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Abstract. In this paper, we introduce the concept of a logarithmic convex structure.
Let X be aset and D: X x X — [1,00) a function satisfying the following conditions:
(i) For all z,y € X, D(z,y) > 1 and D(x,y) =1 if and only if z = y.
(ii) For all z,y € X, D(x,y) = D(y,x).
(iii) For all z,y,z € X, D(z,y) < D(z, 2)D(z,y).
(iv) For all z,y,2 € X, z # z,y and X € (0,1),

—_

D(z, W (z,y,\)) < DMz, 2) D'y, 2),
D(z,y) = D(z, W (z,y,\))D(y, W(z,y, A)),

where W: X x X x[0,1] — X is a continuous mapping. We name this the logarithmic
convex structure. In this work we prove some fixed point theorems in the logarithmic
convex structure.
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1. INTRODUCTION

In 1970, Takahashi [6] introduced the notion of the convexity in metric spaces
and studied some fixed point theorems for nonlinear mappings in such spaces. He
proved that all norm spaces and their convex subsets are convex metric spaces and
also gave some examples of convex metric spaces which are not embedded in any
normed Banach spaces. Subsequently, Guay, Singh and Whitfield [3], Machado [4],
Tallman [7], Shimizu [5], Ciri¢ [2], Chang et al. [1] and others proved many kinds of
fixed point theorems in convex metric spaces and probabilistic convex metric spaces.
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In this paper, we introduce the concept of a logarithmic convex structure and
prove some fixed point theorems in logarithmic convex structure.

2. DEFINITIONS AND PRELIMINARIES

Let (X, d) be a metric space. A continuous mapping W: X x X x [0,1] — X is
said to be a convex structure on X if, for all x,y € X and X € [0, 1],

d(ua W({E, Y, )‘)) < Ad(uv il,') + (1 - A)d(ua y)

holds for all w € X. The metric space (X,d) with the convex structure is called
a convexr metric space. A Banach space and each of its convex subsets are convex
metric spaces, but a Fréchet space is not necessarily a convex metric space (see [6]).

Definition 2.1. Let X be a set and D: X x X — [1,00) a function satisfying
the following conditions:
(i) For all z,y € X, D(z,y) > 1 and D(z,y) =1 if and only if z = y.
(ii) For all z,y € X, D(z,y) = D(y, x).
(iii) For all z,y,z € X, D(x,y) < D(z, z)D(z,y).
(iv) For all z,y,z € X, 2z # x,y and X € (0,1),

(2.1) D(z,W(z,y,\)) < D)‘(x,z)Dl_k(y,z)
and
(2.2) D(z,y) = D(z,W(z,y,\))D(y, W(z,y,\)),

where W: X x X x [0,1] — X is a continuous mapping. We name this the
logarithmic convex structure. A subset K of a logarithmic convex structure
(X,d, W) is said to be log-convex if W(z,y,A) € K for all z,y € K and A
O<A<1).

Note that for every convex metric space (X, d), by defining D(z,y) = e¥®¥) we
obtain a log-convex structure. In the following, we construct a log-convex structure
which is not of the above form.

Example 2.2. Let D(z,y) = 1 +e~1®¥ for  # y and 1 for the case z = y.
Then (R, D, W) is a log-convex structure, where W (z,y,A) = Az + (1 — \)y. For
inequality in (iv), one may apply the inequality

1+a' <A +a)*1+b0)7r (0<a, b<1).

Since the function f(a,b) = (1 + a)*(1 + b)17* — a*b*~* attains its minimum at
points (a, a), the above inequality holds.



Theorem 2.3. Let {K,: « € I} be a family of log-convex subsets of a logarithmic

convex structure X. Then (| K, is a log-convex subset of X.
ael

Proposition 2.4. The open balls B,.(x) and the closed balls B, (x) are log-convex
subsets of a logarithmic convex structure X .

Proof. Lety,z € B.(x) be different from x € X. Then, by (2.1), we have
d(z, W (y, 2, \) < d(x,y)d "z, 2) < r*r!1™> =1

If y = x or z = x, then the equation (2.2) implies that W (z, y, A) belongs to B,(x).
([

Definition 2.5. Let X be a log-convex structure and A a nonempty log-con-
vex bounded set in X. For any x € X, set

7o(A) = sup d(z,y)
yeA

and

r(A) = ;Ielg rz(A).

(1) We define A, = {x € A: r;(A) =1r(A)} to be the center of A. We denote the
diameter of a subset A of X by

6(A) = sup{d(z,y): z,y € A}.
(2) A point « € A is called a diametral point of A if

sup d(z, y) = (A).
yEA
(3) A log-convex structure X is said to have Property (LC) if every bounded de-
creasing net of nonempty closed log-convex subsets of X has a nonempty intersection.

Proposition 2.6. If X has Property (LC), then A, is nonempty closed and log-

convex.

Proof. Let A,(z) ={y € A: d(z,y) <r(A)+1/n} for each n € Nand z € X.

By defining C,, = () An(x), C, is a decreasing sequence of nonempty closed log-
reX
convex sets. In fact, if y,z € Cp, then y,z € A,(z) for all z € X. So we have

d(z,y) < r(A)+1/n, d(z,z) <r(A) + 1/n. If © # y, z, then we have

Ao, Wy, 2, ) < d (o, )" (a,2) < r(4) + =



Also, in the case = y or x = z, the equation (2.2) implies that

A, Wy, 2 0) < r(4) +

Therefore, in each case, W (y, z, \) € C,,. Now, from A, = () C,, it follows that the
n=1
conclusion is proved. This completes the proof. ([

Proposition 2.7. Let M be a nonempty compact subset of X and let K be the
least closed log-convex set containing M. If the diameter 6(M) is positive, then there
exists u € K such that sup{d(z,u): © € M} < 6(M).

Proof. By the assumption, M is compact and so one may find z1,25 € M
such that d(x1,z2) = §(M). Let My C M be maximal so that {z1,z2} C My and
d(z,y) =0 or 6(M) for all z,y € Mp.

Now, we claim that M is finite. If My is not finite, then it will have a cluster point,
say zo. Now, the continuity of the metric function d implies that zg € My, which
contradicts the maximality of M. Let us assume My = {z1, Z2,..., Ty }. Since X is
a log-convex structure, we can define

1
Y1 = W<x1;x2a 5);

1
Y2 = W(l':},yl, g)v

' 1
Yn—2 = W(xn—hyn—?ﬂ )a
n—1

1
Yn—1 = W<xn;yn72a _) = u.
n
On the other hand, since M is compact, there exists yg € M such that
d(yo,u) = sup{d(z,u): x € M}.
Now, by applying (2.1), we obtain

1/n(y0;xn)d(n_l)/n(y();yn72)
n n— n— n— n—1)/n
1 (o, ) (A2 D (g, g )d =D/ (0= D) (2D

d(y();u) < d
<d

n

< Hdl/n(y()vxk)
1

< 5(M).



Thus, if d(yo,u) = 6(M), then [[d*/"(yo,zx) = 6(M). Therefore, d(yo,zr) = 6(M)
1

for all £ = 1,2,...,n and so yg € My, which implies that yy = x; for some
k=1,2,...,n, which is a contradiction. Therefore, we have d(yo,u) < §(M). This
completes the proof. O

Definition 2.8. A log-convex structure X is said to have the normal structure
if, for each closed bounded log-convex subset A of X which contains at least two
points, there exists z € A which is not a diametral point of A.

Let K be a nonempty subset of a log-convex structure X. A mapping T: K — K
is said to have Property (G) if there exists A € [0, 1] such that
d(TX,Ty) < d*(z, Tx)d~*(y, Ty)

for all z,y € K. The mapping T is said to have Property (B) on K if, for every
closed and log-convex subset F' of K which has nonzero diameter and is invariant
under T, there exists some = € F such that

d(z,Tx) < supd(y, Ty).
yeF

3. MAIN RESULTS

Let X be a metric space and K a subset of X. A mapping T: K — X is said to
be nonexpansive if
d(Tz,Ty) < d(z,y)

for all z,y € K.
Theorem 3.1. Suppose that X has Property (LC). Let K be a nonempty

bounded closed log-convex subset of X with the normal structure. If T is a nonex-
pansive mapping from K into itself, then T has a fixed point in K.

Proof. Let A be a family of all nonempty closed, T-invariant and log-convex
subsets of K. By Property (LC) and Zorn’s lemma, A has a minimal element A. We
show that A is singleton. Let z € A.. Then it follows that, for all y € A,

and so
T(A) € Bp(a)(T(x)) = B.



Since T(AN B) € AN B, the minimality of A implies that A C B. Thus
rr)(A) <r(A). Since 7(A) < rp(A) for all x € A, rp)(A) = r(A). Hence
T(x) € A. and T(A.) C A.. By Proposition 2.6, A, € A. If z,w € A., then

d(z,w) < rz(A) = r(A) and so, due to the normal structure,
I(Ac) < r(A) < 0(A),

which contradicts the minimality of A and so §(A) = 0. Therefore, A is a singleton.
This completes the proof. ([

Theorem 3.2. Let T be a self~mapping on a nonempty bounded closed and log-
convex subset K of a log-convex structure X having Property (LC). Let T have

Property (G). If supd(y,Ty) < 6(F), (6(F) being the diameter of F') for every
yeF
nonempty bounded closed and log-convex subset F' of K which has nonzero diameter

and is mapped into itself by T, then T has a unique fixed point in K.

Proof. Let A be the family of all bounded closed, T-invariant and log-convex
subsets of K. By Zorn’s lemma and Property (LC), A is nonempty and has a minimal
element A. If 6(A) = 0, then the point in A is a fixed point of T'. Suppose 6(A) > 0.
Then, for any x,y € A,

d(Tz,Ty) < d(z,Tz)d" "y, Ty) <,

where r = sup d(y, Ty). So we have
yeA

T(A) C B,(Tz) = Bo.

On the other hand, A N By is invariant under 7. So, by the minimality of A,
A C By. Hence we have

(3.1) supd(y,Tx) < r
yeA

for all z € A. Let Ay = {z € A: supd(z,y) < 7“}. Obviously, A; is nonempty.
yeA
Moreover, we have

d(y, W(u, v, \) < d*(y, u)d" " y,v) <r

for all u,v € A; and A € [0,1] and so W (u,v,\) € A;, which implies that A; is
log-convex. Now, assume that z € A;. Then there exists a sequence {z,} in A; such
that z, — z and, for all y € A,

d(zn, y) < supd(zn,y) <.
yeA



By letting n tend to infinity, we have d(z,y) < r and so z € A;. Thus A; is closed.
On the other hand, the equation (3.1) implies that, for all z € Ay,

supd(Tz,y) <.
yEA
So Tz € A; for all z € A;. Thus A; is invariant under T'. Also, §(A41) <7 < J(A).
Hence A; is a proper closed and log-convex subset of A, which contradicts the min-
imality of A.
For the uniqueness of the fixed point, note that, if T has two fixed points = and y,

then we have
d(z,y) = d(Tz,Ty) < dz,Tz)d" "y, Ty) = 0

and so z = y. This completes the proof. O
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