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Abstract. Recently, the weak Triebel-Lizorkin space was introduced by Grafakos and He,
which includes the standard Triebel-Lizorkin space as a subset. The latter has a wide appli-
cations in aspects of analysis. In this paper, the authors firstly give equivalent quasi-norms
of weak Triebel-Lizorkin spaces in terms of Peetre’s maximal functions. As an application
of those equivalent quasi-norms, an atomic decomposition of weak Triebel-Lizorkin spaces
is given.

Keywords: weak Lebesgue space; Triebel-Lizorkin space; equivalent norm; maximal func-
tion; atom
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1. INTRODUCTION

It is well known that homogeneous and inhomogeneous Besov and Trieble-Lizorkin
spaces include many classical function spaces, such as Sobolev spaces, Bessel poten-
tial spaces, Hardy spaces, local Hardy spaces, and BMO function spaces. These
spaces have been studied in detail in [6], [7], [8], [18], [19], [20], [21], [24]. They play
an important role in analysis. The theory of these spaces have had a remarkable
development in part due to its usefulness in applications. For instance, they appear
often in the study of partial differential equations. Especially, Triebel applied them
in the study of the Navier-Stokes equations in [22], [23]. In recent decades, there
have been some generalizations of these spaces. Firstly, the Besov-type space B, 7
and the Triebel-Lizorkin type space F;:7 were studied in [5], [3], [4], [16], [30], [32].
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Province (No. 20151011).
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Their homogeneous versions were originally studied in [29], [31] in order to clarify

s . . . - S
5.q» Lriebel-Lizorkin spaces F} ,

and the @, spaces studied in [26], [27]. Another class of generalisations, variable

the relation between the classical Besov spaces B

exponent Besov and Triebel-Lizorkin spaces were introduced in [1], [2], [11], [12], [28].

Recently, He in [10] considered square function characterization of weak Hardy
spaces. Then in [9] Grafakos and He discussed various maximal characterization of
these spaces and stated an interpolation theorem for H?>*° from initial strong HP°
and HP' estimates with py < p < p1, and they also introduced weak Triebel-Lizorkin
spaces. From their definition we can immediately see that the usual Triebel-Lizorkin
space is a subset of a weak Triebel-Lizorkin space. In this paper we shall present
the equivalent quasi-norms of weak Triebel-Lizorkin spaces in terms of Peetre’s max-
imal functions in Section 2. In Section 3, we describe an atomic decomposition of
these spaces. Our result is inspired by the atomic decompositions of the previously
mentioned Besov type and Triebel-Lizorkin type spaces.

Throughout this paper |S| denotes the Lebesgue measure and x s the characteristic
function of a measurable set S C R™. We also use the notation a < b if there exists
a constant ¢ > 0 such that @ < ¢b. If a < b and b < a we will write a ~ b. C is always
a positive constant but it may change from line to line.

2. THE QUASI-NORM CHARACTERIZATIONS

Let S(R™) be the Schwartz space on R™, S'(R™) being its dual space on R™. For
o € S(R"), p or Fy denotes its Fourier transform, and ¥ or F~l¢ denotes its
inverse Fourier transform. Take ¢ € S(R™) with ¢o(z) > 0 and

L Jof <1,
po(x) = {0’ | > 2.
Now define ¢(z) = ¢o(z) — ¢o(2x) and set p;(z) = @(277z) for all j € N. Let
No = NU{0}. Then {¢,}en, is a resolution of unity, which means i} @;(x) =1 for
=

all z € R™.
We use LP>>° to denote the weak Lebesgue space, which means it is the set of all
Lebesgue measurable functions f on R™ with the quasi-norm

|lliree := sup {z € R™: |f(a)] > AH'¥ < oo.

LP>°(l,) is the space of all sequences {g,} of measurable functions on R™ with finite

[e's) 1/q
1o 2ol mmqy = H (Z |gj|q>
j=0

quasi-norms

Lpioo
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Now, the weak Triebel-Lizorkin spaces is introduced as follows.

Definition 1. Let {¢;};en, be a resolution of unity as above, s € R, 0 < ¢ < o0,
0 < p < co. The set

{f € S'(R"): {2Y¢) * [}5Z0llLrq,) < o0}

is called the weak Triebel-Lizorkin space and denoted by F;>4 (R"). The quasi-norm
of f € F;4 (R™) in this space is denoted by

/]

F;’,go = H{zgjsoz/ * f}]qio”Lp’oo(lq)'

In [9] Grafakos and He pointed out that the weak Triebel-Lizorkin spaces are
independent of the choice of the resolution of unity {¢;};en,. In this paper we shall
prove this by using Peetre maximal operators for the first time. In fact, we shall give
five equivalent quasi-norms for the weak Triebel-Lizorkin spaces.

Let Wy, ¥ € S(R™), € > 0, an integer S > —1 be such that

(1) [Wo(§)] >0 on {|¢] < 2¢},
(2) @) >0 on {5 <l <2},
and

(3) D™U(0)=0 forall |7] < S.

Here (1) and (2) are Tauberian conditions, while (3) expresses a moment conditions
on V.

Given a sequence of functions {Uj}rez C S(R™), a tempered distribution f €
S'(R™) and a positive number a > 0, the classical Peetre maximal operator associated
with {Uy}rez is defined by

(W)af (@) = sup Lk S@HY)]

——— zeR" kel
yern (14 2F[y[)e

Since Uy, x f(y) makes sense pointwise everything is well-defined. We will often use
dilates Uy (z) = 2k (2%z) of a fixed function ¥ € S(R™), where ¥(z) may be given
by a separate function. Also continuous dilates are needed. Let W, := ¢t~ "W (¢t~ 1.).
Let us recall the classical Peetre maximal operator introduced in [14]. We define

(W})af () by

(U)o f (@) = sup xS @HY)]

Prrl e I 2 eR, > 0.
yern (L4 ]yl/t)*
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Now we have equivalent quasi-norms on the weak Triebel-Lizorkin spaces.

Theorem 1. Let s < S+ 1,0 < p < 00, 0 < ¢ < o0 and a > d/ min{p, ¢}.
Further, let ®9, ® belong to S(R") and (1), (2) and (3). Then the space F, ' (R™)
can be characterized by

Fyo(R™) = {f e S'(R™): |If]I12

< oo}, i=1,...,5,

Rl
where
1 1/q
. dt
@) NflRe = |c1>0*f||Lp,oo+H(/ t ‘qlét*f(')lq7> :
! 0 [,p,oo
1 1/q
) . e dt
© W1 = 1@l + ([ @ $) 7|
, -
1 1/q
(3) —sq qq, dt
©)  [fllzea = I[Po* fllre= + t (e * ) +2)|Tdz g ;
oo 0 |z| <t Lp.o©
(1) ok e
D 11, = (Senae) |
k=0 Lpee
5 0 1/q
® 11 = (X2 s10)
' k=0 Lr.eo
Furthermore, ||| ;f)q ,1=1,2,...,5 are equivalent.

We shall use the method from [25] to prove Theorem 1, which goes back to [15].
To do so, we need some lemmas.

Lemma 1 ([15], Lemma 1). Let y,v € S(R"), -1 < M € Z,
D7i(0) =0 for all |7| < M.
Then for any N > 0 there is a constant Cy such that

sup e * v(2)|(1+ [2)V < Ont™*,
Zean

where p(z) =t "u(z/t) for all 0 <t < 2.

Lemma 2 ([15], Lemma 2). Let 0 < g < 00, § > 0. For any sequence {g,}§° of
nonnegative numbers denote

o0
Gj = Z 2_|k_j|6gk.
k=0
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Then
(9) I{G336% e, < Cli{g5}6° Ml
holds, where C' is a constant only depending on ¢, 6.

Lemma 3. Let 0 < p < 00, § > 0,0 < ¢ < oo. For any sequence {g;}3° of
nonnegative measurable functions on R™ denote

o0
Gj(z) = ZQ*‘k*j“sgk(x), x € R™
k=0
Then
(10) {G}0 ILror,) < C1ll{g5}0° [ILreo )

holds with some constant Cy = C4 (g, 9).
Proof. By Lemma 2, (10) follows immediately from (9). O

Lemma 4 ([6], Theorem 2.6). Let {;};en, be a resolution of unity and let R € N.
Then there exist functions 0y, § € S(R™) satistying

suppfp, suppf C {z € R": |z| < 1},
00(€)] >0 on {J¢| < 2¢},

o~

61 >0 on {5 <lel <2},

/ 270(x)de =0 forO<|y|<R

such that

~ ~

Bo(€)o(€) + Y 0277€)p(279¢) =1 forall ¢ € R",

IoF

1

J

where tI/l\e functions g, € S(R™) are defined via 120(5) = 900(5)/50(5) and @({) =

©1(26)/0(8)-

Let L{.(R™) be the collection of all locally integrable functions on R". Given

a function f € L (R™), the Hardy-Littlewood maximal operator M is defined by

Mf(a:)::supr"/( )|f(y)|dy, r e R",
B(x,r

r>0
and M f = (M|f]")Y for any 0 < t < 1, where B(x,r) := {y € R™: |z —y| < r}.
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Lemma 5 ([10], Proposition 4). Let 1 < p < oo and 1 < r < oco. Then there
exists a positive constant C' such that for all sequences { f;}32 of locally integrable

functions on R™,

(> |ij|'“)1/r

J=1

/AN
_9Q

Lp,> [P,

00 1/r
(Zi5r)
j=1

This immediately yields

| (f_oj M)

for 0 <t < min{1,p,q}.

1/r 1/r

N
Q

\(éfjr)

Lp.oo

Remark. Although Proposition 4 in [10] applies only for 1 < r < oo, the result

also holds for the case r = oco. Indeed, since |f;| < sup|fj|, we have M|f;] <
]/

./\/l(sup |f]|) Thus we obtain sup M|f;| < ./\/l(sup |f]|)
i>1 i>1 i>1

Proof of Theorem 1. We divide the total proof into four steps. First, we prove
the equivalence of (4) and (5). The next step is to build the bridge between (5)
and (7) and to change from the system (®g, @) to a system (¥g, ¥). The equivalence
of (7) and (8) goes parallel to (4) and (5). Indeed, Definition 1 can be seen as a special
case of (8). Finally, we prove that (5) is equivalent to the rest. In the following, we
consider the case ¢ € (0,00). For ¢ = 0o, we only use the usual modification.

Step 1. We are going to prove that for every f € S'(R™)

2 1 2
112 S 115 S AR -
From Lemmas 1 and 4, we have that, see [25], for » < min{p,q}, N € N, there

exists a positive constant C' such that for f € S’'(R™),

s (@ A (I—k)(Nr—n+rs)okrs
|zq>,tf<>|— <C D 2 TETM

kel+Ng

([ 1@ ‘“)T/q}(x).

Now taking n/a < r = pg < min{p,q}, N > max{0,—s} + a and putting 6 =
N + s —n/r > 0, we obtain for [ € N

? ls(px th "/ < —or|l—k|okrs
| R@ @l ) S Y 2 2" M

kel+Ng

<[(f @ non ‘“)r/q}(x).
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Then we apply Lemma 3 in L?/ "%(lg/r), which yields

. de Y’
([ eesanaer )]
tenllLo/moo (i, )

(o)

Next, using Lemma 5, we obtain

(o)),

Lo/ (ly,)

Le/m ac(lq/r)

T

([ emwacnor YL L.
HU woacnord)7) ...,
{

( / |2 (@) f><->|q%)1/q}kEN

Lp'oo(lq).

Hence, we obtain

([ wwners)

- (lz/l |213(q>;_,,tf)a(->|q%>l/q .
([ oot
~ </0 |AS<I>A*f(-)I"%>1/q

g,l)q . Since the reverse inequality is trivial, this finishes

AN

Lp’x(lq)

Lp:>

This proves || f]
Step 1.

Step 2. Let ¥y, ¥ € S(R™) be functions satisfying (1), (2) and (3).
First, we are going to prove for all f € S'(R™)

2
e S

(11)

i

Fbgo(R” @)
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Again from Lemmas 4 and 1, we have that, see [25], if we let 6 = min{1,S+1—s},
there exists a positive constant C' such that for any f € §’'(R™),

(12) 25U fla(z) < C Y 27Kk (05, £),(x)

keNg

for all x € R™ and all ¢ € [1, 2].
Suppose first that ¢ > 1. Then we take on both sides ( f1 |-|]9dt/t)1/9, which gives

1/q
, dt
2l9 o f Z 9= |k— l|<12k9</ |(I)2 ’th )| ) .
keNg

Applying Lemma 3 we obtain that

)

ls * = ks * dt 1/(1
1207 F)ahienll o) < H(Za Q|<<1>2_ktf>a<x>|Q—)

t
k=1

Lp.oo

which gives the desired result.
In case ¢ < 1 we argue as follows. The quantity (ff |-|2dt/t) Y4 is not longer
a norm. This gives

N 5 3 2o [ @

keNg

Notice that the right-hand side is nothing else than a convolution (v * a(-)); of the

sequences

dt

2
=270 and =2 [ @3 a@
1

Now we apply the [;-norm to both sides and get for all x € R™

12 (7 Pa @), < IVl el < 22’“‘1/ (@51 f)a( oI

We take the power of both sides and apply the L”>*°(R™)-norm. This gives (11).
Similarly, we obtain for all f € §'(R™)

2
A1 e gy S IR -
Step 8. Choosing t = 1 in Step 1 and omitting the integration over ¢ we see
immediately
||f|Fw S ||f||
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Step 4. We show that (5) is equivalent to (6).
First, let us prove that for any f € S’(R”)

(13) IFIIS:

From [25], for 0 < r < min{p, ¢} there exists a positive constant C' such that for
any f € S(R™)

dt r/q
(/ | \I/* ltf )| ) C Z 2—kNS2(k+l)n

kN
2 r/q
(S J1scamwsn ((@hsa)e 1)z + )7 d2 )
></ dy.
n (14 24z — y|)or
If ar > n then we have
2nl

J=————¢€ Li(R").

90 = e < HEY

Thus we have

? l dt "/ kENroknol
([ e@s @) s 3t

keNg

o ([ e nG e omasg ) e

Now we use the majorant property of the Hardy-Littlewood maximal operator in

[17] and continue estimating

? l di "/ l k(—N
([ e@snaan ) s 3 2y

keNg

K//<2 . [(Prtt)e * f)(z + )|qdztn+1) q](x).

An index shift on the right-hand side gives

Is (F* de 7"/(1 lsro(k—1)(—Nr+n)
|2 (@ W Nal@)t ) < 3 2t M

kEl+N0

K//a ki (®e)e = F)(= + )|qdztn+1> q] (x)

= C Z 2([ k)(Nr—n+rs) 2kr5M

kel+No
K//<2 Kt (@) x D+ )|qdztn+1> q] ().
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Using similar arguments as after (12), we obtain (13).
). < IIf] (%), . Since for all t > 0

5,q 5,q -
Fploo ™~ Fplso

Second, we prove || f|

S (B f)a(2),

1 (D )@ + 2))|
t—n/z<t|(q)t*f)($+2)|d2§|S:|‘1<pt (1+1/t|2§|)a

we conclude what we want. The proof is complete. ([

3. ATOMIC DECOMPOSITION

Let Z™ be the lattice of all points in R™ with integer-valued components. For
v €Ny and m = (mq,...,my,) € Z", let Qum be the dyadic cube in R™

Qum = (T1, ..., xn): m; 2%z, <m;+1, i=1,2,... n

If @y is such cube in R™ and ¢ > 0, then ¢Q),,, is the cube in R™ concentric with
Qum with sides also parallel to coordinate axes and of length c27V. By xum we
denote the characteristic function of the cube ¢Q,,. The main goal of this section
is to prove an atomic decomposition result for the space F;°% . First, we introduce
the basic notation.

Definition 2. Let s € R, 7 € [0,00) and 0 < ¢, p < co. Then for all complex
valued sequences A = {\,,;, € C: v € Ny, m € Z™} we define

it = O IS < o0

where

o a\1/q
gl = (X (X 2% b ) )
v=0

mezm

Lo
We define atoms which are the building blocks for atomic decompositions.
Definition 3. Let K,L € Ny and let v > 1. A K-times continuously differen-

tiable function a € CK(R") is called a K, L]-atom centered at Q,.,, v € Ng and
m e /" if

(14) supp a € YQuim,

(15) |D%(z)| < 2°1% for 0 < |a] < K, z € R,
and if

(16) / z%a(z)de =0 for0<|a|<L and v>1.

506



If an atom a is located at Qum,, that means if it fulfils (14), then we will denote it
by @y For v =0 or L = 0 there are no moment conditions (16) required.

To prove the decomposition by atoms we need three basic lemmas. The first is
Lemma 3.3 in [6], the second lemma is a Hardy-type inequality which is easy to prove
and the last lemma first appeared in [13], Lemma 7.1, and in the following notation
n [12], Lemma 3.7.

Lemma 6. Let {¢,}jen, be a resolution of unity and let {oym }veny,mezn be
[K, L]-atoms. Then

IF 25 % 0pm ()] < C207DE(1 4 2°|z — 270m)~M
if v < j, and
|F 1) % gum(@)| < C2U7EFED (] 4 9|3 — 270y |)~M
if v > j, where M is sufficiently large.

Lemma 7. Let 0 < a < 1,j € Z and 0 < ¢ < co. Let {ex} be a sequences of
positive real numbers and denote

k 00
6k=Zaﬁkej, nk:Zaszsj, k=>0.
=0 i=k

Then there exist a constant C > 0 depending only on a and ¢q such that

00 1/q o 1/q 0 1/q
() (%) <e(xe)
k=0 k=0

k=0
Lemma 8. Let A= {\,;, € C: v &€ Ny, m € Z"}. Then
oo
> 2 |1+ 2% — 27Vm|) "M < CZ2<n/tM)’“Mt< > 2%|Avm|xm> (z)

me/Zn k=0 me/n

if v < j, and

> 2 (1 + P — 27 )

me/n

(o)
< Colw=n/t 3 gn/t=bk Mt( 3 2”S|)\vm|xvm> ()

k=0 mezn

if v > j, where 0 < t < min(1, p, q) and M is sufficiently large.
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Now, we come to the atomic decomposition.

Theorem 2. Let s € R, 0 < p < 00,0 < qg< o0, K,L €Ny be such that K > s,
L+ s+1>0. Then every f € F;:% can be represented as

(17) f= Z Z AvmOvm converging in S'(R™)

v=0 meZn

where 0y, are [K, L]-atoms and A = {\y;, € C: v € No, m € 7"} € f5d,. On the
[ee]
other hand, if A € f5:d,, ovm are [K, L]-atoms and f = . 3. AymOum converges
’ v=0meZn
in S'(R™), then f € F3d,.

Proof. Our method is essentially based on [5], Theorem 3.17, [6], Theorem 6,
and [8]. We consider only 0 < ¢ < co. The case ¢ = oo can be proved analogously
with the necessary modifications. For clarity, we divide the proof into three steps.

Step 1. Let 0y, 0, 19 and ¥ be the functions introduced in Lemma 6. We have

F=00xtpox [+ 0yxihyxf

v=1

and using the definition of the cubes @, we obtain

fl@y="> dox fly)dy + > 2"

mezn Y Qom

> [ s« )

me n vm

with convergence in §’(R™). We define for every v € N and all m € 72"

(18) /\Um = CG sup |wv * f(y)|’
YEQum
with
Cp = max { sup |D°0()[: Jo] < K |.
lyl<1

Define also

1
o 02" (@ - v d if Aym 0,
(19) OQvm (J)) ={ Aum /“m 2%z =)o fly)dy i #*
0 if Aym = 0.

Similarly, we define for every m € 7™ the numbers A, and the functions gq,, taking
in (21) and (22) v = 0 and replacing v, and 6 by ¢y and 6, respectively. Let us now
check that such o, are atoms in the sense of Definition 4. Note that the support
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and the moment conditions are clear by (18) and (19), respectively. It thus remains
to check (16) in Definition 4. If A, # 0, we have

D eum(@ < 2 [ Do e gl fwlay( s v 1))
Co vm YEQum

gu(ntlal) Lo
I [ e gl

< 2”("+|(¥\)|va| < gvlel

The modifications for the terms with v = 0 are obvious.
Step 2. Next, we show that there is a constant C' > 0 such that

Al < Cllf

$,q9
FTMOO

For that reason, we exploit the equivalent quasi-norms given in Theorem 1 involving
Peetre’s maximal function. For any z,y € Q,,, and any v > 0 we have

(20) Z AvmXom (2) = Co Z sup [ty * f(y)[Xom ()

mezn mezn YEQum

<C Y s w(1+2v|z|)axvm(@

i <oz (L+27]z))

< C(w;)af(x) Z va(x)

me/n

= C(y)af(2),

where we have used > xum(z) = 1. This estimate and its counterpart for v = 0
mez”
(which can be obtained by a similar calculation) give

1/q
< Clfllgga

Lpioo

] < CH (Zpksqwmafr)
v=0

by Theorem 1 (by taking a > n/min{p, ¢}).

Step 3. Assume that f € S'(R™) can be represented by (20), with K and L
satisfying K > s and L + s+ 1 > 0. We now show that f € F;:4, and that for some
c>0, [|f | FoLll < c[A| fd|l. We divide the summation (20) depending on j € Ng
into two parts,

oo 7 oo
f:Z Z )\vmgvm :Z Z Avm@vm"‘ Z Z )\vmgvm~

v=0meZn v=0mezm v=j+1mezln
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We have
o) 1/q
(21) H (e ) )
7=0
D P Nme) * oum

H<] 0 'v=0mezZn

q>1/q
H( Z > 2 hmy * oom
7=0

Q)l/q
v=0meZn

AE[S 5 #resivon

7=0 'v=j5+1mez"

Lp:>

Lp:>e

Lp,o°

Q>1/q

Lp:>o
=:01+ 02

Estimation of o;. From Lemmas 7 and 8 we obtain
j .
D> 2 Xme] * oum

0o a\1/q
(22) (Z )
7=0 'v=0mezZ™
oo 7 a\1/q
S (Z<Z DAL 2vS|Am|(1+2v|x—2vm|)M>)

j=0 “v=0mezn mezn

o o0 1/
(Z (2]: 9(w=i) (K ~s) Zg(n/t—M)kMt( 3 2“S|Avm|va(a?)>>q) q
k=0

j=0 = = mezmn

7=0 =0 mezmn

where the last estimate follows by taking M sufficiently large such that M > n/t;
from Lemma 7 we get

0o 4 a\1/q

25 (S (M X 2 nhint@) ) )
j=0 mezm

It follows that

(24) o < H( (M( > 2J’S|Ajm|><jm<'>))q>1/q

mezn

H( ( > 2j5|Ajm|ij<'>)q)1/q

mezn

~ (AL

Lp:>e

Lp:>e
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where we used in the last inequality the boundedness of M; on L,(l,) for 0 < ¢ <

min(L, p, ).
Estimation of o2. Again using Lemma 7 and Lemma 9 we obtain
Do D P heme) * oom(@)

Q)l/q
v=j+1meZm

= a\1/q
< Y Ui K 2”5|Avm|(1+2v|x—2vm|)M))

v=j+1 mezn

< Z 2(j7v)(L+n+1+s)2('ufj)n/t ZQ(n/th)kMt

§=0 “w=j+1 k=0

(X 2“|Avm|xvm<x)>>q)1/q

mezmn

o0 o0 a\1/q
(26) S (Z( Z Q(j—v)(L+n+1+s—n/t)Mt< Z 2vs|/\vmlxvm(m)>>)

=0 Mo=j+1 mezn

oo

where the last estimate follows by taking M sufficiently large such that M > n/t,
by choosing ¢ satisfying 0 < ¢ < min(p,¢,1) and L+n+ 1+ s—n/t > 0. Then from
Lemma 7 we get

(25) < @ (1 (mz 2l o)) ))/

It follows that

o) q\1/q
(21) o5 | (X (M 3 2 nlin) ) )
j=0 mezn Lp.oe
o ' a\1/q
<[(Z (X 2onimbone))
j=0 “mezn Lp.oo
~ A &l

where we used in the last inequality the boundedness of M; on L,(l,) for 0 < ¢ <
min(1, p, q). Now, by (21), (24), (27) we get

/1

e S CIN] L]l

The proof is completed. O
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