Mathematica Bohemica

Yuriy Linchuk
On the equivalence of differential operators of infinite order with constant coefficients
Mathematica Bohemica, Vol. 142 (2017), No. 2, 137-143

Persistent URL: http://dml.cz/dmlcz/146748

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146748
http://dml.cz

142 (2017) MATHEMATICA BOHEMICA No. 2, 137-143

ON THE EQUIVALENCE OF DIFFERENTIAL OPERATORS OF
INFINITE ORDER WITH CONSTANT COEFFICIENTS

YURIY LINCHUK, Chernivtsi

Received January 18, 2016. First published November 25, 2016.
Communicated by Vladimir Miiller

Abstract. We investigate the conditions of equivalence of a differential operator of infinite
order with constant coefficients to the operator of differentiation in one space of analytic
functions. We also study the conditions of continuity of a differential operator of infinite
order with variable coefficients in such space.
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1. INTRODUCTION

Two linear continuous operators A and B acting in a topological vector space H
are called equivalent if there exists an isomorphism 7" of H such that TA = BT. The
conditions of equivalence of differential operators from different classes that act in
functional spaces are frequent objects of investigation in functional analysis. These
studies were initiated by Delsarte [1] for spaces of functions of a real variable and
by Delsarte and Lions in [2] for spaces of entire functions. In the space of analytic
functions the conditions of equivalence of different classes of differential operators
were obtained by many mathematicians (see e.g. [3]-[6]). In particular, conditions of
equivalence of a differential operator of infinite order with constant coefficients to the
operator of multiple differentiation in spaces of analytic functions in circular domains
were studied in [5]. Maldonado, Prada, Senosiain in [7] investigated the conditions
of equivalence of a differential operator of infinite order with constant coefficients
to the operator of differentiation in the space of functions which is isomorphic to
the space s of rapidly decreasing sequences. In this paper we study some properties
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of differential operators of infinite order in the space s. We also fix the mistaken
statement of Theorem 3 from [7].
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We denote by s the space of all functions of the form f(z) = fn2z™ of complex

n=0

variable, where f,, € C, n=0,1,..., and

I £1lk = I fol + Z | fnn® < o0

for all & € N. The topology on the space s is generated by the system of norms
{II"llx: k € N} (see [7], [8]). The symbol L(s) stands for the set of all linear continuous
operators in s. Note that any f of s is an analytic function in the unit disc |z| < 1.
We start with auxiliary properties of differential operators of infinite order in the
space s.

2. APPLICABILITY OF DIFFERENTIAL OPERATORS OF INFINITE ORDER

Note that the product of any f, g of s belongs to the space s. Herewith, M, € £(s),
where Myf =gf.

Theorem 2.1. Let (¢,,)2%, be a sequence of functions of s such that the operator
L: s — s defined by the formula

oo

(1) Z (2) ™ (2)

is continuous and linear, and the series on the right-hand side of (1) is convergent
in s for any f € s. Then there exists N € N such that 1,, =0, n > N.

Proof. For each n = 0,1,... the formula (L, f)(2) = ¥n(2)f™(2) defines
a linear continuous operator on s. The condition of the theorem implies that the
sequence (L, )52 is bounded in s. Therefore the sequence of operators (L, )32, is
pointwisely bounded in s. Since s is the Fréchet space [8], according to the Uniform
Boundedness Principle this sequence of operators is equicontinuous. Then we have

(2) VpeNJgeNIC>0Vn=20Vfes: |Lufllp <Clfllq
Setting f(z) = z¥ in (2), we get

k1(k —n)!

(3) VpeN3geN3IC>0Vn=0VEk=n: |u(2)2" ", <C i
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Fix any p € N and take ¢ and C such that (3) holds. We show that v,, = 0 for all
n>q—p. Fix any n > ¢ — p. Let ¢,,(2) = 3 9 »27. Then for all k > n we get
7=0

(4) 1n(2)2" " lp = > [5G+ k= )P

=0
Since (k —n)!/k! < 1/(k —n)™ for k > n, using (3) and (4) we have

k—n _
[n "l _ (o k=) ke
(j+k—n)p (j + &k —n)rk! (k — n)ntr

|wj,n| <

for all j =0,1,..., k > n. Thus,

k4 1

(5) [in] < C(k —n)d (k—n)ntra

for all j = 0,1,... and £ > n. Fix an arbitrary j > 0. Passing to the limit when
k — oo in (5) we get ¢, = 0. Therefore 1, = 0. O

3. COMMUTANT OF D IN s

Theorem 3.1. In order that the operator T belongs to the class L(s) and com-
mutes with the operator of differentiation D, it is necessary and sufficient that T has
the form

m
(6) T =Y ¢;D,
j=0
where m is a positive integer, c;j, j = 0, m are complex numbers.

Proof. Necessity. Let T € L(s) commute with the operator of differentiation,

i.e.
(7) TD = DT.
Denote Tz" = t,(2z), n = 0,1,... We show that there is a sequence of complex

numbers (¢,)5 , such that

(8) tn(2) =

139



n=0,1,... Applying (7) to z", n =0, 1,..., we get to(z) = ¢o, where ¢y € C and

9) tn(2) = ntn_1(2),

n=1,2,... The validity of (8) is proved by induction using (9).
We show now that the sequence (¢, )22 is finite. Since T € L(s), we have

(10) VpeN 3geN 3C>0Vfes: [Tf], < Clfl.

Fix an arbitrary p € N and find a ¢ € N and C' > 0 using (10). Setting f(z) = 2"
in (10), we get ||t,||, < Cn?, n € N. Since

n!
tn —ncn—l—E P> ———|ei|(n—5)P,
[tnllp el | cjl(n —j) (n—j)!' 31 ( J)
(n —j)! n?  (n—j)! nd
el < (n—j)pn!”thp = C(n—j)p n! = C(n—j)p+j

for allm € N and j = 0,n — 1. Thus,

nd

(11) lcj] <C(n_7j)p+j

for all m € N and j = 0,n — 1. We choose an arbitrary positive integer m such that
m > q — p. Fix an arbitrary j > m. Then j > ¢ — p. Using (11) for n > j + 1 and
letting n tend to infinity in (11), we get that |c;| = 0. Thus, ¢; = 0 for all j > m.
Then (8) implies that

min{m,n} min{m,n}

ta(z)= > (nf’j)!cjzn—j: Y DI (ZCJDJ)

Jj=0 J=0

for all n = 0,1,... Since the system (z™)32, forms a basis in s, the continuity of T'
o0

implies that for any f(z) = >  fn2" of s the equality
3=0

o= S(E0) - (£10) ()

= ZCJ(D]

J=0

holds. Thus, T can be represented in the form (6). The necessity of conditions of
Theorem 3.1 is proved. The sufficiency of conditions of the theorem is obvious. [
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Since the set of operators from £(s) which are commuting with the operator of dif-
ferentiation coincides with the set of polynomials with respect to the differentiation,
the operator of differentiation is the minimally commuting operator in the space s.

4. THE MAIN RESULT

We proceed now to solve the main problem of studying conditions of equivalence
of the operator of differentiation of infinite order with constant coefficients to the
operator of differentiation in s.

Lemma 4.1. Let (¢,)52, be a sequence of complex numbers such that the op-

o)
erator (D) = > ¢, D™ acts in s linearly and continuously. If (D) is equivalent
n=0

NIE!

to D™ in s for some m € N, then ¢(D) = @n D™ and @, # 0.

n=0

Proof. Since the operator of differentiation of infinite order with constant coeffi-

o0
cients p(D) = > ¢, D™ acts in the space s linearly and continuously, by Theorem 2.1
n=0 N
this operator has a finite order. Then there exists N € N such that p(D) = > ¢, D"
n=0
and ¢ # 0. Note that the dimension of the kernel of the operator of differentiation
of finite order acting in the space s is equal to the order of this operator. Since
equivalent operators have equal dimensions of kernels, N = m and ¢,, # 0. O

Remark 4.1. The statement of Lemma 4.1 implies the correctness of the hy-
pothesis, which is formulated in Remark 1 of [7].

Theorem 4.1. Let (¢,)52, be a sequence of complex numbers such that the
(oo}

operator p(D) = > ¢, D™ acts in s linearly and continuously. In order that ¢(D)
n=0

is equivalent to D in s, it is necessary and sufficient that (D) = @ol + ¢1 D and
1] = 1.

Proof. Necessity. Assume that the operator ¢(D) is equivalent to D in
the space s. Then Lemma 4.1 implies that (D) = @ol + v1D, o1 # 0. It
remains to prove that |p1] = 1. The operator Tp, which acts according to the
rule (Tof)(z) = exp(woz/p1)f(2), is an isomorphism of s such that the equality
To(pol + ©1D) = (p1 D)1y holds. Then the operator pol + @1 D is equivalent to
p1D in s. As a consequence of transitivity of equivalence we obtain that the op-
erator ¢ D is equivalent to the operator D in the space s. Then there exists an
isomorphism T of s such that the equality T'(¢1 D) = DT holds. Let Tz" = t,(2),
n = 0,1,... Then there exists a sequence of complex numbers (¢,,)22, such that
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n
ta(2) = Y (n!/kN)¢Ye, k2%, n = 0,1,... These equalities can be proved by induc-
k=0
tion on n. Herewith T'1 = to(z) = ¢ # 0, because the operator T is an isomorphism

of S. Since T € L(s),
(12) YpeN 3geN 3C>0 Vies: [Tfl, < Cllfl

Fix an arbitrary p € N and find ¢ € N, C > 0 according to (12). Setting in (12)
f(z) = 2", we get ||tn]lp, < Cn? for n € N. Since

n
n!
[tnllp = nlleal + > Elsml’“lcnfklkp 2 [p1]"|co|n®,
k=1

| n

|901

for all n € N. Tt follows that 1] < ¥/C/|co|({/n)?P for all n € N. Letting n — oo,
we get |p1| < 1. Since @1 D and D are equivalent in s, (1/¢1)D and D are equivalent
in s. Then, according to the above-proved, [1/¢1] < 1, i.e. |p1| = 1. Thus, |¢1] =1
and the necessity of conditions of Theorem 4.1 is proved.

Sufficiency. Let ¢(D) = @ol + ¢1D and |pi| = 1. The operator T, which acts
according to the rule (T f)(z) = exp(poz)f(p12), is an isomorphism of s such that
T(pol + ¢1 D) = DT. Thus, the operator ol + ¢1 D is equivalent to D in s. d

Remark 4.2. Theorem 3 in [7] asserts that the operator p(D) = Z on D™ is

equivalent to D in the space s if and only if o(D) = ¢ol + ¢1D, Wlth 301 £0. Tt
follows from the theorem we have proved above that this statement is not correct,
because the condition |¢1| = 1 is missed in Theorem 3 from [7].
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