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Abstract. We give a classification of Hopf real hypersurfaces in complex hyperbolic two-
plane Grassmannians SUs ,,, /S(Uz-Un) with commuting conditions between the restricted
normal Jacobi operator Ry and the shape operator A (or the Ricci tensor S).
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INTRODUCTION

A typical example of Hermitian symmetry spaces of rank 2 is the complex two-
plane Grassmannian Go(C™*2) defined by the set of all complex two-dimensional
linear subspaces in C™*2. Another one is the complex hyperbolic two-plane Grass-
mannian SUs ,,,/S(Uz2-U,,), the set of all complex two-dimensional linear subspaces
in the indefinite complex Euclidean space CQ”JFQ.

Characterizing model spaces of real hypersurfaces under certain geometric con-
ditions is one of our main interests in the classification theory in Go(C™*2) or
SUz m/S(Uz-Up,). In this paper, we use the same geometric condition on real hyper-
surfaces in SUs /S (Uz-Uy,) as used in G2(C™*2) to compare the results.

G2(C™*+2) = SUsy/S(Us-U,,) has compact transitive group SUs;,,, however
SUsz.1m/S(Uz-Uy,) has noncompact indefinite transitive group SUs ,,,. This distinction
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gives various remarkable results. Riemannian symmetric space SUs p,/S(Uz-Up,)
has a remarkable geometrical structure. It is the unique noncompact, irreducible,
quaternionic Kdhler manifold with negative curvature.

Let M be a real hypersurface in complex hyperbolic two-plane Grassmannian
SUsz.1m/S(Ua-Up,). Let N be alocal unit normal vector field on M. Since the complex
hyperbolic two-plane Grassmannian SUg ,,,/S(Usz-Uy,) has the Kihler structure J,
we may define a Reeb vector field ¢ = —JN and a 1-dimensional distribution C*+ =
Span{ ¢}.

Let C be the orthogonal complement of a distribution Ct in T,M at p € M. It
is the complex maximal subbundle of TM. Thus the tangent space of M consists
of the direct sum of C and C* as follows: T,M = C @ Ct. The real hypersurface
M is said to be Hopf if AC C C, or equivalently, the Reeb vector field £ is principal
with principal curvature o = g(AE, €), where g denotes the metric. In this case, the
principal curvature « is said to be a Reeb curvature of M.

Due to the quaternionic K#hler structure J=Span{.J;, J2, Js} of SUsz 1.,/ S(U2-Usy,),
there naturally exist almost contact 3-structure vector fields £, = —J,N, v =1,2,3.
Let Q1 = Span{ ¢,&,&}. It is a 3-dimensional distribution in the tangent space
T,M of M at p € M. In addition, Q stands for the orthogonal complement of Qt
in T, M. It is the quaternionic maximal subbundle of T, M. Thus the tangent space
of M can be split into Q@ and Q- as follows: T,M =060 ot.

Thus, we have considered two natural geometric conditions for real hypersurfaces
in SUy ,,,/S(Us-Uyy,) such that the subbundles C and Q of TM are both invariant
under the shape operator. By using these geometric conditions, we will use the
results of Suh in [8], Theorem 1.

On the other hand, a Jacobi field along geodesics of a given Riemannian manifold
(M,g) plays an important role in the study of differential geometry. It satisfies
a well-known differential equation which inspires Jacobi operators. It is defined by
(Rx(Y))(p) = (R(Y, X)X)(p), where R denotes the curvature tensor of M and X, Y
denote any vector fields on M. It is known to be a self-adjoint endomorphism on
the tangent space Tpﬂ, p € M. Clearly, each tangent vector field X to M provides
a Jacobi operator with respect to X. Thus the Jacobi operator on a real hypersurface
M of M with respect to N is said to be a normal Jacobi operator and will be denoted
by Ry. The Riemannian curvature tensors of M and M are denoted by R and R,
respectively.

For a commuting problem concerned with the structure Jacobi operator R and
the structure tensor ¢ of Hopf hypersurface M in SUs ,,, /S(Uz-Usy), that is, RepA =
AR¢p, Lee, Suh and Woo in [5] gave a characterization of real hypersurface of
Tube (A) or horosphere A in SUs .,/ S(Us2-U,y,). Motivated by this result, we want to
give a classification of Hopf hypersurfaces in SUg ,, /S (Uz-Upy,) whose normal Jacobi
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operator Ry satisfies
(C-l) }_%NQOAX = AENQOX

for any tangent vector field X on M in SUs,,/S(Usz-Uy,). That is, the operator
Ry commutes with the shape operator A. The geometric meaning of RypAX =
ARN@X can be explained in such a way that any eigenspace of A on C is invariant
under Ry of M in SUs,,/S(Uz-Uy,).

The complex maximal subbundle C can be split into A(A1) B A(A2) ... A(\x),
where each {A(}\;) ?Z]f is a principal curvature space of A with principal curva-
ture ;. For any X € A(};) on C, (C-1) gives ARN(X) = Ry(AX) = \; X, that is,
Ry (X) € A(N)).

In physics, space-like hypersurface with CMC has an important physical meaning
in general relativity for existence and uniqueness results in the family of cosmolog-
ical models including generalized Robertson Walker space time (see Alias, Romero,
Sanchez [1], [2]). Moreover, it was known that such hypersurfaces play an important
part in relativity, since it was noted that they can be used as initial hypersurfaces
where the constraint equations can be split into a linear system and a nonlinear
elliptic equation (see Latorre and Romero [4]).

Now we want to give a complete classification of Hopf hypersurfaces in complex
hyperbolic two-plane Grassmannians SUs ,,, /S (Us-U,y,) with RypAX = ARy X:

Theorem 1. Let M be a Hopf hypersurface in complex hyperbolic two-plane
Grassmannians SUsg , /S(Uz-Up,), m > 3, with Rn@A = ARny. Then M is locally
congruent to one of the following:

(i) a tube over a totally geodesic SUsg ,—1/S(Uz-Up—1) in SUsg 4, /S(Uz-U,,) or
(ii) a horosphere in SUsg ,,/S(Us-Uy,) where the center at infinity is singular and of
type JX € JX.

From the Riemannian curvature tensor R of M in SUs ,,,/S(Us-U,y,) we can define
the Ricci tensor S of M in such a way that

4m—1
9(SX,Y) = > g(R(e:;, X)Y, i),

i=1

where {ey,...,e4m—1} denotes a basis of the tangent space T,M of M, p € M, in
SUsz.m/S(Uz-Up,) (see [11]). Then we can consider another new commuting condition

(C—?) ENQOSX = SENQDX
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for any tangent vector field X on M. That is, the operator Ry commutes with the
Ricci tensor S.

Since the Ricci tensor S is also a symmetric operator, C is decomposed to many
kinds of Einstein subspaces as follows: S(p1) & S(p2) @ ... @ S(w), where each
S(pi) ={X € C: SX = p; X} denotes an Einstein subspace of C in T, M, z € M.
Then it follows that SRy (X) = Rn(SX) = p;Ry X, that is, Rn(X) € S(u; ) for
any X € S(u;), which means that each Einstein subspace of C is invariant by the
normal Jacobi operator Ry. It can be displaced in parallel by the normal Jacobi
operator Ry along the normal direction N of M in SUg m/S(Uz-Up,). This means
that each dimension of Einstein subspaces can be constant and cannot be contracted
to a smaller dimension along the normal direction N of M in SUs ,,/S(U2-U,y,). Ac-
cordingly it follows that RyoC = RyC C C. This gives Ryé = d¢ for a smooth
function d on M. Then also by the result due to Berndt and Suh in [3], the hyper-
surface M becomes CMC. In this case we also have the same physical meaning as
in (C-1).

Then by [8], Theorem 1, we also give another classification related to the Ricci
tensor S of M in SUs ., /S(Usz-Uy,):

Theorem 2. Let M be a Hopf hypersurface in complex hyperbolic two-plane
Grassmannians SUsg ,,,/S(Uz-Uy,), m > 3, with RypS = SRyy. If the smooth
function « = g(AE, &) is constant along the Reeb direction of £, then M is locally
congruent to one of the following:

(i) a tube over a totally geodesic SUsz ,—1/S(Uz-Up—1) in SUsg 4, /S(Uz-U,,) or
(ii) a horosphere in SUsg ,,/S(Us-Uy,) where the center at infinity is singular and of
type JX € JX.

We refer [5], [6], [8], [9], [10] and [11] for Riemannian geometric structures of
complex hyperbolic two-plane Grassmannians SUs ,,,/S(Uz-Uy,), m > 3.

1. PROOF OF THEOREM 1
Let M be a Hopf hypersurface in SUs ,,,/S(Uz-Up,) with
(C-l) ENQOAX = A}_%N(pX.

The normal Jacobi operator Ry of M is defined by RyX = R(X,N)N for any
tangent vector X € T,M, p € M. Then for any tangent vector field X on M in
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SUs.m/S(Us-Up,), from [5], (1.1), we calculate the normal Jacobi operator Ry,
_ 1 3
L) R0 =3 | X+ 31006+ B (08 - nOpeX
v=1

(O + m(sz)soyg}} ,

where « denotes the real valued function defined by g(AE, €).
Now in this section, in order to prove our Theorem 1, we give important lemmas
as follows:

Lemma 1.1. Let M be a Hopf hypersurface in SUsg ,,, /S(Us-Up,), m > 3. If M
satisfies the commuting condition Ry@AX = ARNpX, then the Reeb vector field &
belongs to either the maximal quaternionic subbundle Q or its orthogonal comple-
ment QL.

Proof. To prove our lemma, without loss of generality, £ is written as

(%) & =n(Xo)Xo +n(&1)&

where X and &) are unit vectors in Q and Q*, respectively, and n(Xo)n(&1) # 0.
Let 4 = {p € M: a(p) # 0} be the open subset of M. Hereafter, we discuss our
arguments on 1.

From (xx) and ¢ = 0, we have

pXo = —n(&1)p1Xo,
(1.2) p&1 = 1§ = 1(Xo)p1Xo,
p1pXo = m1(§)Xo.
From (1.1) and (1.2), we have

Ry (Xo0) = —2n(Xo)¢,
(1.3) Ry (&) = —2¢ — 2n(&)é,

RN(QOX()) =0.

From this and the fundamental formula in Section 2, ?X = —X + n(X)¢ for any
X € TM, the condition (C-1) becomes

3
(14)  @AX +) {30, (pAX)E, + M (E)pr AX — 1, (AX) €}

v=1
3
= ApX + ) {30, (0X) A&, + 1 (§) Ap, X — 1, (X) Ap,€}.

v=1
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Moreover, if we take the symmetric part of this equation as mentioned before, we
have

3
ApX +> {30, (X) A€, + 00 (§) Apu X + g(,€, X) AL, }

v=1
3
= QAX + ) {30, (AX)pE, + m(E)pn AX + g(Ap,€, X)E ).

v=1

Summing up these two equations, it follows that

3 3
(15) > {9(Ap,&, X)6 + 0 (AX) S} =Y {m(X)Ap & + g(X, ,€) AL, }.

v=1 v=1

Taking the inner product of (1.5) with &, we obtain Ap&; = apé; which together
with the elementary formulas and (xx) yields

(1.6) Ap Xy = apXo
on Y. Putting X = X in (1.5), it becomes

3
S {9(Apu€, Xo)e, + m(AXo)pu €} = 0.

v=1

Taking the inner product of this equation with 1€, we obtain
(1.7) m(AXo) =0 on il

On the other hand, since M is Hopf, see [5], we have

3
(Ap +0A)X + > {n(X)m ()b + nu (O)mu(9X)E}

v=1

(1.8) ApAX =

[\ e}

3
50X = S () + (X + €)X ).
v=1

We put X = ¢Xj in (1.8) and use (1.7). It follows that
0= %A& + 17 (E)n(X0)¢ — n(Xo)m ()& on L.
Taking the inner product of the previous equation with & and using (2.2), we have
~m(€)n*(Xo) =0 on 4.
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It is a contradiction. Therefore, the point p must belong to M — L, where M — 1 =
Int(M — L) U (M — 81).

We consider the following two cases:

Case 1. p € Int(M — ). If p € Int(M — &), then o = 0 on the neighborhood
Int(M — 4) of p. For this case, the result was proved by the well-known equation

3
grada = (§a)§ — 2 El ()80 -

Case 2. p € 5‘(MV—LL). Since p € 9(M —4l), there exists a sequence of points p, — p
with a(p) = 0 and a(p,) # 0. Such a sequence will have an infinite subsequence
where 7(£1) = 0 (in which case £ € Q at p, by continuity) or an infinite subsequence
where 7(Xo) = 0 (in which case £ € Q1 at p).

Now we consider only the case p € 9(M — ). Then there exists a sequence
{pn} C U such that p, — p. Since &(p,) € Q or £(p,) € QF, by continuity we also
have £(p) € Q or &(p) € Q.

Summing up these discussions, we get a complete proof of our lemma. O

Now let us consider Hopf hypersurfaces M in SUs,/S(Uz-U,,) with RypA =
ARNp. By virtue of Lemma 1.1, the Reeb vector field ¢ belongs to either the
distribution Q or the distribution Q.

First we consider the case that ¢ belongs to the distribution Q.

Differentiating £ = &; along any direction X € T'M gives us

(1.9) 2n3(AX)& — 2n2(AX)E + 1 AX — pAX = 0.

Then, by using the symmetric (or skew-symmetric) property of the shape opera-
tor A (respectively, the structure tensor field ¢), we have

(1.10) 25(X) A& — 2a(X) Ay + Ay X — ApX = 0.
Applying 7 to (1.10), we have
(1.11) P1oAX = 2n3(AX)E + 2m2(AX )6 — AX + an(X)E.

Lemma 1.2. Let M be a Hopf hypersurface in SUs ., /S(U2-Uy,), m > 3, with
Rn@A = ARn. If the Reeb vector field ¢ belongs to the distribution Q*, then the
shape operator A commutes with the structure tensor field .

Proof. Let M be a Hopf hypersurface of SUs ,,,/S(Uz-Uy,), m > 3, such that
the Reeb vector field ¢ is tangential to the distribution Q' everywhere. Then the
commuting condition (C-1) is equivalent to M having isometric Reeb flow.
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Since ¢ € Q', we may put & = & for our convenience sake. Then (C-1) is
equivalent to

(1.12) CAX + 1 AX + 21m3(AX) € — 2m0(AX)E3

From (1.9), (1.10) and (1.12), we see that (A¢p — @A) vanishes on il. Actually, Suh
gave an equivalent property for the isometric Reeb flow (see [8]). By virtue of this
work, we assert that the commuting condition (C-1) with respect to the normal
Jacobi operator Ry on M is equivalent to the Reeb flow on M being isometric, that
is, M is locally congruent to a real hypersurface of T4 or H 4.

Next, if p € Int(M — i), we see that a(p) = 0. From this, the equation (1.6) gives
(Ap —A)X(p) = 0.

Finally, let us assume that p € 9(M — ), where (M — ) is the bound-
ary of M — 4. Then there exists a subsequence {p,} C il such that p, — p.
Since (Ap — 9A)X (p,) = 0 on an open subset 4 in M, by continuity we also get
(Ap —A) X (p) = 0. O

To summarize, it is natural that the shape operator A of M commutes with the
structure tensor field ¢ of M under our assumption. Thus, by [7], we assert M is
locally congruent to a real hypersurface of T4, Ha.

By [7] we assert that M with the assumptions given in Lemma 1.2 is locally
congruent to one of the following hypersurfaces:

(Ta) a tube over a totally geodesic SUsg ,—1/S(Uz-Upm—1) in SUsg ,,/S(Us-Upy) or,
(Ha) a horosphere in SUs ,,/S(Uz-U,,) whose center at infinity is singular and of
type JX € JX.

From [6], we have some information related to the shape operator A of T4 and
H 4 as follows:

Proposition A. Let M be a connected real hypersurface in complex hyperbolic
two-plane Grassmannians SUs ,,/S(Uz-Uy,), m > 3. Assume that the maximal com-
plex subbundle C of TM and the maximal quaternionic subbundle Q of T M are
both invariant under the shape operator of M. If JN € JN, then one of the following
statements holds:

(Ta) M has exactly four distinct constant principal curvatures
a =2coth(2r), B =coth(r), Ay =tanh(r), Xy=0,
and the corresponding principal curvature spaces are
To=TMeoC, Tzg=CeQ, T\,=E_, T\,=EFE;.
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The principal curvature spaces T, and T, are complex (with respect to J)
and totally complex (with respect to J).
(Ha) M has exactly three distinct constant principal curvatures

a=2, =1, A=0
with the corresponding principal curvature spaces
To=TMcC, Tg=(CcQ)@E_1, Th=E.

Here, E11 and E_; are the eigenbundles of py1|g with respect to the eigen-
value +1 and —1, respectively.

Combining the above formulas, we conclude that

0 it X=¢eT,, =T,,
0 it X=¢¢eT,, =T,
0 if X €Ty, =T,

0 fX eTy, =1,

(Rnvp)AX — A(Rnp)X =

Thus, Hopf hypersurfaces M with Ry@AX = ARn@X are locally congruent to
real hypersurfaces of T4, H 4 and vice versa.

Due to Lemma 1.1, let us suppose that £ € Q (i.e., JN L JN) in this section.
Related to this condition, Suh in [8] proved:

Theorem B. Let M be a Hopf hypersurface in complex hyperbolic two-plane
Grassmannian SUs ,,, /S(U2-U,y,), m > 3, with the Reeb vector field belonging to the
maximal quaternionic subbundle Q. Then one of the following statements holds

(Te) M is an open part of a tube around a totally geodesic quaternionic hyperbolic
space HH™ in SUg 2,,/S(Uz-Usy), m = 2n,
(HB) M is an open part of a horosphere in SUg ,,, /S(Us-U,y,) whose center at infinity
is singular and of type JN L JN, or
(€) the normal bundle vM of M consists of singular tangent vectors of type JX L
JX.

By virtue of this result, we assert that a real hypersurface M in SUs ,,/S(Uz-Up,)
satisfying the hypotheses of our main theorem is locally congruent to an open part
of one of the model spaces mentioned in the above theorem. Hereafter, let us check
whether the shape operator A of a model space of Tp, Hp or £ satisfies our condi-
tions, conversely. In order to do this, let us introduce the following proposition given

by [6].
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Proposition C. Let M be a connected hypersurface in SUsg 1, /S(Uz-Up,), m > 3.
Assume that the maximal complex subbundle C of T M and the maximal quater-
nionic subbundle Q of TM are both invariant under the shape operator of M. If
JN 1 JN, then one of the following statements holds:

(Ts) M has five (four for r = v/2tanh™'(1/4/3) in which case a = \y) distinct
constant principal curvatures

= VIt (VB), 5= VEth (VE), 7=,
1 1 1 1
A= ﬁtanh(ﬁr) A2 = 7 Coth<ﬁr),

and the corresponding principal curvature spaces are
To.=TMeC, Tg=TMocQ, T,=JTMecQ)=JI;.

The principal curvature spaces T, and T, are invariant under J and are
mapped onto each other by J. In particular, the quaternionic dimension of
SUz /S (Uz-Up,) must be even.

(Hp) M has exactly three distinct constant principal curvatures

1
a:ﬂ:\/i ’)/:07 )\:E

with the corresponding principal curvature spaces

T,=TM&(CNQ), T,=JTMeQ), T\=CNnQnJo.

() M has at least four distinct principal curvatures, three of which are given by

1
a:ﬁ:\/ﬁ7 ’)/:07 )\:E

with the corresponding principal curvature spaces
T.=TMo(CnQ), Ty=JTMoQ), ThCcCNnAnJa.

If p is another (possibly nonconstant) principal curvature function, then
JT,, C T\ and JT,, C T». Thus, the corresponding multiplicities are
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Next, we will check whether the normal Jacobi operator Ry of a model hyper-
surface of Tp, Hp or & satisfies the condition (C-1). It will turn out that the case
that £ belongs to the distribution Q cannot actually occur.

In order to do this, let us assume that the normal Jacobi operator Ry of MpTg,
Hp or € satisfies the condition (C-1).

Since ¢ € Q and pyp, & = Y€, = —&,, we have Ry (&) = —2¢&; and Ry (&) = 0.
The tangent space of Mp can be split into

TMB = Ta1 @ TO’Q @ T(yg @ T(y4 @ T(X{,

where Ty, = [£], Ta, = span{&1,&2,&3}, Tu, = span{é1, ¢&a, p&3} and Ty, O Ty, is
the orthogonal complement of Ty, & Ty, ® To, in TM. JTo, C Ty, (see [9]).
Putting X = & into (C-1), we have

RypApé — ARNpE = 28],

This implies that the eigenvalue ao vanishes, since £; is a unit tangent vector field.
But in [6], we see that the eigenvalue ao never vanishes neither in 7, Hp nor &,
which gives us a contradiction.

Summing up these observations, we assert that the shape operator A of three
model spaces Tp, Hp and € in SUsg,,/S(Us-Uy,) does not satisfy the condition
RypAX = ARyoX.

2. PROOF OF THEOREM 2
In this section, by using geometric quantities in [5] and [9], we give a complete
proof of Theorem 2. To prove it, we assume that M is a Hopf hypersurface in
SUQ’m/S(UQ'Um) with (C—Q), that is,
(C-2) (Rny)SX = S(Rny)X.

From the definition of the Ricci tensor S and the fundamental formulas in [11],
Section 2, we have that the Ricci tensor S of M in SUj ,,,/S(Us-U,,) is given by

(2.1) 28X = —(4m + 7)X + 3n(X)¢ + 2RAX — 2A%X
3
+ ) B0 (X)& = m(©)eveX + mu(9X)eué + n(X)n, ()&}
v=1

where h denotes the trace of the shape operator A (see [11]).
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Using the equations (C-2) and (2.1), we prove that the Reeb vector field £ of M
belongs to either Q or ot.

Lemma 2.1. Let M be a Hopf hypersurface in SUg ,/S(Ua-Up,), m > 3, with
(C-2). If the principal curvature o = g(A&,§) is constant along the Reeb direc-
tion of £, then the Reeb vector field ¢ belongs to either the distribution Q or the
distribution Q+.

Proof. In order to prove this lemma, for some unit vectors Xy € Q, & € QF,

we put

() & =n(Xo)Xo +n(&1)é,

where 7(Xo)n(&1) # 0 is the assumption we will disprove by contradiction.
Let & = {p € M: «a(p) # 0} be the open subset of M. Now we discuss our
arguments on il (see [5]).
By virtue of [5], Lemma 2.2, o = 0 gives AXy = aX( and A& = af;.
From (2.1), we have
SeXo = kpXo,
SXQ = (—2m —4 + 2’[72(X0) + hOé — OzQ)XQ + 2’[71 (f)’l](XQ)gl,
S¢ = (=2m — 2+ ha — a?)& + 2n(&)E,
S¢ = (=2m — 2+ ha — a®)& + 2n1 ()&,

(2.2)

where k := —2m — 4+ ho — 02 and 0 = (a? — 2n?(Xy)) /.
Putting X = ¢ X in (C-2) and using (1.2), (1.3), (2.2), it follows that

—201(X0)€1(§)&1 = —2n(Xo)m ()51

Taking the inner product with X of the previous equation, we have

0 = —4n*(Xo)n? (€).

Therefore, p does not belong to i, and thus it must be p € (M — ). Since
(M — ) =Int(M — ) UO(M — 4l), where Int and O denote respectively the interior
and the boundary of M — &I, we consider the following two cases:

Case 1. p € Int(M — ). If p € Int(M — 1), then o = 0 on this neighborhood
Int(M — i) of p.

Case 2. p € (M —4l). Since p € (M —4l), there exists a sequence of points p,, — p
with a(p) = 0 and a(p,) # 0. Such a sequence will have an infinite subsequence
where 7(£1) = 0 (in which case £ € Q at p, by continuity) or an infinite subsequence
where 17(X() = 0 (in which case £ € Q* at p). Accordingly, we get a complete proof
of our lemma. O
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Now, we shall divide our consideration into two cases when ¢ belongs to either Q-+
or Q, respectively.

Now, we further study the case ¢ € QF. We may put £ = & € QF for our
convenience sake.

Let M be a Hopf hypersurface in SUj,,/S(Uz-Uy,). If the Reeb vector field &
belongs to Q, then the Ricci tensor S commutes with the shape operator A, that
is, SA = AS (see [5], equation (4.7)).

Bearing in mind that & = & € @+, (2.1) is simplified to

(2.3) 28X = —(4m+T7) X +Tn(X)E+2n2( X )Ea+2n3(X )3 — 10X +2hAX —2A%X.

Here replacing X by ¢X in (2.3) (or applaying ¢ to (2.3)), we have

(2.4) 280X = —[(4m+T)pX — o1 X +2n2(X)& — 213 (X)&o] +2hApX — 2420 X,
. 208X = —[(4m~+T7)pX — 1 X +2n2(X) &3 —2n3(X ) &) +2hp AX —2p A% X.

On the other hand, the equations (1.9) and (2.3) give us

(2.5) 2n3(5X)&2 — 2m2(SX)&s + 15X — pSX
= (2m + ) {20s(X)& = 20p(X)Es + pX = @1.X} = Rem(X).

Taking the symmetric part of (2.5), we obtain
(2.6) 2n3(X)SE — 2nm2(X)SE + Sp1 X — SpX = Rem(X).
By virtue of SA = AS, (2.5) and (2.6) we assert the following:

Lemma 2.2. Let M be a Hopf hypersurface in SUs ,,/S(Us-Uy,) with (C-1). If
the Reeb vector field £ belongs to the distribution Q=+, that is, £ € QF, then we have
Sp = pS.

Proof. By (2.5) and (2.6) we have the left side of (C-2) and the right side of
(C-2), respectively, as follows:

RnpSX = —pSX + L Rem(X),

SRyeX = —SpX + 3 Rem(X).
Combining the equations in (2.7), we have

(2.8) SRyeX — RyoSX = —SpX + ¢SX.
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When & € Q*, (C-2) is equivalent to (2.8). Summing up Lemmas 2.1, 2.2 and [9],
Theorem, in the case of £ € @+, M is a Hopf hypersurface in complex hyperbolic two-
plane Grassmannians SUsg ,,, /S (Us-Up, ) satisfying (C-2), hence M is locally congruent
to hypersurface T4 or Ha.

Combining the above formulas, it follows that
0 if X =€€Ty, =Ty,

0 if X =§€T,, =T,
0 if X €Th, =Th,
0 if X €T, =T,

(Rnp)SX — S(Ryp)X =

Thus, if £a = 0, then Hopf hypersurfaces M with RypSX = SRypX are locally
congruent to real hypersurfaces of T4, H 4 and vice versa.

When ¢ € Q, a Hopf hypersurface M in SUsg ,,,/S(Usz-Up,) is locally congruent to
a hypersurface of Tg, Hp or £ by virtue of [8], Theorem.

We will now show that a hypersurface of T, Hp or £ cannot satisfy condition
(C-2), and thus cannot occur in our situation. For this purpose, we consider a model
space of Tz, Hp or &£, which will be denoted by Mp. We calculate (Ryp)S =
S(Ry¢) for Mp. The tangent space of Mp can be split into

TMp =Ta & Toy ® Ty ® Ty @ Tass

where T, = [5]7 Ta, = Span{&,fz,fg}, Toy = Span{@fla ©&a, 5053} and To, ® Ta, is
the orthogonal complement of Ty, ® T, ® Th, in TM. Further, JT,. C Ty, (see [9]).
From [11], we obtain

(=2m—2+har —af)¢ X =¢eT,,,
(—2m—2+ha2 —a%){l le:fl ETaz,
(—2m — 4)pg if X = & € Tay,
(—2m — 5 +hau - ai)X if X €T,
7 ) .

(—Zm ~3 + has — a5)X it X € Ty,

—26 if X =¢€€T,,,

-2 if X = & € Taza

(2.10) Ry(X)=<0 if X = @& € Ty,
—3X f X €T,,,

—L1X i X €T,
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In order to check whether model spaces Tp, Hp or & satisfy (C-2) or not, we
should verify that the following equations vanish for all cases:

(2.11) G(X) = (Rnp)SX — S(Rnp)X.

Case 1. Tube Tp. By calculation, we have A + 4 = 8 on 7p. Thus we obtain
h=a+38+{An—-4) A+ u)=a+ (4dn—1)4.
By putting X = ¢ into (2.11), we have

(2.12) G(¢p&) := (Rnp)Se& — S(Rnw)ek = (—4 — 2h3 + 28%)4.
Since h = a+ (4n — 1)8, (2.12) becomes
(2.13) 0= (-8 —4(2n —1)3%¢&.

Since —8 — 4(2n — 1)3% < 0, (2.13) means & = 0. This is a contradiction.

Case 2. Horosphere H . In this case, we have h = 4na = 4v/2n.

By putting X = ¢ into (2.11) and applying h = 4v/2n, we have 0 = —16n&;.
This means & = 0, which is a contradiction.

Case 3. Exceptional case £. If A = p, then it is the same as Case 2. Thus we may
assume A # u. We have

(2.14) h=4a+mA)A+m(u)y,

where m(A\) = m(u) and m(A) +m(p) = 8n — 8.

By putting X = ¢, € T, we obtain G (&) = —2v/2h&;. This gives h = 0.

For X € T,, G(X) = (. — A)(h — p — A)pX. Since X never vanishes, naturally
we have

(2.15) (=N (h— = \) =0.

Because y # A, h = 0 and A\ = 27%/2 (2.15) should imply p = —2~1/2. Moreover,
since JT,, C T and JI,, C T, we see that the corresponding multiplicities of
the eigenvalues A and p satisfy m(\) > m(u). Since m(a) = 4, m(y) = 3 and
m(A)+m(p) = 8n—8 on &, the trace of the shape operator A denoted by h becomes
h = 4a + 3y + mMA + m(u)p = 4 - 2Y/2 4 2712(m(X\) — m(u)), which leads to
a contradiction. In fact, we obtained h = 0, which yields (m(\) —m(p)) = -8 < 0.
Thus, this case does not occur.

This shows that a hypersurface of T, Hp or £ cannot satisfy the condition (C-2),
and therefore in the situation of Theorem 2, the case X € Q cannot occur. This
completes the proof of Theorem 2. O
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