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Abstract

This paper is devoted to geometric formulation of the regular (resp.
strongly regular) Hamiltonian system. The notion of the regularization of
the second order Lagrangians is presented. The regularization procedure
is applied to concrete example.

Key words: Hamilton extremals, Dedecker—Hamilton extremals,
Hamilton equations, Lagrangian, Lepagean equivalents, Poincaré—
Cartan form, regular and strongly regular systems.

2010 Mathematics Subject Classification: 49505, 53Z05, 35R01

1 Introduction

In general, a second order Lagrangian gives rise to an Euler-Lagrange form
on 4th order jet prolongation, i.e. the Euler-Lagrange equations are of the 4th
order. In this paper we are interested in second order Lagrangians which give
rise to Euler-Lagrange equations of the 3rd order.

We consider 3rd order Hamiltonian systems for a given second order La-
grangian. The Lagrangian is quadratic or affine in second derivatives. All these
Lagrangians are singular in the standard Hamilton—De Donder theory [2]. How-
ever, in the generalized setting, the question on existence of regular Hamilton
equations has sense. We apply to this case regularity conditions found in and
find their explicit expression for the above mentioned type of Lagrangians.

The results (the regularity resp. strong regularity) can be directly applied to
concrete Lagrangian. A regularization procedure is illustrated on concrete ex-
ample of Lagrangian which is quadratic in second derivatives. The Lagrangian
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does not satisfy the regularity condition in the classical De Donder-Hamilton
sence but the Hamiltonian system is strongly regular in sense [6]. This geomet-
rical meaning of regular Lagrangians is possible to apply to physical theories.

A regularization procedure of first order Lagrangians has been studied in
[1, 7, 9] and some second order Lagrangians have been studied in [10, 11].

Throughout the paper all manifolds and mappings are smooth and sum-
mation convention is used. We consider a fibered manifold (i.e., surjective
submersion) 7: Y — X, dimX = n, dimY = n + m, its r-jet prolonga-
tion 7,.: JY — X, r > 1 and canonical jet projections m.;: J'Y — J*Y
0 < k < r (with an obvious notations J°Y =Y). A fibered char on Y (resp. as-
sociated fibered chart on J"Y') is denoted by (V, ), ¢ = (x%,y%) (resp. (V;., ),
Y = (xzvyavygv s 7y1(‘f1,,,ir))‘

A vector field £ on JY is called m,-vertical (resp. . -vertical) if it projects
onto the zero vector field on X (resp. on J*Y).

Recall that every ¢-form 1 on J"Y admits a unique (canonical) decomposi-
tion into a sum of g-forms on J" 'Y as follows:

q
W:+1,rn = h77 + Zpknv
k=1

where hn is a horizontal form, called the horizontal part of n, and pxn, 1 < k < g,
is a k-contact part of n (see [3]).
We use the following notations:

wo =dzt Adz? A ANdz™, w; =i _o wo, Wij =1_a_w,
o

and

o _ o 2,0 J
ivio.in dyiliz...ik yilig...ikjdx

w? = dy° —y;»’dmj,...,w
For more details on fibered manifolds and the corresponding geometric struc-

tures we refer e.g. to [8].

2 Hamiltonian systems and regularity

In this section we briefly recall basic concepts on Lepagean equivalents of La-
grangians, due to Krupka [3], [4], and on Lepagean equivalents of Euler-Lagrange
forms and generalized Hamiltonian field theory, due to Krupkové [5, 6].

By an r-th order Lagrangian we shal mean a horizontal n-form A on J"Y.

A n-form p is called a Lepagean equivalent of a Lagrangian A if (up to a
projection) hp = A, and pi1dp is a m,41 o-horizontal form.

For an r-th order Lagrangian we have all its Lepagean equivalents of order
(2r — 1) characterized by the following formula

p=0+pu, (2.1)

where O is a (global) Poincaré—Cartan form associated to A and y is an arbitrary
n-form of order of contactness > 2, i.e., such that Ay = p;u = 0. Recall that
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for a Lagrangian of order 1, © = 6, where ) is the classical Poincaré-Cartan
form of A. If » > 2, © is no more unique, however, there is an non-invariant
decomposition

O =0\ + p1dv, (2.2)

where

r—1 /r—k—1
oL i
Or=Lwo+ Y ( > (—1)'dy,dy, ~~dp16yq7> Wi, ANwi, (2.3)
k=0 =0 J1-

l < JkP1---P1

and v is an arbitrary at least 1-contact (n — 1)-form.

A closed (n+1)-form « is called a Lepagean equivalent of an Euler—Lagrange
form E = FE,w Awq if pra = E.

Recall that the Euler-Lagrange form corresponding to an r-th order A = Lwy
is the following (n + 1)-form of order < 2r

oL - oL
E=|—— D, dy, .. .dy ——— | w” A wp.
(aya Z( ) P1 D2 Pl ay;;ﬂp[) w Wo

=1

By definition of a Lepagean equivalent of F, one can find using Poincaré
lemma local forms p, such that a = dp, and p is an Lepagean equivalent of
a Lagrangian for F. The family of Lepagean equivalents of E is also called
a Lagrangian system, and denoted by [«]. The corresponding Euler-Lagrange
equations now take the form

J*y ijsea =0 for every m-vertical vector field £ on Y, (2.4)

where « is any representative of order s of the class [a]. A (single) Lepagean
equivalent « of E' on J®Y is also called a Hamiltonian system of order s and
the equations

0%iea =0 for every mg-vertical vector field £ on J°Y (2.5)

are called Hamilton equations. They represent equations for integral sections §
(called Hamilton extremals) of the Hamiltonian ideal, generated by the system
D;, of n-forms icc, where £ runs over m,-vertical vector fields on J°Y. Also,
considering 7, -vertical vector fields on J**1Y, one has the ideal Dgﬂ of n-
forms i¢& on J*TY, where & (called principal part of ) denotes the at most
2-contact part of o. Its integral sections which moreover annihilate all at least
2-contact forms, are called Dedecker—Hamilton extremals. It holds that if 7 is an
extremal then its s-prolongation (resp. (s+1)-prolongation) is a Hamilton (resp.
Dedecker—Hamilton) extremal, and (up to projection) every Dedecker—Hamilton
extremal is a Hamilton extremal.

Denote by 7y the minimal order of Lagrangians corresponding to E. A
Hamiltonian system « on J°Y, s > 1, associated with E is called regular if the
system of local generators of ’Df;rl contains all the n-forms

w? A w;, wf-l A Wiy, e

g
’ w(jl»--jro—l
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where (...) denotes symmetrization in the indicated indices. If « is regular
then every Dedecker—Hamilton extremal is holonomic up to the order ry, and
its projection is an extremal. (In case of first order Hamiltonian systems there is
an bijection between extremals and Dedecker-Hamilton extremals). « is called
strongly regular if the above correspondence holds between extremals and Hamil-
ton extremals. It can be proved that every strongly regular Hamiltonian system
is regular, and it is clear that if « is regular and such that o = & then it is
strongly regular. A Lagrangian system is called regular (resp. strongly regular)
if it has a regular (resp. strongly regular) associated Hamiltonian system.

3 Hamiltonian systems for second order Lagrangians

In general, a second order Lagrangian gives rise to an Euler-Lagrange form on
J*Y. We shall consider second order Lagrangians A which satisfy one of the
following conditions

1) The corresponding Euler-Lagrange form is of order 3, i.e. the Lagrangians

satisfy the conditions
’L
(a?a y) =0, (3.1)
Y399 ) gymiijn)

where Sym(ijkl) means symmetrization in the indicated indices,
2) The Euler—Lagrange expressions A of are of the second order, “non-affine”
in the second derivatives
0’E

T ). 3.2
3?/1?151/%# (3:2)

An interesting case of condition 1) is the Lagrangian affine in second deriva-
tives, i.e. its Lagrangial function takes the form L = Ly + L% ,y7; » where the
functions Lo, L%, do not depepend on yklﬁ .

In what follows, we shall study Hamiltonian systems corresponding to a
special choice of a Lepagean equivalent of such Lagrangians, namely, a of order

3, o = dp, where

OL oL - oL
p = Lwy + 3"_dk8y37k w7 A w;j agw ANwj+ [

+ @ w7 AW’ Awij +bETWT AW A wij + T AWl Awig,  (3.3)

with an arbitrary at least 3-contact n-form ji and functions a¥,, ¥ cklii
dependent on variables z*, y*, yr, Yn; and satisfying the conditions

ij ji ij . klj _ kji. klij __ lkij klz] _ klji

Agy = —Qgys Aoy = 110'7 b - bo’u’ Cor” = Co1”y Cor” = —Cop - (34)

Theorem. [11] Let dim X > 2. Let A = Lwy be a second order Lagrangian with
the Euler-Lagrange form (3.1) or (3.2), and o = dp with p of the form (3.8),
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(8.4), be its Lepagean equivalent. Assume that the matriz

2
P = <a?aLﬂ +2 c’;f;'j> : (3.5)
Hig Ok Sym(jkl)

with mn3 rows (resp. mn columns) labelled by ojkl (resp. vi) has mazimal rank
equal to mn and matriz

2
gkt = (0L i) (3.6)
63/1‘;'81/“

with mn? rows (resp. mn? columns) labelled by oij (resp. vkl) has mazimal
rank equal to mn (n+ 1) /2. Then the Hamiltonian system « = dp is regular
(i.e. every Dedecker-Hamilton extremal is of the form w32 0d6p = J?v, where v
is an extremal of \).

If moreover i is closed then the Hamiltonian system o = dp is strongly
regular (i.e. every Hamilton extremal is of the form w3908 = J?v, where 7y is
an extremal of \).

Proof of the above theorem follows from explicit computation. The following
proposition is straightforward application of the theorem to the special case of
the second order Lagrangians affine in second derivatives.

Proposition. Let dim X > 2. Let A = Lwy be a second order Lagrangian OBf
the form L = L0+L?Vy§’j”, where the functions Lo, LY, do not depepend on Yl
and o = dp with p of the form (3.8), (3.4), be its Lepagean equivalent. Assume
that the matriz
klij

(CVUJ)Sym(jkl) : (3.7)
with mn® rows (resp. mn columns) labelled by ojkl (resp. vi) has mazimal
rank equal to mn and matriz

(c5s7) (3.8)

with mn? rows (resp. mn? columns) labelled by cij (resp. vkl) has mazimal

rank equal to mn(n+1)/2. Then the Hamiltonian system o = dp is regular
(i.e. every Dedecker—Hamilton extremal is of the form w32 0d8p = J?v, where v
is an extremal of \).

If moreover i is closed then the Hamiltonian system a = dp is strongly
regular (i.e. every Hamilton extremal is of the form w3908 = J2vy, where 7y is
an extremal of \).
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Proof. Explicit computation o = dp gives:

0’L 0 oL

o= FE,w’ Aw = = g ==
Ty3 o o+ <8y3’8y” oy Jay;rj

— 2dkaf,jl,> W’ Aw? A w;

0L 0L o , oL
- — —d; +4a* —2d;bF ) WY AW Aw;
(aygayg dy dyy, Oyl Oy, ’ ) ¥

PL 0 oL
oy7 dyy, Oy jayfj

- (2C§IVZ )Sym(jkl)

0?L i , ,
+ ( T OV 4(b§uj)Alt((aj)(uk))> wp ANwj Aw;

+

(bﬁiul)Sym(kl) - deC,}illfj) Wi Aw? A w;

Wik AW’ A wj

ayijayk
y oa¥
(2c§ljj)wzl/\w;/\wl (8"V> W AWT Aw” A wij
y" Alt(kov)

_|_

daid, bp”
+ ( > wy Aw? Aw” A wij
Alt(ov)
( 6@” (80”‘”7 > )
+ + V: Wpg NW7 AW A wij
aypq Sym(pq) aypq Alt(ov)
< btm ) ( 3bkw OcPaii )
+ w? Awl Awl Awg; + -
ayp Alt((kp)(vq)) ! ! aypq 8yk

Sym(pq)

8cklzj
w7 Awp A wpg Awij — (60’:) W7 Awpg Awiy Awij +dfs,  (3.9)
Ypa /7 att((rpq) (k)

where Alt((...)...(...)) means alternation in the indicated multiindices and
Sym(...) means symmetrization in the indicated indices.

In the notation (3.7), (3.8) the principal part of « (3.9) takes form

0’L o , 0L g
v = E,w’ A e — —2dpa¥, | W’ AW Aw;
@7 Pew Ao (ay;ayv " by, ka“”) Cama
2L 2L o , oL
- — ——dj— +4a’® —2d;bF | Wi AW Aw;
Oy7 Oy Oy Oyy,  Oyy 7 Oyg;

ov J]-ov

< L o oL

—— — - d; 2008 gy — 2d;¢1 | Wl A wT A w
y7 Ay, Oy Jayf gD '

+ a27[/—4(131“7) ; wp Aw? A w;
ayzogy e )aeiwe) | GEAGT A

(2cklzj

klij
ov )Sym(jkl) w;kl Nw? Nw; — QCUVUWZI A w; AN (310)
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Expressing the generators of the ideal D2 we get

oL 6 , 0L
dygoyr Ay dyy

i_o & = FE,wg+2 ( — Qdkaf,jl,> w? A w;

0%L 0*L 0 oL , .
- - s ‘—+4af,kl’,—2d»bl’f? wy A w;
<3y2’ Oyy Oy Oyy oy I ’“
0’L 0 OL ) g
- . vAa,.0 9,0 __2b’;72‘l ym _2dcl]ﬁ:] UJO-/\UJi
(ay;/ay;:l oy, Y ayy, ~ 2bve)syman 245 i
+ (2c§llfij)5ym(jkl) Wik A\ Wi,
0%’L 0%’L 0 oL , .
20 =\ Gurag ~ s g +dayy — 245 | w7 Aw;
vk Oy Ay Oy Oyy, Oy Oy

2L y g

+ 2| =————4 bc]f,zlf Alt((c9)(vk w? N w; — 2c§lj3w‘-’ /\wi,
<6yfj@y;’; (bew?) ate((oi ) | &5 i

) < 82L 8 . oL

Y P Yo .17 —2d: R ) WA W,
3y§’3y;’§l 3%1 Jayij ( UV)Sym(kl) jCor” | W Wi

klij o
2¢5, Wi A wi,

. ~ klij
i_o & = —(2¢ .
m ( ov )Sym(jkl)

w” A w; (3.11)

klij) (
vo') Sym(jkl)’
w? A w; and ng A wy) are generators of ideal Di. We obtain for Dedecker—

klij

o ) are maximal then the

Since the ranks of the matrices (c c

Hamilton extremals 6p 732 0 dp = J%v, where v is a section of 7. Substituting
this into (2.5) we get
5D*Z’,LOAK =k, OJS’y

Iy

for 3rd order Euler-Lagrange form (3.1) and
Sp*i_s G =Eso0J%

for 2nd order Euler-Lagrange form (3.2) and + is an extremal of A.

Let us prove strong regularity: We have to show that under our assumptions,
for every section ¢ satisfying Hamilton equations, one has 73 5 0§ = J%v, where
«v is a solution of the Euler-Lagrange equations of the Lagrangian A\. Assuming
dip = 0, we obtain: 5*(i3/3y;kla) = 6 ((2¢849) gym(jrnyw” Aw;) = 0, i.e. §*w” =0
by the rank condition on

(C];ZJ)Sym(jkl) ’

i.e. Oy /0xt = y?. Hence,

6" (ia/0yr, ) = 5% ((—2¢khi) wi Aw;) =0.
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Note that matrix (cF%/) is symmetric in indices kl and its maximal rank is

mn(n +1)/2. Due to the rank condition on (cF%7), d*wg =0, ie.
(&g}’/@xz)sym(lj) = Y5

The above obtained conditions on § mean that every solution of Hamilton equa-
tions is holonomic up to the second order, i.e., we can write 13200 = J 2~, where
7 is a section of 7. Now, the equations J3(m3 ¢ o 6)*(ia/ayy ) = 0 are satisfied
identically, and the last set of Hamilton equations, i.e., J3(7r37005)*(i3/aya a)=0
take the form E, o J3y =0 (3.1), resp. E, o J?y =0 (3.2) proving that v is an
extremal of A. This completes the proof. 1

4 Example

The above results (the regularity conditions) can be directly applied to concrete
Lagrangians. Let us consider the following example as an illustration. We find
to a given Lagrangian 3 different Hamiltonian systems satisfying:

Let X = R?,Y = R? x R? (i.e.,, n =2, m = 2). Denote (V, ), 1 = (2%, y7)
a fibered chart on R? x R2. Let us consider the following Lagrangian

A=Lwy, L= 9%11152 - y%Q?J% (4.1)

which satisfies (3.1).

In view of the above considerations we take a Lepagean equivalent p (of the
Euler-Lagrange form E of Lagrangian (4.1)) in the form « = dp, where p is
(3.3), (3.4).

We consider functions a,, b*% ¢k (3.4) on an open set U C J>R? where

the conditions yi # 0, y3 # 0, yly # 0 and y25 # 0.
The functions a¥, and bP are arbitrary. We assume that c* are constant

functions. We have again only 8 non-zero constants, we choose ci21? = 2112 =
2121 _ _ 1221 _ 1212 _ 2112 _ _ 2121 _ _ 1221 _
—ci17 =—c7?  =1land cg5 =550 = —C55 = —Ca5 = 1.

Then the Lepagean equivalent takes the form

p = 0\+a%w’ AW’ A wij + bR A WY A Wij

+ 4w Awiy Awia +4 WP Awly Awia + I,

where [i is an arbitrary n-form.
The matrices (3.5) and (3.6) take the following form

4 4 400 0 0 01110

(Pijkz)T:} 0 0 000-1—-1-10000
v —-1-1-100 0 0 04440 |’

0 0 000-4—-4-40000

o OO OO
»—nouLo
)—‘OHLO
)—‘O.JLO
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and

o

01
00
00
00
00
-20
20
00

|
N

O OO OO NNO

ijkl _

ov

cooroOoOoO
\

_— OO OO oo O
SO OO oo N

S oo OO OO
OO OO OO

We can easily see that rank(P¥F!) = 4 and rank(Q¥*) = 6. The form

a = dp+ dj is regular.

If moreover [ is closed then « = dp is strongly regular.
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