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Abstract. We give existence theorems for weak and strong solutions with trichotomy of
the nonlinear differential equation

(P) i(t) = LOO)x(t) + f(t,z(t), tER

where {L£(t): t € R} is a family of linear operators from a Banach space E into itself
and f: Rx E — E. By L(E) we denote the space of linear operators from FE into itself.
Furthermore, for a < b and d > 0, we let C([—d, 0], E') be the Banach space of continuous
functions from [—d,0] into E and f%: [a,b] x C([—d,0], E) — E. Let L: [a,b] — L(E)
be a strongly measurable and Bochner integrable operator on [a, b] and for ¢ € [a, b] define
7z(s) = z(t + s) for each s € [—d,0]. We prove that, under certain conditions, the
differential equation with delay

Q) i(t) = L)z(t) + fAt, mew) ift € [ab],

has at least one weak solution and, under suitable assumptions, the differential equation
(Q) has a solution. Next, under a generalization of the compactness assumptions, we show
that the problem (Q) has a solution too.
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MSC 2010: 35F31, 34D09

1. INTRODUCTION

In Section 2, we investigate the weak and strong solutions of the problem having
trichotomy

(P) i(t) = L(O2(t) + F(t,a(t), teR.
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Main results of this section generalize many previous theorems. In fact, in the case
L(t) = 0 we have, as a special case, some improvement to the existence theorem of
Cramer-Lakshmikantham-Mitchell in [9], Boudourides in [2], Ibrahim-Gomaa in [21],
Szep in [36] and Papageorgiou in [30]. Cramer-Lakshmikantham-Mitchell in [9] stud-
ied the special case of Problem (P) in a nonreflexive Banach space, Boudourides in [2]
and Papageorgiou in [30] found weak solutions for the special case of Problem (P)
on a finite interval [0, 7] with 0 < T' < oco. Szep in [36] studied the special case of
Problem (P) in a reflexive Banach space, while we use in this section more general
compactness assumptions. Ibrahim-Gomaa [21] proved the existence of weak solu-
tions for the special case of Problem (P) on a finite interval [0,7]. Also in [14] we
consider the Cauchy problem by using weak and strong measures of noncompactness
while in [17] we consider some differential inclusions and its topological properties
with delay. In [35] the authors present necessary and sufficient conditions for uniform
exponential trichotomy of evolution families on the real line, but in [27] Megan-Stoica
deal with necessary and sufficient conditions for uniform exponential trichotomy of
nonlinear evolution operators in Banach spaces. Moreover, the nonlinear differen-
tial equations were studied by many authors ([6], [7], [15], [19], [22], [25], [26] for
instance). Further, the paper [3] contains also a suggestion how to apply the results
presented in that paper.

In fact, if £(t) # 0 our main results generalize those of Cichon in [4], [6] because
we are able to reduce the compactness assumptions.

Finally, in Section 4 we examine the equation

Q) i(t) = L()x(t) + fUt ma) ift € [a,b],

and obtain results similar to that for problem (P). Recently the difference equations
(even in the context of Banach spaces) have been investigated (cf. [31], [34]).

2. PRELIMINARIES

Let E be a Banach space, F* its dual space and F,, the Banach space F endowed
with the weak topology. Let A be the Lebesgue measure on R™, By the family of all
nonempty bounded subsets of E and Rg the family of all nonempty and relatively
weakly compact subsets of E. Assume that (,) is the pairing between E and E* and
C(w) (R, E) is the space of all (weakly) continuous functions from R™ to £ endowed
with the topology of almost uniform weak convergence. Further, let C([—d,0], E)
be the Banach space of continuous functions from the closed interval [—d, 0], d > 0
into E. By L(FE) we will denote the space of linear operators from FE into itself.
A function u: [a,b] — E, (a,b) € R? is called Pettis integrable if for any measurable
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subset D of [a,b] there is an element vp in E such that (vp, f) = [, (u(s), f)ds
for all f € E*; in this case we write vp = [,u(s)ds. A function u: [a,b] — E
is called Bochner integrable if there exists a sequence of countable-valued functions
{un} converging almost everywhere on [a, b] such that nlgngo fab lun(s) —u(s)|ds = 0.
We note that every Bochner integrable function is Pettis integrable (see [20]).

For any nonempty bounded subset Z of E we recall the definition of De Blasi’s

measure of weak noncompactness:
B(Z) =inf{e > 0: I K = weakly compact subset of £, Z C K +eB;}.

For the properties of 8 see [1], [13].
If we put R* = {z: z < 2 < 00, z = min{a,0}}, then by a Kamke function we
mean a function w: [a,b] x R* — R such that

(i) w satisfies the Carathéodory conditions,
(ii) for all ¢ € [a,b]; w(t,a) =0,
(iii) for any ¢ € (a,b], uw = 0 is the only absolutely continuous function on [a, ¢] which
satisfies 4(t) < w(t, u(t)) a.e. on [a, c] and such that u(a) = 0.

A nonempty family K C Rg is a kernel if it satisfies the following conditions:

(i) Ace K = convA € K,
(i) B#0,BC A, Aec K= Be€K,
(iii) a subfamily of all weakly compact sets in K is closed in the family of all bounded
and closed subsets of E with the topology generated by the Hausdorff dis-

tance.

A function v: Br — [0, 00) is a measure of noncompactness with the kernel K if it
is subject to the following conditions:
(i) v(A)=0= A€ K,
(ii) v(A) = y(A), where A is the weak closure of the set A,
(iii) y(conv A) = ~(A),
(iv) A,B€ Bg, BC A= ~(B) <~v(4), see [1], [23].
Denote by N a basis of neighbourhoods of zero in a locally convex space composed

of closed convex sets. Let N’ = {rV: V € N, r > 0}. The following two definitions
can be found in [5], [6].

A function p: N’ — [0,00) is a p-function if it satisfies the following conditions:
() X,Y € N, X CY = p(X) < p(¥),
(ii) for each € > 0 there exists X € N’ such that p(X) < ¢,
(iii) p(X) > 0 whenever X ¢ K.
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A function v: Bg — [0,00) is a (K, N, p)-measure of noncompactness if and only if
y(U)=inf{e >0: JA€e K, X e N, UC A+ X, p(X) <e},

for each U € Bp.

Each (K, N, p)-measure of noncompactness is a measure of weak noncompactness.
De Blasi’s measure is (K, N, p)-measure of noncompactness [1], [5].

For each t € R and L(t) € L(E), we consider the differential equation

(1) #(t) = L(t)z(2).

Following Elaydi and Hajek in [11] we introduce:

Let X (t) be the fundamental solution of the differential equation X (t) = L(t)X (t)
with the condition X (0) = Id. A linear equation (1) is said to have a trichotomy on
R if there exist linear projections P, () such that

PQ=QP, P+Q=PQ

and constants a > 1, o > 0 with

|X(H)PX " (s)| < ae %) if0<s<t,
IX(#)(Id — P)X (s)| < ae G ift <s, 5>0,

IX(#)QX " (s)| < ae™ ™D if 0 < s <0,
IX(#)(Id — Q)X (s)| < ae ™% ifs<t, s<0

Define the integral kernel K (t,s) = X (t)L(t,s)X ~1(s), where

Id—Q if 0 <s < max(¢,0),
-Q if max(t,O) <s
L(t,s) =
(%) P if s < min(t,0),

P —1d if min(¢,0) < s <0.

Moreover, in [24] the authors consider two trichotomy concepts in the sense of Elaydi-
Hajek in the general case of abstract evolution operators. Now for each t,s € R we
have | K (t,s)| < ae=?(=%) ([11], Lemma 7).

We will need the following lemmas in the proof of the main results.

Lemma 2.1 ([5]). If v is an (Rg, N, p)-measure of noncompactness such that
p(aX) = ap(X) with X € N, a € R" and for each X,Y € N’ we have X +Y € N/,
then
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Ufz}) =~(U), z € E,
V =(U) <A(V),

Under the assumptions in Lemma 2.1 on the measure v we state the following

lemma.

Lemma 2.2 ([16]). Let V C C(I, E) be bounded equicontinuous in the strong
topology and V(J) = {xz(t): = € V, t € J}, where J is a subinterval of I. Then,
under the assumptions in Lemma 2.1, v(V(J)) = supy(V({t})) = v((J(s)) for some
sedJ. rel

Lemma 2.3 ([6]). Let v be an (Rg, N, p)-measure of noncompactness such that
p(aX) = ap(X) with X € N’, « € R and N is composed of balanced sets. Then for
each bounded subset U of E and for each A € L(E), we have v(AU) < |A|y(U).

Lemma 2.4 ([11]). Let {(t) be a nonnegative locally integrable function such that

t+1
/ £(s)ds <b, teR.
¢

If a >0, then for allt € R

2b
1 —e o’

/ " eelt=slg(s)ds <

Lemma 2.5 ([(4]). If D: [a,b] — L(F) is a continuous mapping and U is
a bounded subset of E/, then

7( U D<t>U) < sup [DOWD).

tela,b] tela,b]

Lemma 2.6 ([10]). Let W be a bounded, almost equicontinuous subset of
C(R,E). For any subset X of W set R(X) = supy(X(t)). Then XN has the
teR

properties (M;)—(Ms) in Lemma 2.1 and if R(x) = 0, then x is relatively compact
in C(R, E).
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Lemma 2.7 ([8]). LetY and E be two Banach spaces, P.(Y") the set of all closed
and convex subsets of Y and let F: E — P¢.(Y) be weakly sequentially upper
hemicontinuous. Further let (x,,)nen C C(I, E), x,(t) — zo(t) weakly a.e. on I and
(Yn)nenugoy C LYI,E), y, — yo weakly. Suppose that there exists a € L'(I,R)
such that ||F(z)|| < a(t) for all x € C(I, E) and y,(t) € F(x,(t)) a.e. on I. Then
yo(t) € F(xo(t)) a.e. on I.

Lemma 2.8 ([28]). Let V C C(I, E) be a family of strongly equicontinuous func-
tions. Then

Be(V) = sup B(V (1)),

tel

where 5.(V') is the measure of weak noncompactness in C(I, E) and t — S(V (t)) is

a continuous function.

We need to state the well-known Darbo-Sadovskii’s theorem [33].

Theorem 2.9. Let i be a measure of noncompactness defined on a normed space
M such that p(convU) = p(U) for any nonempty and bounded subset U of M.
Let D be a nonempty bounded closed and convex subset of M. If T: D — M is
continuous and for each bounded A C D with u(A) > 0, u(T(A)) < p(A), then T
has a fixed point.

Now we consider the Cauchy problem

© {i?(t) = h(t,7x),

x(t) =y e C([_d7 0],E),

where h: [0,00) x C([-d,0],E) — E, z € C([-d,),E) and 1z € C([—d,0], E),
t > 0 is defined by nx(s) = z(t +s), s € [—d,0]. Let B, = {x € C([-d,0),E):
]l <7}

Theorem 2.10 ([3], Theorem 5). Suppose that F is a separable Banach space.
Let h: [0,00) x C([—d,0],E) — E be sequentially weakly continuous in bounded
sets. Further, let h([0,T] x B,) be relatively compact in E,, for any T,r > 0. Then
for each r > 0 there exists 6(r) > 0 such that if yp € C([—d,0],E) and ||¢| < r,
problem (C) has a solution defined on [0,6]. Moreover, if h is continuous, then
problem (C) has a solution in C*([0,d]; E) and the separability of E is not needed.
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3. EXISTENCE RESULTS FOR PROBLEM (P)

In the following we study the problem (P) on R and use the (K, N, p)-measure of

noncompactness so that we will generalize Theorem 8 with respect to the Cauchy

problem in [14] and the references herein.

Theorem 3.1. We introduce the following assumptions:

(M)
(Mz)

(My)

f is a continuous function from R x E,, to E,,.
L: R — L(FE) is strongly measurable and Bochner integrable on every finite
subinterval of R and the linear equation

has a trichotomy with constants o > 1 and o > 0.
There exist two real nonnegative functions c1, co which are locally integrable
on R and, for each t € R, there exist two constants C7 and Cs such that

t+1 t+1
sup/ c1(s)ds < Cy, sup/ ca(s)ds < Cy,
teR J¢ teR J¢

where 0 < Co < 3(1 —e %)/ and || f(t,2)|| < c1(t) + c2(t)|||| for eacht € R
and x € E.

For each compact subset I of R and for each € > 0 there exists a closed subset
I. of T with A\(I — I.) < € such that for any nonempty bounded subset U of E
one has

Y(f(JxU)) < ilelgw(tm(U))

for any compact subset J of I..

Then there exists a bounded weak solution of (P) on R.

Proof. By virtue of assumption (M) there exist two constants « and o such
that for each t,s € R,

(2)

|K(t,5)] < ae™?(=9),

If M =2aC1/(1 —e 7 —2aCy), then M > 0. Put

H= {fc € Cuw(R, E): [zl < M, [Jx(t) — 2(7)]| < M/ |L(s)]ds

t t
+/ Cl(S)dS+M/ c2(s)ds, Tgt}.
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H is a nonempty, almost equicontinuous, bounded, closed and convex subset of
Cw(R, E). For each x € H we can define a mapping I' by

L(z)(t) = /[RK(t, s)f(s,xz(s))ds for eacht € R.

By Lemma (2.4) and (2) we have ||I'(z)| < 2a(Cy + MC2)/(1 —e™%) = M, and so
I is bounded on R. Moreover, since y = I'(x) is a weak solution of the equation
§(t) = LE)(E) + (2, 2(1)), we have

IT()(#) = T(z) ()] < /tT I£(s)T () (s) + f(t,2(s))[| ds
<M/ |£(s)|ds—|—/ cl(s)ds—i—M/ co(s) ds.

Therefore I'(x) € H and I': H — H. Moreover, it can be shown as in [7] that I is
continuous on H. Now we note that each nonempty subset X of H is equicontinuous.
According to the definition of « for each ¢ > 0 there exists V € N’ with p(V) < e.
We can find two positive constants §, ¢ such that Me %7 < 2§ and B; C V. In the
sequel without loss of generality we will assume that A = (¢t — ¢,t + ¢) and 0 ¢ A.
Set X; = ff;g K(t,s)f(s,X(s))ds, thus

t—q M _5q
| X1 < / e 09 (¢1(5) + Mey(s)) ds < 62 <6

—0o0

and v(X;1) < p(V) <¢g,s0 Xy C Bs C V. Moreover, from [32] we have

o[ ks xe) ) <

t+q

By condition (M) there exists a closed subset J; of [t — ¢, t + ¢] such that A([t — g,
t+q] — J:) < € and for any compact subset K of J. and any bounded subset Z of E,

3) V(f (K x 2)) < sup w(s,7(2)).
seK

By Scorza-Dragoni theorem there exists a closed subset I. of the interval [t — ¢, v]
such that A(I — I.) < ¢ and there exist d(¢), n > 0 (n < §) such that

s1,82 € I; 1,79 € [a,b] with |s1—s2| < 8, |r1 —ra| < = |w(s1,r1)—w(s2,m2)| < e.
Put D={zx e C(t —¢,v],E): x € X}, so
V(D) = sup{y(X(s)): t —¢ <s < v} <y(X)
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and
st — 52| < 1= y(D(s1)) — 1D (s2))] < 6.

Let us fix u, v, t —g<u<v<t+qgandletu =1t <t; < ... <ty =0 be
apartition of [u,v] with t; —t,—1 <nfori=1,...,m. Let T; = J. N [t;—1,t:] N I,

P = UTf[uv]ﬂJ NI and Q = [u,v] — P. We can find ' > 0, ' < ¢, such

that 1f 7"1,7"2 € P and |r; — ro| <17/, then
|K(t,r1) — K(t,ra)| < e
and we can find s; in T; with

(4) sup K, 8)| = [ (¢, 50)]-

Further, we have
/UK(t,s)f(s,D(s))dsc/PK(t,s)f(s,D(s))ds+/QK(t,s)f(s,D(s))ds.

By the mean value theorem for the Pettis-integral we obtain

/Kt s)f(s,D(s)) dsCZ)\ ;)conv { K (t,s)f(s,w): s € T;, we D(s)}.

i=1

Let D; = {z(t): z € D, t € T;}. Hence, by Lemma 2.8,
(6) v(D;) = sup{y(D(t)): t € T;} = v(D(s})) for some s; € T;.

In view of (4), (6) and (3) we have

o( [ s ns)as) < ZA K (1) wlas 1(D(). g € T

Moreover, |w(s,v(D(s))) — w(g;, v(D(sF)))| < &'/A(P) for all s* € T;. So

EI)\(Tz)
AP)

AT K (2, s0)[w(gi, v(D(s7))) < /T (K (t, 8)[w(s,v(D(s))) ds +

and

N o [ Ko pe)as) < (/ (s (D) s+ 1)
- /P K (1, $)lw(s,/(D(s)) ds + '
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Furthermore, we have

(8) 7</QK(15,8)J”(8,D(8))<18) </QIK(LS)I(Q(S)+M02(S))d8-

From (5) we have

</Kts f(s,D(s > (/Kts sD())d>
#a( [ KG9 D) as ).

If \(Q) < &, then from (7) and (8) we deduce that

(/Kts £(s.D(s ) Il A(D() ds

< [ 1K@l (D) ds

Moreover,

(D)) < A(p(D)(w) + 7( | K.)56.06) ds).

Defining o(t) := v(D(t)) we get

o(v) — ou) < 7( / " K (t,5)f(s, D(s)) ds) <) [ U1K (8, 8)lws, ofs)) ds.

Therefore o(t) < ay(By)e "¢~ %w(t, o(t)) a.e. on [u,v] and since p(u) = 0, hence

o = 0 and so D" is weakly compact in C, (R, F). But D is closed, hence it is

a convex and compact subset in Cy (R, E). By the Schauder-Tichonov theorem,

since ¢ is a continuous mapping from D to D, there is a fixed point y of ¢ such that

y is the desired weak solution of (P).

Theorem 3.2. Let the following assumptions be fulfilled:

(A1) £L: R — L(E) is strongly measurable and Bochner integrable on every finite

subinterval of R and the linear equation

has a trichotomy with constants o > 1 and o > 0.
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(A2) f: Rx E — FE is a function such that
(i) for eacht € R the function f(t,.) is continuous,
(ii) for each x € E the function f(-,x) is measurable,
(iii) there exist two real nonnegative functions c1, co locally integrable on R
and, for each t € R, two constants C; and Co with

teR teR

t+1 41
sup/ c1(s)ds < Cy, sup/ ca(s)ds < Cy,
t t

where 0 < Cy < (1 —e™7)/2a and || f(t,z)|| < c1(t) + c2(t)||z|| for each
teRandx € E.
(A3) h: R x[0,00) — RY satisfies the Carathéodory conditions.
(Ay) L = sup{[, [ K(t,s)||h(t,y(B(s))ds: t € R} < sup{y(B(s)): s € A}, where
B is a bounded subset of C(R, E), for each compact subset A of R.
(As) For each compact subset I of R and for each e > 0, there exists a closed subset
I. of I with A\(I — I.) < ¢ such that for any nonempty bounded subset U of

FE one has

V(f(J xU)) < suph(t,y(U))
teJ

for any compact subset J of I.

Then there is at least one bounded solution of (P) on R.

Proof. By the assumption (A;) there exist two constants « and o such that
for each t,s € R, [11] Lemma 7 yields

©)) |K(t,s)] < e 7(t=s),
Now if M =2aC1/(1 —e™ 7 —2aCs), then M > 0. Put
t
H= {x €EC(RE): |lz@)l <M, |lz(t) —z(7)|| < M/ |A(s)| ds
t t ’
—l—/ cl(s)ds—i—M/ ca(s) ds, rgt}.

H is a nonempty, almost equicontinuous, bounded, closed and convex subset of
C(R, E). For each x € H we can define a mapping ¢ by

Y(x)(t) = /RK(t,s)f(s,x(s)) ds for eacht e R,
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and this mapping is bounded on R. Since y = 9 (x) is a solution of the equation
y=A(t)y + f(t,z(t)), we have

19 (2)(t) — () ()] < /tT [A(s)p(x)(s) + f(t,x(s))]| ds
SM/ |A(s)|ds—|—/ cl(s)ds—i—M/ ca(s) ds.

By Lemma (2.4) and (9)

20(C1 + MC5)
1—e°

(@)l < =M.

Therefore 1(x) € H and ¢»: H — H. Moreover, it can be shown as in [7] that ¢ is
a continuous function on H. Now we note that each subset X of H is equicontinuous.
By the definition of 7 for each € > 0 there exists V € N’ with p(V) < e. We can
find two positive constants 8, ¢ such that Me % < 2§ and Bs C V. In the sequel
without loss of generality we will assume that A = (t—¢q,t+¢) and 0 ¢ A. Set X; =
TR () f(s, X (8)) ds, | Xall < [T ae™009)(¢; () +Mea(s)) ds < Me™%9/2 < §
and
(X1) <p(V) <e.

Thus X; C Bs C V. Moreover [32],

o[ ks xenes) <

t+q

Condition (Mj5) yields that there exists a closed subset J. of [t — ¢, t+ q] such that
AM[t—g,t+q]— J.) < € and for any compact subset K of J. and any bounded subset
Z of F,

(10) Y(f(K x 2)) < sup h(s,v(Z)).

From the Scorza-Dragoni theorem there exists a closed subset I. of the interval
[t — q,t + ¢] such that A(I — I.) < ¢ and there exist d(g), n > 0, n < §, such that

s1,82 € Ie; 11,72 € [a,b] with [s1 — 2| <0, [r1—ra| <& = [h(s1,71) = h(s2,72)| <e.
Put D ={X(s): t—q<s<t+gq},so

(D) = sup{y(X(s)): t =g < s <t+ s} <y(X)
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and

Is1 — s2| <n = |7(D(s1)) —v(D(s2))] <.
Lett—qg =ty <t1 <...<ty =1t+qbe apartition of [t—q,t—i—q] with ¢, —t;-1 <n
fori=1,...,m. Let T; = J. N [ti—1,t;] NI, P = UT =[t—qt+qNnJ.NI

and Q@ = [t — ¢,t +q] — P. We can find o' > 0 (7 < (5) such that if 1,79 € P and
|’I“1 — ’I“Ql < 77/, then
|K(t,r) — K(t,m2)| < ¢,

and we can find s; in T; with

(11) sup K (1, 8)| = K (t,5:)].
seT;

Further, we have

t+q

(12) K(t, s)f(s, D(s))ds C /K (t, ) f (s, D(s)) ds

t—q

/Kts F(s,D(s)) ds.

By the mean value theorem for the Pettis-integral we obtain

/Kt s)f(s,D(s) dsCZ/\ Ycomv {K (t,s)f(s,w): s€T;, we D(s)}.

i=1

Let D; = {z(t): z € D, t € T;}. Hence, by Lemma 2.8,
(13) v(D;) = sup{~(D(t)): t € T;} = v(D(s})) for some s; € T;.

In view of (11), (13) and (10) we have

o( [ s ne)as) < ZA K (5l A(D(s). 4 € T

Moreover, |h(s,v(D(s))) — h(qi,v(D(s})))| < €’/A(P) for all s* € T;. So

e'MT7)
/\(P)

T (1, ) h(gi, /(D / K (1, 5)[ (s, 7(D(s))) ds

and

</Kts f(s,D(s ) </|Kts|h5fy(())) +’/\A((PT;)>
- /P|K(f, s)|h(s,7(D(s))) ds + €',
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Furthermore, we have

(15) 7</QK(tas)f(s,D(8))d8) </QIK(LS)I(Cl(S)+M02(8))d8~

From (12) we have

(/ K(t,s)f(s, D(s ) </Kts sD())d)
#a( [ K960l as ).

If A(Q) < &, then from (14) and (15) we deduce that

(/ K(t,3) (s, D(s ) /WKtsMs% (s))) ds
t+q

/t— [K (2, 5)|h(s,7(D(s))) ds

< sup{y(D(s)): t =g <s<t+q}=~(D).

N

Thus
(W (X (1)) < 26 + (D) < 2e +y(X).
If we put X(X) = sup{7y(X(¢)): t € R} then, by Lemma 2.6, X satisfies the condi-

tion (Ms) in Lemma 2.1 and moreover R(¢)(X)) < N(X). By Theorem 2.9 ¢ has
a fixed point in H which, due to Lemma 7 of [12], is a bounded solution of (P). O

In the next theorem we will deal with the differential equation

(P) i(t) = LW)a(t) + £ (L at), teR

where f': R x E — E is a Carathéodory function, £: R — L(E) is a strongly
measurable and Bochner integrable operator on every closed finite interval I of R
and v is a (K, N,p)-measure of weak noncompactness. The Kuratowski measure
of noncompactness is a (K, N, p)-measure of noncompactness [5], [1], hence we get
generalizations of results such as Theorem 2 in [37] and Theorem 9 in [14].

Theorem 3.3. Assume that f': R x E — E satisfies (M3) and (My) of Theo-
rem 3.1 while £L: R — L(FE) is a strongly measurable and Bochner integrable oper-
ator on every closed finite interval I of R. Moreover, assume

(i) for eacht € R, f'(t,-) is continuous,
(ii) for each x € E, f'(-,x) is measurable,
(iii) for each x € E and each closed finite interval I of R, f'(I x {x}) is separable.

Then problem (P’) has at least one bounded solution.
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Proof. Let

W= {w €CRE): [z <M, |lz(t) - z(7)l| < M/ [£(s)| ds

¢ ¢
+ / c1(s)ds + M/ co(s)ds, T < t}.
We can define a mapping ¢: W — W by
P(x)(t) = / K(t,s)f(s,z(s))ds for eacht € R.
R

Let z¢ be an arbitrary element in W, ¥(x,,) = 241 and Y = {x,,: n=0,1,2,3,...}.
As in the proof of Theorem 3.1, there exist two constant u, v such that if V' = {z,, €
C([t—q,v], E): z, € Y} and we define o(t) := v(V(t)), then

o(v) — ou) < 7( | K.)56.06) ds) <a(B1) [ 1K )uls.ofs)) ds.

Therefore o(t) < ay(Bi)e "¢~ =w(t, o(t)) a.e. on [u,v] and since o(u) = 0, we
have 9o = 0. Thus the closure of V' is compact and so we can find a subsequence
(2, ) of (r,) which converges to a limit z. Since ||z, — ¢(x,)| — 0 as n — oo and
© is continuous, hence & = p(x) so that x is the desired solution of (P’). O

We are in a position to prove the following result.

Theorem 3.4. Let b: [a,b] x R* — RT be a Carathéodry function and, for each
bounded subset Z of [a,b] x R®, let there exist a measurable function my such
that h(t,s) < mz(t) for each (t,s) € Z and m is integrable on [c,T| for each c;
a < ¢ < b. Moreover, let for each ¢; a < ¢ < b, the identically zero function be
the only absolutely continuous function on [a, ¢] which satisfies u(t) = b(t,u(t)) a.e.
on [a,c|, such that the right hand derivative of u(t) at t = a, Diu(a), exists and
D;u(a) = u(a) = 0. If we replace in the setting of Theorem 3.3 a Kamke function w
by a function b and suppose that f’ is bounded and continuous, then the problem (P)
has at least one solution.

Proof. Due to the assumption that f’ is bounded we can find a constant C
such that ||f'(t,z)]] < C. Let L: [a,b] — R be defined by

Lty=swp |f'(t,x) - Lyl
Izl |lyl|<Ct

It can be shown as in [14], [29], that £ is continuous at a and lower semicontinuous on
Ja,b]. Consequently, we can say that || [[7 f/(s,z(s)) = [ f'(s,y(s))ds|| < [ L(s)ds
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for each z,y € Y. Now by the same argument as in the proof of Theorem 3.3 if we
put Y = {z,: n=0,1,2,3,...} and V = {2z, € C([t — q,v], E): z, € Y} while
o(t) =y(V(t)) we get

o(0) = o) <2 ( [ K916, as) <580 [ 1Kl 000 .
Now we can conclude that
o(1) — o(t) < min</; L(s)ds,v(B1) /t K(t,s)f(s,D(s)) ds>, t—g<t<T <.
Since o is an absolutely continuous function on [t — g,4] 50
(16) o(t) < min(L(¢t),y(B1)af(t,D(t)), a.e.on [t—q,v].

By Lemma 1 in [29] ¢ = 0 on [t — ¢, v] and thus we obtain the result. O

4. EXISTENCE RESULTS FOR PROBLEM (Q)

For t € [a,b] we let L(t) € L(E) and Tix(s) = x(t + s) for all s € [—d,0]. Assume
that C([—d,0], E) is the Banach space of continuous functions from [—d, 0] into
and f?¢: [a,b] x C([—d,0], E) — E. In the next theorem we deal with the problem

Q) @(t) = L(t)z(t) + fU(t, mzx), € [a,b]
and obtain a generalization of Theorem 3.1.

Theorem 4.1. We assume:

(Hy) f%: [a,b] x Cry)([—d,0], E) — E is continuous, where C(,)([—d,0], E) is the
space of all weakly continuous functions from [—d, 0] to E.

(Hy) L: [a,b] — L(E) is a strongly measurable and Bochner integrable operator on
[a,b] and the linear equation

i(t) = L(t)z(t)

has a trichotomy with constants o > 1 and o > 0.
(H3) There exist two real nonnegative functions ci, cy integrable on [a,b] and two
constants C1 and Cy such that

b b
/cl(s)dsgCl, /02(s)ds<02,
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where 0 < Cy < (1 —e9)/a and ||f(t, )| < c1(t) + c2(t)]|(0)| for each
t € [a,b] and p € C(|—d,0], E).

(H4) For each € > 0 there exists a closed subset I. of [a,b] with A([a,b] — I.) < €
such that for any nonempty bounded subset A of C(|—d,0], E) and for each
closed subset J C I., one has

V(F(J x A)) < igyh(t,v(A(O))).

Then, for each 1 € Cg([a — d,a]) such that 1)(a) = 0, the problem (Q) has a weak
solution on the interval [a — d, b].

Proof. Along the same lines as in [17], [18], [16] we use some methods for
functional equations. We partition the closed interval [a,b] by the points ! =
(tb+ (n—i)a)/n where i = 0,1,2,...,n. Let £': [a — d,t}] x E — E be a function
defined by

en(t.a) = {1/)(15) ift €la—d,al,

n(t—a)z ift € [a,t}],

where n is a positive integer. Let fi": [a,t}] x E — FE be a function defined by
fi(t,x) = f4t, 7n (€7(-,2))). Due to Theorem 3.1 there is a function v, such that
vp, =1 on [a — d,a] and for each t € [a, (7]

vn(t):/ K(t,5) (s, vn(s)) ds.

Moreover, there exists a function u,: [—d,t}}] = E defined by w, = ¢ on [a —d, d]
and

¢
) = [ (s s un(s) ds, 1 ot
where f]'(t,x) = fd(t,Ttgfﬁ(',x)) and £ [a — d,t}] x E — E is defined by

Un(t) iftefa—dtp_,],
un(ty ) +n(t =ty ) (@ —un(ty_y)) ift €[ty 7]

& (t, ) —{

Assume that £\, : [a —d, 1}, ] x E — E is a function defined by

Un (1) ift €fa—d,t}],
un(th) +n(t — ) (x —un(ty)) if t € [ty 17, 1]

iy (t2) = {
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Let fi,1: [a,t}, 1] X E — E be defined by f | (t,z) = fd(t,Ttg+l(§,’€’+1(~,x))). Ac-
cording to Theorem 3.1 there exists a function uf*!: [a,t} 1] — E such that for
each t € [a, 1}, ]

up T (t) = /t K (t, ) fiya(s,uy 7 (s)) ds.

Put u, = uf™ on [t7, ¢}, ,]. Then we can consider uy, is defined on [a — d, {},,] so

that u, =1 on [a — d, a] and for each t € [a, 1}, ]

) = [ B (05) (5, (5)) .

Therefore for each n € N, there exists a continuous function u,, such that u, = 1 on
[a — d,a] and for each t € [a, b]

un(t):/ K (1, 8) f4(s, mip €0, un(s))) d,

where k € {1,2,3,...,n} and t}_; <t <t}. Set H = {u,: n € N} If t1,t2 € [a,b]
and t1 < to, then

lun(t1) — tun(t2)]] < / K (b, 8) — K (b)) |95, 7 € un(5))) ] ds

" / VK (2, )| 1457 €0 un()))]] s

t1

< / K (1) = K (t2,5)l(ea(s) + ca(s) [ (5)) s

+ a/ 2 e~ 1273l (cy () + ca(s)|Jun(s)]]) ds.

t1

Furthermore, | K (t,5)| < ae™?1*=l and u,, = 1 on [a — d, a]; hence, H is equicontin-
uous in C([a — d,b], E). Moreover, we can define a mapping 1)’ by

V@) = [ K9 sy a(s) ds for each t € fa, 1],
so ¥ (H(t)) = ¥ ({un(t): n €N}) and ¢(H(a)) = 0.
We can show that y(¢/(H(t))) = 0 for all ¢t € [a,b]. Let a < t < x < b. In the

same way as in the proof of Theorem 3.1 if we replace the interval [t — ¢,t + ¢] by
[t,z] and the set D by H, then

YW (H(1))) < /tx [K (¢, s)|lw(s,y(H(s))) ds.
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Define o(t) := v(H(t)); since y(H (t)) = v(¢'(H(t))), so o(a) = 0 and

/|Kts|wsg<>>

Therefore o(t) < ae="=slw(t, o(t)) a.e., thus o = 0. By Ascoli’s theorem the
sequence (Up)nen converges weakly uniformly to a function u € Cg(la — d,b], E)
such that v = v on [a — d,a]. For simplicity we will denote the function f(s,
TR (- un(s))) by hi(s) and we have £({hk(t): n € N}) =0, so {h(t): n € N} is
relatively weakly compact. If we create a multivalued function F(t) = conv {hk(¢):
n € N}, then F(t) is nonempty convex and weakly compact. The set

={le L"I,E): I(t) € F(t)}

is nonempty convex and weakly compact, thus by the Eberlein-Smulian theorem there
exists a subsequence (h’f”) of (h%) such that h’f“ — | weakly, [ € 6%. Thus u, tends
weakly to f; K(t,s)l(s)ds. Moreover, u, € Cg([a — d,b]) and (us)nen converges
uniformly to u on each compact subset of [a — d,b] and w is uniformly continuous
on [a — d,a]. But for each t € [a,b] we can find n € N such that d > (b —a)/n and
t € [t}_,,t7] for some k in the set {1,2,...,n}. Moreover,

[7ep & (-, un(t)) — Teul < sup  [[[&F (R + s, un(t)) — u(ty + 5)]
s€[—d,(a—b)/n]

+ lulty + ) = u(t + s)]]

+ osup [([Jun(tioy) + 0ty + s — 1)
s€l(a=b)/n.0]

X (un(t) = un(ty_1)) — u(ti + s)|)
+ llu(ty +5) — u(t + )]

< sup lua(ty + ) —u(ty + 9|
s€[—d,(a—b)/n]

+ lulty + 5) = u(t + s)|]

+  sup  [((b = a)[(un(t) = un(ti_1))ll
s€[(a—b)/n,0]

+ lun(t—1) = u(ty + s)]|
+|utg +s) —ut+9)|)) =0 asn — oco.

Thus by Lemma 2.7 we conclude that u(-) is the desired solution of (Q). O

There are really only a few results dealing with weak solutions for delayed prob-
lems and the proposed one seems to be interesting in this subject. The results
presented here are of a more general form (quasi-linear problem and much better
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compactness-type assumption). In the important case E(t) = 0 Theorem 4.1 gener-
alizes Theorem 2.10. In [3] the authors formulated a suggestion how to apply the
results presented in this paper to retarded lattice dynamical systems.

In the next theorem we use a (K, N, p)-measure of weak noncompactness. The
Kuratowski measure of noncompactness is (K, N, p)-measure of weak noncompact-
ness, see [5], [1]; hence, we get generalizations of results so we have a generalization
for Theorem 3.3 and improvement for Theorem 2 in [37] and Theorem 9 in [14]. In

the following theorem we have a finite delay and we obtain similar result to that for
problem (P).

Theorem 4.2. We assume:
(Hy) f%: [a,b] x Cp([—d,0]) = E is a function such that
(i) t ~— fi(t, ) is measurable,
(ii) o~ f4(t,¢) is continuous,
(iii) there exist two real nonnegative functions cy, co integrable on [a,b] and
two constants C and Cy with

b b
/cl(s)dsgCl, /02(3)d8<02,

where 0 < Co < 3(1 —e9)/a and || f(t,¢)|| < c1(t)+c2(t)||¢(0)| for each
t € [a,b] and p € Cr([—d,0]).
(Hy) L: [a,b] — L(E) is a strongly measurable and Bochner integrable operator
on [a,b].
(Hs3) For each e > 0 there exists a closed subset I. of [a,b] with A([a,b]—I.) < € such
that for any nonempty bounded subset A of Cg([—d,0]) and for each closed
subset J C I., one has

V(T x A)) < ilelgh(t,ﬁ(A(O)))-

(H4) Let
b
L= Sup{/ K (£, 8) h(t, /(B(s)) ds: ¢ € [a,b]}
< sup{y(B(s)): s € [a,b]},

where B is a bounded subset of C([a, b], E).

Then, for each ¢ € Cg([a — d,a]) such that ¢ (a) = 0, problem (Q) has at least one
bounded solution on the interval [a — d, b].
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Proof. We partition the closed interval [a, b] by the points: t? = (ib+(n—i)a)/n
where i = 0,1,2,...,n and u, will be defined by mathematical induction. Along the
same lines as in [17], [16] we use some methods for functional equations. For each
(t,x) € [a —d,t}] x E put
»(t) ift € la—d,al,
n(t—a)r ift € [a,t}],

(I)?(tvx) = {

where n is a positive integer. Let fi': [a,t}] x E — E be a function defined by
fi(t,x) = f4t, 7 (P7(-,x))). By Theorem 3.2 there is a bounded function u,,:
[a —d,t}7] — E with u,, = ¢ on [a — d,a] and for each t € [a, 7]

unlt) = [ K97 (5v0a(5) ds.

Now we can assume that the function u, such that w,, = on [a — d, a] and

¢
un) = [ (s s un(s) ds, 1 ot
a
with f(t,z) = fi(t, Tip ®k (-, z)) where ®7: [a — d,t?] x E — E is defined by

Un (t) iftea—dtp_),
up(tp_y) +n(t—th_ )@ —up(th_y)) ift ety 7]

i (t,x) = {

We define @7 ,: [a —d,t} ] x E — E by

Un (1) ift e la—dt}],
un(th) +n(t — ) (x —un(ty)) if t € [ty 17, 1].

<I>Z+1 (t,x) = {

Now if fi,,: [a,t}, 1] x E — E is defined by f', ,(t,x) = fd(t,TtZH(@ZH(-,ac))),
then f}!, | satisfies the conditions of Theorem 3.1. Hence there is a bounded function
uktt: [a,t},,] = E such that for each ¢ € [a, 1} 4]

up L (t) = /t K (t, 8) fi1 (s, unt () ds.

k+1

Put u, = uy*" on [t}, 1, |]. Then we can consider u,, is defined on [a —d, 7, ] with

un =9 on [a — d, a] and for each ¢ € [a, 1}, ], uy, is defined by

unt) = [ K05 s (5,00(5) .
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Consequently, for all n € N we have a continuous bounded function u,, such that
Uup =1 on [a — d,a] and for each ¢ € [a, b], u,, is defined by

- / K (1, 5) f4(s, 7ip @ (- n(5))) s,

where k£ € {1,2,3,...,n} is such that t}_, <t <t}. Set W = {u,: n € N}. Now if
t1,t2 € [a,b] and ¢; < to, then

Jun(t2) = unt2) < [ K (t1,5) = Kt )| £ 50 05 o () s
+/2| (t2 )] | F4(5, 72 7 (-, wn(s)))]] s

t1

< / K (1) — Kt 9)|(1(5) + ca()l|un(s) ) ds
+“/ o1ty (5) + ea(8) |un(5)]]) ds

t1
Since u, is bounded, |K(t,s)| < ae~?I*=5l and u, = 9 on [a — d,a] hence W is
equicontinuous in Cgla — d,b]. Moreover, we can define a mapping ' by

= / K(t,s)f(s,z(s))ds for eacht € [a, ],

so Y/ (H(t)) = ¢'({un(t): n € N})and ¢(H(a)) = 0. We can show that ¢/ (H(t)) =0
for all ¢ € [a, b].

Consider a < t < x < b. Along the same lines as in the proof Theorem 3.1 if we
replace the interval [t — ¢,t + q] by [t, z] and the set D by W, then we have

/msms7 /IKtslhsv(()))

and

(W (H (@) < 1 (W) (1)) + 7( / "Rt 5) (s, H(s)) ds).

Define o(t) := v(H(t)); since v(H (t)) = v(¢¥'(H(t))), so go(a) = 0 and we get

o) o) < ([ K6 as) < [ K 9lne. o) s

Therefore o(t) < ae™?I'=sIh(t, o(t)) a.e., thus o = 0.
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By Ascoli’s theorem the sequence (uy,)nen converges weakly uniformly to a func-
tion u € Cg([a — d,b]) with u = on [a — d, a].

For simplicity we will denote the function f4(s, 712 ®}(-, un(s))) by hk(s) and we
have ®({hX(t): n € N}) =0, so {hE(t): n € N} is relatively weakly compact.

Now if we create a multivalued function

F(t) = conv {hF(t): n €N},
then F'(t) is nonempty convex and weakly compact. The set
6p:={l€ L"(I,E): I(t) € F(t)}

is nonempty convex and weakly compact, thus by the Eberlein-Smulian theorem
there exists a subsequence (h’flj) of (hk) such that h’fbj — | weakly, | € §}.. Thus
u, tends weakly to fat K(t, s)l(s) ds. Moreover, for each n € N, u,, € Cg([a — d, b)),
uy, converges uniformly to u on each compact subset of [a — d, b] and u is uniformly
continuous on [a — d,a]. But for each t € [a,b] we can find n € N such that d >
(b—a)/n and t € [t}_,,t}] for some k in the set {1,2,...,n}. Now

17y PR un(t) —mul < sup [ @ (H; + 5, un(t)) — ulty + )|
s€[—d,(a=b)/n]

+ lulty + ) = u(t + s)]

+ osup [([Jun(tioy) + 0ty + s — 1)
s€l(a=b)/n.0]

X (un(t) = un(ty_1)) — ulty + )|
+ [lulty + 5) = u(t + )]

< sup [[Jlun(tf + ) — u(ty + 5|
s€[—d,(a—b)/n]

+ lulty + 5) = u(t + s)|]

+  sup  [((b—a)llun(t) — un(ti_y)|
s€[(a—b)/n,0]

+ lun (1) = u(ty + s)]|
+|u(tg +s) —u(t+9)|)) =0 asn — oco.

Thus by Lemma 2.7 we conclude that u(-) is the desired solution of (Q). O

Theorem 4.3. We assume:

(H}) f'¢: [a,b] x C([~d,0], E) — E is a function such that
(i) t~ f'U(t, ) is measurable,
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(i) ¢ = f'4(t, ) is continuous,
(iii) for all p € C([—d,0], E), f'*([a,b] x {®}) is separable.

(Hy) L: [a,b] — L(E) is a strongly measurable and Bochner integrable operator on
[a,b] and the linear equation

i(t) = L(t)z(t)

has a trichotomy with constants « > 1 and o > 0.
(H3) There exist two real nonnegative functions ci, cy integrable on [a,b] and two
constants C7 and Cy with

b b
/ c1(s)ds < Cy, / ca(s) ds < Cy,

where 0 < Cy < (1 —e79)/(2a) and || f'4(t, p)|| < c1(t) + ca(t)||¢(0)|| for each
t € [a,b] and ¢ € C([—d,0], E).

(Hy) For each € > 0 there exists a closed subset I, of [a,b] with A([a,b] — I.) < €
such that for any nonempty bounded subset A of C(|—d,0], E) and for each
closed subset J C I., one has

Y(f T x 4)) < ilelgh(t,v(fl(o)))

Then, for each 1 € C([a — d,a], E) such that ¢)(a) = 0, problem (Q) has a weak
solution on the interval [a — d, b].

Proof. We partition the closed interval [a, b] by the points: t? = (ib+(n—i)a)/n
where ¢ = 0,1,2,...,n. For each n € N, let £}': [a — d,{}] x E — E be a function

defined by

P(t) ift € la—d,al,
n(t —a)z ift € [a,t}].

&' (t,x) = {

Assume that f{": [a,t}] x E — E is defined by f{"(t,x) = f"*(t, 7 (£7(-,2))). By
Theorem 3.3 there is a function v}, : [a — d,t}] — E such that v/, = ¢ on [a — d, d]
and for each ¢ € [a, 7]

00 = [ KA () ds

As in Theorem 4.1 there exists a function w,: [—d,t}] = E defined by u,, = ¢ on
[a —d,a] and

%m:/KwaW@%@m&temw
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where f;"(t,x) = f’d(t,thffL(',x)) and £ [a — d,t]] x B — E is defined by

Un(t) iftefa—dt7_],
un(tp_y) +nt =g ) (@ —ua(ty_y)) it e [th 6]

fl?(tvx) = {

At this point we can complete the proof as that of Theorem 4.1. ([

In the next theorem we let b: [a,b] x R* — RT be a Carathéodory function and,
for each bounded subset Z of [a,b] x R?, let there exist a measurable function mz
such that b(t,s) < mz(t) for each (¢,s) € Z and m is integrable on [¢, T] for each ¢;
a < ¢ < b. Moreover, let for each ¢; a < ¢ < b, the identically zero function be
the only absolutely continuous function on [a, ¢| which satisfies u(t) = (¢, u(t)) a.e.
on [a,c| such that the right hand derivative of u(t) at ¢t = a, Dyu(a), exists and
Diu(a) =u(a) =0.

We note that the assumptions on § are weaker than those on a Kamke function w.

Theorem 4.4. In the setting of Theorem 4.3 we replace a Kamke function w by
a function b and suppose that f'¢ is bounded and continuous instead of (i) and (ii) in
condition (H}). Then, for each ¢ € C([a — d,al], E) such that ¢)(a) = 0, problem (Q)
has a weak solution on the interval [a — d, b].

We omit the proof since it runs as the proof of Theorem 4.3 except that we replace
the use of Theorem 3.3 by that of Theorem 3.4 to find a continuous function v,, such
that v, = v on [a — d, a] and for each ¢ € [a, t7]

0n(0) = [ (0517 (s,(5)) d.
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