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CIRCULAR UNITS OF REAL ABELIAN FIELDS
WITH FOUR RAMIFIED PRIMES

VLADIMIR SEDLACEK

ABSTRACT. In this paper we study the groups of circular numbers and circular
units in Sinnott’s sense in real abelian fields with exactly four ramified primes
under certain conditions. More specifically, we construct Z-bases for them in
five special infinite families of cases. We also derive some results about the
corresponding module of relations (in one family of cases, we show that the
module of Ennola relations is cyclic). The paper is based upon the thesis [6],
which builds upon the results of the paper [2].

1. INTRODUCTION

Circular units appear in many situations in algebraic number theory because
in some sense, for a given abelian field, they form a good approximation of the
full group of units, which is usually very hard to describe explicitly. The index
of the group of circular units in the full group of units is closely related to the
class number of the maximal real subfield of the respective field, which was already
known to E. Kummer in the case of a prime-power cyclotomic field and which was
generalized by W. Sinnott to any abelian field. Circular units can be also used for a
construction of annihilators of ideal class group of a given real abelian field, which
was discovered by F. Thaine and generalized by K. Rubin (see [8] and [4]).

In contrast to the full group of units, the Sinnott group of circular units is given
by explicit generators, nevertheless a Z-basis of this group was described only in
a few very special cases, for example when the abelian field is cyclotomic, has at
most two ramified primes, or has three ramified primes and satisfies some other
conditions. More details can be found in [I] and [2].

The aim of this paper is to present new results in the case of a real abelian field
having four ramified primes under some other assumptions. Additionally, we will
also explore the structure of the module of all relations (among the generators of
the group of circular numbers) modulo the norm relations.

Except for some parts of Section [7] all results in this self-contained paper come
from the author’s thesis [6], where they are usually explained in greater detail (and
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the notation used there is exactly the same as here). In particular, the complete
proofs of the theorems in Section [6] can be found there.

2. BASIC DEFINITIONS AND RESULTS ABOUT CIRCULAR NUMBERS AND UNITS

For the remainder of this section, let k # Q be a real abelian field, K be its
genus field in the narrow sense, P be the set of ramified primes of k/Q and K, be
the maximal subfield of K ramified over Q only at p € P. Since Gal(K/Q) has a
natural action on K (given by evaluating an automorphism on an element), this
makes K and K* into Z[Gal(K/Q)]-modules.

Definition 2.1. The group D(k) of circular numbers of k is given as
D(k) = ({-1}u{m[0cIC P}>Z[Gal(K/Q)] ’

where (...)z[qal(k/Q) means “generated as a Z[Gal(K/Q)]-submodule of K*” and

nr = N (1 - C ) 9
Ql\¢ K; )Nk cond K;
(17T 5) (1)
i€l
where N denotes the norm operator, cond(L) is the conductor of an abelian field
L, and the product of fields denotes their compositum. The subgroup of totally

positive elements of D(k) will be denoted by D (k).

Definition 2.2. The group C(k) of circular numbers of k is E(k) N D(k), where
E(k) is the group of units of the ring of algebraic integers of k. The subgroup of
totally positive elements of C(k) will be denoted by C* (k).

In [3], it is proven that the above definition of C'(k) gives the same group as
Sinnott’s original definition in [7].
Here are a few well known facts about circular units:

Lemma 2.3. Let) CICP.

(1) For |I| > 1, we have n; € E(k).

(2) For |I| =1, we have n; ¢ E(k), but n}~° € E(k) for any o € Gal(K/Q).
Corollary 2.4. We have
C(k) = <{_1} U {771|I C P >2}u {77%;}0 |pe Poc Gal(K/Q))}>Z[Ga1(K/Q)]
and

C+(k) = <{771’I CPII[>2}u {77%;}0 |pe Poc Gal(K/Q))}>Z[Ga1(K/Q)] :

Proposition 2.5. The Z-rank of DV (k) is [k : Q] + |P| — 1 and the Z-rank of
Ct (k) is [k: Q] — 1.

Lemma 2.6. If I’ C L are abelian fields, then for any ¢ € C(L) (or CT(L)) we
have Ny, (€) € C(L') (or CT(L')), respectively.



CIRCULAR UNITS OF REAL ABELIAN FIELDS WITH FOUR RAMIFIED PRIMES 223

3. THE SPECIAL CASE OF FOUR RAMIFIED PRIMES

In the remainder of the paper, we will fix & to be a real abelian field with exactly
four ramified primes p1, pa, p3, p4s and we will abbreviate D(k), DT (k), C(k),
C* (k) simply as D, DT, C, C*. We will also use the convention that whenever
any of the indices i, 7,1, h appear on the same line, they denote pairwise distinct
integers satisfying 1 < 4, 7,1, h < 4, unless stated otherwise. Finally, for any positive
integer n, ¢, will denote a primitive n-th root of unity (without loss of generality
we can take ¢, = e2™/™),

Let K be the genus field in the narrow sense of k and let G := Gal(K/Q). Then
we can identify G with the direct product 77 x Ty x T3 x Ty, where T; is the inertia
group corresponding the ramified prime p;. Next, we will define:

o H := Gal(K/k),

e m:=|H]|,

e the canonical projections m;: G — T;,
o a;,:=[T; : m(H)],

e 7;:=|H Nkerm|,

o s;; = |H Nker(mm;)]|,

o =2

E?
* = 77{111,?2473474}’
e K as the maximal subfield of K ramified only at p;.

Note that we have T; = Gal(K/K; K;K}) = Gal(K;/Q) and
K =kK;K;K; = K1 Ko K3Ky
by ramification theory.

Assumption 3.1. In the remainder of the paper, we will assume the following:
e H is cyclic, generated by T,
e cach T; is cyclic, generated by o;.

Note that the second assumption isn’t very restrictive, as it is automatically
true for example if all the ramified primes of k are odd (because T; = Gal(K;/Q)
is a quotient of the Galois group Gal(Q((eond(k;))/Q) = (Z/plf)>< for some positive
integer f).

Lemma 3.2. Without loss of generality, we can assume T = c{ 05203309,
g Y, 1 9270304

Proof. We know that a; = [T; : m;(H)], hence 7;(7) generates a subgroup of T;
of index a;. The cyclicity of T; then implies that ;(7) must be the a;-th power
of some generator of T;, without loss of generality ;. The statement now follows,
because 7 is determined by its four projections. O
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Proposition 3.3. We have

[kﬂKi:Q]:ai7
[K:]{?Ki] =T
|T3| = aini,

(K« kKK = 545,
[K;: kNK;] =|m(H)| =n,,
(K3 sk O KGEG) = [y ()] = =
and
(KKK kN KKK = |mmm(H)| =m.
Proof. Since
Gal(K/K;) = Gal(K/K;K; K, N K;K,; Ky, 0 KK Kp,)
= Gal(K/K.K,K)) - Gal(K/K: K, Ky) - Gal(K /KK Ky,) = TyTiT),
and Gal(K/k) = H, it follows that Gal(K/kN K;) = T;1;T}, - H. Now consider the
short exact sequence
0 — HNkerm — H M, w(H) = 0.
It follows that |m;(H)| = 7* = n; and

() = H H _ TTT, - H
T T HAkeer,  HNT,LT, T
Gal(K/kN K;)
= ZARR L)~ Gal(K kN K.
Gal(K/K;) al(Ki/ )
Therefore
|Gal(K;/Q)| | T3]
k‘ﬁKiZ = = =a;
[ Q Gal(K; [k N Ky)|  m(H)] ~©
and
K RE) Gal(K/k)| H| m__

~ [Gal(kE/R)]  [Gal(K /RN K[ [ (H)
Putting everything together, we obtain
IT:| = [Ki: kN K- [kNK;: Q] = a;|m(H)| = ain; .
Next, we also have
Gal(K/K;K;) = Gal(K/K,K; K; N K, K; K},)
= Gal(K/K;K;K;) - Gal(K/K; K; Kp,) = T;Ty,
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so that Gal(K/kNK;K;) = T)T;,- H. Thus we can consider the short exact sequence

7\'iﬂ‘j|H

0— Hnkermm; - H —> mm;(H) -0

to conclude that |mm;(H)| = I and
ij

H H ~ LTy - H
H Nkerm;m; T HN T,  TiTy
- Gal(K/KZK])

112

mim; (H)

Then it follows that
\Gal(K/k;)| B |H| _ m

K : kKK, - — s

Finally, we have
and we can consider the short exact sequence

‘n'iTrorl‘H

0 — HnNkermmjm — H mmym(H) — 0

where
Hﬂkerm-ﬁjm =HnNnT, = Gal(K/kK,KjKl) =0.

Thus |m;m;m(H)| = m and

T, - H
mmym(H) =2 H = hTT
Gal(K /k N KK, K))
~ ~ Gal(K K K kN KKK .
Gal(K/K,K; K)) Gal(K: KKk 0 KK KG)
O
K K

\ Imi(H) \ A](H)I \ Am(H)
k

NnK; kﬂKin kﬂKlK7Kl

| T X Ty X Ty |
oy (H)I

Q Q Q
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Remark 3.4. Note that Proposition [3.3|implies that a;n; # 1, otherwise T; would
be trivial and p; wouldn’t ramify in k.
Corollary 3.5. We have
m
[k‘ n K,‘Kj : Q] = aiajﬁsij R

il
m2
[k n KinKl : Q] = a;a;0;——
T4
and
m3
[k: Q] = ajasagay——— .
r1T2T3T4
Proof. This follows from the computations
[KiK; : Q] || - |75 m
ENK;K;: Q)= = = aja;—S;; ,
[ J Q} [Kin : k‘ﬁKin] m/Si]’ i ’I“i’f'js]
(KKK : Q) T3] - |T5] - |73 m?
ENK;K;K;: Q] = = = a;a;
[ g Q} [KinKl kN KinKl] m @it rirT]
e K :Q) | :
KZQ |T1||T2||T3 |T4 m
k . = = — R
[k Q) [K : k] m a1a2a3a47“17‘27“37“4

Lemma 3.6. We have
ng(T‘i, T‘j) = Sij s
ng(Ti7 T, Tl) =1 )
lem (n;, nj, ) =m

and
m

ged(ng, n;) = Sij
il

Proof. It follows from Propositionthat Sij | ri, 8i5 | v; and

\mi(H)| =n;, |mm;j(H)| = m and |mmym(H)|=m.
Sij

The cyclicity of H then implies

m
. = |mim(H)| = [(mim; (T))] = [(mi(7)m; (T))] = lem (n, 1)
ij

because (m;(7)) = m;(H) and any power of the product m;(7)m;(7) is trivial if and
only if the same power of both its factors is (since G is the direct product of the
T;’s). Now for any common divisor ¢ of r;,7;, we have

™ em (ni,nj) = lcm(m7 @) ‘ m ,

Sij Ty Ty t
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which implies ¢ | s;;. Hence s;; = ged(r;, ;).
Similarly, we can compute

m = |mmym(H)| = [(mimym (7)) = [(mi(7)m;(T)m(7))| = lem(ng, nj, ne) -
In addition, if ¢ is any positive common divisor of r;, ;, 7, we have
m = lem(n;, nj,n) = lcm(m T @) ‘ m

which implies ¢t = 1, hence ged(r;,rj, ) = 1.
Finally, using the first result, we have

m m m
Sij —— = = )
riry  rirg/si; lem(rg,rj)
which clearly divides both rm = n; and * = n;. Moreover, if ¢ is any common

divisor of n; = * and n; = ™, then both rlt and r;t divide m, hence

t-lem(r;, ;) = lem(rit, r;t) | m.
Thus ¢ | ety and we are done. O
iyTg

Remark 3.7. If k is fixed, we have shown in Lemmas [3.3] and [3.6] and Remark [3.4]
that

ri | m,ged(ri,rj,m) =1, ain; #1.

Conversely, using the theory of Dirichlet characters, it can be shown that for any
choice of positive integers m, a1, as, as, a4, 71, 72, T3, T4 Satisfying

T | mngd(Tiarjarl) = la ;T 7é 17

there exist infinitely many real abelian fields k£ ramified at exactly four primes
satisfying the assumptions on page (in particular, the family of fields we are
studying is nonempty). The proof of this is analogous to the proof of a similar
statement in Chapter 6 of [5] and we omit it.

Proposition 3.8. We have

m

m
Gal(k/Q) = {0705 05%04*[,;0 < 21 < a1 —,0 < 29 < ag ,
T1 72834
m
0<z3 <az—s34,0 <y <ag},
T34
where each automorphism of k determines the quadruple (x1,x2,x3,x4) uniquely.
Proof. First note that by Lemma [3.6] we have

m
a3——S834 = a3 ng(’I’L3,TL4) S/
T3T4

and
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(this follows from ro | m, s34 | m and ged(re, s34) = ged(ra,r3,74) = 1). By
Corollary the set on the right hand side has at most |Gal(k/Q)| elements. Now
let p be any automorphism of k. If we can show that p can be written as

_ ~T1 X2 X3 T4
p=o7'oy205° 05" |

for a quadruple (z1, z2, x3, x4) satisfying

m m
0<r <a1—, 0< 22 <ae , 0<x3 <ag——s34, 0 <24 <ag,
1 374

T2834

it will follow that the cardinalities agree and we will be done.

Since Gal(k N K4/Q) is a cyclic group of order ay (by Lemma [3.3) generated by
04lpnr, (as a quotient of Gal(K4/Q) = (04, )), there must exist a unique x4 € Z,
0 < x4 < a4 such that p and oj* have the same restrictions to k N K,. Therefore
pa;“}k € Gal(k/k N Ky).

Next, Gal(k N K3K,/k N Ky) is a cyclic group of order % = a3 - S34
(by Corollary generated by o3, i, (as it is isomorphic by restriction to

Gal((k N K3K4)Ky/Ky),

which is a quotient of Gal(K3K4/K4) = (03], ,)), S0 there must exist a unique

3 € Z with 0 < 23 < as r;ﬁ4834 such that paZ“’k and o5° have the same

restriction to k N K3K4. Therefore poy oy ™ y € Gal(k/kN K3Ky).

Following the pattern, Gal(k N Ko K3K,/k N K3K4) is a cyclic group of order
[kﬂK2K3K4 Q] m

=a
(kN K3K,: Q] 2 ras3a

(by Corollary generated by 02|y, k. i, (s it is isomorphic by restriction to
Gal((kN K2 K3K4)K3Ky/K3Ky) |
which is a quotient of
Gal(Ko K3 K4 /K3K4) = (02| gy reu1c,)) »
m —z4

so there must exist a unique x5 € Z, 0 < x5 < ag v such that po; o,
052 have the same restriction to k N Ko K3K,. Therefore

A and

poy "oy o |, € Gal(k/k N KyK3Ky) .
Finally, we have
Gal(k/k N K2K3K4) = Gal(kK2K3K4/K2K3K4) = Gal(K/K2K3K4) = <01> 5

where the isomorphism is given by restriction. Since the order of o7 is a; %, it follows

m

that there must exist a unique 1 € Z, 0 < z1 < aryr such that po, 205 2o, ™ |k
1to5?05%0y "], and the proof is

and of* have the same restriction to k. Thus p = 07052030}
finished.
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K KKK, = K
(1) T b
Ky KK, o
\
(02 ke, ey 1) kN K>yK3K,
K3Ky ag T;ZM
\
CEIP N, ENK3Ky
Ky ag 834
\
(o4lk,) kN Ky
Q as
\ Q

4. GENERAL STRATEGY FOR THE CONSTRUCTION OF BASES OF CIRCULAR
NUMBERS AND CIRCULAR UNITS

Our goal will be to find explicit Z-bases of DT and C'T. To achieve this, we will
build upon the results in [2]. The generators of DT are subject to norm relations
that correspond to the sum of all elements of the respective inertia groups 7;.
Namely, let

a;—1 n;—1
R; = E oy Ny = g o,
u=0 u=0

Then the norm operator from K to K;K; K} can be given as R;N;, because both
are equal to the sum of all elements from T;. Moreover, we have

Gal(k/k‘ N KjKlKh) = Gal(K/KjKlKh) =1T;,

where the first isomorphism is given by restriction, hence R;N; also acts as the
norm operator from k to k N K; K;K},. If we denote the congruence corresponding
to the canonical projection Z[G] — Z[G/H] by =, then we have (using Lemma

na—1

Ny = E 07" 0y 0y .
u=0

Note that any subgroup of k% is naturally a Z[G/H]-module, since the action of
H on k is trivial.
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Moreover, we will denote the congruence corresponding to the composition of
canonical projections

Z[G] — Z[G/H] — Z[G/H}/(RlNl, RQNQ, R3N3, R4N4)

by ~, where (RyN7, RoN2, R3Ns3, R4N,) is the ideal generated in Z[G/H]| by
the images of the elements R;N;. Lemma shows that n € CT, therefore by
Lemma we have nPRiNi € C+(kNK; K, K},) for any p € G. We will make use of
this extensively, because explicit Z-bases of DT (kN K; K;K;) and C* (kN K, K;K))
have already been constructed in [I] if exactly two of the primes p;, p;, p; ramify
in kN K,K;Kj, or in [2] if all three primes ramify in this field, as the following
lemma shows. (If at most one prime ramifies in k N K;K; K, it is quite trivial to
describe explicit Z-bases of D" (kN K;K;K;) and C* (kN K; K;K;) as well.)

Lemma 4.1. If the field kN K; K; K is ramified at all three primes p;, p;, pi then
this field satisfies the assumptions of [2]. In other words, if K' is the genus field
in the narrow sense of kN K;K;K;, then Gal(K'/kN K;K,;K;) is cyclic and the
inertia subgroups of Gal(K'/Q) are all cyclic.

Proof. It’s clear that kN K, K; K] is real, abelian (its absolute Galois group is a
quotient of G) and at most three primes ramify in it. By the symmetry between
the ramified primes, we can take {i,j,{} = {1,2,3} in the rest of the proof and we
will denote k' := kN K; K> K3 to improve readability.

Now let K’ be the genus field in the narrow sense of £/, and for any u € {1, 2, 3},
let K7, be the maximal subfield of K’ ramified only at p, and T}, be the inertia
subgroup of Gal(K’/Q) corresponding to p,. Then by ramification theory, we have
K| C K, , hence T}, = Gal(K,/Q) is isomorphic to a quotient of the cyclic group
Gal(K,/Q) 2 T,, so it must also be cyclic.

Finally note that we have K’ = K{K,K}, C K1K3K3 and kK1 KoK3 = K,
hence Gal(K'/k'") = Gal(K] K) K4 /k N K1 K2 K3) is a quotient of

Gal(K1K2K3/k N K1K2K3) = Gal(K/k),

which is cyclic. This concludes the proof.
K = kK KoKy

K1 K5 K3

K' = KK} K},

/

K = kN K KKs
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]
Using the results in [I] and [2], we can thus take the Z-bases of

DY (kN K KoK3), DT (kN K1 KyKy), DT (kN K1 K3Ky), D" (kN Ky K3Ky)
and we will denote their union by Bp. Analogously, we can take the Z-bases of
CTH(kN K1 KyK3),Ct (kN K1 KyKy),CT (kN K K3K,),CT (kN Ky K3Ky)

and denote their union by B¢. Note that Bp and Bo contain the same conjugates
of nr for each I C {p1,p2,p3,pa}, |I| > 2.

To construct a Z-basis of DT (or CT), we will take the union of Bp (or Bg,
respectively) with a set B of suitably chosen conjugates of the highest generator 7.
In order to have a chance to obtain a Z-basis of DT, this set should have cardinality

N:=[k:Q +4-1—|Bp|
=[k:Q+3-> (kNKK;K : Q| +2)
7,1
Y (kNKEK;:Q+1) — S kN K;: Q]

ij i

m3 m2
(4.1) = a1a20304 ———— — E a;aja + E alajsw E a; +1
r17ToTr3Ty 1 T ’I“j?“l —
i,d, i,

by Proposition and Corollary using the principle of inclusion and exclusion
(due to the fact that these bases were constructed “inductively”). Note that all
conjugates of n are units by Lemma[2.3] so this number N will remain the same
in the case of constructing a Z-basis of C*. Thus we do not have to distinguish
between the cases of DT and CT anymore and we can take the set B to be the
same for both of them.

We cannot guarantee at the moment that the set BpUB (or BoUB, respectively)
is not linearly dependent, but if we will show how to obtain all the missing conjugates
of 1 using the relations

Nng— 1
RiNy ~0, RyNy ~ 0, RyN3 ~0, Ry Y o{“05*05% ~ 0
u=0

and their Z[G]-linear combinations, it will follow that we really have a Z-basis
thanks to the discussion just above Lemma 1] A typical way to do that will be
the following: if R ~ 0 for some R € Z[G] and n'* is a product of conjugates of 7
such that we can already generate all of them except for precisely one, then we
can generate the last one as well, because n* can also be expressed as a Z-linear
combination of elements in B¢.

We will always refer to the conjugates of n by their coordinates x1, za, x3, 4
according to Proposition This allows us to visualise Gal(k/Q) geometrically as
a discrete (at most) four-dimensional cuboid.
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5. THE SPECIAL CASE a1 =ag =ag=r4 =1, 111 #1, ro #1, r3 #1,
512 = 513 = S23 = 1, ged(ng, ng,n3) =1

In this case, we have
Gal(k/Q) = {07 05%05%03*|,;0 < 21 <np,0 < 29 <np,0 <23 <n3,0 < x4 < agl,

812 = 813 = S14 = S23 = Sp4 = S34 = 1

and
m—1

Ny ~0,Np~0,N3~0,Ry Y _ ofoyoy ~0.
u=0
The condition 71 # 1, ro # 1, r3 # 1 is actually not restrictive, since we will discuss
the cases where it is not satisfied in Section [6l

Lemma 5.1. If s1o0 = s13 = so3 = 1, the following are equivalent:
1) ng(’l’Ll,’l’Lg,’l’L3) = 1,

lem(rq, 79, 73) = m,

rr2r3 =m,

ninang __

im’

)
)
4) my = ror3,ng =r173,N3 = 179,
)
)

ged(ny, ng) = 13, gcd(n1, n3) = rg, ged(ng, ng) = 7r1.

Proof. This is just elementary number theory (recall that by Lemma [3.6] we have
sij = ged(ri, ). O

Thus ™27 — 1 = rony = ged(ny, ng)ng by Lemma and using Lemma
we get

ninang
N = a4ninoang —

— aq(ning + ning + nong) — aqg — 2+ as(ny + na + n3)
+ ged(ng,ne) + ged(ng, ng) + ged(na, ng)

= (as = 1)(n1 = 1)(n2 = 1)(n3 — 1) + (1 — 1)(n2 — 1)(n3 — 2)
+ ning — (ged(ng, ng) + )ng — (n1 — ged(ng,n3) — 1)
+ ged(ng, ng) + ged(ny, ne) — 2

=(ag — 1)(n1 — 1)(n2 — 1)(ng — 1) + (n1 — 1)(ng — 1)(nz — 2)
+me—1)(ng—ro—1)+r;+r5—2.

3 T4

We will define Bs as the set of the following N conjugates 17"?1";2”3 T4

e <1 <N —1,0< < —1,0<23<n3—1,0<24<aq—1,

e 0<x1 <M —1,0<8 <Ny —1,1<23<ng—1, x4 =0,

e 0< 1 <Ny —1ra—1,0<293<no—1,23=0, x4 =0,

ez =n1—1r9—1,0<2<r1+1r3—2,23=0, x4 =0.
(Note that ng = rirg > 4, n1—ro—1=ro(r3—1)—1 > 0and ny—1 > r1+r3—2 > 0,
since r1,79,73 > 1 and ng = ri73.)

First we will recover the cases 0 < x4 < a4, xt1 =n1 — 1l or xo = ny — 1 or
r3 = ng — 1 using the relations N1 ~ 0, No ~ 0, N3 ~ 0. From now on, we only need
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to deal with the cases where x4 = 0. Next, we will recover the cases 1 < 23 < nz—1,
21 =mn1 — 1 or z9 = ng — 1 (and always x4 = 0) using the relations Ny ~ 0, Ny ~ 0
and the cases x3 =24 =0,0 < 21 <ny —re — 1, x5 = ny — 1 using the relation
Ny ~ 0.

At this moment, we are only missing all the cases with x3 = 1, x4 = 0 and
some of those with 3 = x4 = 0. From now on, we will only focus on recovering
those with z3 = x4 = 0, because once we have those, we can recover those with
xs = 1,24 = 0 just by using the relation N3 ~ 0.

From now on, we will write Z := z (mod r3) for any z € Z, hence we will always
have z € {0,1,...,r3 — 1}. We will also define h to be the unique integer satisfying

ri-h=ry (modrs) and he{0,1,...,7r3—1}
and similarly A’ to be the unique integer satisfying
ro-h =7 (modrz) and A €{0,1,...,r3—1}

(both are well defined, since ged(r1,73) = ged(ra,rg) = 1). Clearly h- A/ = 1
(mod r3).
Let @' be the quotient Z[G]-module

D+/<{7]I|® - 1 - P}>Z[G]

and let @ be the quotient Z-module of Q' by the classes of conjugates we have
already recovered, i.e.,

x| Ty T3 T4

Q= Q’/<{77‘71 727937 % 0 < 121 <n,0< 29 <ng,0< 23 <n3,0< x4 < ay,
or 0< 21 <n;,0< 2y <ng, 1 <ax3<ng,zg =0,
or 0<z1<n;—ro—1,0<29 <ng,x3=x4=0,

or mlznl—rg—l,ogxg<r1+7’3—2,x3:z4:0}>z

(where we denote n? € DT and its class in Q" in the same way for any p € G). We
will write @) additively, denoting the class of i in @ by u, hence denoting the class
of n? in @ by p - u for any p € Gal(k/Q) or p € G. Showing that we have indeed
chosen a basis now amounts to showing that @ is trivial. Since
0=07"05>N3-p=07'05% -+ 0705203 - )1
for any 1,22 € Z, this is equivalent with showing that o7'05? - u = 0 for each
0§$1<ﬂ1,0§$2<ﬂ2. ’
The conjugates with 23 = 0 and x4 = 0 (i.e., those of the form 77"1/1"2/2) can
be visualized as a discrete rectangle with n; rows and ny columns. Since for each

m=1 _u _u _u
24, there are ns layers of such rectangles in total, the sum 5™ 2nse O1OEOE st
contain nﬂs = r3 conjugates in each of these rectangles. We will now describe the
sum of these.

Let

rg—1

P ung __uns
T:= g o, Pog %
u=0
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Lemma 5.2. In Q, we have
01'052(1 —0109)T - =10
for any x1,x0 € Z.

Proof. Using the fact that every 0 < w < m can be uniquely written as ung + v,
where 0 < u < r3, 0 < v < ng, together with the fact that the order of o3 is ng, we
get

nz—1 rz3—1 nz—1

R,T E ojo50s = Ry E ooy "oy g oio505 = Ry E oloyoy ~0.

Together with N3 ~ 0, thls means that

ng—1
0~ ojtoy? <R4T E olo505 — 0102N3R4T>

v=0
77,371
x x v v v
=o07'052 RyT g (0V03 — 0102) 04
v=0
nz—1
x x
=07'05%(1 — 0109)R4T + 07052 RyT E (0V03 —0102) 04
v=2
aq— 1

xT xT xT X
=07'05%(1 — 0102)T + 07'052(1 — 0102)T g oy

nsl

xT v __v v
+ 07052 RyT E (0705 — 0102) 0% .

Since all the summands in the expression

as—1 ng—1
1 X2
01'o5?(1 — 0109)T g oy +oitoy?RyT E (0V05 — 0102) 0%
v=2

have either z4 > 0 or 23 > 1 (where x3 and x4 denote the respective exponents
of o3 and o4 in each term), the result of their action on p becomes trivial in @,
which yields the result. (I

The rest of this section will again be stated purely algebraically, but perhaps it
is helpful (although not strictly required) to see some of its parts geometrically.

We will decompose our rectangle (of conjugates of n having x5 = x4 = 0)
into r3 X r3 rectangular blocks of height ro and width r; in the natural way. In
the following, by a big row (resp. a big column) we will understand a row of
blocks (resp. columns), that is r3 consecutive blocks next to (resp. above) each
other. Since T2 | m3, r1 | ng and the conjugates contained in n7 are given by
n’ o1"%03" for 0 < q < rg — 1, the Chinese remainder theorem implies that 77"1 03T
contains exactly one conjugate in every big row (resp. every big column) for any
0 <z <ni, 0< 29 <ng, and these have the same relative position in each of
the respective blocks (determined only by 71,73, 21,22). We can be even more
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precise: the horizontal distance between 1 7T and n"iqﬂ)nﬁzl”éq“}nﬁzz
for0<¢g<rg—1land 0<z; <ni, 0< 1z < ny is exactly 73 - r1, i.e., T3 blocks,
and the vertical distance between them is exactly 77 - ro, i.e., 71 blocks (again this
follows easily from the Chinese remainder theorem). It follows that the horizontal
distance between any two conjugates in 7 with a vertical distance of one block is
h blocks.

For all 0 < u < ng, we will denote X, := o} 0% -y and Y,, := arzm H-1 oy .
By definition, X, and Y, are elements of @). It will be convenient to allow any
integers in the indices of the X’s and Y’s and regard them only modulo ng (to be
more precise, as in the set {0,1,...,n2 — 1}). Moreover note that by definition,
Y,=0for0<u<r +rz—2.

Lemma 5.3. We have X, = Xy for any ¢ = ¢’ (mod r3). Moreover, for any
0<z1 <nyi, 0< a9 <ng, we have

0 Zf 0§Z‘1<7‘2(T3—1)—1,
oPog = | §om=rylrs—1) -1,
Xayzi—2 if ro(rs—1) <z <ng—1,

XwQ,wI,Q — Ya:th-rl Zf r1 =nN1 — 1.

Proof. The first part will be proven in a moment, we will now focus on the second.
The first case (1 < r2(rs — 1) — 1) follows directly from the definition of @ and
the second case (r1 = r2(rs — 1) — 1) directly from the definition of Yy, .
Now for every 0 < u < ng, we will prove that

(5.1) ooy = X,

by induction with respect to v =0,1,...,7r5 — 2. The base step v = 0 is just the
definition of X,. Now suppose that 0 < v < 75 — 2 and the statement holds for
v — 1. Then in the equality

7‘31

(5.2) (a;“ “2UGUU(] ) gy) Zo’w"3 wna) p=0,

which follows from Lemma @ we claim that all the terms with w > 0 do not
contribute anything to the sum. Indeed, all the exponents of o, are pairwise
congruent modulo 79 (since 75 | n3), and since ny —ry <ny —2 —v < ny — 2 and
ng—ro+1<n;—1—v<n;—1, we have

(o7~ TG T(1 — 0102)0y ™ 0y"™) =0
for any w > 0, because r3 does not divide wng in this case. Hence (5.2)) implies
that

_ n1—2—v _u—v ny—2—v _u—v ny—2—(v— 1) u—(v—1)
0= (o} oy (1 —0102)) - p =0 Oy H—0y 92 K
=X,

ni—2—v _u—uv

therefore o] 02 - = X, by the induction hypothesis. This completes the
induction, so ) holds.
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Now for any 0 < u < ng, we will take v = ro — 1 in . Again, since all
the exponents of o7 are pairwise congruent modulo 7o (since r3 | n3) in this sum,
the only terms which could be nonzero are those arising from w = 0 and from w
satisfying

wng+n—2—(rg—1)=n; —1 (mod ny),
which is equivalent to wng = ry (mod nq), which implies wnz = ro (mod r3).
Together with wnz =0 (mod r1) and the fact that ged(rq,r3) = 1, this means that
the only solution to the above congruence is wng = h -7y (mod ns).

Thus we have

0= (0?1*”710;7”“(1 — 0109) + ot T gyt () 0102)) 7

_ o ni—ro—1 u—ro+1 ni—7ro _uU—ro+2 ni—1 _u—ro+1+h-ry
=0, Og =0y Oq - toq Oq .
=Yu—ro+1 =X, due to (5.1)
ny _u—ro+1+h-ri+1
— 0,0, T
=0
Therefore
ni—1 _u—ro+1+h-r _
(5.3) o1t oy Lop=Xy—Yu_rot1-

Finally, for any 0 < u < ng, we will take v = ro in (5.2). Again, since all the
exponents of o7 are pairwise congruent modulo r, in this sum, we only get nonzero
terms for w = 0 and for w satisfying

wng+ny —2—ro=n; —2 (mod nq),
which implies (because we have got the same congruence as above) wnz = h -7
(mod no).
Thus we have

. n1—r2—2_u—"ro ni—reo—1_u—rao+1
0=o0 Oy " H—Op T2 “H

=0 =Yu—rg+1
ny—2 _u—ro+h-ry ni—1 _u—ro+l1+h-ry
top Toy i S K
=Xu—roth-r =Xy —Yu_ry41 due to (5.3)

Therefore Xy—ry+h.r, = Xy. Note that
h-ri—ra=0 (mod r3)
and
h-ri—rg=—-ry (modr).
Since ged(—r2,71) = 1 and ng = ryr3, this means that for all ¢, ¢’ € Z satisfying
q=q (modrs),
there is some w € Z such that

¢ =w(h-r1 —ry)+q (mod ny).
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Without loss of generality, we can assume that w > 0 (otherwise we can just swap
q and ¢'). But then

Xq = Xot(hri—rs) = Xgi2(hri—rs) = =+ = Xgqw(hori—ra) = Xg/ -
Now for any x1, o satisfying ro(rs—1) < x; <n;—1and 0 < z9 < ng, denoting
vV=n1—2—21, U=v+ 2T,

we get 0 < v < ry — 2 and the equality (5.1) implies

Z1 T2, —
01 0" = Xn1*2*961+12 - Xf627:6172 )

because r3 | n1.

Similarly, for 1 = n; —1 and any 0 < x5 < ng, denoting u = xo+ro —1—h 71,
the equality (5.3) implies that

Ufla? CH= Xu — Yu7r2+1 = X:czfsclfQ - ngfh-rl s

since

u=xzg—1l+ro—h-mm=ax3—1=z9—-2+1—n3 =x9—21—2 (mod r3)
by definition of h and the fact that r3 | n;.

This concludes the proof. ([

Thanks to Lemma from now on we will regard the indices of the X’s only
modulo r3. The lemma also implies the equality

ni—1 _x ni—re—1 _xo—h-r
(54) 0y ! 022 'ﬂ+011 : 022 tp= Xl’2*1 - YEQ*h'H +YOE2*h'T1 = Xﬂ?z*l

for any xo € Z, which we will use several times. Another simple observation that
will come in handy in the proofs of the following lemmas is that the unary operation
of adding a fixed integer induces an automorphism of Z/rs, which we will not
mention explicitly anymore.

To show that @ is trivial, it now suffices to show that X, =0 for all 0 < u < r3
and Y, = 0 for all 1, +r3 — 2 < v < ny (knowing already that Y, = 0 for all
0 <wv <1y +rs3—2). To achieve this, we will use linear algebra.

Let

a =Y 42+ Y1+ Y, 1 €0Q
and
(5.5) B=Xo+ X1+ +Xy_1€Q.
Lemma 5.4. We have a = 3 = 0.

Proof. Using the relation Ny ~ 0, we have

ng—1 no—1

xo=0 xo=0
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and
ng — 1 ngfl
_ ’I“Q(T’3 1) _ 7’2 T3 — 1 :1;2 _
0 - N2 H= § U 2 H= § X:L’g*’l‘g(’(‘g*l)*Q
o= =0 12:()
T1r3— 1 Tlfl T3 — 1 T3 — 1
= § X’r2+r2 2 = E E Xurd+v+r2 2 =1T1" § X1)+r2 2 =7T1" 57
xo=0 u=0 v=0
since each x5 € {0,1,...,71r3 — 1} can be uniquely written as urs + v, where

0<u<r,0<v<rs.
Similarly, using Lemma [5.3] together with the relation N7 ~ 0 and the equality

(5.4), we get

rg—1 rg—1 ni—2 rg—1
_ —1)-1
022:0’3”1\71-#:5:(0?1 1+U§’2(T3 ) )Jgn_u_i_ E: 2:011 Ly,

q=0 q=0 z1=rz(rz—1) ¢=0
T371 n172 r3— 1

_ =1 _qm ra(r3—1)—1_(q—h)-r1 qri

= E (01" o3 + oy ep ) H+ E E oitoy -
q=0 z1=r2(rg—1) ¢=0
1”371 ny— —2 T3 — 1 ’I‘Ll* T3 — 1

= E Xq'rl—l + g g an —x1—2 = E E Xq'rl —x1—2=T2" ﬂa
q=0 Tr1= T2(T3 1) Tr1= T2(’I‘3 1) q=0

since for any x1, all possible remainders modulo r3 occur exactly once as the indices

in the sum ZT3_ gr1—z,—2 (due to the fact that the order of the class of r; is
r3 in Z/rs, due to their coprimality). Since ged(r1,r2) = 1, this implies 5 = 0 by
Bézout’s identity. (Il

Next, for 0 < g < r3 — 3, we will define

rg—h'—175—1

(5.6) r,:= Z Z Xytvurm-1 €Q.
u=0 v=0

Lemma 5.5. For any 0 < ¢ < 73— 3, we have 'y = 0.
Proof. Using Lemma [5.3] the relation Ny ~ 0 and the equality (5.4), we get

37}1/71

r
—uh
0= 3 oI TN, g
u=0
rq—h'—2
_ ni—1_g—uhry ra(r3—1)—1 _g—(u+1)hr;
= § (‘71 Ty +oy e p
u=0

=Xg—unhr;—1 due to (5.4)



CIRCULAR UNITS OF REAL ABELIAN FIELDS WITH FOUR RAMIFIED PRIMES 239

1—1 _g—(r3—h'—1)hr;
oy p

+o?" T od it o

=Y, =Xq7(7*37h/71)h7‘171_ q+r1

’I’L172 rT3— h/

4 Z Z B L

Tr1=T2 (Tg*l)
Now we will use the fact that ¢ <rs —3 <1 +r3 — 3 (implying ¥, = 0) and
q—(rs—h' —1)hry —hry =q—rirsh+rihh’  =q¢+r  (mod ny),
since the congruence holds modulo both 1 and r3 (and ged(ry,7r3) = 1). Also note
that Y4, = 0, since
rm<qg+ri <ri+r3—3,

which precisely justifies the bounds on g that we used in the definition of I'; and
also explains why the upper bound in the first sum was chosen to be r3 — b/ — 1.

Continuing with the previous equality and using Lemma [5.3] together with the
congruence hry = ro (mod r3), we thus have

rs—h'—2 ni—2  rg—h'-1

= ( Z quuhmfl) +Xq—(r3—h’—1)hr1—l + Z Z Xq uhry—x1—2
u=0

Tr1= 7‘2(7‘3—1) u=0

ra—h’'—1 ny—2 —h'—1

Z XQ7’U.’I”271+ Z Z Xq ureg—x1—2
u=0

z1=r2(rg—1) u=0

711— r3— h -1

== Z Z Xq uro—xr1—2 *

z1=r2(rg—1) u=0
After using the substitution v = ny; — 1 — x1, this becomes
T3 — h —1 ’I“zf

Z Z Xq—i—v ureg—1

T3 — h —1 T2— 7‘2—

= Z (Z Xq+v urg—1 + Z Xq+v urg—1 )
v=Tg
ra—h'—173—1 r3— h—l 7‘2-1-7‘3 1
= Z Z Xq—i—v urg—1 + Z Z Xq+v urg—1
V=Tg
res—h’—1

=T, + Z 7’277’2. 8,

which equals T, since 5 = 0 by Lemma O
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Finally, let

rg—1 ro—17r71—1
(57) Z u - Z Z X1)+w ure—1 S Q
v=0 w=0

Lemma 5.6. We have A = 0.

Proof. Using Lemma the relation N1 ~ 0 and the equality (5.4]), we get

r3— 1 ’I“lf

0_ Z Z 0_;2 uhT1N1 //[:
o= 0
T3 — 1 7‘1—
Z Z ( ni—1 .L2 uhn+ 7“2(7”3 1)—-1 52 uhn) -
o= =0
7‘3—1 ny— —2 rl—l

+ U - O_xl 1:2 uhrl.’u
2w D)

z1=ra(rg—1) z2=0

rg—2r;—1
— 3—1)—1 — 1)h

_ 2 : § : u- O_;Ll 1032 —uhry p —l—(u—i—l)-a{z(” ) U;Cz (u+1)hry -

u=0 x2=0

=Xag—uhry—1— Yo (ut1)hr =Yoo (ut1)hry
ri—1
n1—1 za—(rz—1)hry
+§ (rs—1)- o' "oy e
o 0
=Xuo5—(rg—1)hr1—1—Yag—hrirs
7‘371 ny— 2 T — 1

4 . T wg uhry | )
PO D BL Z

z1=r2(rg—1) x2=0
Since
— hrirs = x2  (mod ny)

and 0 < z9 < 71, we have Yy, _pr -, = 0. Also note that for any r1 < g < ng, there
exist unique

we{0,1,...,r3 —2}, 29 € {0,1,...,7 — 1}
such that
g=1x2— (u+ 1)hry  (mod no)

by the Chinese remainder theorem, since ged(h,r3) = 1 and for u = r3 — 1, we
would get ¢ = z2 (mod ng) and 0 < x5 < r1. Thus we get a bijection

{071,...77"3—2}><{0,1,...,7‘1—1}—>{7‘17T1+1,...,7’L2—1},

which we will use in a moment to transform a double sum into a simple one.
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Continuing with the above equality and using the congruence hry = ro (mod r3),
we thus have

T372’I‘17 T3 — 27‘17 7‘17
=2 2 Kewmunm1 D D Ve b + Z Y,
u=0 z2=0 u=0 x92=0
\W_/
=0
r1—1 r3—1 ny—2 r1—1
+ Z (T3 - ]-) : xg—(Ts—l)Tg—l + Z u- Z Z Xmgfumf:me
z2=0 z1=r2(rg—1) x2=0
rg—1ri—1 ng—1 r1—1
S e Sy,
u=0 z2=0 q=ri
=«
7‘3— nl— 7"1—

+ Z - Z Z Xx2 ure—xr1—2

z1=ro(rg—1) z2=0

rg—1 ni—1 r1—1
=o+ E u - E § X$27UT27I172
u=0 z1=ro(rg—1) z2=0

After using the equality & = 0 by Lemmal5.4]and the substitutions v = ny—1—x1,
w = Tg, this becomes

rg—1 ro—1r;—1
0= § U - E E Xv+w urg—1
v=0 w=0
7‘3— 7‘2— T‘1— T1—
= § u- § ( § Xv+u) ’U.’I"271+ § Xerw ur27)
w=r1
rg—1 T1—1ro—1 rg—1 ro—1 r =
1 —
= § - § § Xv+w u7‘271+ § E :
w=0 v=0

Using the fact that 3 = 0 by Lemma this equals

rg—1 T1—1ro—1
§ - § § Xerw urg—1
w=0 v=0
7‘37 T1—1 T2—1 ro—1
= § u- § ( § Xv-i—w urg—1 T E Xv+w ur2—>
V=T2
T3— 7‘1—

:A+Z Z 2*7”2. 3.

which equals A again by g = 0. O
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Now let X be the free Z-module with generators )?0, X Tyeoe ,)?T3_1. Analogously

to the definitions (5.5)), (5.6)), (5.7]), we will define

Br=Xo+ X1+ + Xy 1€X,

T3 — h—l
F‘I: Z Z qtv—urg— IEX
rT3— 1 ’r‘g 17‘1 1
A:_Z ZZ vtw—ure— 1€X
v=0 w=0

for all 0 < g < r3 — 3. Also let ¢: X — @ be the Z-module homomorphism
satisfying w()A(u) = X, for all 0 < u < r3 (since X is free, this is well defined and
determines ¢ uniquely). Then for all 0 < g < r3 — 3, it’s clear by Lemmas
and that

$(B)=pB=0, (T, =Ty=0, pA)=A=0,
hence
(5.8) B, Ty A €kerip.

Since X is free, each of its elements can be expressed as » . ° cuX for a unique
rs-tuple of integer coefficients (co,c1,...,¢r,—1). Using this correspondence, we
will now construct a matrix M with integer entries of size r3 X r3 (indexing its
dimensions from 0 to r3 — 1) as follows:

e The 0-th row will correspond to the coefficients of B (i.e., it will consist

of all 1’s).

e The ¢-th row for 1 < g < rs — 2 will correspond to the coefficients of fq,l.

e The (r3 — 1)-th row will correspond to the coefficients of A.

By the definition of M, we have

% 5

X1 Lo

X2 Fl

(5.9) M-| Xz [=] D2
):\57"3—2 fr;\—?)

Xyt A

We need to show that M is unimodular, i.e., invertible over Z, from which it will
follow that kerv = &', and consequently X,, = 0 for all 0 < u < r3. To achieve
that, we will study the effect of multiplying M by a character matrix (i.e., basically
performing the discrete Fourier transform). But first we will need two technical
lemmas, which will prove useful in a while.
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Let

rg—1
= Z z? € Z|x]
q=0

rg—1
D(z):= Zq~xq€Z[$],
q=0
T1—1

P(z):=—a""" Y 1% € Z[a]
q=0

243

Lemma 5.7. Let ¢ # 1 be any r3-th root of unity. Then we have R(¢) =0 and

D(Q)-((—1)=r3.

Proof. The first assertion is immediate since R(¢) - (( —1) = ("™ —1 =0, but

¢ # 1. The second follows from the computation

rz3—1 rz—1 rg—1

D) (C-1)=> q-¢"" - Zq (1= qul Zq ¢

rz3—1 rz3—1
=(rs—=1)¢"+ D (q—1)-¢"= > q-¢*
q=1 q=1
rg—1
=rg—1- Y (¢
g=1
=r3—R(()=r3.

Lemma 5.8. For any posz’tive integer b and y € C, we have the equality
b
71 Zu y b+1) b+1 Zyu+1
u=0
Proof. We have

u=1 u=1 u=1
b b—1
= Zu Yt — Z(u—l—l)
u=0 u=0
b—1
:byb+1+Z(u—(u+1)) .yu+l
u=0
b
(b + 1) b+1 Z yu+1
u=0
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Now let ¢ be any r3-th root of unity and consider the Z-module homomorphism

from X to the cyclotomic field Q(¢) given by

rg—1 rg—1

Z CuXy — Z cu

u=0 u=0
(since X is free, this is well defined and determines the homomorphism uniquely).
We can apply this homomorphism to B\, 1/“;, A for any 0 < ¢ <r3— 3, and we will
denote its respective values on these elements by 5(¢), I'4(¢), A(¢) € Q(¢). Note
that since (™ = 1, we have (% = (% for any u € Z.

Lemma 5.9. Let ¢ # 1 be any r3-th root of unity. Then for all0 < g < 13— 3, we
have

and

Proof. Note that (7" # 1, since ged(rs, —r2) =1 and ¢ # 1.
From the definitions and Lemma we directly get 5(¢) = R(¢) = 0. For the
second assertion, we have

T3—h/—1 E—l

GRS DD S
u=0 v=0

T2—1 r3—h'—1

— qul . Z v Z (mur2
v=0

u=0
(2 —1 (¢~ (ra=hl)ra _q
(-1~ (o1
P W
SEETE
= (7 P(C).
Similarly, using Lemma with y = (7™ and b = r3 — 1, we can see that

rz3—1 ro—17r1—1

NCED SIS b S
u=0

v=0 w=0

= ¢t

To—1 r1—1 r3—1
S S DICH SRS
v=0 w=0 u=0
CE -1 CF —1 g2 — 2;3:—01 C_TQ(U-H)

R ara 1
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L (Tl Tl =T RCT)

:C_

(-1 (-1 2 —1

S W Sl S Sl S
(-1 ¢-1 ¢m-1

RN St

R R R IO

= D(¢) - P(C)

by Lemma

Proposition 5.10. M is unimodular.

Proof. Let (., be a primitive r3-th root of unity and let C' be the corresponding
r3 X r3 character matrix, i.e., C' = ({].“)o<rc<rs- We will use the two previous
lemmas together with the fact that multiplying a column of successive powers of
Crs by a row of M from the left corresponds to evaluating the polynomial obtained
from this row at ¢,,. Hence we have M - C' = C’, where Cj o = R(1) = r3 and the
c-th column of C’ is

R(¢E,) 0
P(C,) P(¢t,)

5 PG 5 PG
(G2 P | 2| &P
(Gr) =2 P(CE,) ra=3e. pee)
D(¢r,) - P(SF,) D(¢s,) - P(CE)

for any 0 < ¢ < r3 (we don’t need to specify the rest of the 0-th column, since it
doesn’t influence the determinant of C’). Thus by taking out P(Cf,) from each of
these columns, we get (using that multiplication by 71 is an automorphism of Z/rs,
since ged(ry,r3) = 1)

|det C'| = | det C"| - ’

IT P«

0<c<rs
cry _ 1
— " _ prc(ra—1) r3
_|detC|.) T - s
0<c<rs O<c<rz T3

=|detC"|,
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where
T3 0 “ee 0 PN 0
* 1 e 1 e 1
* Crs e s e Gra™ 1
c 2 r3—1
o= | * C,?S o (3 )
>;< CTB, 3 . 523—3)0 o C(Ts—?’.)(?”s—l)
D) o D) .. DG
On the other hand, we can take the matrix C, add all of its rows to the (r3 — 1)-th
one (thus creating (7"3 0 0 ... O) there) and then, using the equality
r3—3 r3—1 rzg—1
SR SURHERITCED SURCER RIS o
H,_/
=0

multiply the (rs — 2)-th row by —1 and add the u-th row multiplied by (u —r3+1)
for each 0 < u < r3 — 3, so that the (r3 — 2)-th row will become
(- D(Gw) - D) .. DCEY) .

Thus we will obtain a matrix with the same determinant as C" (up to a sign). Since
the elementary row operations preserve the determinant up to a sign, it follows
that

|det C| = |det C"| = |det C'| = | det M| - | det C|.

Now, C can be seen as a special type of a Vandermonde matrix, so we have
detC= [ (¢, —¢)#0
0<r<c<rs

(in fact it is well known that | det C| = y/r3*), which implies that | det M| =1, as
needed. g

Corollary 5.11. We have X,, =0 for all0 < q < r3.

Proof. Let M ! be the inverse matrix to M. By Proposition [5.10] it exists and it
has integer entries. From the equation (5.9)), it then follows that

% 5

X1 Ty

5(:2 fl

Xy [=m1. | I ,
Xrg,—Z fm 3
3 A

which implies that B, f07 fl, ceey fr3,37 A generate X'. But all of these elements
lie in ker ) by (5.8]), hence ker¢) = X and 1 is the zero homomorphism. On the
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other hand, we know that the image of ¢ is generated by Xy, X1,..., X;,_1 by the
definition of v, so all of these must be zero as well. O

Corollary 5.12. We have Y, =0 for allri + 713 — 2 < u < ns.

Proof. By the Chinese remainder theorem, it suffices to show by induction with
respect to u = 0,1,...,r3 — 1 that for any 0 < v < 71, we have Y,_ypr, = 0.
The base case u = 0 follows directly from the definition of Y,,. Now suppose the
statement is true for a given 0 < u < r3 — 1. Then using N; ~ 0 and Lemma [5.3]
we get
n1—1
0= O_v uh71N = Z JTIOJQJ uhry | m
z1=ra(rg—1)—1
ni—1
= Iy—uhr _vauhrlfhrl + Z vauhrlfa:172 = _Yv—(u+1)hr1
H/—/ -
-0 z1=ra(rg—1) -0

by the induction hypothesis and by Corollary[5.11] This completes the induction. O

By Lemma it now follows that @ is trivial, so we have proven the following
theorem for the set Bs defined on page

Theorem 5.13. Under Assumption[3.1] if
ar=agy=az="r4= 1,711 # 1,ro # 1,r3 # 1,512 = 513 = 523 = 1, gcd(n1,n2,n3) = 1,

then the set Bs U Bp forms a basis of DT and the set Bs U Bo forms a basis of
c+.

6. FOUR MORE SPECIAL CASES

In a similar, although less technical way, a Z-basis of Dt and Ct can be
constructed in another four cases, as given below. The details can be found in [6].

Theorem 6.1. Under Assumptzon. if ry =19 =rg =ry =1, then the set
B1 U Bp forms a basis of DT and the set By U Be forms a basis of C“‘, where By
is the set of the following conjugates n"l toytogtort .

e <z <am—1,0< s <am—1,0< 23 <asm—1,1 < x4 < ay,

e 0<z;<am—1,0<23<as(m—1)—1,0<a3<azm—1, 24 =0,

e 0<zi<a;—1l,2z9=aa(m—-1)—1,0<a3<azm—1, 24 =0,

e x1=a1—1,za=as(m—1)—1,0<uz3<azg(m-—1), x4 =0.

Theorem 6.2. Under Assumptwn-, ifri =19 =az =ry =1, then the set
B, U Bp forms a basis of DT and the set Bg U B¢ forms a basis of C+, where By
is the set of the following conjugates 17‘71 05?050 ort

e 01 <am—1,0<z2<am—1,0<z3<n3—1,1 <2y <ay,

e 0<zi<am—-1,0<z3<as(m—1)—1,1<z3 <ng, x4 =0,

e 0<zi<aj,za=ax(m—1)—1,1<z3<ng, x4 =0.

Theorem 6.3. Under Assumpmon-, if ay = ag = r3 =14 = 1, then the set
B3 U Bp forms a basis of DT and the set Bg U Be forms a basis of C’+, where Bs

is the set of the following conjugates n°1 72" 93" 94" ;
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e 0<z1<n; —1,0<za<ny—1,0<x3<agm—1,0<z4<ays—1,
e 0<z1<n; —1,0<za<ng—1, a3 <z3z <asm, rqg =0,
o 1 <2y <ged(ny,ng), 20 =0, 23 =0, 24 =0.

Theorem 6.4. Under Assumption [3.], if
a;] = a9 = A3 = T4 = 1,gcd(n1, ng,ng) = gcd(nl,ng) y

then the set By U Bp forms a basis of DT and the set By U B¢ forms a basis of
O+, where By is the set of the following N conjugates n”f1”§2”§3‘724:

e 0<z1<n1 —1,0<23<ny—1,0<23<n3—1,0<x4<ay—1,
0<z1<n—1,0<z3<ng—1, 1 <3< ng—1, x4 =0,
1 <@y <ny, ged(ng,n3) <xg < ng, x3 =0, x4 =0,
ged(ny,ng) < a1 <np, 1 <as < ged(ng,ng), 23 =0, 24 =0,
1<z <ged(ng,na), 22 =0, 23 =0, x4 =0.

7. THE MODULE OF RELATIONS

In this section, we will study the relations between the generators of the group
of circular numbers more abstractly, following the approach in [2]. Sometimes we
will only state the results and just outline the proofs or even omit them altogether.

Consider the (additively written) Z[G]-module

X:= @B zGakn]]K:)/Q)
PGIC{1,2,3,4} i€l
— Z[Gal(k/Q)] & D) ZGal(k N K, K; K1)/ Q)
i,5,1
& P Z[Gal(k N KK;)/Q)] & @ Z[Gal(k N K;)/Q)] ,
.3 i

where G acts on each summand via restriction. For any ) C I C {1,2,3,4}, we will
denote z; the element of X having all coordinates zero except for 1 at the position
corresponding to I. To simplify the notation, we will sometimes write simply

T 1= T(1,2,3,4) Tijl "= iy Tij *= T} Ti 2= Tfay
and similarly
Mgl *= Mpa,pspidr g *= Hpaps 3o Tl == T{pi} -
Therefore we have
X = (96,96123,561247961347$234>$12,$13,3?14,3323,9624,$347$1,$2,$3,$4>Z[G]
and
+ _
DT = <77,77123,77124,77134777234,77127771377714a7723,7724777347771,77%7737774>Z[G] .
Since

n €k, nijIEkﬂKinKl, nijEkﬂKin and 7, € kNK;,
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this gives us a surjective homomorphism of Z[G]-modules ¢: X — DT defined by
e@)=mn, @@ij)=mni, e@ij)=ni;, @@:)=mn.
Then ker ¢ is a Z[G]-submodule of X, and we will call it the module of relations
of k, because we can regard its elements as the relations between the generators of
the group of circular numbers of k.

Lemmasandimply that for any I C {1,2,3,4}, |I| > 2 and ¢ € I, we
have

N _ o(zr) € CT (kﬂ H Ku> ,
o]l I wel\{i}

wel wel\{i}

hence there exists some

pir € {z0 C J C I\ {i}})zq
such that
Ni’I = N/mH Ko /kN H Ku
uel wel\{i}

We will call N; 1 a norm relation. Note that for I = {1,2, 3,4}, we have

Nkﬁ H Ky /N H Kux = RNz

wel wel\{i}

Tr — pi,1 € kergp.

Remark 7.1. In fact, the relation N;; can be described much more explicitly
using the Frobenius automorphisms, but we won’t go into the details here.

Now let M be the Z[G]-submodule of ker ¢ generated by the norm relations N;
for all possible I C {1,2,3,4}, |[I| > 2 and ¢ € I. Our goal will be to describe the
quotient Z[G]-module ker /M, which we will call the module of Ennola relations
of k. (However, to follow the terminology in [2], by an Ennola relation we will mean
an element of ker ¢ \ M rather than ker p/M.)

Let E;j; be the Ennola relation described by Theorem 10 in [2] applied to the
field kN K;K;K;. By Theorem 19 there, E;;; generates all the Ennola relations
(modulo the norm relations) for this field.

Proposition 7.2. In all the cases described in sections@ and@ the Z|G]-module
ker /M is generated by the classes of F1a3, F124, F134, Eass. In addition, the
action of G on ker /M s trivial.

Proof. For any case described in Sections |5| and @ let B be a Z-basis of D¥. For
any element of B, we will fix its preimage with respect to ¢; let Y be the set of
these fixed preimages. Then the elements of Y are Z-linearly independent and we
have X = ker ¢ @ Y. Recall that in order to construct B, we always used only
(Z|G)-linear combinations of) norm relations together with the four implicit Ennola
relations F1a3, F124, F134, Fo3q from [2]. This shows that ker ¢ is generated by
M U{FE123, E124, F134, F234 }, which proves the first part of the proposition. The
second part follows from the observation that the action of G' on E;j is the same as
the action of Gal(kNK; K;K;/Q) on E;j;;, which is trivial by Theorem 19 in [2]. O
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In certain cases, we can say something stronger. For the rest of this paragraph
and for the next lemma, we will only use Assumption (so we're not focusing on
the five cases in Sections [5| and |§| yet). As in the proof of Lemma let K’ be the
genus field in the narrow sense of k' = kN K1 K2 K3, and for any u € {1, 2,3}, let
K, be the maximal subfield of K’ ramified only at p,,, T, be the inertia subgroup
of Gal(K’/Q) corresponding to p,, and 7}, := [K’ : k¥'K],]. The order of Eja3 in the
module ker ¢/M of Ennola relations of k is a divisor of the order of Ej93 in the

module of Ennola relations of &, which is equal to [:,(T,,]ful/] by Theorem 19 of [2].
1°2°3

Lemma 7.3. Let s;; =1 for alli, j € {1,2,3}. Then we have T, =T,,, K, = K,
and 7, =1y for all u € {1,2,3} and moreover [K' : k'] = m.

Proof. Using Proposition the ramification index of py in &'/Q is

K1 KyKs : kN Ky K. 2= T
Ty = [k : k' N Ko K3) = LSEEYE ofs] Tl 5 _ T
[K1K2K3 : kﬂKlKgKg] m 5923
Since sg3 = 1, we have |T]| = |T1| and K| = K;. Similarly, |T5| = |T»|, |T4| = |15
and K} = K,, K4 = K3. Hence

[K/ : k’l] = [K1K2K3 kN K]_KgKg] =m

and
Kl:k/] m m
1=K :KK]= [ = = -
= %] K1k K] [K1: K NE) [K7: kN K]

:’]’1

2R3

by Proposition again (and similarly r) = rq, 74 = r3).
|

Obvious analogies of Lemma [7.3| could be also stated for the fields kN K1 Ko K4,
kN K1KsKy and kN Ko K3Ky, but we would get a collision in notation, because
of our assymetric definition of k¥’. The proofs would be exactly the same though,
because the only assymetry present is purely notational.

Corollary 7.4. In the following three cases, more can be said about ker /M :
() If 1y =79 =73 =714 = 1, then ker ¢/M s a quotient of (Z/m)*.
(i) If ry = ro = az =14 = 1, then ker /M is a quotient of (Z/n3)> x Z/m.

(iii) If

a1 =ay=az3=r4=1,11#1, r9#1, r3#1,
S12 = s13 = 523 = 1, ged(na, n2,n3) =1,

then ker /M is a quotient of Z/r1 X Z]ra X Z/rs, so it is in particular
cyclic.

Proof. This follows immediately from Proposition[7.2]and the mentioned analogies
of Lemma (in the third part we also use the pairwise coprimality of r1,73,73
by Lemma |3.6] O
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Remark 7.5. In the case
a1:a2:a3:a4:7"1:1"2:7’3:7‘4:1

(which is a special case of the first case in Section [6]), it can be shown that
ker o/M = (Z/m)*, which is a stronger result than in Corollary The proof
is too technical to be included here, but essentialy it consists of constructing a
Z-module (not Z[G]-module!) homomorphism from X to Z/m and showing that all
the norm relations together with three of the four Ennola relations lie in its kernel,
while the fourth Ennola relation maps to the class of 1 modulo m. It is possible
that a similar approach could be used in other cases to improve the bounds in

Corollary [7-4]

Remark 7.6. A crucial part of the proof of Proposition was the fact that in
all of the cases studied in Sections [f] and [} we never encountered any new Ennola
relation, i.e., an element of ker ¢\ M having a nonzero coefficient at 2. This will not
always be the case though, because we have already found a new Ennola relation
FE in the special case

m=a3="r3=2,01 =Q2 =04 =71 =Ty =74 =1.

It’s not very hard to show that F ¢ M (and 2E € M), but the proof that FE ¢ ker ¢
is again too technical to be described here. Note that in this case, we have N =0
(recall that N was defined by the equation (4.1))), but it is still possible to recover
all the conjugates of 1 using this new Ennola relation F.

In fact, it appears quite plausible that a new Ennola relation could arise whenever
we have a; > 1 and r; > 1 at the same time. It is not a coincidence that this didn’t
happen in any of the cases studied in Sections [5] and [6] because it seems that this
assumption will drastically increase the difficulty of the construction of Z-bases of
D% and CT.
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