorphic map (see
Siu [10]).

Let m: X — Y be a holomorphic map between reduced complex spaces. Let
X° be the manifold points of X. By using local embeddings of Y into a suitable
Euclidean complex space, we define rank(w) by

rank(m) = sup rank Jy(m),
zeX0

where J,(7) is the complex jacobian matrix of the corresponding holomorphic map
tomo1 at 0; here ¥ maps biholomorphically an open neighborhood of 0 € C? onto
a neighborhood of = and ¢ is a closed holomomorphic embedding of a neighborhood
of m(x) into some open subset of C?. It can be seen that this definition does not
depend on the particular choices.

Alternatively, we can give a rank definition a la Remmert as follows. First assume
that X is irreducible and set

o(m) = dim(X) — gg)l(l dim, 7 (7(z)).

In general, if {X;}; are the irreducible components of X, we put

o(m) := sup o(7|x,).

It can be shown that the two definitions agree, that is, rank(w) = p(w). The next
result is standard.

Lemma 4.1. Let m: X — Y be a holomorphic map between reduced complex
spaces of rank q. Then the image of m, w(X), is an at most countable union of locally
analytic subsets of Y of dimension less than or equal to q.
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We shall also recall a few simple facts from linear algebra. For p,q € N, denote,
as usual, by M(p, q), the complex vector space of type p X ¢ matrices. Let St(p,q)
be the subset of M (p, q) consisting of the matrices of rank min{p, ¢}. It is an open
subset of M (p, q) and is called the Stieffel manifold of type (p, q).

For A = (aij)i; € M(p,q) put |4| = n}&;x|aij|. Observe that if A € M(p,q) and
B € Mlg.r), then | AB| < gl Al|B].

Then, using block decomposition, one shows that, for p < n < m, the natural map

M(p,n) x M(n,m) — M(p,m)

induced by matrix multiplication is surjective.

For A € St(k, k+1) the kernel of the induced linear map from C**! into C*, which
is surjective, is a complex line; therefore it defines a point £4 € P*. Consequently,
we obtain a holomorphic map

®: St(k,k+1) — P*,

which is, in fact, a Gl(k)-principal bundle over P¥. Furthermore, multiplication by A
induces also a canonical projection map

par PP\ {&a} — PFY,

which is a C*-principal bundle over P~ 1.

Now, if ¥ C P¥ is an at most countable union of locally analytic subsets X; of P*
(that is, each Y; is closed analytic in some open subset ; of P¥) of dimension less
than or equal to n, with n < k, then the subset A; of matrices A € St(k, k + 1) for
which £4 € ¥, has o-finite Hausdorff 2p-measure, where p := k? + n. In particular,
Ay has zero Hausdorff (2k2 + 2k — 1)-measure.

Lemma 4.2. The set As of matrices A € St(k,k + 1) for which {4 ¢ ¥ and ¢4
is not discrete on ¥ has o-finite Hausdorff 2g-measure, where ¢ = k> +k — 1. In
particular, As has zero Hausdorff (2k? + 2k — 1)-measure.

Proof. Thanks to the fact that each fiber ¢ " (p4(x)) with 2 € ¥ is one dimen-
sional, Ag consists of the matrices A € St(k,k + 1) \ Ay such that there is 2o € X
and a nonempty open neighborhood W of x such that ¢, (pa(z0)) "W C SNW.

Therefore, the proof is a straightforward consequence of the following lemma (see
also the paper of Grauert [6], pages 249-250). O

Lemma 4.3. Let Q be a nonempty domain (open and connected) of C™ and let
Y. be a proper analytic subset of ). Then the subset A of Q) made of all z € ) for
which there is a point zy € ¥ and € > 0 (which might depend on zp), such that
zo+tz € ¥ for allt € C, |t| < ¢, has zero Hausdorff (2n — 1)-measure.
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Proof. We show that A is the image of an analytic subset of Q x 3 through
a holomorphic map of rank less than n. Consider, for this, the subset T' of the
product space 2 x ¥ consisting of couples (z,a), for which there is €(a) > 0 such
that a + ¢z lies in ¥ for all ¢t € C with [t| < e(a).

We claim that T is an analytic subset of 2 x ¥ and, if we denote by 7 the restriction
to T of the first projection map from Q x 3 onto 2, then rank(r) < n — 1.

Clearly A = 7(T). Hence, it suffices to test the claim from above. While the
analyticity part is more or less standard (so, it is left to the interested reader), let
us focus on the rank(w) part.

Let (o = (20, ao) be a manifold point of T', where rank, (7) = n; thus, in an open
neighborhood U of {y in 2 x X, one has ranks(7) =n for ( e UNT.

Hence, after shrinking U about ( if necessary, 7|ynr admits a local holomorphic
inverse 6, which is defined on an open neighborhood V' of zg in 2 onto U NT'. But,
6 has the form 6(z) = (z,7(2)), z € V, with v: V — 3 holomomorphic. Now, let
V* be a nonempty open neighborhood of zy, whose closure M is compact. Then, by
compactness argument, there is ¢ > 0 such that for all z € M and ¢t € C with |¢| < e,
one has (z,z +tvy(z)) € U.

On the one hand, for each z € M there is e(z) > 0 such that z + ty(z) € ¥ for
t € C with |t] < e(z). The Identity theorem for irreducible analytic sets then implies
that z + ty(z) € ¥ for z € V* and ¢t € C with |t| < e. On the other hand, there is
to € C with |t| < € and such that the jacobian matrix of V* 3 z — z+toy(2) € Q is
not zero, so that, for this tg, the corresponding map is open showing that X contains
a nonempty open subset of €2, which contradicts the hypothesis. ([

Remark 4.1. Note that A; U Ay has zero Hausdorff (2k% + 2k — 1)-measure. In
particular, its complement in St(k, k + 1) will be dense.

End of proof of Proposition 4.2. 'We do this by induction. Since the case
k = n is obvious, let us assume that the statement holds true for dimensions k’,
n <k <k.

In order to complete the induction step, let us observe the following. Let A €
M(n+1,k+1) and let € > 0. There are B’ € M(n+ 1,k) and C' € M(k,k+ 1)
such that A = B’C’ (see the discussion after Lemma 4.2).

Now, let C' € St(k,k + 1) be such that Co: X — P*~! is well-defined, discrete

and ||C — C'|| < ¢ (6 will be chosen later in the proof). Here and afterwards, by
k
Co we mean the canonical map into P*~! induced by sections cijoj, 0 <1 <k,
j=0
where C = (c;5)ij-
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Then, select B € St(n + 1,k) such that B(Co): X — P" is well-defined and
discrete, || B — B’|| < 6. The choices of C' and B are possible by Remark 4.1 and the
induction step, respectively.

It follows that || BC — A|| < k(||B — B||IC]|) + | B'||||C — C’||, which in turn is
< kd(d + ||B']| 4+ ||C"]|) and this can be made less than e by choosing ¢ > 0 small
enough, whence the proof of the proposition. ([

End of proof of Theorem 1.2.  This is obvious from propositions Proposi-
tion 4.1 and Proposition 4.2. O

In the circle of ideas discussed up to now, in closing this section, we mention, for
the sake of completeness, the following proposition.

Proposition 4.3. Let X be a complex space of dimension n and let L be a holo-
morphic line bundle over X such that each point of X is separated by I'(X,L).
Then there exists a dense Zariski open subset in X on which I'(X, L) gives local
coordinates.

Proof of Proposition 4.3, beginning. = We show that the subset A of X of
all points at which I'(X, L) does not give local coordinates is closed and analytic;
moreover, as I'(X, L) locally separates points in X, A is rare (that is, A has empty
interior).

For this, we need the following lemma.

Lemma 4.4. Let f: Y — Z be a holomorphic map of complex spaces. Then
the subset Xy of Y defined by

Yy={y €Y, fisnot an immersion at y}

is analytic. Moreover, if for every irreducible component Y; of Y there exists a point
y; € Y; which is isolated in f;'(f;(y;)), where f; : Yi — Z is the restriction of f
to Y;, then Xy is rare. In particular, this holds if f has discrete fibers.

Proof. To see that ¥ is analytic we proceed as follows. The holomorphic map
f induces a sheaf morphisms

df: f*(Qz) — Qy

of Oy-modules?. Let Q%’I 5 be the cokernel of df. This is a coherent analytic sheaf
on Y. The important fact is that f is an immersion at a point y € Y if and only if

2 For a complex space W, we let QII,V be the sheaf of germs of holomorphic 1-forms on W,
which is a coherent analytic sheaf on W.
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the stalk at y of Q%,‘ , vanishes; in other words
%5 = Supp(Qy| ),

whence the analyticity of Xy.

For the “moreover” part, it is sufficient to treat the case when Y is irreducible.
Because X is analytic, the assertion follows if we find a nonempty open set U of YV’
such that U N Xy is rare. To show that it exists, let @ € Y be an isolated point in
f~1(f(a)). Then there are open neighborhoods U and V of a and f(a), respectively,
such that f(U) C V and the induced map f|y: U — V is a branched covering.
Since U N Xy = ¥y, the lemma follows. O

Proof of Proposition 4.3, concluded. First, notice that A is a closed subset
of X. In order to show that A is analytic, let g € T'(X,L), o9 # 0. Let ¥ =
X\ Z(0p). Consider O%(Y), the set of those holomorphic functions on Y that are
quotients of o|y over og|y. Let £* denote the intersection of ¥, performed over
all holomorphic maps f: Y — C™ with m € N, whose components are in O%(Y").
Since each X is analytic due to Lemma 4.4, ¥* is also analytic.

The proof will be concluded if we check that A NY = ¥*, because X admits an
open covering by such sets Y and A is closed. To verify the above equality, observe
that the inclusion “D” is obvious; as for “C”, one uses the straightforward fact that,
if a holomorphic map g: Y — C™ gives local coordinates at a point xg € Y, then
for any h € O*(Y), the map from Y into C™*!, given by

T — (ﬁ, h(z)gi(z), ... 7h(x)gm(x))a

gives also local coordinates at zg.
Finally, the fact that A is a rare analytic set is an immediate consequence of
Definition 2.3 and Lemma 4.4. ([

Acknowledgement. We thank the referee for pertinent remarks improving a pre-
liminary version of the paper.
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