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Abstract

This paper investigates the stability of the zero solution and uniformly
boundedness and uniformly ultimately boundedness of all solutions of a
certain vector differential equation of the third order with delay. Using
the Lyapunov—Krasovskii functional approach, we obtain a new result on
the topic and give an example for the related illustrations.
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1 Introduction

In recent years much attention have been drawn to the stability and ultimate
boundedness of solutions of ordinary scalar and vector nonlinear differential
equations of third-order. However, it should be clarified that the number of
results related to the ultimate boundedness of certain third order nonlinear
vector differential equations is very few in comparison to that on the certain
scalar nonlinear differential equations of third order. An effective method for
studying the stability and boundedness of nonlinear differential equations is the
second Lyapunov’s method; see, for example, [1, 2, 8, 9, 10, 15, 16, 22]. The
major advantage of this method is that information about stability, boundedness
can be obtained without any prior knowledge of solutions.

*Corresponding author.
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72 Larbi Fatmi, Moussadek Remili

In 1966, 1983 and 1993, respectively, Ezeilo & Tejumola [9], Afuwape [1] and
Meng [15] investigated the ultimately boundedness and existence of periodic
solutions of the nonlinear vector differential equation of the form

X"(t)+ AX"(t)+ BX'(t)+ H(X(t)) = P(t, X (), X'(t), X" (1)).

Tung ([24]-[27]) investigated the asymptotic stability, boundedness, ultimate
boundedness and periodicity for certain third-order nonlinear vector differential
equations. Moreover, In 2014, Tung [23] investigated the qualitative behaviors of
solutions, stability, boundedness, uniform boundedness and existence of periodic
solutions, for some kind of the following vector differential equation

X"+ X"(t)+ GX'(t) + HX(t)) = P(t, X(t), X'(t), X" (¢)).

Recently, that is in 2015 Omeike [16] by defining a complete lyapunov functional,
discussed conditions for uniform stability of the trivial solution and uniform
ultimate boundedness of solutions of equation

X"(£) + AX"(t) + BX'(t) + H(X (t— r)) = P(1), (1.1)

when P(t) = 0 and P(t) # 0, respectively. in which X € R", P: R — R", A and
B are real n X n constant matrices, 0 < r(t) < ~, v is a positive constant.

The present work is concerned with the differential more general third order
nonlinear vector differential equation with delay of the form

(G(X(t))X’(t))N +AX"(t) + BX'(t) + H(X (t— r(t))) =P@t), (1.2)

in which X € R", H: R® — R" is a continuous differentiable function with
H(0) =0, P: R —» R*, G: R —» R™*" with G is twice differentiable, A and
B are real n X n constant matrices, 0 < r(t) <+, v is a positive constant, and
r(t) <& 0 < & <1, and the dots indicate differentiation with respect to t.
Clearly the equation (1.1) discussed in [16] is a special case of equation (1.2)
when G(X) = I. A complete Lyapunov—Krasovskii functional was defined and
investigated to study uniform ultimate boundedness and asymptotic behaviour
of solutions.

2 Preliminaries

The following notations (see [16]) will be useful in subsequent sections. For
x € R™, |z| is the norm of x. For a given r > 0, t; € R,

C(t1) ={¢: [t1 —r, t1] > R" /¢ is continuous}.

In particular, C = C'(0) denotes the space of continuous functions mapping the
interval [—r,0] into R™ and for ¢ € C, ||¢|| = sup_,<g<o |¢(0)]. Cr will denote
the set of ¢ such that ||¢|| < H. For any continuous function x(u) defined on
—h <wu< Afor A >0, and any fixed t such that 0 <t < A, the symbol x; will
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denote the restriction of z(u) to the interval [t — r,t], that is, a; is an element
of C' defined by
() =2(t+6),—r <6 <0.

The following results will be basic to the proofs of Theorems.

Lemma 2.1. [1, 2, 8, 9, 10, 22] Let D be a real symmetric positive definite
n X n matriz, then for any X in R™, we have

sl X|I* < (DX, X) < Adll X,
where dq, Ay are the least and the greatest eigenvalues of D, respectively.

Lemma 2.2. [1, 2, 8, 9, 10, 22] Let Q,D be any two real n X n commuting
symmetric matrices, then,

(1) The eigenvalues \; (QD) (i =1,2,...,n) of the product matriz QD are all
real and satisfy

min A; (@) A\ (D) < X (QD) < max A; (Q) g (D).

1<j,k<n T 1<5,k<n

(ii) The eigenvalues A\; (Q + D) (i =1,2,...,n) of the sum of matrices Q and
D are all real and satisfy.

{min 3y @)+ min (D)} < 0,(@+ D) = { max Ay @+ e 2 (D)}

Lemma 2.3. [1, 2, 8,9, 10, 22] Let H(X) be a continuous vector function and
that H(0) = 0 then,

d 1
g7 (/ (H(aX),X)da) =(H(X),X").
0
Lemma 2.4. Let H(X) be a continuous vector function and that H(0) = 0
then,
1
SIXIP < [ (8 (0), X) do < AP
0

where 8, Ay are the least and the greatest eigenvalues of Jy(X) (Jacobian
matriz of H ), respectively.

Definition 2.5. We definite the spectral radius p(A) of a matrix A by
p(A) = max{\/ X is eigenvalue of A}.
Lemma 2.6. For any A € R™*", we have the norm ||A| = \/p (AT A) if A is
symmetric then
[A]l = p(A).

We shall note all the equivalents norms by the same notation || X|| for X € R”
and ||A|| for a matrix A € R™*"™.
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3 Stability

Consider the functional differential equation
= f(t,ay), x(0)=z(t+0), —r<6<0,¢t>0, (3.1)

where f: I x Cy — R™ is a continuous mapping, f(¢,0) = 0, Cy := {¢ €
(C[-r,0], R™) : |l¢|l < H}, and for Hy < H, there exists L(Hy) > 0, with
|f(t,®)| < L(Hy) when |[¢]| < H.

Definition 3.1. [5] An element ¢ € C' is in the w-limit set of ¢, say (¢), if
x(t,0, ¢) is defined on [0, +00) and there is a sequence {t,},t, — 00, as n — oo,
with ||z, (¢) — || — 0 as n — oo where zy, (¢) = x(t, +6,0,¢) for —r <0 <0.

Definition 3.2. [5] A set @ C Cpy is an invariant set if for any ¢ € Q, the
solution of (3.1), z(¢,0, ¢), is defined on [0, 00) and x:(¢) € @ for ¢ € [0, 00).

Lemma 3.3. [6] If ¢ € Cy is such that the solution x:(¢p) of (3.1) with
xo(p) = ¢ is defined on [0,00) and ||x:(P)|| < H1 < H for t € [0,00), then

Q(¢) is a non-empty, compact, invariant set and
dist(z¢(¢), Q@) — 0 as t — oo.

Lemma 3.4. [6] Let V(t,¢): I x Cg — R be a continuous functional satisfying
a local Lipschitz condition. V (¢,0) =0, and such that:

(1) Wi(le(0)]) < V(t, ¢) < Wa(|6(0)]) + Ws([|¢]2)

where [|8]l2 = ([, 6(s)°ds) .
(i) ‘./(3,1)(15,425) < =Wy (|¢(0)|), where, W; (i =1,2,3,4) are wedges.
Then the zero solution of (3.1) is uniformly asymptotically stable.

We shall state here some assumptions which will be used on the functions
that appeared in equation (1.1), and suppose that there are positive constants
da, 0, 0g,04-1,0n, A, Ap, Ag, Ag-1 and Ay, such that the matrices A, B G !
and J,(X) (Jacobian matrix of H(X)) are symmetric and positive definite,
and furthermore the eigenvalues \;(A4), \;(B), \;(G™1) and \;(Jn(X)) (i =
1,2,...,n) of A, B and J,(X), respectively satisfy,

0<5(,§/\1(A)§Aa, 0<55§A7(B)§Ab,
0 < 5g <\ (G) < Ag, 0< 65]*1 <\ (G_l) < Ag—17
0<dp <N\ (Jh (X)) < Ay, Ag—l = 5;1; 6971 = A;l

Before stating the major theorems, we introduce the following notations

d

0(t) = 2 GTHX(®) = -G (X))

u(t) = [ oGy

For the case P = 0, the following result is introduced.

aG(X(t))] GTH(X(t)),
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Theorem 3.5. In addition to the basic assumptions imposed on the matrices
A, B,G™1 and J,(X) witch commute pairwise, let us assume that the following
conditions hold:

) 1 A;25b
(Ho) There is a constant such that — < 8 < —
0q Apdg
400 d
(Hy) / ‘ EG(X(S)) ds < +oo.

Then the zero solution of (1.2) is uniformly asymptotically stable, provided
that

v < min {Oél, 052} R (32)
where

o 2 (86, — 1) oy — 2 (A;20, — ARG, Y) (1 =€) .
BARSG T Apdg [2(B+ A1) +(1—€) 6, "]

Proof. We write the equation (1.2) as the following equivalent system

X' =G"HX)Y,
Y' =27,
7' =—AGTH(X)Z - [A(GT) + BG|Y - H(X) (3.3)

+ [ Tn (X) GTH(X) Vs,

The proof depends on some fundamental properties of a continuously differen-
tiable Lyapunov—Krasovskil functional Wi = W1(X,Y, Z) defined by

W1 = V1 exp ( — i/L(t)), (34)
Po
where
1
(X, Vs, Z) = 2/ (H(cX),X)do (3.5)
0

o / U @),y 0) dods + (AG-2Y,v)
—r(t) Jt+s
+B(Y,BGT'Y) + B(Z,Z)y+(G™'Y,Z) + 2B (Y,H (X)),  (3.6)

wp, po are some positive constants which will be specified later in the proof.
Since

0 t
W [ . /t 7 (0).Y () dos
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is non-negative, we have

X0 Y02 22 [ (H(0X),X)do 4 (AG2Y,¥) + 8(Y, 5G7Y)
0
+B(2,2) +(G'Y, Z) + 26 (Y, H (X))
> 2/01/010<Jh (c7X) X, X)drdo

_3 <(BG—1) *H(X),(BG™) H (X)>

+8 /(B Y + (BGY)

+ < {A — iﬁll} G2Y,Y> .

Using Lemma 2.1, Lemma 2.2 and Lemma 2.4, and the fact that

1 2 1 2
P g (X)H +5 HZ + 5/3‘1G—1YH

1 1 2
8||(BG) 2 v + (B6) T H (x)| =0,
it follows that
1 1
Vi( Xy, Yy, Zy) > 2/ / o{[I—-BGB™'J) (6X)] Jp (c7X) X, X)drdo
0 0 ) X
+ < [A — 15—11] G~?Y, Y> )

Next, in view of the assumption of Theorem 3.5 and Lemma 2.2, respectively,
it follows that

1
+8 HZ+ 56‘1G—1Y

_ 1o
VX ¥i Z) 2 (1= 85 8y80) 6 IXIP 4+ 8 2 + 37167y

1,
+ (@ -8 1) 82 L [V (3.7)

Clearly from the terms contained in (3.7), there exists a constant k& > 0 small
enough such that

V(X0 Ye, 20) 2 (IXIP + 1Y)+ 121°) (3.8)

Assumption (3.5) implies the following
u(t) = / 16(s)]| ds

- [ e xenigemee (xe)

t . e

< [ lem x|

ds

d
£G(X(s)) ds.
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Hence from Lemma 2.6 together with, condition (Hy), we get

LX)

ds < o0.

u0 < @7 [ |4

Therefore, we can find a continuous function Wy (|®(0)]) with 0 < W1 (|(®(0)])
< W((J|®|)). The existence of a continuous function Wa(|¢(0)|) + Wi(||¢|l2)
which satisfies the inequality W (®) < Wa(|¢(0)]) + Ws(||4]|2), is easily verified.
Thus, subject to the above discussion, it can be shown that condition (i) of
Lemma (3.4) holds.

Now let (X,Y,Z) = (X;,Y:, Z;:) be any solution of differential system (3.3).
Differentiating the function V; = V4 (X, Y;, Z;)) with respect to t along system
(3.3) and using Lemma 2.3

%Vl(Xt,Yt,Zt) =—=2([GT'BG™' = BJ, (X) G —wor (t) I] Y,Y)

+B(Y,BO()Y) — 2([BA - I]0(1)Y, Z) — 2 <[/3A—I}G‘1Z,Z>
+28 ) (J(X)GTY(s),Z >d5+2/ (Jn (X)G7Y (s),G7IY (1)) ds

t—r(t)
(- (1)) / ¥ @)Y (m)dy.  (39)
t—r(t)

Then, by (3.8), Lemma 2.1 and Lemma 2.2, and the identity 2 |(U, V)| < |U||*+
[V||?, we obtain,

25 [ <Jh(X)G Y (s), Z (t)) ds

t—r

IN

2ﬁ HZ ) [Jn (X) G7Y (s)]| ds

IN

BARG; / (2@ + Y (9)]P)ds
t
< BARS, Yy ||Z<t>||2 + BARS ) 1Y (s)? ds,

t—r(t

and

2/_ (Jn (X)G'Y (s),G7'Y (b)) ds

IN

t
2/ GV @) [ (X) &Y (5)]] ds
t—r(t)

IN

Andy / (YOI + Y (5)]7)ds

t
< Ah(s;%uyuz AL / L elds
t—r(t
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from which we deduce that

d 1
VX Yi Z) < -2 [5%8 - 55, — = 380877 1Y

dt
1 B _ IAZ 143 A
~2 80— 1= 3oms | A7 12+ (R4 2R oy v

t

+ (~wo (1 =€) + Apd,” +5Ah5;1)/ Y (n),Y (n)dn. (3.10)

t—r(t)

B+, Ayt

Choosing wy = 1—¢ , we get
d 2 2 1
V1 (&, Ye, ) < =My || Z)7 = M2 |[Y )" + o 61 vi, (3.11)
where,
My = [2(B6a — 1) = BARG, 'v] >0,
and

My = [2A;%6, — 28040, — 2woy — Apdy2y] > 0

From (3.4), we have

d d 1 _1
Ewl(XtaYbZt) = (%‘/1 T ol Vl) e ),

Using (3.11) and (3.8) by choosing pp = ﬁ, such that
ki = max {82, B>A% + 3},
we get
d 1 t
GV s (—M1 1Z||> = M, ||y|\2) o7 Jolellds.

From (H;) we obtain
1 t . _ 1
e 7o Jollbllds o ,,ON’

for some positive constant N. Hence

d _1
ZWi < =Dy (Y|P +|2)*) 5",
where Dy = min{M;, M5}. Consequently, it follows that %W(Xt,Yt, Zy) =0
ifand only if X =Y = Z = 0, and %W(@) < 0 for, ® # 0. Thus, all
the conditions of Lemma 3.4 are satisfied. This shows that the zero solution of
system (3.3) is uniformly asymptotically stable. O



Stability and boundedness of solutions 79

Example 3.6. As a special case of the following equation
1

(G(X(t))x’(t)) +AX"(t) + BX'(t) + H(X(t - r)) —P@t)  (3.12)

with P(t) = 0, let us take n = 2 such that

where

_cos(y(t))
t

3 e00) = T 2y

Na (t = (£)) e~ =1 4 Ma (¢ — 7 (1))
Ny (t —r (£)) eV 6O LMy (1 — 7 (1))

Thus

Jn (X (1))

[ M+ Net=="() —aNz2(t)el =" () 0

- 0 M + Nel=v" () — aNy2(t)el=v"®) |7
with )

N=——"——=50873x 1072
5 (e + 26*5)
and
1 e 3 67%

=0.16171.

- — + o
10e+2 3 bHet2e 3

Clearly, G (X), A, B and Jj, (X) are diagonal matrices, hence they are symmet-
ric and commute pairwise. Then, by an easy calculation, we obtain eigenvalues
of the matrices G, A, B and Jj,(X) as follows:

sin x cosST

M (G) = i+ 2)+3, &(G):m+57
M(A) =2, M (4)= g A (B) =80, Xy (B) =81,
A (Jh(X)) M-|—Nel a?(t) _ IN 2 (t) 1— acz(t)7

A2 (Jn(X)) = M + Nel=v* () 2Ny? (1) 12 (1)
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It follows easily that

1 3
0y =2 D=6, 6,=2 A, =25 6 =80, Ay =8l 6= 5, Ay = 5.

-2

1 1 Ag o 1
Choose 8 = 14.5, we have — = — < 8 < — = 400. If we take { = 5, we
2 5, Andy

must have that v < min {25.7477 1.064 2 x 10_2}. A trivial verification shows
that G is nonsingular matrix and we have

Lax ) = <$9n(x(t)) 0 ) |

o 0 Z922(y(1))
where
d _ o cos(x(t))  2z(t)sin(z(t))
%911(9&(”) - (10 1+22(t)) 10 1+ 172(t))2) wo
d __—sin(y(®)) __2ycos(y(t))
Egm(y(t)) = (10(1 +y2(t)  10(1 4 y2(t)? s
Thus
H%G(X(t))” = max{ ’51911( )| ’igﬂ(y( ))’ } = D),
and

IW@H|=HG*%XXﬂk%GOXU»G*%X@DH

< 16 (X @) FEX )] = (2Dl

el

For ¢t € [0,+00) a straightforward calculation give

/no ww<m/D

14+ u?+2u
2)2

1+u?+2u
(1+u2)”

1 d
_— < d
[ { | ontaon], | Eoatoton)] Jas
1 CcosS T 2x sinx —siny 2ycosy | ,
< Z — z'(s)] + - s)|ds
_4<A i e O] B (e el A0
< 1 w2 (t) cosu2 3 2usinu2 ) +/‘p2(t) (—sins 3 QUCOSUQ)dU
4 wi( 1+u (14 u2) 0 1+ (1 +v2?)

+oo
du+/

/m du)

2).

(m

N~ =
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where wi(t) = min{z(0),z(t)}, w2(t) = max{z(0),z(¢t)} and ¢1(t) =
min{y(0),y(t)}, ¢2(t) = max{y(0),y(t)}. We take 7(t) = exp(—t?), then
0<r(t) <~ (y>0),and ' (t) = —2texp (—t?) < & for 0 < £ < 1. Thus, all
the conditions of Theorem 3.5 are satisfied.

4 Boundedness

First, consider a system of delay differential equations
¥ =F(t,x), x(0)=z(t+0), -r<60<0,t>0, (4.1)

where F': R x Cy — R" is a continuous mapping and takes bounded set into
bounded sets.
The following lemma is a well-known result obtained by Burton [6].

Lemma 4.1. [3, 6, 7, 20, 21] Let V(t,¢): R x Cg — R be a continuous and
local Lipschitz in ¢. If

(i) W (2 (D)) <V (te) < W (ja (1)) + Wa ([ W (2 (5)]) ds),
(ii) Viyy) < Ws (o (s)]) + M.

for some M > 0, where W(r),W; (i = 1,2,3) are wedges, then the solutions of
(4.1) are uniformly bounded and uniformly ultimately bounded for bound B.

To study the boundedness of solutions of (1.2) for which P(t) # 0, we would
need to write (1.2) in the form

X' =G YX)Y; Y' =7Z;
7' =-AG Y X)Z — [A(G*I)’ + BG*I]Y — H(X) (4.2)
t _
+ fi iy I(X)GTHX)Y ds + P(t).
Thus our main theorem in this section is stated with respect to (4.2) as
follows:
Theorem 4.2. Assume that all the conditions of Theorem 3.5 are satisfied and
1P ()] <m, (4.3)
where m is a positive constant. Then all solutions of (4.2) are uniformly bounded
and uniformly ultimately bounded provided that
v < min {nl, 72, 173}, (4.4)

where

A28, — BARS,!

T T Wt Andy 2+ LALA26, 7))
C2(B0, — 1) A - (8, + A,)°
n= BARG, ’
2 (611517 — Ah) op — (5;1 — 5(1) A%L
n3 =

(AuAy — Ap) Apdy?
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Proof. Consider the function
V(XhY'th) = Vl(Xthth) +V2(Xt,Yi,Zt), (45)

where V1 (X¢,Y:, Z;) is defined as 3.6 (with replacing wy by wy.) and Va(Xy, Yz, Z¢)
defined as

V(Xﬁ)/f?Zf)
1
2/ (AH (0X), AX)do + (B (AB — ApT) X, X) +2(G™Y, H (X))
0

+ (ARG Y) + 2{(AB - AW I) X, Z + AGT'Y)
+(A(Z+AGTY), Z+ AGTYY). (4.6)

‘We observe that the function V5 can be rewritten as follows

Va(Xy, Yy, Zt)

=2 /01 (AH (0X),AX)do + (G™' (AyY + H (X)),Y + A, 'H (X))
—(GT'H (X),A;'H (X)) + (ApA™ (AB — ApD) X, X)
+{(AB = AuD) X + A(Z+ AGTY), A7 (AB - AD) X + 2+ AGT'Y ).

However,
(H(X),H (X)) = 2/ / o (Jp (0X) Iy (67X) X, X) drdo.
0
Using Lemma 2.1, Lemma 2.2 and Lemma 2.4, we obtain

‘/Q(Xh)/hzt)

v

1 1
2/ / <J{52—5;1}Jh(TJX)X,X>deT
0 0
FARA[Y + ATTAH (X)|P + AnAL Y (8285 — Ag) | X2

+a B - X + 43z + atc

Y

ARAGH|Y + AFTAH (X)| + AnAL (805 — AR) X

n HA*% (AB— A D)X + A Z + A%G*WHQ .

It follows that Va(Xy,Y:, Z;) is positive definite. From (3.9), (3.10), (3.11), (4.2)



Stability and boundedness of solutions 83

and Lemma 2.3, we find

d
Evl(Xtv tha Zt)

< —2[A;%6, — BAS; Y — wiy — ARdy 2] Y]
|28, - 187 - 58] N2

t

F[B8, 82— (1-9)] [ (Y (6).Y (o)) ds

t—r(t
n 52A§ + BA,+ 3
k1

Also from (4.2), (4.6) and Lemma 2.3 we obtain,

>II9IIV+ [2811Z]| + 65 Y]] m. (4.7)

d
E‘/Z(XtvyvtaZt)
1
= —2/ ((AB = AD) Jy, (6X) X, H (X)) do
0
t
+2((Jn (X) = A D) GT'Y,AGTYY) + 2/ (A*G7Y, 0, (X)G7Y ) ds
t—r(t)

+2 /t ((AB = ApI) X, Jn (X)G7'Y)ds +2{((G™' — A) Z,H (X))
t—r(t)
+(AROY,Y) +2(0Y, H (X)) +2(A(Z+ AG™'Y), P (t))

+(2(AB — ARI) X, P (t)). (4.8)
Therefore, from (4.5), (4.7) and (4.8), we obtain

d

EV(Xthtv Zt)

< — [2(6a0 — An) On — (Aalp — Ap) Apd, b (t) — (5, — 62) AF] [|1X )
1

-2 [Ag25b — BARS, T — w1y — ARb Py — §AhA§5_;2r (t)] v )?

—[2(B. — 1) At = BARS My — (5,1 —6a)] 112)°

t

e a-o] [ @Y @) ssloly

+[208+ 801211+ (6,1 + 57 A2) Y Il + (Baddy — An) 1 X]] |m,
where
N = ApAZS2 4+ AR6,  6a0, — 6, AF + BARS, T + Apd,

and

B2AZ+BA,+3  (Ap+1)+ A2
ks = + .
k‘l kQ
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N4

(1-¢)

If we choose w; = , then

d
V(XY Zy) < = [ns =] (Baddy = Ap) Mgy [|X])°

1
2l =] (w14 A0y 4 S A28 ) IV = e = 2] B 2]
R 01V + [2(8 4 Ba) 1]+ (5 + 6, A2 Y I+ (B = An) [ X]] m.

Consider the function W defined by
W(X., Y, Z) = V(Xy, Y, Zt)e_ﬁ Jo16(s)llds

W is positive definite and we have

d d 1 — L [H6(s)llds
—W(X, Y, Z:) = | =V (X, Y3, Zy) — — ||0|| V p1 0 .
WX ¥ 2) = (VXY Z) = 0]V )
By taking k3 = p% and using the fact that vy satisfies (4.4), it follows that there
exists a positive constant D such that

d
—W(X, Y1, Z
dt ( ty Lty t)

IN

2 2
=D [IXI2 + IV I+ 1212] + e D X+ 1]+ ) 21)

IN

1 1 2 2 2
—S DX = 5D (X))’ = w?) = D [V + 12]°]
+wD Y]]+ 2]

By the equality

1 1 )
~DIIX|* +wiD X = =3 DX = 5D ((IX]] 1) = 2)
we obtain
iW(X Y, Zy)
dt ty Lty &t
1 1 1 1 1 )
< =5 DIX|* = 5D (1X] = w)* + 5 Dwf — SD | Z|* = S D ()Y ]| — 1)
2 2 2 2 2
1 1 , 1 , 1
+§Dw% =5 DIZII" = 5D (2] - wi)” + §Dw%
1 2 2 2
< —3D (IXIP + 1Y 1P + 1211°)
3
2 2
=D ((1X1) = wn)? + (1Y) = w0)® + (121 w2)?) + 5 Dus?
1 3
< =D (IXIP + 1Y I* +12°) + 3Dt for  Dywr > 0.

This completes the proof. 1
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Example 4.3. Now, as a special case of system (3.3) (for P(t) # 0), let us
take n = 2 that G, A, B, H(X(t —r(t))) defined in Example 1 hold. If we take
r(t) = exp(—t?), then 0 < r(t) <+, (v > 0), and that 7/(t) = —2texp(—t?) < ¢
for 0 <& < 1. Let

cost 1
P(t) = (gj;ff), B=14.5 and 5:5

1+t2

‘We have that

1P @I <

2
T <2 and v < {0.15326,8.8007 x 107*,1.0575} .

Thus, all the conditions of Theorem 4.2 are satisfied.

5 Conclusion

The problem of the stability and boundedness of solutions of differential equa-
tions is very important in the theory and applications of differential equations.
In the present work we consider a nonlinear vector differential equation of third
order with variable delay which include many particular cases of delay dif-
ferential equations. We discuss the stability of zero solution and uniformly
boundedness and uniformly ultimately boundedness of all solutions. Using the
Lyapunov—Krasovskii functional approach, two new results are given on the
topic and an example is given for the related illustrations.

Acknowledgements. The authors wish to thank the referees whose suggested
revisions have improved the exposition of this paper.
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