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Abstract. We introduce and study some new subclasses of starlike, convex and close-
to-convex functions defined by the generalized Bessel operator. Inclusion relations are
established and integral operator in these subclasses is discussed.
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1. INTRODUCTION

Let A denote the class of functions of the form:
o0
(1.1) f(z):z—l—Zanz", an =20, n €N,
n=2

which are analytic in the unit disk U = {z: z € C, |z| < 1}. A function f € A is
said to be in the class S*(«) of starlike functions of order « if it satisfies

(1.2) %(ZJ{;S)) >a, 0<a<l, zeU.

We write S*(0) = S* for the class of starlike functions in U. A function f € A is
said to be in the class C(«a) of convex functions of order « if it satisfies

21"(2)
f'(z)
The class of convex functions in U is denoted by C = C(0). It follows from (1.2)
and (1.3) that

(1.3) %(1+ )>a, 0<a<l, zel.

(1.4) f(z) € Cla) < 2f'(z) € S*(a).
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A function f € A is said to be close-to-convex of order S and type 7 in U if there
exists a function g € S*(7y) such that

2f'(2)
9(2)

(1.5) 9%(

>>ﬁ, 0B, v<1, zeU.

We denote by K(f,v) the class of close-to-convex functions of order 5 and type 7.
The class K(8,7) was studied by Libera [11]. For some recent investigation on
starlikeness of analytic functions, one can refer to [1], [10], [16], [17], [18], [19],
[21], [20].

For functions f;(z), j = 1,2 defined by

(1.6) fi(2) :z+Zan,jz", neN
n=2
we denote the Hadamard product (or convolution) of f1(z) and f2(z) by
o0
(L.7) [ () = 2+ Y anranas"
n=2

We recall here a generalized Bessel function w of the first kind of order 7, defined
in [8] and given by

, z€eU,

(=o)" (2)2"”

Woy pe(2) = -
K Z;mrw+n+§@+n>z

where I'(z) stands for I'-Euler function. Here w., 3 () is the particular solution of
the second-order homogenous differential equation (see [24])

22w (2) + bzw'(2) + (c2® — 4?4+ (1 = b)y)w(z) = 0,

where z € U. Now we consider function ¢(z) defined by

b+1 _
@re(2) = 2T (74 5=) 2w, (V2.

By using the well-know Pochhammer symbol (), defined for z, x € C and in terms
of the Euler gamma function by

I'(z+n) 1 n=0,
r(z+1)..(z+n—-1) weN={1,2,3,...},
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we can express ¢ p.c(2) = pr.c(2) as

(o)
_ (_C)n n+1 L b + 1 —
Sﬁ’v,bc(z)—'z*‘;mz ’ k?-—’H‘T ¢ 27y,
where Z, ={0,—-1,-2,...}.
Now, using the idea of Dziok and Srivastava [9], Baricz et. al. [4] introduced the By,
operator as:

(18) Bf() = prew fle) =24 30— A
‘ TR T L R

It is easy to verify from definition (1.8) that

(1.9) 2(Biy1f(2)) = kBif(2) — (k = 1) By f(2),

where k=~ + 3(b+1) ¢ Z; .
Some subclasses of starlike and convex functions defined using Bessel function
were introduced by [3], [2], [5], [7], [22], [23].

Using the Bj, operator we now introduce the following classes:

Sila) ={f € A: Bif(z) € S*()},
Cr(e) = {f € A: Bif(z) € C(a)},
Ki(B,7) ={f € A: Bif(z) € K(B,7)}-

In this paper, we shall establish inclusion relation for these classes and investigate
integral operator in these classes.

2. INCLUSION RELATION

In order to prove our main results, we shall require the following lemma.

Lemma 2.1 ([14], [15]). Let ¢: D — C, D C C x C (C is the complex plane),
and let uw = uq +iug v = v1 + ve. Suppose that the function ¢(u,v) satisfies
(a) ¢(u,v) is continuous in D;
(b) (1,0) € D and R(¢(1,0)) > 0;
(c) for all (iug,v1) € D such that v1 < —3(1 4 u3), R(p(iuz, v1)) < 0.
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Let p(2) = 1+p12+p222+. .. be regular in the unit disc U, and (p(z), 2p'(2)) € D
for all z € U. If R(p(p(2),2p'(2))) > 0, z € U, then R(p(z)) > 0, z € U. Our first
theorem is stated as:

Theorem 2.1. S;(y) C S; 1 (v), k>1—17.
Proof. Let f(z) € Si(v) and set

2(Bj, 1 f(2)
2.1 — 7 =7+ (1= )h(2),
(2.1) Bi ) )h(
where h(z) = 1+ c12 + 222 + ... Using identity (1.9) we have
Bjf(2)

(2.2) (k—=14+~+(1—7v)h(2)).

1

Bi 1 f(2) Tk
Differentiating (2.2), we obtain
(B Bl | (-2)a()

Bif(2) Binf(z) k=147 + (1 =7)h(z)

(1 —7)zh'(2)
E—=14+~v+(1—-7)h(z2)

7+ (1 =h(z) +

or

2(Bif(2))
Bif(2)

(1 —7)zh'(z)
E—=1+~+(1—7)h(z)

(2.3) -y =10 =7h(z)+

Now we form the function ¢(u,v) by taking u = h(z), v = zh/(z) in (2.3) as

(1=

(2.4) @(u,v)=(1—7)u+k_1+7+(1_7)u-

It is easy to see that the function ¢(u, v) satisfies conditions (a) and (b) of Lemma 2.1
inD=(C—-{1-k/(1—-+)}) xC. To verify condition (c), we calculate as:

. _ (I =7)u _ A=k -1+7)u
R(p(iuz, v1)) = gce(k‘ —14+~v+1- 'y)iug) (R —149)2 4+ (1 —7)2u2
(1 =)k =141 +u3)

g_ go)
26— 1477+ (1))

where v; < —%(1+4 u3) and (iug,v1) € D. Therefore the function ¢(u,v) satisfies
the conditions of Lemma 2.1. This shows that if R(p(h(z), 2R/ (2))) > 0, z € U, then
R(h(z)) > 0, z € U, that is if f(z) € S;(v), then f(z) € S; (7). The proof is
complete. O
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Theorem 2.2. Cy(v) C Cry1(7), k=1 —1.
Proof. Let

f(2) € Ck(v) <= B} f(2) € C(y) &= 2(B;f(2)) € S*(7)
= Bi(2f'(2)) € S*(v) = 2f'(2) € Si.(v)
= 2f'(2) € Si1(v) == By (2f'(2)) € S*(7)
& 2(Bj41f(2)) € S*(7) <= Bjy1f(2) € C(v)
> f(2) € Cr(7),

which evidently proves Theorem 2.2. O
Theorem 2.3. K;(8,7) C Kr+1(8,7), k> 1— 7.
Proof. Let f(z) € Kr(B,7). Then there exists a function k(z) € S*() such

that (BLf(2)
R 5o)

Taking the function g(z) which satisfies Bjg(z) = k(z), we have g(z) € S;(v) and

)>ﬂ, zeU.

2(Bif(2)) .

9%( Brg(2) ) > f, e U.
Now put
(2.5) 2B S B+ (1—B)h(2),

where h(z) =1+ c12 + c222 + ... From (2.5) we have

(2.6) 2(Bi1f(2)) = Bia9(2)(B + (1 = B)h(2)).

So from (2.6) and identity (1.9) we have

(2.7)  kz2(Bif(2)) = 2(Biy19(2)) (B + (1 = B)h(2)) + B y19(2) (1 = B)zh/ ()
+ (k= 1)2(Bry, f(2))-

Now apply (1.9) to the function g(z) and use (2.7) to obtain

2(Bif ()

B 19(2) (1= B)zh/(2)
Big(2) '

(2.8) Beg(2) A

=0+ (1 =P)h(z) +
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Since g(z) € Sy (v) and S}i(v) C S;,(7), we let

2(Bia9(2))
———" =54+ (1 —9)H(z),

Bi,1002) (1=")H(z)
where R(H(z)) > 0, z € U. Thus (2.8) can be written as

(1—P)zh(2)
k=14+v+0—-v)H(2)

2(Bpf(2))

(2.9) Begl2)

—B=(1=P)h(z)+

Now we form the function ¢(u,v) by taking v = h(z), v = zh/(2) in (2.9) as:

(1-Bv
kE—=1+~v+(1—v)H(2)

p(u,v) = (1= Bu+

It is easy to see that the function ¢(u, v) satisfies conditions (a) and (b) of Lemma 2.1,
in D = C x C. To verify condition (c), we proceed as:

(1=Boi(k—=1+v+ (1 =vy)hi(x,y))
(k=144 1 =y)hi(z,9))? + (1 = 7)he(z,y))?’

R(p(iug,v1)) =

where H(z) = hi(z,y) + iha(z,y), h1(z,y) and ha(x,y) being functions of = and y
and R(H (z)) = hi(z,y) > 0. By putting v; < —3(1 + u3), we have
1=B)+ud)(k—1+7+ 1 =ph(z,y))

— 1474+ 1 =yhi(z,y)? + (1 = 7)h2(z, y))? <0

R(p(iuz,v1)) = 3

Hence R(h(z)) > 0, z € U, and f(z) € Kit+1(5,7). This completes the proof of
Theorem 2.3. g

3. INTEGRAL OPERATOR

For ¢ > —1 and f(z) € A we define the integral operator J.(f(z)) as

(3.1) J(f(z) = 2 / Tt dt.

ZC

The operator J. (¢ € N) was introduced by Bernardi [6]. In particular, the opera-
tor J; was studied earlier by Libera [12] and Livingston [13].

Theorem 3.1. Let ¢ > —v. If f(z) € Si(v), then J.(f(z)) € Si(v).
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Proof. Let f(z) € Si(y). From (3.1) we have

(3.2) 2(BpJe(f(2)) = (¢ + 1)Bif(2) — cBJe(f(2))-
Set
Bl UE)
(3.3) Belf) T (1 =7)h(z),
where h(z) = 1+ c12 + 222 + .. ., using the identity (3.2) we have
Bi(f(2))

(3.4) (c+7+ (1 =7)h(z)).

BiJ.(f(z))  c+1

Differentiating (3.4), we obtain

ABLE)) s (1 —7)zh'(2)
&9) By T e
Now we form the function ¢(u,v) by taking v = h(z), v = zh/(2) in (2.3) as:

(1—7)v

o(u,v) = (1 —vy)u+ m

It is easy to see that the function ¢(u, v) satisfies conditions (a) and (b) of Lemma 2.1,
in D=(C—{(c+7)/(y—1)}) x C. To verify condition (c), we calculate as:

R(p(iuz, 1)) = R( (1= )_((1—7)(c+7)v1

e+ 74 (1 —7)iug c+7)2+ (1 —7v)%u3
A=)+ +u3)
ST (- <

where v; < —%(1 +u3) and (iug,v1) € D. Therefore the function ¢(u,v) satisfies
the conditions of Lemma 2.1. This shows that if R(p(h(2), 2R/ (2))) > 0, z € U, then
R(h(z)) > 0, z € U, that is if f(z) € Si(v), then J.(f(2)) € S;(y). The proof is
complete. O
Theorem 3.2. Let ¢ > —v. If f(z) € Ci(7), then J.(f(2)) € Cr(v).
Proof. Let
f(z) € Ce(v) = 2f'(2) € Si(y) = Je(2f'(2)) € Si(v)
= 2 (2)) € () = Lf(2)) € Crlr).

This completes the proof of Theorem 3.2. O
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Theorem 3.3. Let ¢ > —. If f(z) € Ki(5,7), then J.(f(2)) € Kr(8,7).

Proof. Let f(z) € Ki(58,7). Then by the definition there exists a function
g(2z) € S; () such that

(B (2)Y .
%(73129(2) ) > f, e U.

Put

(3.6) HBLIIE) 541 gy,

BfJeg(2)
where h(z) =1+ ¢12 + c22% + ... From (3.2) we have

(3.7)  (c+1)z(Bif(2)) = 2(BpJe(9(2))) (B + (1 = B)h(2))

+ BiJe(9(2))(1 = B)zh'(2)) + c2(BjJo(f(2)))"-

Now apply (3.2) to the function g(z) and use (3.7) to obtain

2(Bif(2)" _ BV o Bidelg(2)) A = B)21'(2)
%) Bt TN TGy e
Since g(z) € Si(7), then from Theorem 3.1 J.(f(z)) € Si(7), we let
where R(H(z)) > 0, z € U. Thus (3.9) can be written as
ABif ) 5 4 - (s (1= p)zh"(z)
(39 Big(s) =AM A=)
Now we form the function ¢(u,v) by taking u = h(z), v = zh’(z) in (3.10) as:

(1-PB)w
c+y+ (1 —=v)H(z)

@(uvv) =1 -pBu+

It is easy to see that the function ¢(u, v) satisfies conditions (a) and (b) of Lemma 2.1,
in D = C x C. To verify condition (c), we proceed as:

(L= Buile+ v+ (1 =Nhi(z,y))

(c+v+ 1 =7)h(z,y))* + (1 = y)ha(z,y))*’

where H(z) = hi(x,y) + iha(z,y), hi(x,y) and ha(z,y) being functions of  and y,
respectively, and R(H(Z)) = hi(z,y) > 0. By putting v; < —1(1 + u3), we have

(1=B)(1+us)ctvy+ 1 =Phi(zy))

c+y+ (1 =7hi(z,9))? + (1 = ha(2,9))?)
Hence R(h(z)) > 0, z € U, and J.(f(2)) € Kir(B,v). This completes the proof of
Theorem 3.3. g

R(p(iug, v1)) =

R(p(iug,v1)) = 20 <0.
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