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Abstract. For a finite group G denote by N(G) the set of conjugacy class sizes of G.
In 1980s, J. G. Thompson posed the following conjecture: If L is a finite nonabelian simple
group, G is a finite group with trivial center and N(G) = N(L), then G = L. We prove
this conjecture for an infinite class of simple groups. Let p be an odd prime. We show
that every finite group G with the property Z(G) = 1 and N(G) = N(A;) is necessarily
isomorphic to A;, where i € {2p,2p + 1}.
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1. INTRODUCTION

Let G be a finite group. The set of conjugacy class sizes of G is denoted by N(G).
Let n be a natural number. We denote by 7(n) the set of all prime divisors of n. For
a finite group G, the set 7(|G|) is denoted by 7(G). Let I'(G) be a simple graph with
vertex set 7(G) such that two distinct prime numbers p and ¢ are adjacent whenever
G has an element of order pg. This graph is called the prime graph of G. The number
of connected components of I'(G) is denoted by s(G). Also we may define another
simple graph on 7(G), which is called the solvable graph of G and is denoted by
Tso1(G). In Tso1(G), two distinet prime numbers p and ¢ are adjacent whenever G
has a solvable subgroup H such that {p,q} C 7(H). In these two graphs, a subset
T of n(G) is called an independent subset if for every two elements p and ¢ from T
there is no edge.

If p € m(n), then by n, we mean the p-part of n, i.e. n, = p* if p* | n but
pF*ttn. Also from p® || n we get that n, = p®. The set of all prime numbers p with
n/2 < p < n is denoted by II(n).

DOI: 10.21136/CMJ.2017.0396-16 1049



A famous conjecture of J. G. Thompson about the characterization of finite non-
abelian simple groups is expressed as follows:

Thompson’s conjecture. If L is a finite nonabelian simple group, G is a finite
group with trivial center and N(G) = N(L), then L and G are isomorphic.

This conjecture, which is Problem 12.38 in the Kourovka notebook [11], was posed
in 1988. Chen in [5] proved that this conjecture is valid for simple groups G with
s(G) = 3. In [13], it is proved that Thompson’s conjecture holds for A;g and
L4(4). Also Ahanjideh in [2] and [3] proved that Thompson’s conjecture is true
for L, (q) and D,(q), respectively. The set of all groups GG, which have the property
m(G) C {2,3,5,7,11,13,17}, is denoted by (17. In [6], it is proved that Thompson’s
conjecture is valid for those (17, whose prime graph is connected. Also the simple
groups A,, where n =p, p+ 1, p+ 2 and p > 3 is a prime, satisfy Thompson’s con-
jecture (see [4]). Moreover, this conjecture is valid for the alternating simple group
Agg (see [14]). Also in [7] it is proved that Thompson’s conjecture is true for A,,
where n > 1361 and at least one of numbers n or n — 1 are decomposed into a sum
of two primes; we use this article for proving Lemmas 3.10 and 3.11.

In this paper, we prove that this conjecture holds for the simple group As, and
Aspt1, where p is an odd prime number. Indeed, we have the following theorem:

Main theorem. Let p be an odd prime number and i € {2p,2p + 1}. If G is
a finite group with trivial center and N(G) = N(A;), then G = A,. In particular,
Thompson’s conjecture holds for the simple group Asp, and Aspi1.

2. PRELIMINARY RESULTS

Lemma 2.1 ([12], Lemma 3). If n > 21, then |II(n)| > 0.366n/In(n). In partic-
ular, |II(n)| > 3.

Lemma 2.2 ([1], Lemma 2.2). Let g € A,, and suppose the cycle decomposition

of g contains exactly ¢; = ¢;(g) cycles of length i for each i € {1,...,n} so that
n k k —1

n=> ic. Let z=n! ( IT4 I1 ci!) . Then for the size of the conjugacy class g

i=1 1=1 =1
of g in A,, we have:

(1) If for all even i, ¢; = 0 and for all odd i, ¢; € {0,1}, then |g*»
(2) In all other cases, |g»

=z/2.

= Z.

Lemma 2.3 ([13], Lemma 4). Suppose that G is a finite group with trivial center
and p is a prime from 7(G) such that p? does not divide |x%| for all x in G. Then
a Sylow p-subgroup of G is elementary abelian.
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Lemma 2.4 ([13], Lemma 5). Let K be a normal subgroup of G and G = G/K.
(1) If 7 is the image of an element x of G in G, then |z¢| divides |2%|.
(2) If (=], |K|) =1, then C7(Z) = Ca(z)K/K.

(3) If y € K, then |y¥| divides |y“|.

Lemma 2.5 ([6], Lemma 1.4). Let z,y € G, (|z|,|y|) = 1, and zy = yx. Then
Ca(zy) = Calz) N Caly).

Lemma 2.6 ([14], Lemma 7). Let L be a finite simple group, let G be a finite
group, and let p € w(L).
(1) Then there exists an element x € L such that |L|, = |z%|,.
(2) If N(G) = N(L), then |L| divides |G|.

Lemma 2.7 ([10], Lemma 2.2). Let G be a finite group and p, q € m(G) such that
p#q. Also let |G|, =p, |Gl =¢,p1q—1and ¢fp—1. Thenp ~ ¢q in I'(G) if and
only if p ~ q in T'sq1(G).

Lemma 2.8 ([10], Theorem 2.1). Let G be a finite group and T be an independent
subset of T'so1(G) with |T'| > 2. Then there exists a nonabelian simple group S such
that

- G

S < G:= N < Aut(S),

where N = Or/(G). Also we have T C n(S) and 7(G/S)NT = (). Moreover,
Ca(N)< NorS<Cg(N)N/N.

Lemma 2.9 ([10], Theorem 2.4). Let n > 13 be a natural number and p be the
greatest prime number less than or equal to n. Also let G be a finite group such that
|G| | nl. If TI(n) is an independent subset of T'so)(G), then there exists a natural
number m such that

Am < G/N < S,

where N = Ory(,, (G) and p < m.

Lemma 2.10 ([9], Theorem 4.34). Let A act via automorphisms on an abelian
group G, and suppose that (|G|, |A]) = 1. Then G = Cg(A) x [G, A].

Lemma 2.11 ([8], Lemma 5). Let g act via automorphisms on an abelian group G,
and suppose that (|G|, |g|) = 1. Then |g| divides |[G, g]| — 1.
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Lemma 2.12 ([6], Lemma 1.6). Let G be a finite group, N < G, and C < G.
Then |N : NN C| divides |G : C|.

3. PROOF OF THE MAIN THEOREM

Let G be a finite group with trivial center. First, suppose that N(G) = N(Agp).
We are going to prove G = Ag,,.

According to [6], [14], if N(G) = N(Agp), then G = A, for p < 11. So in the
following we assume that g := II(2p) and p > 11 is a prime number. We will prove
the above assertion using the following lemmas:

Lemma 3.1. There exists g € G such that the conjugacy class size of g is equal
to (2p)!/2p? and it is a maximal element of N(G) by divisibility.

Proof. Since N(G) = N(Ayp), for every a € Ay, there exists g € G such that
|99 = |a®?r|. Let a:= (12... p)(p+1p+2 ... 2p) be a permutation in As,. Hence
la42r| = (2p)!/2p? by Lemma 2.2. Since |a”2| is a maximal element of N (Ay,), the
proof is complete. O

Lemma 3.2. Let s € p. Every s'-number of N(As)) is divisible by p.

Proof. Let [b"2r| be an s’-number of N(As,). Let the cyclic structure of b be
!
denoted by 1112'2 ... [% where 2p = >_ it;. Hence, we have
i=1

|bA2p| _ (2}7)'
1t thty) o tld]

where d € {1,2}. Since s does not divide [b42¢| and s || (2p)!, so s || 1*1 ... It;!. . 4.
Therefore we have the two following cases:
Case 1. Let s | 1" ...1". So there exists a natural number m < [ such that m = s.
On the contrary, assume that p does not divide |[b2¢|. Similarly to the above
discussion, we get that p? || 1% ...1%¢;!...¢;!. We have the following cases:
> Let there exist a natural number m’ < [ such that m’ = p and ¢,,, = 2. It follows
that

l
2p = Ziti > Mty + Mty = s+ 2p > 3p,
i=1

which is a contradiction.
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> Let there exist a natural number m’ < [ such that ¢, > 2p. Consequently,
l
2p = Ziti > mty, + Mty = s+ 2p > 3p,
i=1

which is impossible.
> Let there exist a natural number m/, m” <[ such that p < t,,,/, i < 2p. Conse-
quently,

1
2p = Z ity = Mty + Mty +m typ > s+ p+p > 3p,
i=1

which is impossible.
> Let there exist a natural number m/, m” <[ such that m’ = p and p <t < p.
Hence,

1
2p = Z ity = mty + Mty +m ty > s+p+p > 3p,
i=1

which is a contradiction.

Therefore p divides |bA27|.

Case 2. Let s | t1!...¢;!. Therefore there exists a natural number m < I such that
tm > 5. By the same discussion, we get that p divides [b427|. O

Remark 3.1. Let s € pand g € G. There exists a € As), such that [g¢| = |a2|.

Agp G|

Since |at?r|, < s, s% does not divide |g Now by Lemma 2.3, we conclude that

a Sylow s-subgroup of G is elementary abelian.

Lemma 3.3. Let s € 9. A Sylow s-subgroup S of G has the order s.

Proof. By Lemma 2.6 we know that s divides |G|. Let |S| > s%, hence s?
divides |G|. Let g € G such that |g%| = (2p)!/2p?, which is a maximal element of

N(G) by Lemma 3.1. By Remark 3.3 for every x € G we know that s? does not

divide |2|, which implies that s divides |Cq(x)| for every # € G. We consider the

following two cases:

Case 1. Assume that s does not divide |g|. By the above discussion, we know
that there exists w € Cg(g) such that |w| = s, which implies that Cg(gw) =
Ca(g) N Cg(w). Then [¢g¥| divides |(gw)| and |w®| divides |(gw)¥|. Since |g“|
is maximal, |g%| = |(gw)¥| and so |w%| divides |[g©|. On the other hand, according
to Remark 3.3, S is abelian, so Cg(w) includes S up to conjugacy. Then s does
not divide |w®| which implies that p divides |w%| by Lemma 3.2. Consequently,
€]

B

p divides |¢g“|, which is impossible.
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Case 2. Suppose that s divides |g|. Let t € N such that |g| = st. Since S is
elementary abelian, the numbers s and t are coprime. Put v = ¢* and v = ¢*. Then
g =wv and Cg(g) = Cg(u) NCq(v). Therefore [v¥| | [g%|. On the other hand, since
|v| = s, [v¥] is an s’-number. Therefore p divides |v“| by Lemma 3.2, which implies
that p divides |g©|, which is a contradiction. O
Lemma 3.4. Let s,t € o and s < t. There is no element of order st in G. In

particular, ¢ is an independent set in T'(G).

Proof. On the contrary, let g € G such that |g| = st. Put u = ¢* and v = g'.
Then g = wv and Cg(g) = Ca(u) N Cg(v). Then st divides |Ci(g)|. On the other
hand, by Lemma 3.4 |G|s = s and |G|; = t, hence st does not divide |g|. Consider
that b € Ay, such that [¢%| = |[b42#|. Suppose that the cyclic structure of b is denoted

!
by 1%12%2 .. [% where 2p = > it;. Hence |¢g%| = (2p)!/(1* ... 15! .. . t;!d), where

i=1
d € {1,2} and so st divides 1%t ...l%¢;!...¢;!. We consider the following cases:

Case 1. Assume that there exist m,m’ <[ such that m = s and m' = t. We have
l
2= it; = mty +mtyy = 5+1> 2p,
i=1

which is a contradiction.
Case 2. Suppose that there exist m,m’ < [ such that m = ¢t and s < ¢,y < t.
Then

l
2= iti = mty +mtyy = 5+1> 2p,
=1

which is impossible.
Case 3. Let m < [ such that ¢, > t. Let m > 2. Therefore

l
2p = it; > mty =2t > 2p,
=1

which is a contradiction.
Therefore m = 1 and so ¢t; > t. Recall that

|gG| — : (2}7)'

teo g yld’

where d € {1,2}, p <t < t; < 2p and for all ¢ > 2 we have t; < p. Consequently,
|9G|p =D
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So we have
G| _ |G|I) .
P Ca(9)lp

Then we can consider Sylow p-subgroup P of G such that M = PN Cg(g) has index

p=1lg

pin P. It follows that M is normal in P and so there exists a nontrivial element z in
M N Z(P). Since z € Z(P), p does not divide [2%|. On the other hand, z € Cg(g),
so |g| divides |C¢(2)|, hence st divides |C(z)|. Consequently, st does not divide
|z¢| and so p divides |z“| by Lemma 3.2, which is a contradiction. Therefore there
is no element of order st in G. g

Lemma 3.5. There exists a nonabelian simple group S such that
S <G :=G/N < Aut(S),
where N is a normal subgroup of G such that 7(N) N ¢ = (). Moreover, o C m(S).

Proof. By Lemmas 2.7 and 3.5, we know that ¢ is an independent set in
Ts1(G). On the other hand, since p > 11, |g| > 2. Therefore the result follows by
Lemma 3.5 and Theorem 2.8. (]

In the following, we consider S and N as in the last lemma. Also let G = G/N
and T be the image of an element x of G in S.

Lemma 3.6. The order of finite nonabelian simple group S divides (2p)!.

Proof. Since S is simple, it is normal in G. Then |z5] divides |zC| by
Lemma 2.4. Also we know that |zC| divides [#¢| by Lemma 2.4. Hence, for ev-
ery z in G, |#%] divides |2%|. Since N(G) = N(Asgy), for every x in G, |z°| divides
(2p)!. On the other hand, by Lemma 2.6 for every r € w(S) there exists g in S such
that |S|,. = |7°|,. Consequently, for every r € 7(S), |S|, divides ((2p)!),, which is
the desired conclusion and now, the result follows. ([

Lemma 3.7. The prime number p does not divide |N|.

Proof. On the contrary, suppose that p divides |N|. Put No = O, (N). We
know that Ny is a normal subgroup of G and we consider é G/Ny. In the following,
if A <G, then A is the image of A in G. Let T = O (N ) Then T is a nontrivial
p-group and so Z(T ) # 1. Since T is characteristic in N, T is normal in G and hence
Z(T) is normal in G. Let y € G be of order [, where [ is the greatest prime number
in p. Hence, the order of ¢, which is the image of y in G is equal to [. Since Z(T )
is abelian, Z(T) = Co e (§) x [Z(T), 3] by Lemma 2.10. Consequently,

~ \Z(T)|
Z2(T),§)| = ——=2
.4l 1Z(T) N Ca(3)
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Now we have that |[Z(T), ]| divides |G : Cgx &(@)| by Lemma 2.12. Therefore
1Z(T), §]| divides |y©| by Lemma 2.4. On the other hand, since |[Z(T), ~]| divides
\Z(T)|, [[Z(T),§]| = 1, porp Furthermore, by Lemma 2.11, |j| | [Z(T), g]]| -1,
which implies that [Z(T),j] = 1. It follows that Z(T) = CZ(T)( 7). Let P be
a Sylow p-subgroup of G such that Z( T) < P. Since Z(T) 4 G, Z(T) N Z(P) # 1.
Let 2 € Z(T) N Z(P). Since z € Z(P), |zG| is a p’-number. Moreover, we have
ie Z(T) = C’Z(T)( ), then § € Cg(Z). Consequently, |zG| is an !’-number. Let
2 € G such that 7 is the image of z in G. We can consider p 1 |z|, hence (|z], | No|) = 1
so Cz(2) = Cg(2)No/No by Lemma 2.4, which implies that

~ N
G|:|2G|>< | 0|

z _
| Mo Cal2)]

Therefore [2“| is an I’ and p’-number, which is a contradiction by Lemma 3.2. Con-
sequently, p does not divide |N|. O

Lemma 3.8. The simple group S is isomorphic to Asp.

Proof. By Lemmas 3.6, 3.7 and Theorem 2.9, we have S = A,,,, where | < m
and [ is the greatest prime number in p. Therefore A,, < G < S,,. So it is sufficient
to show m = 2p. By Lemma 3.8, p does not divide |N|, so p? divides |A,,|, which
implies that m > 2p. On the other hand, we know that |A4,,| divides (2p)! by
Lemma 3.7, so m < 2p. Consequently, m = 2p as we desire. O

Lemma 3.9. G/N is isomorphic with As,.

Proof. We have Ay, < G = G/N < Sy, by Lemma 3.9. On the contrary, let
G = S,. In this case, N(G) = N(S2p). Leta= (12 ... p)(p+1p+2 ... 2p) € Agy,.
So a := |a®t?r| = (2p)!/2p? is a maximal number of N(Asz,). On the other hand, we
have b = (12 ... 2p) € Sz, and [b52| = (2p)!/2p = pa. By Lemma 2.4, for every
¢ € N(Sgp) there exists d € N(Agp) such that ¢ divides d. It follows that there exists
B € N(Ajzp) such that pa divides 8, which is a contradiction, since « is maximal in
N(Agp). O

Lemma 3.10. N is trivial.

Proof. We know that p € 7(G) \ m(N) by Lemmas 2.6 and 3.8. Let g be
the image of g in G. Consider that |g| = p, then |g| = p. We know that there
exists an isomorphism from G to As, say ¢, by Lemma 3.10. Let a = (1 2 ... p)
(p+1p+2 ... 2p)and p(g) = a. We have
G| —

= 15| = |a™*?| = (2p)!/2p?,
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and « is the maximal number in N(Ag,) by Lemma 3.1, then « is maximal number
in N(G). In other words, |§5| is the maximal number in N(G). On the other hand,
15%| divides |g¢| by Lemma 2.4, so [5°| = [¢g¢|. Hence, |g¢| is the maximal number
in N(G). Since (|N|,|g]) =1, N < Cg(g) by Lemma 2.4. Let n be an arbitrary
element in N, hence (|n|,|g|) = 1, then Cq(ng) = Cs(n)NCq(g), and so |g¢| divides
|(ng)¥|. Since |g¢|is maximal, |g%| = |(ng)“|. Consequently, Cc(g) < Ce(n), which
implies that n € Z(Cg(g)). Therefore N < Z(Cg(g)). On the other hand, since G

is simple, G = (g%). Consequently, G = (¢g¢)N, which implies that N < Z(G).
Therefore N = 1 as we desire. (I

The proof of the assertion is an immediate consequence of above lemmas.
Similarly, if G is a finite group with trivial center such that N(G) = N(Agp11),
then G = A2p+1.
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