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Abstract. The smoothed aggregation method has became a widely used tool for solving
the linear systems arising by the discretization of elliptic partial differential equations and
their singular perturbations. The smoothed aggregation method is an algebraic multigrid
technique where the prolongators are constructed in two steps. First, the tentative prolon-
gator is constructed by the aggregation (or, the generalized aggregation) method. Then, the
range of the tentative prolongator is smoothed by a sparse linear prolongator smoother. The
tentative prolongator is responsible for the approximation, while the prolongator smoother
enforces the smoothness of the coarse-level basis functions.
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1. INTRODUCTION

In [7], we established the convergence bound for the smoothed aggregation method
that depends polylogarithmically on the meshsize. In particular, we proved that the
convergence rate estimate is dependent on the third power of the number of levels
(it takes logs h~! of levels to reach O(1) degrees of freedom on the coarsest level).
To be more precise, we have shown that the condition number of the stiffness matrix
preconditioned by the symmetric multigrid iteration grows as O(L?), where L is
the number of levels. In this paper, we prove an improved convergence bound that
depends on the first power of the number of levels (that is, the condition number of
the preconditioned system grows as O(L) = O(logs h™')). Thus, the dependence of
the condition number of the preconditioned system on the meshsize is logarithmical.
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Our assumptions are basically similar to those of [7]; the difference is that while in [7]
we needed to control the growth of the diameter of the aggregates (and the overlaps
of the balls circumscribed to the aggregates), here, we need to control the growth of
the diameter of the supports of the smoothed aggregation coarse-level basis functions
and their overlaps. It is anyway needed to control the growth of overlaps of the basis-
functions supports (the sparsity of the coarse-level matrices) for the computational
complexity reasons.

The experimental material published in [9], [2] suggests that the convergence rate is
bounded uniformly with respect to the number of levels. In the theoretical front, for
10 levels, the estimate of the condition number of the stiffness matrix preconditioned
by the symmetric smoothed aggregation method grows 1000 times according to the
old theory and only 10 times according to the theory presented here.

In [7], we verified the assumptions of the regularity-free abstract convergence the-
ory of [1] based solely on the weak approximation property of the disaggregated func-
tions. Here, we verify the assumptions of the theory of [1] based on the weak approx-
imation property of the disaggregated functions and the stability of the smoothed-
aggregation based interpolation operator in the energy norm. The first goal is to
avoid the need to prove directly the weak approximation property of the smoothed
aggregation-based prolongators, because it invokes the need of the equivalence of the
discrete and the continuous Lo-norms on the coarse-levels. The proof of such equiva-
lence is very difficult and is so far restricted to the cases with model geometry, see [3].
We avoid the need of this equivalence on the operator level by a simple trick. As
a result, we will need only the equivalence of the discrete and continuous Ls-norms
to hold for purely disaggregated functions that holds trivially because the disaggre-
gation operators are orthogonal matrices. The convergence bound is established for
the second order scalar elliptic problems. Both the method and the presented theory
can be easily extended to the case of the three-dimensional linear elasticity. For the
generalized aggregation method suitable for constructing the tentative prolongator,
when solving the systems of partial differential equations, we refer to [7].

2. STANDARD VARIATIONAL MULTIGRID ALGORITHM
We solve the system of linear algebraic equations

(2.1) Ax =f

with a symmetric, positive definite n x n matrix A and a right-hand side f € R". To
define the multigrid algorithm, we need the system of linear prolongators

Igs R™ 5 R™ ny=n, myyq <my, [=1,...,L—1
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and the smoothing iterative procedures S;(+,-): R™ x R™ — R™ on all levels [ =
1,...,L — 1. The multigrid algorithm is defined as follows:

Algorithm 1. Given the system (2.1), the prolongators Ill+17 l=1,....,L—1,
the smoothers S;(+,-), I = 1,..., L — 1, the right-hand side f € R” and a smoothing
and cycle parameters v,y > 0, set A} = A, Aj41 = (IllH)TAlIllH, l=1,....,L -1
and f! = f.

For a given input iterate x € R™, perform the iteration x + MG(x,f) as follows:
Set MG(-,-) = MG4(-,-) and x! = x where MG(-,-), [ =1,...,L — 1 is given by:

> Pre-smoothing: Perform v iterations of x! < S;(x!, f!).

> Coarse-level correction:

~ Set £+ = (If, )T (£ — Ax),
—if I = L — 1, solve directly A;,1x*t! = fi*1 otherwise set x!*! = 0 and
perform « iterations of x!*1 = MGy (x!H1, £i+1),
— correct the approximation on the level [ by x! = x! + I ll _Hxl‘H.
> Post-smoothing: Perform v iterations of x! «+ S;(f!,x).

Our theory uses the abstract result of [1]. We define the coarse-space (Uj, ||-||;) by

(2.2) U, = Range(I}), ||lli: x€ U~ inf |y,

y: Illy:x
where I} is a composite prolongator given by I}! = I} .. .Illfl, l=1,...,L. Clearly
(2.3) 17l < x|

for all x € R™.

Theorem 2.1 (Bramble, Pasciak, Wang, Xu [1], Theorem 1). Assume there are
linear mappings Q;: Uy — U, I =1,...,L, Q1 = I such that for every u € Uy, the

conditions
y
(2.4) [(Q1 = Qi )uli € ———==|lulla
)\max(Al)
for all levelsl =1,...,L — 1 and
(2.5) Qilla < Ca

for all levelsl = 1,. .., L hold with positive constants C, Cy independent of | and L.
In addition, assume that the smoothers

fori=1,...,v: x' < §(x', )
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in Algorithm 1 have the form x! < (I — R;A;)x! + Rif!, where R; are symmetric
positive definite matrices that satisfy

1

2. >\min I— A = d >\min Z s
( 6) ( Rl l) 0 an (Rl) C??)\max(Al)

for all | = 1,...,L — 1, with constant C3 > 0 independent of | and L. Then
Algorithm 1 satisfies

1
(1+Cy+C1C3)2 (L~ 1)

AT~ MG(x,£)]la < (1~ NATE = x4

The preconditioner P: x — MG(0,x) satisfies

COIld(A, P) < (]. + Cy + 0103)2(11 — 1)

3. SMOOTHED AGGREGATION METHOD

In the smoothed aggregation method ([5], [4], [6], [7], [9]), the prolongators I},
R™+1 — R™ are constructed as the products

(3'1) Ill+1 = Sl]DllJrla

where le+13 R™+1 — R™ is a tentative prolongator obtained by generalized ag-
gregation [8] and S;: R™ — R™ is a sparse linear prolongator smoother. The
tentative prolongator P, is an orthogonal matrix with a disjoint column (or block
column) structure responsible for the approximation. The prolongator smoother .5
enforces the smoothness of the coarse-space basis functions, or equivalently, reduces

the coarse-level matrix spectral bounds
(3:2) o(Ai41) = o((If1) T A1) = o((PL1) TS AUSIPL ) < o(S]T AuS))

(the last inequality holds because Pll 41 is an orthogonal matrix). The minimisation
of the spectral bounds of the coarse-level matrices is desirable because of the key
assumption (2.4) of the multi-level convergence theory [1] (Theorem 2.1). The smaller
Amax (A1), the easier it becomes to satisfy (2.4) with a good (small) constant C. So
generally, a more complex smoothing procedure S; leads to better convergence [2], but
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increases the fill-in of the coarse-level matrices. In our multilevel method [7], we use
the tentative prolongator given by generalized aggregations obtained by a coarsening
by a factor of about three in all spatial directions, and S; being the error propagation
operator of a single Richardson sweep. This leads to sparse coarse-level matrices and
guarantees a nearly optimal convergence bound for second-order elliptic problems.
Thus, we use the prolongator smoother

(3.3) S =1— 24,
Al

with w chosen so that it minimizes Q(SIQAl), and \; being an available upper bound
of o(A;). This, in turn, reduces the spectral bound g(4;+1) in (3.2). To be more
precise, choosing w = 4/3, (3.2), the spectral mapping theorem and substitution
& =t/N\ yield (the symbol o(A;) denotes the spectrum of A;)

(i) < o(SPA) (1 41t)2t< (1 41t)2t
< = max - == < max -3
o(Aj41 oo Ay tea(Ar) 3N te[0,)]

41 N\2¢ 482 1
=\ (1———t)—:>\ (1——) — 2L
ltg[lo%f\(z] 3N/ N lfrg[%ﬁ] 35 < 97

Thus, as A\;+1 we can take
(N
(3.4) Al41 = min {517 >\z+1},
where Xz+1 is an upper bound of p(A;+1) obtained computationally. Then

(3.5) (%)H/\1 >\ > o(A).

We continue with the description of a simple aggregation procedure suitable for
solving scalar elliptic problems. For more general form of aggregations that can be
used for solving systems of partial differential equations (e.g. elasticity), we refer
to [7].

We start with a simple example.
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Example 1. Consider the simplest tentative prolongator P; for the 1D Laplace
equation discretized on a mesh consisting of n; = 3ns nodes:

1
1
1

Sl

1
1
1

The columns of Ps are (up to the scaling) 0/1 vectors with disjoint nonzero struc-
ture. Each column corresponds to disaggregation of one R™2 variable into three R™:
variables; the nonzero structure of the jth column corresponds to the jth aggregate
of the system

{{1,2,3},{4,5,6},....,{n1 — 2,n1 — 1,n1}}

forming the disjoint covering of the set {1,...,n1}. So, P} can be thought of as
a piece-wise constant interpolation in a discrete sense. Obviously, Py is an orthogonal

matrix.

Let {A!} be the system of aggregates forming a disjoint covering of the set
{1,...,n;}. As in Example 1 we strive to form the aggregates so that each ag-
gregate contains closely coupled degrees of freedom. The algorithm that generates
the aggregates {.A!} that correspond to the coarsening by a factor of about 3 in each
spatial direction, using the nonzero structure of the matrix A4;, is given in [9]. We
set 111 to be the number of aggregates Al. As in Example 1, we first construct the
tentative prolongator by

. 1 forie .Aé»,
(3.7) (P1)ij =

0 otherwise.

To maintain the orthogonality of P} +1, we use the following scaling procedure: Set
bl = (1,1,...,1)T € R™.
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Algorithm 2. Given the system of aggregates {A.}""}" and the vector b! € R™|
construct the tentative prolongator Pll+1: R™+1 — R™ and the vector b'T! € R™+1
so that P/ ;b"! = bl as follows:

Construct P/, | given by (3.7),

set P}, « diag(b')Pry1,
construct the diagonal n;11 X n;41 matrix Biy1 = (P )P,

! | p~1/2
set Piyy < P Biyi

set bt to be a vector consisting of the diagonal entries of the matrix B2

41

v Vv Vv Vv V

1/2 1/2
b = (Bt (Brt)sy s (B2 0 )7

Let P = P} ... P/, Clearly, the resulting prolongators P} .1 and P are orthog-
onal matrices,

(3.8) Pl bt =b! and P'B =(1,1,...,1)T.

4. AVOIDING THE NEED OF THE EQUIVALENCE OF THE DISCRETE
AND CONTINUOUS Lo-NORMS ON THE COARSE LEVELS

The direct use of Theorem 2.1 invokes the need of the equivalence of the discrete
and the continuous Lo-norms on the coarse-levels. To be more precise, to verify (2.4)
directly, one needs to establish the equivalence

(4.1) |11}x|l; = VxTx ~ scaling |7, I} x| L.,

where 7, is the finest level finite element interpolation operator that takes a finest
level vector and returns the corresponding finite element function. (The proof then
proceeds by proving the interpolation in the Lo-norm and using the above equivalence
to get the estimate for ||-||;.) It is very difficult to establish such an equivalence and
its proof is so far restricted to the cases with a model geometry, see [3].

In this short section we avoid the need for this equivalence by a simple trick on the
operator level. As a result, we will need only the equivalence of the discrete and the
continuous Lo-norms for purely disaggregated functions that holds trivially, because
the disaggregation operators are (unlike the prolongators I} in (4.1)) orthogonal
matrices. In other words, due to the orthogonality of P! and the fact that ||7,x| 1, ~
scalingv/xTx, the equivalence (4.1) with I}' replaced by P! holds trivially.
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Let [ be a level. We choose linear operators @l: R™ — R™| @1 =I,l=1,...,L
and define the mappings

(4.2) Q:uelU —I[}]Quecl, and QF:ueU, — P'Qu.
Theorem 4.1. Let S be given by (3.3) with w € (0,2), let ij+1, j=1,...,L-1
be orthogonal matrices and \; > Amax(A;), | = 1,..., L. Assume the operators @Q;

are chosen so that Q1 = I and the corresponding mappings @; and QZP defined
by (4.2) satisfy

Cp
4.3 Vi=1,...,L -1, u€cU: P _QF Hu|| < ==|u
(4.3) 10 [(Qp — Qy)ul| \/XlH [
and
(4.4) Vi=1,...,L: |Qlla <Cg

with constants Cp and Cg independent of | and L. Then (2.4) and (2.5) are satisfied
with C7 = Cp +wCEg and Cy = CEg.

Proof. We estimate using I} = I3...I}/7%, (3.1), (2.3), (3.3), 0(S) < 1, tri-
angle inequality, Pl1 = P;.. .Pll, the orthogonality of Pl1 and Galerkin isometry
1 x]la = lIx|a;:

(4.5) Qi — Que)ull = 1 1MQ1 — I Qi )uls
= |1IHQ1 — SiPL1 Quer)ul;
< (@1 — SiPly 1 Qi )ul|
= HSl(él - le+1@1+1)11 + )%Al@luH

~ ~ w ~
< 1SuQu = P, Quga)ull + /\—l||AzQzUH
~ ~ (JJ ~
< Qi = Py Quyr)ull + \/—)\—ZHQZUHAL
~ ~ w
= [|PNQi = P Qus)ull + ﬁ|\Qzu||A

—1@QF - QF |l + %HQNHA-

The estimate (2.4) with C; = Cp + wCg now follows by (4.3) and (4.4). The
estimate (2.5) with Cy = Cg follows immediately from (4.4). O
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Remark 4.2. The abstract theory of [7] uses condition (4.3) to verify (4.4). This
is the reason why the convergence result depends on the power of three of L. Here,
we verify (4.4) directly for smoothed aggregation functions and get a convergence
result dependent on the first power of L. Certainly, by doing so, we loose the elegance
of the abstract assumption of [7], but in our opinion, very little on the strength of
the convergence result. As becomes clear in the next section, we will need to control
the growth of the diameter of the supports of the coarse-level basis functions (that
is needed anyway for the computational complexity reasons), while in [7] we needed
to control the diameter of the aggregates.

5. VERIFICATION OF THE ASSUMPTIONS OF THEOREM 4.1
FOR SCALAR ELLIPTIC PROBLEM

Let Q ¢ RY, d = 2 or d = 3 be a polygon or polytope. Assume I'p C 9 and
#('p) > 0. (In case I'p is not connected, we assume all connected fragments have
a positive measure.) Consider a variational problem

(5.1) find w € Hyp,(Q): a(u,v) = f(v), veHjp, (Q).
Here, a(-,-) is a symmetric bilinear form coercive and continuous on
H&FD(Q) ={ue H' (Q): tru=00nTp, ||mw}

and f(-) € (Hyp, ())~1. We consider a quasi-uniform triangulation 73, of  with
characteristic mesh-size h and boundaries of elements aligned with I'p. Let V;, =
span{p;}i-; C Hjp,(Q) be the corresponding P1 finite element space with the
finite element basis functions scaled so that ||¢;||;_ (o) = 1. We assume the linear
system (2.1) arose by the standard conforming finite element discretization of (5.1),
that is, by replacing Hj p_(€2) in (5.1) by V.

Let mp: x € R™ — > a;0; and let e; be the i-th canonical basis vector of R™.

We define the basis on tlhe level | by
(5.2) ol =mIle;, i=1,....,n;, 1=1,... L.

The following is our key assumption on the geometry of coarse spaces.

Assumption 5.1. For every basis function ¢! there is a domain B! C Q being
an intersection of a ball, with Q satisfying B! O supp ¢! such that for each level (an
integer [ € [1, L]), the domains B!, i = 1,...,n,, satisfy
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1. diam(B!) < C3!=!'h with C independent of [ and i,
2. there is an integer N independent of [ such that for each level [, each point
x €  belongs to at most N domains B..

Our first goal is to verify (4.4). First we prove that apart from the essential
boundary conditions, the coarse-level basis functions form a decomposition of unity.
Define

(5.3) I(Qpy) ={i: B;NTp#0} and Qp;= |J B
iEI(QD)l)

Lemma 5.2. For vector b! created by Algorithm 2 and the basis {¢L}"L, on the
level | we have

ny

(5.4) Zbéapé =1 onQ\Qp,.

i=1

Proof. Aside from the essential boundary conditions, the basis functions on
any level satisfy (5.4) and b! € ker(A;). Indeed, assume we solve the pure Neumann
problem (I'p = ). Since the unit function belongs to the kernel of H!(£2)-seminorm,
%[/ a ~ |7ThX|p1(q) and the finest level basis functions ¢ satisfy ||¢} 1. ) =1, we
have b' = (1,1,...,1)" € ker(A4;). Assume b € ker(4;). By (3.8), P/, bl*! = bl
Since b! € ker(4;), we have

(5.5) IL bt = (I — a )Pl b+ = (I — aA))b! = bl.

Hence A;1b™! = (1}, )T At} bt = (1}, )T Ajb; = 0. Thus, b'*! € ker(Ai11).

Hence by induction, b’ € ker(A;) holds for all levels / and as a consequence, (5.5)
ny ny

holds for all levels [ = 1,...,L — 1. By (5.5), Y blol = > m,Ilble; = mp Il bl =
i=1

i=1

bt = 1.

Let Tp # 0 again. If (5.4) is violated at the point x € €, there must be a basis
function goé» such that x € supp goé» and goé» is influenced by zero value on I'p. This
means that on some level 1 < k < [ there is an aggregate .A’;, p € supp If“ej
(support of the vector is understood as the list of indices of its nonzero entries) that
contains a degree of freedom ¢ directly adjacent to I'p in the sense that 0 supp ga’(; N

I'p # 0. Clearly, ¢ € supp I/ "'e; and

supppl = ) suppef O supp k.
1ESupp I;“ej

Hence, 9 supp goé» NT'p # 0. Thus, we proved that if (5.4) is violated at x € €, then

there is a basis function <p§ such that 0 supp <p§ NTp # 0, hence Fi NIT'p # () and
(5.4) follows. O
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Assume the system of aggregates { AL}, 1 =1,..., L —1is given. We introduce

composite aggregates .Zzl to be the aggregates Aé understood as the corresponding
sets of degrees of freedom on the level 1. Formally, the composite aggregates are
defined recursively as

(5.6) Al =AY with A7 = | AL

ke Al

Further, define the discrete lo-(semi)norm of the vector x € R™ by

1/2
HXle(;G) = (Z x?) .

jEAL

Clearly, the composite tentative prolongator P! has a disjoint nonzero column struc-
ture corresponding to the aggregates A!; for the i-th column Pllei of P}, we have
(denoting by e; the i-th canonical basis vector of R™)

supp Pllei = ./12.171, supp Pllei N supp Pllej =0 fori#j,

as the aggregates jfl and jjlfl are disjoint.
For every domain B!, define an index set I(B\il) ={yj: B; N Bl # 0} and consider
a domain B: Q@ > Bl > U B!. From Assumption 5.1 it follows that it is
JET(B))
possible to choose domains gil so that diam(é}) < C3"1h and each x € R? is
contained in at most N domains Eil (with C' and N different from the ones in
Assumption 5.1). For all i ¢ Z(Qp,), define the local interpolation operators IT.:

H'(B]) —» H'(B) by

Cau"d(./zjl-_l)l/2
&2 e (S,

u dQ) @
JET(B})

l.
J

and the global interpolation operator I1’: Hjr, () — span{pl} C H{r, ()

L d(A/ )12
(5.8) Mu=Y" (% /BL udQ) ol

i=1

We define I((AZDJ) to be the index set of all domains le- intersecting 2p,; and

~

consider a domain Qp;: 2 D QDJ > |J Bl Clearly, by Assumption 5.1, it is
ieI(ﬁDJ,)
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possible to choose fAZDJ so that dist(x,T'p) < Ch3!~! for all x € fAZDJ and we have
by the Friedrichs inequality

(5.9) lull oy oy < Chilul g @y e h=3""h

for all u € H&7FD Q).

Next we prove that II' is H'-seminorm stable on a boundary layer adjacent to I'p.

Lemma 5.3. Assume \; has been obtained by the Gershgorin theorem. Then
there is a constant C' > 0 independent of h, | and L such that

(5.10) Yue H(%,FD( ) |H ’U,|H1(QD DS Clu'Hl(QD,[)'

Proof. By bounded intersections of domains B! and the Cauchy-Schwarz in-
equality we get

(5:11) Mulfpg, ) <C Y Muli g,

1EI(QD1)
~ 2
card(A!71)1/2
_ vy 7 l
o X (T )
i€Z(Qp,) ljez(B)) J J H(B))

card(.Al 1y1/2 2
<C YY) (—( B /Bl“dﬁ) 1513 o)

i€Z(Qp,1) jeT(B})

Cafd(A;71)1/2 ’ 12
<0 2 (S ) Wi

i€Z(Qp,1)
card(A!71)1/2
co 3 (A ) el
i€Z(@p1) !

Cau"d(.,z.l*l)l/2 2
< Y (BNl ey ) 9B @)
w(B;)

i€Z(Qp.1)
card(jilfl)
<C > =l )
P u(B;) :
i€Z(Qp.1)

Further, taking the bound obtained by the Gershgorin theorem for i, we have

A < Ch42
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and by (3.5) we get

N 1yI-1
. b2« < (= <cfz d—2
(5.12) @il (o) < o(Ar) < (9> A1 < C(9> h

In addition, since .Zzl C Bﬁ and the finest level mesh is quasiuniform, it also holds
that

card(A!1)

< Ch™
u(BY)

(5.13)

Substituting (5.13) and (5.12) into (5.11) and using h; = 3'~'h and (5.9) yields

Ml SCh2 30l < ORI g, ) < Clulbag,
1EI(§D,1)

O

Next we prove that the local interpolation operator II., i ¢ Z(Qp,) preserves
a constant.

Lemma 5.4. Let ¢ ¢ Z({2p ;) and let ¢ be a constant function on Eil. Then
(5.14) MMic=c on B.

(Note: it is irrelevant that potentially, ¢, being a constant function on Eil, does not
belong to H} (), since 11} is understood as a mapping from H'(B}) to H'(B!).)

Proof. By (3.8) and from the nonzero structure and orthogonality of the com-
posite tentative prolongator P, it follows that the vector b! produced by Algorithm 2
satisfies bé» = Card(j]l-_l)l/? We use Lemma 5.2 and the fact that only the supports
of the basis functions ¢}, j € Z(B!) intersect B!:

card(Al1)1/2
(Héc)|B§: Z Tél)/ CngOJ|BI—C Z card .Al 1)1/2 l| .

JET(BY) g J JET(BY)

=c Z b]¢]|Bl = CZ¢]|BL =c

JET(BY)
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In the next lemma we show that the local interpolation operator I, i & Z(Qp ;)
is H'-seminorm stable.

Lemma 5.5. Let i ¢ Z(Qp ;). Then there is a constant C' > 0 independent of h,
i, | and L such that for every u € Hjr ()

(5.15) |H§U|H1(B§) < C|U|H1(§g)-

Proof. Set ¢ = argminlju—ql[, (Bl and @ = u — ¢. Since diam(B!) < Chy,
q€R

h; = h3'~1, the Poincaré inequality yields

(5.16) ||7fLHL2(J§g) S Chl|7f‘|H1(§§)-

By Lemma 5.4 we get

(5.17) |1 gty = Wu — el g gty = Mi(u = )1y = Ml g 1y

Further, by the definition of I1., (5.12) (5.13), the Cauchy-Schwarz inequality and
the Poincaré inequality (5.16) we get

Al—1y\1/2 2
Lo B card(A; ) R .
Wil =| X (S [, 20
J J

J€T(BY)
c:aurd(jjl-_l)l/2 . 2 L2
< ¥ (S f,0e) Wiew

card(A!"1)1/2 2
=C Z < M(éil,) (Ual)Lz(B;.)) |90é’|%{1(9)
J

2

H'(BY)

card(Al"1)1/2 2
<C X <T‘é;)|u||L2(B§)||1||L2(B§)) %1% @
J

€Z(B!)
Card(jlfl)
<C Y g Nl e
JET(BY) J
<on? )y %, pey < ChINANT, 5y < Clitlg )
JET(BY)
- C|U'|H1(Bl
The statement (5.15) follows by the previous estimate together with (5.17). O
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Define the operator @l: R™ — R™ by

card(A!71)1/2

(518) (G =

/ mpudQ, i=1,...,n.
B}

Then the operator @); defined in (4.2) has a form Q; = 7T;1Hlﬂ'h, where IT' is the
global interpolation operator defined in (5.8).
In the next lemma we verify condition (4.4).

Lemma 5.6. There is a constant C > 0 independent of h, | and L such that for
every u € Hjp ()

(519) |Hlu|H1(Q) < C|U|H1(Q).

As a consequence, the operator QQ; = 7r,:1Hl7rh satisfies (4.4).

Proof. The proof of (5.19) follows from Lemma 5.3 and Lemma 5.5 using
bounded overlaps of the balls B! and Qp ; and bounded overlaps of the balls B\f and
QD,Z? by

My < C(IM 0+ 3 M)
iQI(QDJ)

gc('“@fl(ﬁp,lﬁ 2 |“|irl<§i>)

iQI(QDJ)

The estimate (4.4) is a direct consequence of (5.19). Indeed,
1Quul[a = ||, 'T'mpul| a4 < Cl'mpul g ) < Clmpul g o) < Cllulla

O

Clearly, the operator Qf defined in (4.2) returns a vector that is constant on each
composite aggregate and on Ail ~1 has the value

P\ _ 1 / . qAl-1
(5.20) (Qu); = —N(le-) . mpaudQ, jeA .

It remains to verify assumption (4.3).

Lemma 5.7. There is a constant C > 0 independent of h, l and L such that (4.3)
holds with Cp = C.
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Proof. We set ¢; to be the value returned in (5.20) on the aggregate .A.. Since
diam(B!) < Ch3!~!, we have by the Poincaré inequality

||7Thu — quLz(Ef) < Ch3[*1|ﬂ_hu|H1(§£)

We estimate using the above inequality, (5.20) and the fact that the composite ag-
gregates form a disjoint covering of the set {1,...,n}:

np np
lu—QFul?=Y"fu- quni(ji,l) => Ju- qz-lli(g;fl)
i=1 =1

np ny
<SCh= "y fimyu - quQLQ(El) <Oy |7Thu|i11(1§';)
=1 i=1
¢ 2
WH“”A'

< C9171h27d|ﬂ'h|§{1(9) <
As )\ we take the estimate of p(A) obtained by the Gershgorin theorem, hence
A1 < Ch?2. The estimate (4.3) now follows by (3.5). O

Now we are ready to formulate the final convergence theorem.

Theorem 5.8. Let prolongators I ll 1 be constructed by the smoothed aggregation
method as described in Section 3 with the prolongator smoother given by (3.3)
with w = 4/3 and A1 obtained by the Gershgorin theorem. Assume the multigrid
smoothers satisfy (2.6) and the aggregates are such that Assumption 5.1 holds. Then
Algorithm 1 converges with the rate of convergence

A7~ MG B4 < (1~ |AE — x|

1
(1+C)2(L - 1))

The constant C' > 0 is independent of h and L. In addition, the preconditioner
P: x+— MG(0,x) satisfies cond(A, P) < (1+ C)?(L —1).

Proof. The proof follows directly from Theorem 2.1, Theorem 4.1 and Lem-
mas 5.7 and 5.6. O
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