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Abstract. We obtain a sharp upper bound for the spectral radius of a nonnegative matrix.
This result is used to present upper bounds for the adjacency spectral radius, the Laplacian
spectral radius, the signless Laplacian spectral radius, the distance spectral radius, the
distance Laplacian spectral radius, the distance signless Laplacian spectral radius of an
undirected graph or a digraph. These results are new or generalize some known results.
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1. INTRODUCTION

We begin by recalling some definitions. Let A1, A2, ..., A, be all eigenvalues of an
n xn matrix M. It is obvious that the eigenvalues may be complex numbers since M
is not symmetric in general. We usually assume that [A\1| > |A2] = ... > |A,|. The
spectral radius of M is defined as o(M) = |A1], i.e., it is the largest modulus of the
eigenvalues of M. If M is a nonnegative matrix, it follows from the Perron-Frobenius
theorem that the spectral radius o(M) is an eigenvalue of M. If M is a nonnegative
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irreducible matrix, it follows from the Perron-Frobenius theorem that o(M) = A1 is
simple.

Let G = (V,E) be a simple undirected graph with vertex set V = V(G) =
{v1,v2,...,v,} and edge set E = FE(G). The Laplacian matrix and the signless
Laplacian matrix of G are defined as

L(G) = diag(G) — A(G),  Q(G) = diag(G) + A(G),

respectively, where A(G) = (ai;) is the adjacency matrix of G, diag(G) = diag(ds,
da,...,d,) is the diagonal matrix of vertex degrees of G and d; is the degree of the
vertex v;. The spectral radii of A(G), L(G) and Q(G), denoted by o(G), pu(G) and
q(G), are called the (adjacency) spectral radius of G, the Laplacian spectral radius
of GG, and the signless Laplacian spectral radius of G, respectively. In 1973, Fiedler
in [10] studied the Laplacian spectra, in particular, the second smallest eigenvalue
which is called algebra connectivity. Since then, the Laplacian matrix has been
extensively investigated. Further, Fiedler in [9] gave an excellent survey for the
Laplacian matrix.

Let G = (V,E) be a connected undirected graph with vertex set V = V(G) =
{v1,v2,...,v,} and edge set E = E(G). For u,v € V(G), the distance between u
and v, denoted by dg(u,v), is the length of the shortest path connecting them in G.
The distance matrix of G is the n x n matrix D(G) = (d;;) where d;; = dg(vi,v;).
In fact, for 1 < i < n, the transmission of vertex v;, Trg(v;) is just the i-th row sum
of D(G). So for convenience, we also call Trg(v;) the distance degree of vertex v;
in GG, denoted by D;, that is, D; = i dij = Trg(v).

i=1

Let Tr(G) = diag(D1, Do, . . ., Dn]) be the diagonal matrix of vertex transmissions
of G. The distance Laplacian matrix and the distance signless Laplacian matrix of
G are the n x n matrices defined by Aouchiche and Hansen in [1] as

L(G) = Te(G) - D(G), Q(G) = Tx(G) + D(G).

The spectral radius of D(G), £(G) and Q(G), denoted by 0P (G), uP(G) and ¢P(G),
are called the distance spectral radius of GG, the distance Laplacian spectral radius
of G, and the distance signless Laplacian spectral radius of G, respectively.

Let G = (V, E) be a digraph, where V = V(G) = {v1,v2,...,v,} and E = E(G)
are the vertex set and arc set of é, respectively. A digraph G is simple if it has
no loops and multiple arcs. A digraph G is strongly connected if for every pair of

vertices v;,v; € V(G), there are directed paths from v; to v; and from v; to v;. In
this paper, we consider finite, simple digraphs.
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Let G be a digraph. Denote by Né'(vi) ={v; € V(G): (v, vj) € E(G)} the set of
the out-neighbors of v; and by df = |Ng(vz)| the out-degree of the vertex v; in G.

For a digraph G, let A(G) = (ai;) denote the adjacency matrix of G, where a;;
is equal to the number of arcs (v;,v;). Let diag((_j) = diag(d},df,...,d}) be the
diagonal matrix of vertex out-degrees of G and

L(G) = diag(G) — A(G), Q(G) = diag(G) + A(G)

the Laplacian matrix of G and the signless Laplacian matrix of G , respectively. The
spectral radii of A(G), L(G) and Q(G), denoted by o(G), u(G) and ¢(G), are called
the (adjacency) spectral radius of é, the Laplacian spectral radius of é, and the
signless Laplacian spectral radius of é, respectively.

For u,v € V(é), the distance from u to v, denoted by ds(u,v), is the length of
the shortest directed path from u to v in G. For u € V(G), the transmission of
a vertex u in G is the sum of distances from u to all other vertices of C_j, denoted
by Trs(u).

Let G be a strong connected digraph with vertex set V((_j) = {v1,v2,...,v,}. The
distance matrix of G is the n x n matrix D(G) = (dij), where di; = dz(vi,vj). In
fact, for 1 < < n, the transmission of the vertex v, Trs(v;) is just the i-th row sum

—

of D(G). So for convenience, we also call Trz(v;) the distance degree of the vertex v;

in G, denoted by D, that is, D = > d;; = Trz(vi).
j=1

Let Tr(G) = diag(D7, D, ..., D;) be the diagonal matrix of vertex transmissions
of G. The distance Laplacian matrix and the distance signless Laplacian matrix of G
are the n x n matrices defined similarly to the undirected graph by Aouchiche and
Hansen in [1] as

L(G) =Tr(G) - D(G), Q(G)=Tr(G)+D@G).

The spectral radii of D(G), £(G) and Q(G), denoted by 9(G), uP(G) and ¢P(G),
are called the distance spectral radius of (_j, the distance Laplacian spectral radius
of G and the distance signless Laplacian spectral radius of é, respectively.

Let G = (V, E) be an undirected graph. For v;,v; € V, if v; is adjacent to v,
we denote it by ¢ ~ j. Moreover, we call m; = d;lz d; the average degree of

i~
the neighbors of v;. In addition, let G = (V, E) be a digraph. For v, v; € V, if

arc (v;,v;) € E, we denote it by i ~ j. Moreover, we call m;” = d;"_lz dj' the

inj
average out-degree of the out-neighbors of v;, where dj' is the out-degree of the
vertex v; in G.
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A regular graph is a graph where every vertex has the same degree. A bipartite
semi-regular graph is a bipartite graph G = (U, V, E) for which every two vertices
on the same side of the given bipartition have the same degree as each other.

So far, there are many results on the bounds of the spectral radius of a matrix and
a nonnegative matrix, the spectral radius, the Laplacian spectral radius, the sign-
less Laplacian spectral radius, the distance spectral radius, the distance Laplacian
spectral radius and the distance signless Laplacian spectral radius of an undirected
graph and a digraph, see [1], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [14], [15], [16],
[18], [21].

The followings are some results on the above spectral radii of undirected graphs
and digraphs in terms of degree, average degree, out-degree and so on.

(1.1) o(G) < max {\/dim;}, see [4],

1<ign
(1.2) w(G) < max {di +/dim;}, see [19],
(1.3) q(G) < max {di +/dim;}, see [17],

(1.4) q(G) < max {dj +./2 dj}, see [3].
XX J~

It may be noticed that there are few results about the distance Laplacian spectral
radius of G, the Laplacian spectral radius of G , the distance Laplacian spectral radius
of G and the distance signless Laplacian spectral radius of G. Maybe one reason is
that the Laplacian matrix and the distance Laplacian matrix are not nonnegative
matrices.

In this paper, we obtain sharp upper bounds for the spectral radius of a matrix
or a nonnegative matrix in Section 2, and then we apply these bounds to various
matrices associated with an undirected graph or a digraph. We obtain some new
results or known results about various spectral radii, including the (adjacency) spec-
tral radius, the Laplacian spectral radius, the signless Laplacian spectral radius, the
distance spectral radius, the distance Laplacian spectral radius, the distance signless
Laplacian spectral radius and so on.

2. MAIN RESULTS

In this section, we will obtain the sharp upper bound for the spectral radius of
a (nonnegative) matrix. The techniques used in this section is motivated by [17].

Theorem 2.1. Let B = (b;;) be an nxn nonnegative matrix, l; the number of the
nonzero entries except for the diagonal entry of the i-th row for any i € {1,2,...,n},
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that is, l; = |[{b;j: bij #0, j € {1,2,...,n}\ {i}}|, and let X = (z1,22,...,2,)" be
the eigenvector of B corresponding to the eigenvalue o(B). Then

for any i,j € {s: s # 0,1 < s < n}. Furthermore, if B is irreducible, and the
equality in (2.1) holds, then

for any i,j € {1,2,...,n}.

Proof. Foreachie {1,2,...,n}, by BX = o(B)X, we have o(B)x; Z bijxj,

then

(o(B) = bi)wi = Y by,

J#4,bij #0

and thus by the Cauchy inequality, we have

(o(B) = bi)* —( > bm%) <Ly, (byry)*

J#1,bij#0 J#1,bij#0

Then

z": = bi)ai]? < z”: <li} > (bz‘jxj)2>

i=1 i=1 Jj#i,bij#0
n
-3 X )
i=1 “j#i,b;;#0

(5 we)e]
i=1 L k=1 ki

<.
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thus we have

(2.2) z”: ((Q(B) —bii)? — z”: lkbii) z? <0.

i=1 k=1,k#i

Therefore there must exist some j € {1,2,...,n} such that

(o(B) = bj;)* =Y lxb}; <0,
oy

mm<%+/gﬂ@<g%i%+/§@@}
J 7

If o(B) = max {b” + /> lkbii}, then for any j € {1,2,...,n} we have o(B) >

SO

1<ign ki
bj; + > lkbij’ then
y
(2.3) (o(B) —bj;)* = > lxbi; >0,
k£

and thus

(2.0 > (te(B) - 039 = Y utt, )2 >0,
j=1 ey

Combining (2.2) and (2.4) implies that

Xn: ((Q(B) —bii)* — Zlkbii) 22 = 0.

i=1 ki

Noting that (2.3) holds for any j € {1,2,...,n}, we have (o(B) —b;;)>— > lxb7, = 0
k#i

forany i € {s: x5 #0, 1 <s < n}, and thus b;; + /> kb2, =bj; + [ > lkbij for
\ k#i =

any i,j € {s: xs #0, 1 < s <n}.
Furthermore, if B is irreducible, then x; > 0 for each i € {1,2,...,n} by the

Perron-Frobenius theorem, and thus b;; + > kb =bj; + > kb ; for
k=1, ki k=1,k#j
any 4,7 € {1,2,...,n} if the equality in (2.1) holds. O

It is natural that we want to know under what conditions the equality in (2.1)
holds.
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Question 2.2. Look for the necessity and sufficiency conditions for the equality
n (2.1) to hold.

Lemma 2.3 ([13]). Let B = (b;;) be an n X n nonnegative irreducible matrix
and A = (ai;) a complex matrix. Let |A| = (ai;|). If bij > |asj| for any i,j €
{1,2,...,n}, which we denote by B > |A|, then o(B) > o(A).

By Lemma 2.3 we know that for any connected graph G and any strong connected
digraph G, 1(G) < ¢(@) and u(G) < ¢(G). In fact, we have

Lemma 2.4 ([2]). Let G = (V, E) be a connected undirected graph on n vertices.
Then u(G) < q(G), with equality holding if and only if G is a bipartite graph.

Corollary 2.5. Let A = (a;;) be an n x n complex irreducible matrix, l; the
number of the nonzero entries except for the diagonal entry of the ith row for any
1€ {1, 2,.. .,n}, that is, [; = |{aij: Qjj #0, je {1, 2,.. .,n} \ {Z}H Then

(2.5) 0(A) < max {|aii| +

1<ign

Z lk|aki|2}.

k=1,k+i

—n -
If the equality holds, then |a;;|+ Yo lklawi]® = laji|+ Y. lklax;|* for any
k=1 ki k=1,kj
i,7€{1,2,...,n}.

Proof. Let B = (|a;;|), then B is a nonnegative irreducible matrix. Thus
0(A) < o(B) by Lemma 2.3, and (2.5) holds by Theorem 2.1. O

3. VARIOUS SPECTRAL RADII OF AN UNDIRECTED GRAPH

Let G be an undirected graph. The adjacency matrix A(G), the Laplacian ma-
trix L(G), the signless Laplacian matrix Q(G), and the (adjacency) spectral ra-
dius o(G), the Laplacian spectral radius p(G), the signless Laplacian spectral radius
¢(G) are defined as in Introduction. Let G be a connected undirected graph. The
distance matrix D(G), the distance Laplacian matrix £(G), the distance signless
Laplacian matrix Q(G), and the distance spectral radius o (G), the distance Lapla-
cian spectral radius uP(G), the distance signless Laplacian spectral radius ¢P(G)
are defined as in Introduction. In this section, we will apply Theorem 2.1 to A(G),
Q(G), D(G) and Q(G), and apply Corollary 2.5 to L(G) and L(G), to obtain some
new results or known results on the spectral radius.
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3.1. Adjacency spectral radius of an undirected graph.

Lemma 3.1. Let G = (V, E) be a simple connected undirected graph with vertex
set V. = {vy,va...,v,}. For any v; € V, the degree of v; and the average degree
of the vertices adjacent to v; are denoted by d; and m;, respectively. Then dym; =
domg = ... = d,my holds if and only if G is a regular undirected graph or a bipartite
semi-regular undirected graph.

Proof. If Gisaregular undirected graph or a bipartite semi-regular undirected
graph, we can check that dymi = doms = ... = d,;m,, holds immediately.

Conversely, let dymy = damo = ... = d,m, hold. Now we show that G is a regular
or a bipartite semi-regular undirected graph.

Let a vertex v, be the lowest degree vertex in G, that is, d,, = min{d,;: 1 < i < n}.
Let d,, = r, and let the neighbors of v, be v;,v;,,...,v;.. Let d;, = max{dij:
1 < j < r}, denoted by s = d;;,. Then m,, < s by m; = d;lz d; and thus
dpmy, = rm, < 7rSs. -

On the other hand, for a vertex v;, we have d;;m;; = sm;, > rs, then rs <
diymi; = dpmy, < 18, thus d;; m;, = d,m, = rs, which implies m,, = s and m;, = 1.
Therefore by the definitions of s and r, we know v;,, v;,, ..., v;. must have the same
degree, say, s = d;, = d;, = ... = d;_, and all the neighbors of v;, must have the
same degree .

Similarly to the above arguments, we can show that the vertices with degree r are
adjacent to the vertices with degree s, and the vertices with degree s are adjacent to
the vertices with degree r in G.

Now we assume that G is not bipartite. Then G has at least an odd cycle. Let
C = vj,Vj, ... Vjy 10y, Vjy, V5, be an odd cycle of length 2k + 1 in G. Clearly,
the degree of the vertex v;,, say d;,, is either r or s. Without loss of generality, we
assume that d;, = r. Since the vertices with degree r are adjacent to the vertices with
degree s, and the vertices with degree s are adjacent to the vertices with degree r,
hence d;, =s,dj, =7, ..., d =7,dj,, =S5, d; =r and d;, = s by vj,,,, and

jzk—l 2k+1

v;, being adjacent, thus r = s, which implies that G is regular.
Hence the undirected graph G is a regular undirected graph or a bipartite semi-
regular undirected graph. O

Theorem 3.2 ([4], Theorem 1). Let G = (V, E) be a simple undirected graph on

n vertices. Then o(G) < max v/ d;m;. Moreover, if G is connected, then the equality
n

UK

holds if and only if G is a regular or bipartite semi-regular undirected graph.

Proof. We apply Theorem 2.1 to A(G).

708



Since b; = 0,
{ 1 if v; and v; are adjacent,
iy =

0 otherwise,

and l; = d; for i =1,2,...,n, hence b;; + [ > 1b3, = V/dim; fori =1,2,...,n, and
thus o(G) < max Vd;m; by (2.1). ki
<ign

If G is connected, now we show the equality holds if and only if G is a regular or
bipartite semi-regular undirected graph.

If G is connected and o(G) = max Vdym;, then \/dimi = Vdama = ... =

<ign

vV d,m, by Theorem 2.1, and thus dym; = doms = ... = d,m,. Therefore, G is
a regular or bipartite semi-regular undirected graph by Lemma 3.1.

On the other hand, if G is connected and G is a regular or bipartite semi-regular
undirected graph, then dymy = doms = ... = d,m, by Lemma 3.1, thus vdim;, =

Vdama = ... = +/dym,, and o(G) < vd;m; = v/dimi. Then we complete the

proof in the following two cases.

max
1<ign

Case 1: G is a regular undirected graph with degree r. It is well known that
r =+/dym; is an eigenvalue of G, so v/dimy < o(G). Thus o(G) = Vdim; =r

by o(G) < Vdimy =r.
Case 2: (G is a bipartite semi-regular undirected graph.

max
1<ign

We assume that the two bipartitions of G have degree r and s, respectively. It
is easy to check that \/rs = \/dym; is an eigenvalue of G, so /rs < ¢(G). Thus
0o(G) = max /dim; = /s by o(G) < /dimi = /rs. O

1<i<n

3.2. (Signless) Laplacian spectral radius of an undirected graph.

Lemma 3.3 ([13]). Let A be a nonnegative matrix with the spectral radius p(A)
and the row sums 11,72, ...,7,. Then min r; < o(A) < max r;. Moreover, if A is
1<i<n 1<i<n

an irreducible matrix, then one of the equalities holds if and only if the row sums of
A are all equal.

Lemma 3.4. Let G = (V, E) be a simple connected undirected graph with vertex
set V.= {v1,va,...,v,}. For any v; € V, the degree of v; and the average degree of
the vertices adjacent to v; are denoted by d; and m;, respectively. Then di++/dimy =
do +/doms = ... = d,, + v/d,m, holds if and only if G is regular.

Proof. If G is regular, we can check that di + v/dimi = dy + /damo = ... =
dn + v/ dpmy, holds immediately.
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Conversely, let di + v/dimi = ds + v/doms = ... = d,, + /d,m,, hold. Now we
show G is regular.

Let a vertex v,, be the lowest degree vertex in G, that is, dp, =min{d;: 1 <i< n}
Let d,, = r, and let the neighbors of v, be v;,,v;,,...,v;.. Let d;; = max{d

< 1}, denoted by s = d;,. It is obvious that r < s, my, S sby m; =d; Z d], and

thus dy + Vdympy, <1+ 4/T5. i~

On the other hand, for the vertex v;,, we have d;,; m;, = sm;, > rs, then d;, +
Vdiymi, = s+ /rs. Thus s + /s < diy + \/diymi, = dp + V/dymy, <7+ /15 <
s 4+ +/rs, which implies m,, = s, m;;, = r and r = s. Therefore by the definitions
of s and r, we know v;,,v;,,...,v; must have the same degree, that is, s = d;;, =
d;, = ...=d;., and all the neighbors of v;, must have the same degree r (= s).

Similarly to the above arguments, we can show that the vertices with degree r are
adjacent to the vertices with degree s, and the vertices with degree s are adjacent to
the vertices with degree r in G. Then G is regular by r = s. O

Theorem 3.5. Let G = (V, E) be a simple undirected graph on n vertices. Then
(i) (see [17]) q¢(G) < Jax {d; ++/dim;}. Moreover, if G is connected, the equality
holds if and only if G is a regular undirected graph.
(ii) (See [19].) If G is connected, then u(G) < 1I£ia<Xn{di +V/d;m;}, and the equality
holds if and only if G is a bipartite regular undirected graph.

Proof. First, we show (i) holds. We apply Theorem 2.1 to Q(G).
Since b“‘ = di,

0 otherwise,

li=d; fori=1,2,...,n, we have b;; + [> kb3, =d; +/dim; fori=1,2,....n
ki
and thus ¢(G) < max {d +vd;m;} by (2.1).
Now we show that 1f G is connected, then the equality holds if and only if G is

{ 1 if v; and v; are adjacent;
i =

regular.
If G is a connected undirected graph and ¢(G) = max {d; + Vdim;}, then
di + Vdimy = ds + Vdome = ... = d, + v/d,m, by Theorem 2.1, and thus G

is regular by Lemma 3.4.

On the other hand, if G is connected and G is regular with degree 7, then
di +Vdimi = dy + Vdamy = ... = dp + Vdom, = 2r by Lemma 3.4 and
max {d; + v/d;m;} = 2r. It is well known that ¢(G) = 2r by Lemma 3.3, so

1<ign

q(G) = 12?<Xn{di+v im}.
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Similarly to the proof of (i), by Corollary 2.5, Lemma 2.4 and the result of (i), we
can show (ii) immediately, so we omit it. O

3.3. Distance spectral radius of an undirected graph.

Theorem 3.6. Let G = (V, E) be a connected undirected graph on n vertices.
Then

(3.1) 0P (G) < max

1<i<n

n n
If the equality holds, then kzl dz, = kgl dij for any i,j € {1,2,...,n}.

Proof. We apply Theorem 2.1 to D(G). Since b;; = di; = 0, b;; = d;; # 0 when

i#jandl;=n—1fori=1,2,...,n, we have b;; + [> Lb?, = (n—1)% d2,
\/ k=i k=1
fori=1,2,...,n, and thus (3.1) holds by (2.1).

It is obvious that if the equality holds, then Y- di;, = 3 df; for any i,j =
k=1 k=1
1,2,...,n by Theorem 2.1. (Il

3.4. Distance (signless) Laplacian spectral radius of an undirected
graph.

Theorem 3.7. Let G = (V, E) be a connected undirected graph on n vertices.
Then

(3.2)

and

n
Moreover, if the equality in (3.2) (or (3.3)) holds, then D; + (n—1) ) di, =
k=1
n
Dj+ (n—1) 3 di; foranyi,j€{1,2,...,n}.
k=1
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Proof. We apply Theorem 2.1 to Q(G). Since b;; = D;, bj; = d;; where i # j,

n
and l; =n—1fori=1,2,...,n, hence b;; + /> b, =D;+ (n—1) Y di, for
V ki k=1

1=1,2,...,n, and thus (3.2) holds.
Similarly, we apply Corollary 2.5 to £(G) and (3.3) holds. O

4. VARIOUS SPECTRAL RADII OF A DIGRAPH

Let G be a connected digraph. The adjacency matrix A(é), the Laplacian ma-
trix L(é), the signless Laplacian matrix Q(é), and the (adjacency) spectral ra-
dius Q(é), the Laplacian spectral radius M(C_f), the signless Laplacian spectral radius
q(é) are defined as in Introduction. Let G be a connected digraph. The distance
matrix D(é), the distance Laplacian matrix E(é), the distance signless Laplacian
matrix Q(é), and the distance spectral radius o” (é), the distance Laplacian spec-
tral radius p? (C_f), the distance signless Laplacian spectral radius ¢” (C_f) are defined
as in Introduction. In this section, we will apply Theorem 2.1 to A(G), Q(G), D(G)
and Q(G), and apply Corollary 2.5 to L(G) and £(G), to obtain some new results

or known results on the spectral radius.
4.1. Adjacency spectral radius of a digraph.

Theorem 4.1 ([20], Corollary 3.2). Let G = (V, E) be a digraph on n vertices.

Then
al / +
0(G) < max Z ;.
krvi
If G is connected and the equality holds, then . df = 3 df =...= Y df.

k~1 k~?2 k~mn

N 1if (Ui,’l)j) e FE;
Proof. We apply Theorem 2.1 to A(G). Since b;; =0, b;; =
0 otherwise,

and I; = df for i = 1,2,...,n, we have b; + [ b, =  [> d;‘, and thus
\/ i j

k~i
7)< m 1).
o(G) < max [ 30 di by (2.1)

It is obvious that if G is connected and the equality holds, then > dz =
k1
> df =...= Y d by Theorem 2.1. O
k~2 k~n
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4.2. (Signless) Laplacian spectral radius of a digraph.

Theorem 4.2. Let G = (V, E) be a digraph on n vertices. Then

(i) (See [3], Theorem 3.3.) ¢(G) < max {d:r + /> dj} Moreover, if G is con-
\/ i~i

RN

nected and the equality holds, then df + [ d;‘ =df + [ d;‘ =...=
Jj~1 j~2
dy+ | df.
j~n

(i) If G is connected, then ,u(é) < max {d;‘—i— /> d;‘}, and if the equality holds,
N j~i

1<

then df + [S df =df + |52 df =...=di+ |3 df.
Vi i~ j~n

- 1if (vs,v,) €E;
Proof. We apply Theorem 2.1 to Q(G). Since b;; = d}f, b;;=

0 otherwise,

andl; = d; fori=1,2,...,n,thenb;+ [> b2, =di+ [> d;r fori =1,2,...,n,
ki i
and thus ¢(G) < max {d;|r + /> d;‘} by (2.1).

It is obvious that if G is connected and the equality holds then di + | d;r =
\/ i~1
dy + /Zd;_zn-zdg—l- /ZdjbyTheoremQ.l. /
jr~2 jron

Similarly to the proof of (i), we can show (ii) immediately by Corollary 2.5, so we
omit it. 0

4.3. Distance spectral radius of a digraph.

Theorem 4.3. Let G = (V, E) be a strongly connected digraph on n vertices.
Then

(4.1) 0P (G) < max

(-1,
k=1

n n
If the equality holds, then Y d2, = > dij for any i,j € {1,2,...,n}.
k=1 k=1

—

Proof. We apply Theorem 2.1 to D(G). Since b; = di; = 0, b;; = d;j # 0,

n
and l; =n —1for any i = 1,2,...,n, hence b;; + /> kb7, = [(n—1) Y d, for
\/ ki \ k=1
1=1,2,...,n, and thus (4.1) holds by (2.1).
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n n
It is easy to see that if the equality holds, then kzl dz, = kzl dz ; for any i,j €
{1,2,...,n}. O
4.4. Distance (signless) Laplacian spectral radius of a digraph.

Theorem 4.4. Let G = (V, E) be a strongly connected digraph on n vertices.
Then

b~
(4.2) ¢ (G) < max
and

(4.3) 1P (G) < max

1<i<n

Moreover, if the equality in (4.2) (or (4.3)) holds then D} + ,[(n—1) Y d?, =
k=1

+4/(n—1) ZdQ for any i,j € {1,2,...,n}.

Proof. We apply Theorem 2.1 to Q( ) Since b;; = Dj, bjj = d;; # 0 for all
1# 7, by =dy; =0,and l; =n—1fori=1,2,...,n, hence by + Zlkbii:Dj—l—

k#i
([(n—1) Z d?, for i = 1,2,...,n, and thus (4.2) holds by (2.1). By Corollary 2.5
nd (

a ) holds.
It is easy to see that if the equality in (4.2) (or (4.3)) holds then Dj +

n n
(n—1) kzldii = D;‘ +4/(n—=1) kzld%j for any 4,5 € {1,2,...,n} by Theo-

rem 2.1. O
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