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Abstract. A class of impulsive boundary value problems of fractional differential systems
is studied. Banach spaces are constructed and nonlinear operators defined on these Ba-
nach spaces. Sufficient conditions are given for the existence of solutions of this class of
impulsive boundary value problems for singular fractional differential systems in which odd
homeomorphism operators (Definition 2.6) are involved. Main results are Theorem 4.1 and
Corollary 4.2. The analysis relies on a well known fixed point theorem: Leray-Schauder
Nonlinear Alternative (Lemma 2.1). An example is given to illustrate the efficiency of the
main theorems, see Example 5.1.
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1. INTRODUCTION

Fractional differential equations are a generalization of ordinary differential equa-
tions to arbitrary non integer orders. The origin of fractional calculus goes back
to Newton and Leibniz in the seventieth century. Recent investigations have shown
that many physical systems can be represented more accurately through fractional
derivative formulation [12], [14], [20], [19].

Many fractional ecological models have been proposed. In [2], [11], [18], [17],
the following periodic type boundary value problem (BVP) for fractional differential
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equations is studied:
Dy u(t) — du(t) = f(t,u(t)), te€(0,1], 0<a<1,
BVP(1) o
u(1l) — lim ¢~ %u(t) = 0,
t—0

where D, is the Riemann-Liouville fractional derivative of order «, f is continuous
and A € R.

The existence and uniqueness of solutions of BVP(2) are established under some
assumptions by using Banach’s contraction principle. One of the main assumptions
in [2] is as follows:

(A) There exist positive numbers M and m such that |f(¢,z)| < M, |I(x)] < m,
t €10,1], z € R holds or (see Remark 4.4 in [2]) for each ug € C1_,]0, 1] fixed,
there exists k,, > 0 such that

|f(t7u) - f(t7u0(t))| < ku0|u - uo(t)|a te [07 1]7 u € R.

The equation D, u(t) — Au(t) = f(t,u(t)) in BVP(1) can been seen as the gener-
alized form of the ecological model z’(t) — Az(t) = f(t,z(t)) which is a perturbation
of the standard Malthus population model y' = \y.

The theory of impulsive differential equations describes processes which experience
a sudden change of their state at certain moments. Processes with such a character
arise naturally and often, for example, phenomena studied in physics, chemical tech-
nology, population dynamics, biotechnology and economics. For an introduction to
the basic theory of impulsive differential equation see [9].

In recent years, many authors [1], [4], [6]-[8], [10], [16], [21], [24], [25] studied the
existence or uniqueness of (positive or not) solutions of boundary value problems for
the impulsive fractional differential equations with order « € (1, 2].

In [23], the authors studied the existence and uniqueness of solutions of the periodic
type boundary value problem of the impulsive fractional differential equation

D§u(t) — du(t) = f(t,u(t)), te(0,1], t#t1€(0,1), 0<a<1,
BVP(2) { w(l)—lim# = u(t) =0,
lim (¢ — t2)' ™ (u(t) — u(tr)) = I(u(tr)),
t—t}
where Df, is the Riemann-Liouville fractional derivative of order o, I: R — R is
continuous, f: [0,1] x R — R is continuous, A € R is a constant. The existence and
uniqueness of solutions of BVP(1) are established under some assumptions by using
Banach’s contraction principle. One of the main assumptions in [23] is as follows:
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(B) There exist positive numbers M and m such that
lft, )| <M, |I(z)]<m, tel0,1], z€R.

The solvability of boundary value problems of fractional differential systems was
studied in [3], [15], [22], [24], [26]-[29]. On the contrary, the existence of solutions for
impulsive boundary value problems involving Riemann-Liouville fractional differen-
tial systems has not been satisfactorily solved.

In this paper, we discuss the boundary value problem of the impulsive singular

fractional differential system

Dy a(t) — Ax(t) = p(t) f(t,2(t),y(t)), t€(0,1), t # 1y,
Dgy(t) — py(t) = q()g(t,z(t), y(t),  te(0,1), t #t,
lim 11~ (t) — lim £~ (t) = [ ¢(s)G(s, 2(s), y(s)) ds
BVP(3) hm =By (t) — hm t' =By (t) fo W(s)H (s, 2z(s),y(s))ds
tgntg(t—h)l ()*I(th (t1),y(t)),
tl_igg(t — 1) Py(t) = J(tr, x(t), y(h)),

where

(a) 0<a,B <1, A\ pe RwithA#0, u#0, DS, (or Dg+) is the Riemann-Liouville
fractional derivative of order « (or ),

(b) 0=tg<t1 <ta=1,1,J: (0,1) x R? - R are continuous functions,

(¢) ®: R — R is a sup-multiplicative-like function with supporting function w, its
inverse function is denoted by ® ': R — R with supporting function v,

(d) ¢,¢: (0,1) — R satisfy

@l0.00)s Yl 0,00 € L0, t1),  @ltr1)5 ¥l (ta1) € L (1, 1),

(e) p,g: (0,1) — R satisfy the growth conditions: there exist constants I; > 0,
i=1,2, ky > —a, ko > —f such that

|p(t)| < thklv |q(t)| < l2tk2a te (07 1))

(f) f, g, G, H defined on (0,1] x R x R are impulsive Carathéodory functions, I, .J
defined on {t;} x R? are continuous functions, all of which may be singular
att=0,1=t.
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The functions z,y: (0,1) — R are called a solution of BVP(3), if

x|(t;€,tk+1] € Co(tkvthrl]a y|(t;€,tk+1] S Co(tk;thrl]v k= Oa ]-7
D§ 2| (4 t0s0) € L (s trsa s D§+y|(t;€,t;€+1] € L'(tg, trya], k=0,1

and the limits

lim (t — tg) = %x(t), lim (t — ) "Py(t), k=0,1,
t—t) t—t)
exist and x, y satisfy all equations in BVP(3).
We obtain results technically on the existence of at least one solution for BVP(3).
An example is given to illustrate the efficiency of the main theorem. The results in
this paper generalize the ones of [2], [18], [17], [23], in the sense that

(i) periodic type boundary value problems of coupled singular fractional differential
equations with integral boundary conditions are discussed,
(ii) the assumptions (A) or (B) are replaced by weaker ones (see (C) and (D) in
Theorem 4.1 in Section 4),
(iii) both p and ¢ may be singular at ¢t = 0,
(iv) differently from [2], [18], [17], [23], Mawhin’s fixed point theorem from [13] is
used in this paper. An example is given to illustrate the applicability of the

main results.

The paper is divided into five sections. Section 1 is an introduction. In Section 2,
we present preliminary results. In Section 3, an important lemma is proved. The
main theorems and their proofs are given in Section 4. In Section 5, an example is
given to illustrate the main results.

2. PRELIMINARY RESULTS

For the convenience of the readers, we first present the necessary definitions from
the fractional calculus theory. These definitions and results can be found in the
literature [7], [8].

Let the functions Gamma and Beta be

00 1
INa) = / e dz, B(p,q) = / P71 — 2)T da.
0 0

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of
a function g: (0,00) — R is given by

I3,00) = g [ (=9 ats) s

provided that the right-hand side exists.
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Definition 2.2. The Riemann-Liouville fractional derivative of order o > 0 of
a continuous function g: (0,00) — R is given by

Ldm [t g(s)
D(y = —— - v 7 @
90 = T oy am /0 [f = s)o—mi1 05

where n — 1 < « < n, provided that the right-hand side is point-wise defined
on (0, 00).

Definition 2.3. Let X and Y be Banach spaces. L: D(L) C X — Y is
called a Fredholm operator of index zero if Im L is closed in X and dimKer L =
codimIm L < oo.

It is easy to see that if L is a Fredholm operator of index zero, then there exist
projectors P: X — X, and Q: Y — Y such that
ImP=KerL, KerQ=ImL, X=KerL®KerP, Y=ImL®ImQ.
If L: D(L) C X — Y is a Fredholm operator of index zero, the inverse of

Lip(ryrkerp: D(L)NKer P — Im L

is denoted by K.

Definition 2.4. Suppose that L: D(L) C X — Y is a Fredholm operator of
index zero. The continuous map N: X — Y is called L-compact if QN(ﬁ) is
bounded and K,(I — Q)N(Q) is compact for each nonempty open subset  of X
satisfying D(L) N Q # (.

To obtain the main results, we need the abstract existence theorem.

Lemma 2.1 ([13], Leray-Schauder nonlinear alternative). Let Zi, Zy be two
Banach spaces and L: D(L) N Zy — Z3 a Fredholm operator of index zero with
KerL ={0€ Z1}, N: Z1 — Z5, L-compact. Suppose §) is a nonempty open subset
of Zy satisfying D(L) N Q # (). Then either there exists x € O and 0 € (0, 1) such
that Lx = ONx or there exists x € Q such that Lz = Nz.

Definition 2.5. We call F': (0,1] x R? — R an impulsive Carathéodory function
if it satisfies

(i) t — F(t,(t — tp)* tu, (t — tx)?~1v), are continuous on (tx,tx11], k = 0,1 and
the limits

lim F(t,t% Y, tP7 ),  lim F(t, (t —t1)* u, (t — )" )
t—0+ t—t}

exist for any (u,v) € R?,
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(i) (z,y) = (& (t — tp)* 1o, (t — t;)?"1y), k = 0,1 are continuous on R? for all
t e (0,1].

Definition 2.6 ([5]). An odd homeomorphism & of the real line R onto itself is
called a sup-multiplicative-like function if there exists a homeomorphism w of [0, 00)
onto itself which supports ® in the sense that for all vy, v9 > 0 we have

(1) D (viv2) = w(vy)P(v2).

Then w is called the supporting function of ®.

Remark 2.1. Note that any sup-multiplicative function is a sup-multiplicative-
like function. Also any function of the form

k
O(u) = ch|u|ju, ueR
7=0

is sup-multiplicative-like, provided that c¢; > 0. Here a supporting function is defined
by w(u) := min{u**1 u}, u > 0.

Remark 2.2. It is clear that a sup-multiplicative-like function ¢ and any cor-
responding supporting function w are increasing functions vanishing at zero and,
moreover, their inverses ® ! and v are increasing and such that

(2) @*1(w1w2) <v(wy) @ Hws)

for all wy,ws > 0 and v is called the supporting function of ®~!.

3. LEMMAS

To get solutions of BVP(3), we will use Lemma 2.1. So we define two Banach
spaces Z1 and Z, and define a linear operator L: D(L) N Z; — Z5 and a nonlinear
operator N: Z; — Z5. Then we will prove technically that L is a Fredholm operator
of index zero and N is L-compact. Some growth conditions are imposed on f, g, H,
G, I, J to guarantee the existence of solutions of BVP(3).

We use the Banach spaces

X = {x: (0, 1] - R: :L’|(07t1] € CO(O,tl], {E|(t1,1] € Co(t1, 1]

there exist limits lim ¢'~“x(t), lim (¢ — tl)lfaa:(t)}

t—0t t—tl
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with the norm

ol = llzllow = max{ sup £-a(®)], sup (=)'l (b)]},
te(0,t1] te(t1,1]

v = {y: (0,1] = Ryl € CO0,1], gl € COlt, 1]

there exist the limits lim t'~Py(t), lim (t — tl)l_ﬁy(t)}

t—0+ t—t

with the norm

Iyl = llylloo = max { sup #~Ply(o)l, sup (¢ —t)'ly(t)l},
t€(0,t1] te(t1,1]

lully = / [u(s)] ds.

Choose Z; = X x Y with the norm

and L'[0, 1] with the norm

(@, y)|| = max{f|z[cc, [[y]loc}-
Choose Zy = L*(0,1) x L1(0,1) x R* with the norm
1(w, v, a,b, ¢,d)|| = max{||ul[1, [[v]}1, |a], |b], |e], [d]}-
Define L to be the linear operator from D(L) N Z; to Zy with
D(L) = {(x,y) € E: D§,x,DJ.y € L'(0,1)}

and

Dgya(t) — Ax(t)

Dy, y(t) — py(t)
%gn () — hm ton(t)
L(z,y)(t) = hmt1 Py(t) — hmt1 Py(t)

lim (¢ — tl) O‘x(t)
t—tl

lim (¢t — 1) Py(t)

l
t—t]

411



for (z,y) € E. Define N: E — Z by

N(z,y)(t) = for (z,y) € E.

Then BVP(3) can be written as

L(z,y) = N(z,y), (v,y)€E.

Lemma 3.1. Suppose that (a)—(f) hold and f, g, G, H are impulsive Carathéo-
dory functions, I and J continuous functions. Then L is a Fredholm operator with

index zero and N: Z1 — Z5 is L-compact.

Proof. To prove that L is a Fredholm operator with index zero, we should do
the following three steps.

Step 1. Prove that Ker L = {(0,0) € E}.

We know that (z,y) € Ker L if and only if

Dg.x(t) — Ax(t) =0,
Dy, y(t) = py(t) =0,
lim 1= (t)—hmtl x(t) =0,

t—1 t—0
(3) hm Py (t) — hm 'y (t) =0,
hm (t—ty)t-@ ( ) =0,
t—tf
lim (t — 1) Py(t) = 0.
t—t}

From Lemma 2.1 in [3], (z,y) € Ker L if and only if z(¢) = 0 and y(¢) = 0. Thus
Ker L = {(0,0) € E}.
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Step 2. Prove that ImL = Z.
For (u,v,a,b,c,d) € Z, we know that (u,v,a,b,c,d) € Im L if and only if there
exist (z,y) € E such that

D a(t) = Ax(t) = u(t),

Dy, y(t) — py(t) = v(t),

t11_1>nt1 “x(t) —th_%tl “2(t) = a,
(4) };Iri t1=Py(t) — hm t1=Py(t) = b,

tlg? (t—t)'=e ( )=¢

hnh(t — 1) Py(t) = d.

From Lemma 2.1 in [3], we know that

DS ax(t) — Ax(t) = u(t), limt'™z(t) - limt'~“z(t) = q,

t—1 t—0

has a unique solution

D(a)t* 1By o0 (At9)
1-T()Eqn,a(N)

+ /0 (t—5)" " Eqa(At—s)")u(s)ds

a—1 «
+F§ _)t Eaa” / Foa\(1 = 8))(1 = 5)°u(s) ds

_ a’r( ) a—1 a
—F(a)Eaa(/\)t Eqa(At?)

x(t) =

/0 Ey oMl —s))(1 — s)o‘*lu(s) ds

ar(a) a—1 fel
/ G, )u(s) ds = T—prs st Fu o (%)
where
T(a)t* 1 Eq 0 (M)
1-T()Eqn,a(N)
Gralt,s) = +(t = 5)* LBy a( At —5)%), 0

()t ' By o (M) . -
T (@) B () oo A=) =)

Ea.o(A1—=38))(1—s)>!

N
w
N
\’PF

-
N
VA
N
“)—‘

and

o0

P I( k: + Do
is the Mitag-LefHler function [8].
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From Lemma 2.1 in [24], we know that

(5) D x(t) — Ax(t) =0, limt' ™ “z(t) — lim t'~*z(t) = 0,

t—1 t—0

lim (t —t1)' " *2(t) = ¢,

!
t—t]

has a unique solution

2(t) = T(@)Gralt t)e.

Hence
Dg x(t) — Ax(t) = u(t),

: 11—« R H 11—« —
};Irit x(t) tlgr(l)t x(t) = a,

lim (¢t —t1)!7%2(t) = ¢

+
t—t]

has a solution

(6) 2(t) = Fi _)t& Eqof /\ta / B ™)1 8y 1u(s) iy

+ /0 (t = ) B (At — 5)%)u(s) ds
I(a )ta 1EM
1_T

B af(oz)
1—T(a)Ea,a(N)

W / Eaa(A(1 = $)7)(1 = 8)°u(s) ds
7 Ba,a(\%) + T(@)Gha(t,th)e.

Similarly we can prove that the system

D€+y(t) —uy(t) =v(t), limt*Py(t) — limt'Py(t) =b, lim (t—t1)Py(t) =d

t—1 t—0 t—)tf
has a unique solution
r 5) th- 1E utﬁ
0 o= T2 [ - )0 - 5

t — )Pt —5)%)v(s)ds
+/0 (1 97 By, e — ) o(s)
B-1 ¥é; 1
+ Do) [ Bttt = 9°)(1 = 9 ()

B br(B)
1-T(B)Ess(1)

t° " Ep 5(ut”) + T(B)Gpp(t, t1)d,
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where

B-1 B
SR 1 =)0 5
Gmﬁ(t? 5) = +(t - S)ﬁ_lEﬁﬂ(M(f' - S)B)a 0<s<t,
L(B)t" ' Bpp(ut?)
1-T(8)Ep,s(k)

Egp(u(l—s)?)1—s)""1 t<s<1,

and

RS
Bsll) = X 11 11)

is the Mitag-Leffler function (see [8]).
It is easy to show that (x,y) € END(L). ThenIm L = Z.

Step 3. Prove that Im L is closed in X and dim Ker I = codimIm L < oo.
From Step 2 ImL = Z is closed in Z. It follows from Ker L = {(0,0) € E} that
dim Ker L = 0. Define the projector P: F — E by

(8) P(z,y)(t) = (0,0) for (z,y) € E.

It is easy to prove that

(9) ImP=KerL, X =KerL&KerP.
Define the projector Q: Z — Z by

(10) Q(u,v,a,b,c,d)(t) =(0,0,0,0,0,0)

for (u,v,a,b,c,d) € Z.
It is easy to show that

(11) ImL=KerQ, Y=ImQ dImL.

From the above discussion, we see that dimKer L = codimIm L = 0 < co. So L
is a Fredholm operator of index zero.

Now, we prove that N is L-compact. The proof is standard and is divided into
three steps.

Step 1. We prove that NN is continuous.

Let (zp,yn) € E with (2n,yn) — (2o,%0) as n — oo. We will show that
N(2n,yn) = N(z0,y0) as n — oo.
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In fact, we have

||(xn,yn)||=max{ sup t'7%zn ()], sup (¢t — 1) za(t)),

t€(0,t1] te(t1,1]
sup 1Py (t)l, sup (= 12)'Plya(D)] } =7 < o0
t€(0,t1] te(t1,1)

and

(12)  max{ sup (t— ) "|za(t) — zo(t)], k=0, 1} —0, n— oo,
te(tr,try)

max{  sup  (t —t) 7Py (t) — yo(t)], kzO,l}—>0, n — 0.
te(tr,try)

By definition,

/0 (DGt (), yn (1) dt

N(xn;yn)(t) = for (x,y) € FE.

/O GV H(E, 20 (1), yo (1)) dt

I(tl, J)n(tl)7 yn(tl))
J(t1, 20 (t1), yn(t1))

For any € > 0, since f, g, G, H are impulsive Carathéodory functions and I, J are

continuous functions, we know that f(t, (t — t,)* 'u, (t — t)?~'v) is continuous on
[teyter1] ¥ [=7, 7], k = 0,1, 50 f(t, (t—tx)* tu, (t —tx)? 1) is uniformly continuous
on [tg, trr1] x [=r, 7%, k=0,1.

Similarly, g, G, H are uniformly continuous on [tg,tx+1] x [-7,7]?, k = 0,1. Then
there exists 6 > 0 for ¢ € (tx, tp+1] such that

|F( (=) ua, (8= t)P o) — f(8 (8= te)™ g, (t— )7 Tog)| < e,
lg(t, (t = tr)™ tug, (¢ — te)" " or) — g(t, (E = tr)* tug, (t— te) " 0n)| <,
|G(t, (t — tp)* Tug, (t — tr)? " tor) — G(t, (t — tr) Lug, (t — t1)° " Luo)| <,
|H (L, (t — tp)* Lug, (8 — t)? o) — H(t, (t — t)* tug, (t — t)° )| < e,

and

[I(ty, (1= t2)* g, (1= t1)P " oy) = Ity (1= £2)* Mg, (1= 1) M) | <oe,
|J(f,1, (1 — tl)a_lul, (1 — tl)ﬁ_lvl) — J(tl, (1 — tl)a_1U,2, (1 — tl)ﬁ_lvg)l <e€

forall k =0,1, |u; — u2| < ¢ and |v1 — va| < 0 with uq,ug,v1,v2 € [—,r,7].

416



From (12), there exists No(9) such that

(13)  (t—t3) ®fan(t) — 2o(8)] <6, € (tstosa], k= 0,1, 0> No(3),
(t—te) Plyn(t) —yo(t)| <0, tE€ (tr,tus1], k=0,1, n > No(6).

Hence, we get

/|p (1, 0 (0), n(8)) — PE) (1, 20 (1), 3o (1)) dt

_ Z/t PO (107~ 1) O (0, (1P~ ) ()

— (&) F (¢, (¢ = t) 71 (t = ti)' Yo (1), (¢ — )71 (¢ = t)' Pyo(t))]} dt
1 th+1 1
< I;/t z—:p(t)dtze/o p(t)dt, n > Noy(6).

It follows that

1 1 1

a9 | [ st | p(t)f(two(t)vyo(t))dt‘ < [ poa
n > No(é)

Similarly for n > No(d) we get

1 1 1
(15) /0 q(t)g(t, xn(t /0 q(t)g(t, xo(t )dt‘ < 6/0 q(t) dt,

1 1 1
(16) / P(t)G(t, zn(t /0 e(t)G(t, x0(t), yo(t)) dt‘ < 6/0 o(t) dt,
(17) /1/) H(t,z,(t /Ow H(t,zo(t), yo(t dt‘<€/z/)
and
(18) [ (t1, n(t1), yn(t1)) — I(t1, 2o(t1), yo(t1))] <&, n > No(6),
(19) | T (t1, 20 (t1), yn (t1)) = J(t1, To(t1), yo(t))] <&, 1> No(d).

Then (14)—(19) imply that
||N(37myn) _N(JTOJJO)H _>Oa n — o0.

It follows that N is continuous.
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Let P: X — X and Q: Y — Y be defined, respectively, by (8) and (10). For
(u,v,a,b,¢,d) eImL = Z, let

(20) Kp(u,0,a,b,¢,d)(t) = (x(t), y(t)),

where z(t) and y(¢) are defined by (6) and (7), respectively.
One can see that Kp(u,v,a,b,c,d) € D(L)NE and Kp: ImL — D(L) N Ker P
is the inverse of L: D(L) NKer P — Im L. The isomorphism A: Ker L — Y/Im L
is given by
A(0,0) = (0,0,0,0,0,0).

Furthermore, one has
(21) QN (z,y)(t) = (0,0,0,0,0,...,0,0,...,0),
and
Kp(I = Q)N(z,y)(t) = KpN(z,y)(t) = (21(t),41(2)),
where

(22) « (t)

_ Oé t](:l‘ Eoz a )‘t / Ea O( — 1 — S)a lp(S)f(wa(S)a y(S)) ds

+ / (t - s)a—lEa,awt — 5))p(s)f (s, a(s), y(s)) ds
0

T(a)t* 1 Ey o0 (M)
1 -T(a)Eqn,a(N)

/t Eaa(A(1— 5)*)(1 — 5 1p(s) f(s, 2(s), y(s)) s

! F(a) a—1 a
- | ele)Gs.2(5). () 43 T gt B (%)

+ ()G ot t1)(t, 2(t1), y(t1)),

and

(23) yi(t)

_F(ﬁ)tﬁ_lEﬁﬂ(Mtﬁ) ! 581 = )2 a(s)als. (s s))ds
) [ 1 = 91 = )" a9, v(s)

+ / (t — 87\ p(ult — 5)°)a(s)g (s, 2(5), y(s)) ds
0

LB Egp(ut®) [* )
) [ (a1 = 7)1 = 5" a(s)g(s,2(s) () ds
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L'(B)
/ Vi #(#), y(s)) ds 1-T(B)Es.p(1)
L(B)Gpp(t t1) I (t1, z(t1), y(t1))-

71 Eg p(ut”)

Let 2 be a bounded open subset of E satisfying Q N D(L) # (). We have

(24) H(fc,y)H:maX{ sup 17z (1)), sup (t 1) "z (t)], sup ¢ 7y(t)],

te(0,t1] te(ty,1] te(0,t1]
sup (t— t1)1_6|y(t)|} =r<oo, (z,y)e€.
te(t1,1]

Since f is an impulsive Carathéodory function, f(t,(t — tx)* ‘o, (t — t;)?~1y) is
continuous on (tg, 1] X [=7,7]%, k = 0,1 and the limits
lim f(t, ¢ e, t77 ), dim f(t (8- 1) e (E— 1))
t—0+ t—tl
exist for every (z,y) € [~r,7]2. Then f(t,(t —t1)* 'z, (t — t;)?~'y) is bounded on
[t thsa] X [ 7]?, k= 0,1,
Similarly, f, g, G, H and I, J are impulsive Carathéodory functions, I, J are

continuous functions, which together with (24) implies that there exists a constant
M > 0 such that

(25) [f(t,2(t),y(1))]
= [ £t (6= ta) 7 —te) 0 (t), (¢ — )" (= te) T Py(1) | < M,
lg(t,z(t),y(t))| < M, |G(t, x(t),y(t))] < M, and [H(t,2(t),y(t))] < M
hold for all ¢ € (0, 1),

(), y(0)] < M, [ J(t, 2(t), y(t))] < M.

Step 2. Prove that QN () is bounded.

It follows from (21) that QN (Q) is bounded.

Step 3. Prove that Kp(I — Q)N: Q — E is compact, i.e., prove that Kp x
(I —Q)N(RQ) is relatively compact. This is divided into three substeps:

Substep 3a. Prove that Kp(I — Q)N (Q) is uniformly bounded.

We have for t € (0,t1] that

17 (1)

NG 1Eaa)\t0‘
E_)F /EM

_ 11—

)*) (L =) p(s)f(5,2(s), y(s)) ds

+ / (t - s)HEa,au(t — 9))p(s) f (s, 2(s),y(s)) ds
0
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0t EMW/EM (1= 9)7)(1 = 8)*1p(s) (s, 2(5), y(s) ds

! ( ) a—1 a
- / P(5)Gs, (). y(a)) ds T st Eo o (M)

+ T(@)Gralt, t1)I(t, z(t1), y(t1))

(@) Ea o (M .
\W/Eaa M1 =91 -5 s Mds

t
+ tl_“/ (t = ) By (A(t — 5)°) 15" M ds
0

() Ba.a(AtY) A
W/ Ba.o(AM1 —8))(1 —s)* 1 s M ds
1 I(a) )
+/0 SO(S)MdS mEa7a()\t )
<M111F_(F)(E+Ma ) EoaM1—5)2)(1 —s)* sk ds

+ Mlltl—a /t (t _ S)a—lEaa()\(t _ S)a)skl ds
0

F(Q)Ea7a(>\ta) ! e a— 1

m/t Ea.a(M1 —5)%)(1 —s)* sk ds

Mllp|1T() N
1= T(a) o () Do)

+ Ml

+
[(a)Eq o (M)
1 —T()Eqn,a(N)

(@) Eaa(At?) ' A (1 — s)ke A
1—r<a>E‘M<A>/o NCES AR

+T(a) EooMN1—1)") (1 —t)* M

<MbG
k=0

too )\kt—ska

+ Myt O‘/O 1) ) (t —s)* sk ds
il

aoz /\ta ' )‘k _Soz—lslﬂ s
M Wl (A
M|\<PH1F( )
1-T(a)Eaa(N) ™"
['(@) Ea.a (1A
1 —T()Eqn,a(N)

(IAD

+ () EpoaA1—t)*)(1—t)* M
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T(Q)Ea.a(AM®) o= NB((k+ 1), ki +1)
S ) Ea ) 22 Tkt Da)

Z RN B (k4 1)a, ky + 1)
+ Mlltlia ’
k; L((k+1)a)

T()Eua(A]) = NB((k+ 1), ky + 1)
M ) B (V) ;;o T((k+ 1)a)

Mllel[iT(«)
m a,a ([A])

+ F(a)%%Eaﬂ(/\(l — 1)) (1 — 1) M < oo

For t € (t1,1], we have similarly that

e O [ 1 =001 = 91" (5 5051 3(5) s

" / (t = 5)* Ea oAt — 5)°)p(s) (5, 2(5), y(s)) ds
0

t“ EmAt“ / Eaa(M1 = 8)*)(1 = s)*'p(s) f(5,2(s),y(s)) ds

_/0 0(s)G(s,2(s),y(s)) ds I'(a)

a—1 @
= T()Baa(y. DaeM

+ F(Oé)G)\@(t, tl)I(tl, J,‘(lfl), y(tl))

ta 1Eaa )\ta
< (1—t1)1 ol / EopaA1 =351 —9)"" L sP M ds

+(t—t1) 70[/0 (t— s)aflEa aA(t = 8)*) s M ds

D(a)t* ' Eq.a( )\ta
+(t—t)' " ia_) () B / EooA1 —8)*)(1 —s)* tys" Mds

+(t—t1)1_“/0 p(s)M ds —F( ()E) o

+ (t—t1)'7TOT ()G ot 1)) M

T(a)ts 1Eaaw
<(1_t1)7 ()F /anz

t* 1By o (M)

)1 — )" 11 s M ds

t
+(t—t1) *O‘/ (t— s)aflEa,a()\(t —8)*)1sF M ds
0
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D@t By (M)

o 11—« aoz _ _ a—17 k1

+(1—t) TG /Emm $)*)(1 — 8)* Ly sM M ds
M r

4 (1 _ tl)lfa ||SO||1 ( ) t?_lE(y,a(P\D

1 -T(a)Eq,a(N)

1—apy (L@t Eaa(At)
+(t—t1) F(O‘)( 1 —T()Ea,a(N)

F(t— 1) B 0 (Nt — tl)a))M

LT By (M)
1 -T(a)Eqa,a(X)

Eoa(M1 — 1)) (1 — 1)}

t
<M1 —t)! / EopaM1—5)2)(1 —s)*1sM ds
0

t
+ My (t — tl)l’a/ (t —8)* L E, (At — 5)%)s™ ds
0

b ML (1— )i Fiajtg(_a)%;j?;;) /t Faa(M1 = $)%)(1 — )11 ds

Mlo|[:T ()
1-T(a)Baa())
L()tf " Eaa(|A])

1—T(a)Baa())

+ (1 —t) e t?_lEma(P‘D

+ M(1—t)' 7T (a) EooMN1 —1))(1 —t)* !

+ Eoo(|A)M < 0.
Due to the above discussion, there exists M; > 0 such that

||§C1||oo = max{ sup t17a|x1(t)|, sup (t—t1)17a|$1(t)|} < M < oo.
te(0,t1] te(ty,1]

Similarly, we can show that there exists My > 0 such that

lyalloe = max{ sup " Plyi(0)], sup (¢ =) Pln(t)]} < Mo < oo.
te(0,t1] te(t,1]
Hence Kp(I — Q)N () is uniformly bounded.
Substep 8b. Prove that Kp(I — Q)N () is equi-continuous on each subinterval
le, f] of either (0,%1] or (¢1,1].
Let s3 < s1 and s1, 52 € [e, f]. Since

51" /081(51 —8)* ' Ea,a(A(s1 — 5)*)p(s) f(s,2(s),y(s)) ds
—s5 “ /82 (52— 8)* " Eaa(A(s2 = 5)*)p(s) f (s, 2(s),y(s)) ds
T a|/ 51— 8)" " Ea,a(As1 = 5)*)|p(s) f(5,2(5), y(s))| ds
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s [ =9 B M1 = 9 9) 5506, () s

S2

S2
+ séfa/ ‘(51 — s)a_lEa’a()\(sl —5)%)
0

— (52 _S)O(_lEoc a(A(s2 —s)%) “p 8)f(s,z(s),y(s))|ds

< MiyJst—o — s a|/ (51— 8)* " Eaa(Als — 5))s* ds

s1
+ Ml s3 (’/ (51— 8)* ' By a(A(s1 — 8)%)s™ ds

52

S2
+ Ml s} a/ |(51 —8)* 1 Eaa(A(s1 —8)%)
0

— (82 — S)(y_lEa’a()\(SQ - s)a)‘sk1 ds
)ozk

1o oy [ ac1 g~ A (s1—s k
= Mly|s; % — s |/0 (s1 —9) kzzomslds
+ Mllsé_(’ /5:1(51 — s)afl ki::) %skl ds

S1
= M =Y / (51 = )01 481

Ak 51
M 11—« _ Oé(k’-’rl)—l kl
+ Mlyss ,;:0 7I‘(a(k ) /82 (s1 —s) s ds

S2
+ Mlysy™® /
0

= T(a(k+1)) — TD(a(k+1))
Mg a(k+1)+kr A1
< Mll|5%—oz alz F k+ 1 /O (1 _w)(y(k-i-l)—lwlﬂ dw

1 )\ks‘ll(kJrl)Jrkl 1 (k+1)—1, k
Miysy™ Y b et
+ Mlys) Z T(a(k+ 1)) /sg/sl( Y o

k=0

i )\k(sl o S)akJrafl B i )\k(s2 _ S)akJrafl

S2
+ Mlys5™® /
0

2 TT(a(k+1) 2= T(a(k+1)

i )\k(sl _ S)ak—i-a—l B i )\k(SQ _ S)ozk-‘,—oz—l

sk ds

s* ds

423



) oo k a(k+1)+k1 1
— —a a(k -1,k
<Ml1|81 | E kj—|—1 A (]_—w) (k+1) w™ dw

00 Ak 1
M 1 — )+ =1,k
* “kz:(:) T(a(k + 1)) / (1-w) W dw

s2/s1
S2
+les§—“/
0
It is easy to see that
1 1
0< / (1 — w)EHD=1ykr qyy < / (1 —w)* twh dw,

0 0

1 1
0< / (1 — w)*FFD =1k qyy < / (1 —w)* wk dw.
s 0

o )\k(sl o S)akJrafl > )\k(s2 _ S)akJrafl )
D T T S B v i T L

k=0 k=0

2/81
Then
B o A a(k+1)+k1 1 R
|Z CE) /0(1—w) w™ dw — 0
uniformly as t1 — to,
and

) 1
A
g Tl)) / (1-— w)“(k+1)_1wk1 dw — 0 uniformly as t; — ts.

k=0 F(Oé( 2/81

For estimating the third term, we denote

o - Slfa /32 )\k(sl _ S)ozk+oz—1 B /\k(52 _ S)ak—i-a—l
Tl | Tlelk+D) T(a(k + 1))
We distinguish two cases:

Case 1. a(k+1)—1>0. We get

H; = s%fa /S2 (Ak(sl - S)akJrail _ )\k(52 _ S)akJral)slm ds
0

sk ds.

T(a(k+1) T(a(k+ 1)
1— )\’“S(f(kH)Jrkl s2/1 kta—1_ k
_ [e3 1 _ (03 a— 1 d
= < Moy J, 0w
)\ksg(kJrl)Jrkl 1 .
- s 1 _ [e3 +0’—1 kl d
a1 1)) J) e “’)

i S(lx(k+1)+k1 Sg(k+1)+k1 1 a1
<A — 1 — w)¥Froe- 1d
<r<a<k 1) Tlalk 1>>> / (L =)™ ™ dw

. S(IJt(kJrl)Jrlﬁ Sg(k+1)+k1 1 Lk
<A — 1—w)*™ dw.
<r<a<k+1>> r<a<k+1>>>/o (=)™ dw
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Case 2. a(k+1)—1<0. Then

oo e )\ksg(k+1)+k1 fol(l _ w)ozk+oz—1wk1 dw
BT T(a(k+ 1))
)\ks(ly(k-l-l)-i-kl s2/s1 (1 _ w)akJraflwkl dw>

0

T(a(k + 1))

Ak (bt D)tkr [
g a 1 1— ak+a—1,, k1
e [ @ttt aw

82/81
_ Sfly(k+1)+k1 / (1 o w)akJraflwkl dw>
0

\F (kD) 4k alk+1)+k /1 k
=—|( (s — 5 ! 1 — w)Ftae—lyk qu
i R A

1
+ s‘f(kH)Jrkl / (1 — w)ekta—iyh dw).
92/91

Denoting by [-] the integer part function, we have

/ i Mo = )Tl R M )k
> o L(a(k +1)) — D(a(k+1))
Wﬁj / < k(sg — s)akta-l N i A(sg — s)akta= 1>Sk1 ds
Tla(k+1)) &= T(a(k+1)
81 o S)akJrafl oo 82 o S akJrafl kL
¥ Z/]/ ( CE+D) A Tekem) )T
[l/a
Ak ( a(k+1)+ks S(Y(k-l‘l)-‘rkl) /1(1 o w)akJraflwlﬂ dw
T(a(k + 1)) ! 0

1
+ S?(k—HH—kl / (1 o w)akJraflwkl dw>
82/81

. sflx(k+1)+k1 g(k+1)+k1 1 -
+ A 1 —w)* " w" dw.
21;] (Rt~ ) J, 0o

The finite sum obviously has limit zero as s; — s3. The infinite sum is equal to

00 . S?(k'i‘l)"l‘kl Sg(k+1)+k1 1 -
A - 1 —w)* twhrd
RN (P~ g ) ) 0ot

and its limit as s; — s is zero as well.
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From Cases 1 and 2, we get

s / " 51 = 9 B (Mot — 9))p(s) (s, 2(6), y(s)) ds
0

— sy “ /32 (s2 = 8)* ' Ea,a(Ms2 — 8)")p(s) f(s,2(s),y(s)) ds| = 0
0

uniformly as s1 — ss.

It is easy to see that

‘ ““51 / Faa(A(1 - ) 1p(s) (s, 2(s), y(s)) ds
—I‘(a) (As3) —8)M)(1 = 8)* Ip(s) f(s, z(s s))ds
e ”/E 21 = 5))(1 = 5)*p(s) £ (5, 2(5), y(5)) d

< Ha )|E1aj¥\(81))£;a QE&Q As5) |/ aa(A(1 = 8)*)(1 —s)* L sk ds
P(a)Ea,a(ASQ) o [e% a— 1
m/ Eoo(M1 —8)*)(1 —s)* HysF M ds

< Ml [(a )|Eia_a /\51 Ea,a /\52 |/1 c- ke _s)a—lskl ds

SlkO

M@ BaalM) [ & A’f(l—sw .
*Mhl—ma)E;(A)/ NI

()| Ba.a(As§) — Eq.a(Xs$)] i NB((k+ 1),k + 1)
1 —T()Eqa(N) L'((k+1)a)

52 k=0

< MlbG

+ Ml

F( oz « |)\| i /Sl (1 . S)(k—i—l)oz—lskl ds =0
1— ) &= T k +1)a) J,,

uniformly as s; — ss.

Similarly we can show that

a a )‘51 / Ea O{ — 1 — S)a 1p(5)f(57 x(s), y(S)) ds

2 / Baa (M1 = 8)7)(1 = 5)°~"p(s) f (s, 2(s), y(s)) ds| — 0
uniformly as s; — sg
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and

1
m/o P(5)G(s,2(s),y(s)) ds
+ si_af(a)G,\,a(sl, t) I (ty, z(t1),y(t1))
8) [
P L [ ()G s a(s). () ds

+ Sé_aF(Oé)G)\,a(S% ty)I(ty, z(t1), y(tl))> ‘ -0

uniformly as s; — ss.
For each [e, f] C (0,t1], and s1, s2 € [e, f] with s3 > s1, using (22), we have
(26) |si=x1(s1) — 55721 (s2)] — 0

uniformly as s; — $a, 1,82 € [e, f] C (0, #1].
For each [e, f] C (t1, 1], and s1, 2 € [e, f] with s2 > s1, using (22), we have

[(s1 = t1)' " “@1(s1) — (s2 — t1)" @1 (s2)| = 0

uniformly as s; — ss.

Similarly, we can prove that
(27) (51— te)' " Pya(s1) = (s2 = t)' " y2(s2)] = 0

uniformly as s; — sq, 51,52 € [e, f] C (tk, tr+1], £ =0, 1.

Hence Kp(I —Q)N(Q) is equi-continuous on each subinterval [e, f] of either (0, 1]
or (t1,1].

Substep 3c. Prove that Kp(I — Q)N(Q) is equi-convergent both at + = 0 and
t=1t;.

Since

1 1

tl_aﬂh(t) — (m ; Ea,a()\(l —5))(1 - S)Q_lp(s)f(sa x(s),y(s))ds
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< F(OK)LM/ EooA1 —38)*) (1 —s)* tysf Mds

1-T(a)E

t
+t1*a/ (t = ) B (At — 5)°)l1s™ M ds

Pl / Baa(M1 = 8))(1 = )" p(s) f(5,x(s), y(s)) d
1 a—
TR / Baa(M(1 = $)7)(1 = 5)°'p(s) (5. (s), y(5)) ds

M|pllx
1 -T(a)Eqa,a(X)
ID(0) Eaa (M) — 1|
N S T ) B

+ T() Eq 0 (AtY) — 1|

Baa(M1 = t1))(1 — t1)* M — 0

uniformly as t — t.

Similarly we can show that

(28)
(29)

and

(30)

(t —t1)' 721 (t) is convergent uniformly as t — t1,

t17Py, () is convergent uniformly as t — 0,

(t— tl)l_ﬁyl(t) is convergent uniformly as ¢t — #;.

So Kp(I — Q)N(Q) is relatively compact. Then N is L-compact. The proofs are

completed.

O

4. MAIN RESULTS

Now, we prove the main theorem in this paper. Suppose that (a)—(f) hold. Let a;,
bi, ciy i =1,2, A;, B;, C;, i =1,2 and A;, B;, C;, i = 1,2 be nonnegative numbers.

Denote

428

o1 =: max{llbl(w +1) i NB((k+ s by +1)

I(a)Eqy,a(A
[ell1B1L (@) Ea,a (A])
1 -T(a)Eqn,a(N)

+§1F(a)%Ea,a(A(l — 1)) (1 — 1),

— T((k+1)a)




o (Tt} Eaa (M) o= MB((k + Do, k1 +1)
l1b1(1—t1)1 ( 1 - T()Baa()) kZ:O T((k + Da)

N DR B (k4 1), by + 1)

> I((k + Da) )

+ Bl(]- - tl)lia 1— ”Fsa(ll)];;(ji(/\) t(llilEa,a(P‘D

L)t ™" Bao(|IA)

+ B (p) STl g, (31— 1)) + B 0) |

2T () Ea.o(|A]) = NFB( k—i—lak—i—l
61 = max{llal (M ) Z 1 )

09 =

1= () Eqa( 2T ((k+ Da)
, Ipl AT (@) Eaya (1AD
1 —T(a)Eq,a(N)

+er(a)—lr_((i‘)(§‘)’§i|jg) EooMN1 —1)*)(1 —t)* !

hay(1—t) (2F(a>ti"1Ea,a(|Al> i AB((k + 1)a, ki + 1)

I-T(0)Eao()) &= I((k+1)a)

Aef DR B (4 1), kg + 1)
*Z T((k+ D)) )

A1 - mla%ﬁ*%w
T B (A .
+A1(F(a) IS YPSTIRNGY Eoa(A\1 —t1) )+Em<|AI))},

2U(B)Ep p(|ul) — "B k‘+15/€2+1)
max{lzbz(l_r(ﬁ)EﬁB )kz_o T((k+ 1)B)
[¥111 B2L(8) E.5(I1)
1 -T(B)Ep,s(n)

+ B (9 2 s Bt — )1 = 1),

1= (2B B p (1)) o~ P B((k + 1)B, ks + 1)
b~ (R G ()

oo k 1[‘3 k:z
+ 3 HTTB (k4 1B ka4 1)

T((k+ 1))

_ 1-8 ||¢H1F(5) B—1

B—1
+ Ba (T 2B 2 Lo (1 = 1)) + B o) }.

N—— ©o

&
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o0

2I(B )Eﬂﬁlul 1B k+15k2+1)
1—T(B)Eg.p(p ) Z) ((k+1)8)
[¥[]1 A2 (8) Eg,p(|1])

1-T(B)Esp (1)

A ()t (1 — 1)) = )

laas(1 _t1)1_5<21‘(5)tﬁ 1Eﬁﬁ |u| Z pFB k+ 1)8, ks + 1)

(52 =: Imax {lgag(

1-— Eﬁ 5 Py k + 1)5)
00 Mktngrl)ﬂJrsz((k_‘_ 1)6;k2 + 1))
t T((k+ 1))
T it - LU S R}

T-T(B)Es () *
L(B)t " Eg p(ul)
1-T(B)Es,s(1) Bp,p(p(1 _tl)ﬁ) +Eﬁ;ﬂ(|ﬂ|))}~

Theorem 4.1. Suppose that (a)—(f) (see Introduction) hold and
(C) @ is a sup-multiplicative-like function with its supporting function w, the inverse

+ A4, (P(ﬂ)

function of ® is ®~! with supporting function v.

(D) f, g, H, G are impulsive Carathéodory functions, I, J are continuous functions
and satisfy that there exist nonnegative constants ¢;, b;, a;, 1 = 1,2, C;, B;, A;,
i=1,2and C;, By, A;,i=1,2 fort € (tg,tx11], k = 0,1, such that

[t (= t0)* e, (= 1) " y)l < o+ bufa] + @ @7 (Jy),
lg(t, (¢ = tr)* e, (= 1)~ y)| < e2 + ba®(J2]) + anlyl,
|Gt (t = 1), (t = te) " 1y)| < C1 + Bala| + A2~ (Jy),
[H(t, (= te)* e, (t = 1) 'y)| < Co + Ba®(|al) + Azlyl,
and
[L(tr, (1= t1)* ta, (1= 1)~ 1y)| < C1+ Balz| + 4127 (Jy)),
[T (t1, (1= 12)* 'z, (1= 1) 'y)| < O + Ba®(|a]) + Azfyl.
Then BVP(3) has at least one solution if
oD 1—0q
1 1, & 1 1
(31) o1<L <l 1—52/w< 251)<

or

51 20’2
<1, 6 <1, —(—)<1.
a1 2 1—0‘11/ 1—52
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Proof. For reader’s convenient, denote

2T (o) B, = AFB( k:+1 Ja, k1 + 1)
Hn1 =: max{hq (W ) Z k—|— 1) )

lell1C1T () Ea,a ([A)

1 -T(a)Eqa,a(X)
['(a) Ea,a(|A)
1 —T()Eqn,a(N)

Lo [ 2Dt Eq o (A]) = A*B((k + 1)a, ky + 1)
hal—t) < 1— rl(a)Ew(A) kzzo T((k+ 1))

N i AbgFEDO R B (1 4 1), Ky + 1)
T((k+1)a)

k=0

+Ci(l =) TR ey _”Fﬂj)%zim 197 Baa(|A)

k=0

+CiI'(a) EooMN1 —1)*)(1 —t)*7,

+ 0 (o) et b (1 = %)+ EnaW)) |
and
_. 20(B)Ep p(I1]) — Bk +1)B, ko +1)
H2 = max{l202<1—F(6)Egﬁ )Z k;+1),8§

=0

[111CoT (8) Es 5 (|1l)
1 -T(8)Eg,p(n)

(B R gt o (u(1 = 1)) = ),

2 ()t Eg s( B IMI i 1B k +1)8,ks +1)
1 T(8)Es4(u (k+1)B)

lyea(1 — 1)1~ (

k=0
0 ‘Ltkt(k+1)ﬁ+k2B((k‘ + 1)6; k2 1)
> N(CE)

k=0
, [ 0(8) s
+ Cy(1 —t)? ﬁmh YEg 5(|ul)

T(B)t " Eg 5(u))
= F(ﬁ)EZi(u) Ep (11 = 11)") + Bs s((1))) }

To apply Lemma 2.1, we should define an open bounded subset €2 of E centered

+Cs (P(ﬂ)

at zero such that assumptions in Lemma 2.1 hold.
Let Q; = {(z,y) € END(L)\ Ker L, L(z,y) = ON(x,y) for some 6 € (0,1)}. We
prove that Q; is bounded.
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For (z,y) € Q1, we get L(x,y) = ON(z,y) and N(z,y) € Im L. Then

D x(t) — Ax(t) = Op(t) f(t, 2(t), y(1)), €(0,1), t #t1,
D y(t) — py(t) = 0q(t)g(t, z(t), y(1)), € (0,1), t#ty,
lim #17¢2(t) — lim ¢1=x(t) =0 [, o(5)G(s,2(s), y(s)) ds,
(32) hmt1 5y(t)—hmt1 By(t) —L‘)fo »(s)H (s,2(s),y(s))ds,
tl_lgl (t —t1)' () = OI(t1, x(t1), (tl))
tl_lgl (t —t1)'Py(t) = 0 (tr, ultr), D§ u(tr)).
So
(33) ()
a—1 «@
— gLt EM ” / Eaa (M1 = 8)")(1 — )7 p(s) £ (5. 2(s), y(s)) ds
0 / (t - 5)*" lEaawt—s) () (5, 2(s), y(s)) s
0
a—1 «@
e / Eara (A1 = $)*)(1 = )~ p(s)/ (5, 2(s), y(s)) ds
F(a) a—1 «
—Hmt Eqy oMt )/0 o(s)G(s,z(s),y(s)) ds
+9F((Jé>G,\7(y(t,t1)I(t1,J)(tl),y(tl)),
and
(34) ()
B-1 8)
= EE B [ a1 = 9001 = 50 a9l (5. 0(6)) s

0 / (t— )P By s (ult - )")a()g(s, 2(5). y(s)) ds

L) By p(ut’) [* .
0T T(B)Es (1) /t B p(u(1 —5)°)(1 = 5)"""q(s)g(s, x(s),y(s)) ds

B ¢ ot A 1 s s, x(s s))ds
@ Ere) [ veH ). ve)a
+00(B)Gup(t,t1)J (T, 2(t1), y(t1)).
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Using (D), we get

(8 (t), y()] = F(t, 17 (t), 7Py ()]
e+t () +ar @7 (T |y (1))
< e+ bzl +a @ (Jlyl]),

IG(t,2(t),y(t)| < C1 + Billz| + A2 ([lyl]),

(1, 2(ta), y(t)] = [1(t, (L= t)* 7ML = t)' " a(tr), (1—t2)7 71 (L = t1) ' Py (t))]

SCi+Bi(l— 1) " la(t)| + A @~ (L —t) P ly(t)])
< i+ Bilz] + A2~ ([lyl).

Then, for ¢ € (0,¢], we have

£ ()
[(a)Eao(MY) [ . .
s m/ Ena(A(1 = 8)*)(1— )" hs™ | f(s,2(s),y(s))| ds
#7095 £ (5,2(5),y() ds
0
[(a)Baa(M®) [ . N
*m/ Eaa(M1=)")(1 = 5)" " hs™ | f(s,(s) y(s))| ds
+/0 0(s)|G(s,z(s),y(s))|ds I‘F(a)

1 —T(a)Baa())
() Ba.a (M) § -
ToT(0) B () e A = 1)) = 8) (0, (), (1)

< ll% /0 Boa(A(1—8))(1 )" 's" ds

x (c1 + byl|@]| + ar @ (lyll))

Eq o (AtY)

+ ()

t
+ ht“a/ (t =) Eaa(A(t = 5)*)s" ds (c1 + bi[z]| + a1 @7 (ly]))
0

I(a)Ea,a |>\|

+ll1—r( ) Ea.a

/ Faa(M1 = 8))(1 — )21k ds
X (e1+ bilzl| + a1 @~ (lyll))

4 el (1 + Baflzl + A2~ (fly )T ()
1 _F( )Ea a(>‘) E%(Y(l/\')
['(@) Ea,a (A

1 -T()Eqa,a(N)

+ () EooaM1—11)*)(1 —t)* !

x (C1 + Billz|| + 419 (||y]]))
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434

l (@) Eq.a(|N) i MNB((k+ 1), ky + 1)

Eaa (A

L T(@EBaa(A) [N
lll—F(a)Ea7(y()\)/ ZF((k—l—l)a) (1 5) s ds

0 k=0
x (1 + bzl + a1 @ (||y]])

k

t _ _

RS a/ Z (k+1 (t—s5)*""s" ds (1 + bilz]| + a1 @ (|ly]))
0

L, LB <|A|>) /f%(l—sﬁa(l_s)alsmds

1—T()Eaa(N) Ji &= T((k+1)a)

X (c1 + bzl +ar @~ (lyll))
||s0|| (C1 + Bylz|| + Ar @' (Jly])T (« ) & (A
1 —T(a)Ena(N) Eaa
['(a) Ea,a(|A])
1 -T()Eqn,a(N)

+T() Eaa (A1 = 1)) (1 — ;)
x (C1+ Billzll + 4127 ([lyl)))

(1 + baflzll +ar @~ (flylD))

"T-T()EaaN) & T((k+1)a)
Lo o~ Mot Da+ B (K 4+ 1)a, by + 1) .
+ It ; T + 1)a) (1 + bulz]l + a1 @~ (Jly)))
T(@)Eaa(A]) ~= NB((k+1)a,ky +1)
O @) e (0 2 T((k + 1))
x (c1 + bi[lall + @@ (Jly])
o el + Billall + 4@ (lyl)

1- F( )Ea oz()‘)

() Eaa(|A])

O ) Baa )

Eao(A1 — 1)) (1 — )27}
x (C1 + Billzll + A1 27 (Ily[)))
L(@) Ea,a(|A]) i A*B((k + 1o, k1 + 1)
1-T(@)EaaN) & T((k+1)a)
N B((k + 1), by 4 1)
+h ;;o T((k + Da)
(a)Ea.a(\) i MNB((k+ 1),k + 1)
1 —T(a)Ea,a(N) L((k+1)a)
x (e1+biflef +ar @™ (lyl))

Eaa(|A])

(e1 + ballzl| + ar @~ (|lyll))

(1 + buflzll +ar @~ (flylD)

+ 1

k=0

L el + Baflzl + 4127 (fly )T ()
1 _F( )Ea oz()‘)




I'(@)Ea,a (A

O ) Baa )

EooaM1—11)*)(1 — tl)a_l
x (€1 + Billall + Ao~ (ly)
L) Bun(A)_§5 Bk + Dok +1)
1-T()Eqn,a(N) T((k+1)a)
ZNB((k+ 1),k +1)
NP D s (CEVEY
FaallA) & MB((h + Doy by + 1)
) Eaa (V) kZ T((h+ Do)

)
I'(
”50” Cl ( )Eoza(|/\|)

=lic
k=0

(

+ 1101

I'(@)Ea,a (M)
+Cil(a )% A1 = 1)) (1 = 1)
(A S e
— A* a
by kz:% A B(élz( +)1)k)1 +1)
R
n IIsallleéaiaj(l)Al)

L Bil(a >%Ea,awl )M —tl)“*)n:m

I'(a)Eaa(|A]) MNB((k+1)a,ky +1)
+ <ll‘“ —T()Ea.a(N) Z T((k+ 1)a)

k=0

AB( k-+1 ky+1
+lLa 12 a L )

T((k+1)a)
< Eno(M) = MB((k+ Dok +1)
AT (@) B e >Z Tk + D)
Il P (2]
(Q)Ea a(N)
+ Alr(a)%ﬂw@(l ORI e L ()
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For t € (t1,1], we have

(t—ta)' " fa(t

Fia t;(—leaa(E\;;) /t Eoo(M1 = 5)*)(1 - S)a_l
- & o, 0
x p(s)f(s,2(s),y(s))ds

=(t—t)

+ / (t = )2 Ea a(A(t — 5)°)0(s) £ (5, 2(5), y(5)) ds
0

)t By a(MY) 1 -
S [ B30 =)0 = () (0(s). () s

- %t“‘l%wﬂ | oGt ds

+ ()G a(t, t1)I(t, 2(t1),y(t1))

g(f/—tl)l ta lEaa Ata /Eoza
x (1= )" Has™ | f (s, 2(s), y(s))] ds
+(t—t1)1’a/0 (t = 5)" " Eaa(A(t = 5)")l1s™ | (s, 2(s), y(s))| ds

t“ 1E /\ta
+(t_t1)1 a O(a /Eoza

1 —S)“ 1llS’“If(S 2(s),y(s)) ds

x(
%t“‘%,a ) |s0 s)|G (s, 2(s), y(s))| ds

)
I—a L(a)t* 1 Ey o0 (M)
+ ((t —t1) “I() 1-T()Eqn,a(N)
)

+ Baa(A(t = 1)) )|t 2(t2), y(0))|

% (e1 + bulz] + a1 @™ ([lylD)
t
+(1- tl)l_“/o (t =) Ba,a (At = 5))las™ ds (c1 + buflz] + ar @™ (yl]))

F(a)ta—lEa’a(p\D 1 X N 1
1-— Fl(oz)Eo(,a(/\) /t Ea,a(A(l — S) )(]_ — S) 1llsk ds

x (c1 4 bil|z|| + a1 @~ (||y]]))

+(t =t

BooM1 —t)*)(1 —t)* !

+ (1=t

- llplhT(e)

) N ) B )

£ Ea,a((AD(C1 + Bi|lz]| + 4127 (|lyl]))
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L)t ™" Ba (A

+ (D)= T(0) Ba.a (V)

Faa(M1=1)%) + Eaa(I\)
% (€1 + Bullel + A~ (lyl))

o 1—04F(Oé)t(1171E0(704(|)‘|) S )‘k(l_s)ka a—1 1
=) T G /okzzor«ml)a)“‘s) it ds

x (c1 + b1zl + alqu(HyH))

paonye [N e s + b+ ma ()
) 2 T )
k=0

17ar(a)ta_1Ea,a(|>‘|) ' Ak(l_s)ka a—1 1
B e ToeY /t > Ty e ds

x (c1 4 bil|z]| + a1 @~ (||y]]))

5 Ba,a((AD(C1 + Bi|lz]| + 4127 (|ly]]))

o1 (@)

1 -T(a)Eqn,a(N)

L(a)ty ™ Eaa(|A])
1-T()Eqn,a(N)

+ (1 - tl)lia

+ (I‘(a) Eoa(M1—t1)%) + Ea,a(lkl))

X (Ci + Billz|| + 4127 (|lyll))
T(a)t ' Ea.a(|A) i AB((k 4+ o, ky + 1)
1—T()Eana(N) I'((k+1)a)
x (e + ] + a1 @~ ([[y[]))

ARkt B (g 4+ 1)a, ky + 1)
11—« s V1
Thl-0)" ) T((k + 1)a)

k=0
L()t7 ™ Eaa(]A]) i AB((k+ 1), ky + 1)
1 —T(@)Ea,a(M) I((k+1)a)

x (c1 4 bil|z]| + a1 @~ (|[y]]))

Sh(l—t)°

k=0

(1 + brflall +ar @~ (lylD)

=+ ll(]. — tl)lia

k=0

= A s @+ Bl + e (1)

L(a)ty ™ Eaa(|A])
1-T()Eqn,a(N)

+ (I‘(a) Eoa(M1—t1)%) + Ea,a(lkl))
x (C1+ Bzl + 42~ (|ly))-

Then
]| < pa + ozl + 627 (lyl))-

Since o1 < 1, we get

H1 1 -1
35 < — .
(35) el < T2+ =@ ()
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Similarly to the above discussion, we can prove that

2 02
< P .
(36) Il < 7225 + 725 (lal)

g9 251
C l, ——— <1
wel T =) ©

Without loss of generality, suppose that ||y|| > ®(u1/d1). Using BVP(4), we get

H2 02 H1 o1 -1
< q»( o )
Ioll < 22+ 12 + 2oyl

1—0q o1
< 1ﬁ2§2+1j262¢(1251 “(lyl))
Y (& (Jlyll)

1-— 1-— 1-—
()
L T M —T)

1— 465 1—§2w(1—01)
201

Due to (31), there exists a constant M; > ®(u1/61) such that ||y|| < M;. Hence (35)
implies that
1 o1

— > N(My).
1—01+1—01 (M)

2]l <

It follows that €2; is bounded.

Case 2. faly(lz—@ég) <1

Without loss of generality, suppose that ||z| > ®~!(u2/02). Using (1), we get

M1 1 -
loll < T2+ Ulcb iyl

1—0’1 1—
M1 1
< o
1—0’1 ].—0'1 (]. 52 (H ”))
H1 1(_202
< CI)
1—0’1 (1 52 || H )
< +—51 @ (@(x])w (222
= 1—0’1 1 — 01 1 —52

1 51 209
- () el
1—0’1 1—0’1
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By virtue of (31), there exists a constant My > ®~!(uz/02) such that [|z| < Ma.
Hence (33) implies that

M2 + 02

<
Wl <1—% * 15,

O(Ms).

It follows that €2; is bounded.

To apply Lemma 2.1, let Q be a nonempty open bounded subset of X such that
0 D O centered at zero.

It is easy to see from Lemma 2.2 that L is a Fredholm operator of index zero
and N is L-compact on Q. One can see that

L(z,y) # ON(z,y) for all (z,y) € ENIQ and 0 € (0,1).

Thus, by Lemma 2.1,

L(z,y) = N(z,y)
has at least one solution (x,y) € ENQ. So (,y) is a solution of BVP(3). The proof
of Theorem 4.1 is complete. (]

Remark 4.1. It is easy to see that BVP(3) has at least one solution for suf-
ficiently small numbers b; > 0, a; > 0, B; > 0, A; > 0, ¢ = 1,2 and any ¢;, C;
i=1,2.

Corollary 4.1. Suppose that (C) in Theorem 4.1 holds and
(D1) f, g, H, G are impulsive Carathéodory functions, I, J are continuous functions
and satisfy that there exists a nonnegative constant M > 0 such that

|f(E (E—tr)* e, (t— )P y)| < M, k=0,1,
lg(t, (t —ti)* e, (t— )’ 'y < M, k=0,1,
IG(t, (t — tr)* "o, (t—te)°'y)| <M, k=01,
t,(t—1tk)" "z, (t —1tr)” "y)|l < R =0,1,
H a-1 p-1 M, k=0,1
(1, (1= 12, (1= 1) 1y) | < M,
[T (tr, (1= 1) 2, (1= 1) y)| < M.

Then BVP(3) has at least one solution.

Proof. From (D1), we see that (D) in Theorem 4.1 holds with ¢; = C; = C; = M,
bi=a; =B;=A; = B;=A; =0, i = 1,2. It is easy to see that (34) holds. The
result comes from Theorem 4.1 and its proof is omitted. ([
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5. AN EXAMPLE

Now, we present an example which cannot be covered by the known results, to
illustrate Theorem 4.1.

Example 5.1. Consider the boundary value problem for fractional differential

equation
2/3 _4—1/4 1
DYPa(t) = a(t) = A1, a(0), y(1), e 01), £ 3,
1/2 _4—1/4 1
DQ+ y( ) y(t) =t g(tvx(t)vy(t))a te (Oa 1)7 t # 57
1/3 1/3 e 1/2
tlgrit x(t)—tlg%t x(t):§/0 sTEG (s, x(s),y(s)) ds,
BVP(4) L
1/2 i 172 _ 2t —1/2
fiy 429(0) = Jim #29(0) = 5 [ 572 H (s, 0(0).0(5)
1\1/3
li t— = t)=1
Jim (1=g) e =t
1\1/2
li t— = t) =1,
Jim (t=5) w0
where
1+ bt Px 4 ag /Oy 3t e (0, 5],
tiCy . b __/ _1\1/6, 13 1
1+ lt x"’al(t 2) Y ) t€(2,1],
CQ-I-th:L' +a2t1/2 y, t€ (0,%],
9(t,2,y) 1\1/2 1
co+ba(t—3)2d +ax(t—13)""y, te(3,1],
C1+B1t1/3$+A1t1/6 13 te(0,3],
G(t,2,y) 1/6 yl/3, 1
Cr+Bi(t— 3" e+ A (¢ - 1) te(3,1],

Cy + Bgtl‘ + A2t1/2 Yy, te€ (0, 5],
H(t,z,y) = 1\,.3 1\1/2 1
Co+ Ba(t —3)2° + A2(t—5) Ty, € (3:1],
with ¢;, b;, a;, C;, By, A;, i = 1,2 being nonnegative numbers. Then there exists at
least one solution of BVP(4).

Proof. Corresponding to BVP(3), let a = %, B=35 A=p=1,1 =3, Lop@t) =
q(t) = t714, o(t) = p(t) = %t‘l/Q, ®(x) = 23 with <I> ( ) = z'/3; the supporting
function of ® is w(z) = 2* and the supporting function of ®~! is v(z) = z'/3,

I(t,z,y) = J(t 2, y) = 1.
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It is easy to see that p(t) < [1t** and q(t) < loth? with I} = [y = 1 and k) =

ko = —i, and
Flt (=) B, (t — 1) " %y) = 1 + bz + a1 27 (y),
g(t, (t — 1) 732, (t — te) "H2y) = ¢z + ba®(2) + ary,
Gt (t —tp) Y32, (t —tr)"%y) = CL + Biz + A1 07 (y),
H(t, (t — ti) 32, (t — t) "/ %y) = Co + Ba®(x) + Asy.

It is easy to see that Ci,=Cy=1and By = By = A; = A5 = 0 with

) n(3) )| <Pt

‘J(% (1)_1/3% (%)_1/211) | < Ta+ Bo®(lal) + Holyl.

One sees that (C) and (D) hold. By computation, we get

(3(k+1),9)
2(k+1))

20(2)Eyy5,2/5(1 — B %
1 —T(3)Es/3,2/5(1 )kzo L(5(
['(%)Ea/32/3(1)
1 —T(3)Ey/3,2/5(1 )’
b1( 2T (%) Eays.2/3(1) B(;
$)Esy303(1) = T

>
TG (BB 4 1), 3) T(3)Bas./s(1)
IS U D) o Tt )

=0 I(3(k+1)) r(3 )E2/3 2/3(1
. T(2)Ey/32/5(1) = B(2(k+1),3)
0y =: max{m( T(2)Ey/s.9/5(1) + 1) kz:% I(2(k+1))
Al (2)E2)3,2/5(1)
—T(3)Es/3,2/5(1)
a1< L(3)Eas2/3(1) ~BE(k+1),3)
F(%)Ez/s 2/3(1 )k < T(2(k+1))

— 3
V3 L(3(k+1

k=0
(2
) E2/3,2/3(1)},

1= T(5)Ba2/3,2/3(1)

+ 4
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and

02 =: max (%>E1/2!1/2(1) S M
C {bQ( L(3)E1/2,1/2(1) * 1) kz=o I'(

1-—
BoI(3)E1/2,1/2(1)
—T(3)E1)2,1/2(1)’
I'(3)

5)E121/2(1) = B(3(k+1),3)
b2< (l)Ell/Q 172(1 );;0 L(3(k+1))
IS SYE bl CERIE )
2 & L(i(k+1))
I'(3)
+321 —F(%)Ei/z,uz(l)El/Q 1/2(1 )}
- 20 (3)E1/2,1/2(1) > B(3(k+1),32)
02 = max{a2(1 _rz(é)El/m/z(n * 1) ;;o T(L(k+1))
AT (3)E1y2,1/2(1)
1—=T(3)E1/2,1/2(1)
. < 20(3)Erp21/0(1) S~ BGE+1).9)
\1=T () Erj212(1) &= T+ 1)

4y fI5s @B k+1>,§>)
2 INCICESY
, I(3)
1—T(3)E1/21/2(1)

E1/2,1/2(1)}-

Then Theorem 4.1 implies that BVP(4) has at least one solution if

09 251 3
<1, § <1, ( ) <1
a1 2 1—52 1—0’1

or

51 20’2 1/3
<1, § <1, ( ) < 1.
a1 2 1—0’1 1—52

O

Remark 5.1. It is easy to see that BVP(4) has at least one solution for suffi-
ciently small numbers |b;|, |a;|, | Bi|, |4:|, ¢ = 1,2 and any ¢;, C;, i = 1,2.
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