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KYBERNETIKA — VOLUME 53 (2017), NUMBER 5, PAGES 922-958

DYNAMIC MODEL OF MARKET WITH UNINFORMED
MARKET MAKER

MARTIN SMID AND MILOS KOPA

We model a market with multiple liquidity takers and a single market maker maximizing his
discounted consumption while keeping a prescribed probability of bankruptcy. We show that,
given this setting, spread and price bias (a difference between the midpoint- and the expected
fair price) depend solely on the MM’s inventory and his uncertainty concerning the fair price.
Tested on ten-second data from ten US electronic markets, our model gives significant results
with the price bias decreasing in the inventory and increasing in the uncertainty and with the
spread mostly increasing in the uncertainty.

Keywords: market maker, optimal decision, price and inventory, high frequency data,
dynamic model

Classification: 91G80, 62P05

1. INTRODUCTION

One of the greatest challenges of mathematical finance is the problem of optimal trading
on a continuous-time limit order market. In all its generality, decision problems faced
by the traders exhibit infinitely dimensional state spaces (it is possible to put arbitrary
numbers of limit orders), so they are intractable. Therefore, researches resort to sim-
plifications; they either use simplified settings (e.g., one-period models or models with
restricted strategy space, see e.g., [4] or [I8]) or — in extreme — they do not assume any
rationality at all, constructing so called zero intelligence models (see e.g. [5] or [22]). In
the present paper, we go the former route: we assume that there is only one (possibly
representative) rational agent — a market makelﬂ — trading against many irrational and
many averagely rational liquidity traders by posting only two limit orders at a time.
There is a large number of papers studying behaviour of market makers by means
of tractable simplified rational models. One of the earliest paper of that kind was [§],
followed by many others, e. g., [I7,25], or [9]. For more references, see surveys [4] or [20].
It follows from those works that functioning of a market maker (MM) is associated with
two main risks, for which the MM demands compensations in the form of spread: the risk
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'n fact, our model can be applied to any agent posting at most two limit orders of different type —
even though our MM is obliged to put exactly two limit orders, posting only zero or one order can be
emulated by setting quotes with unrealistic prices.
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of running out of the traded instrument (the inventory risk) and the risk associated
with the uncertainty about the “true” value of the instrument (the adverse selection
risk)ﬂ There are many empirical studies confirming the following implications of these
theoretical works:

(M1) market makers try to sell (buy) extra (missing) inventory,

(M2) large trades have a permanent impact to price (speaking for the presence of
adverse selection)

(M3) spreads widen at the times of uncertainty.

For details, see [4], especially Table 1 therein.

In addition to these classical papers, there are several works dealing with truly dy-
namical decision problems, e.g. [2, [7, [0, [12], all being similar to (or directly based on)
the seminal work [II]. In this paper, the MM maximizes his expected utility from the
terminal wealth by continuously setting his quotes under the assumption of decreasing
(increasing) demand (supply) of the liquidity traders. It is demonstrated that the re-
sulting optimal quotes depend solely on time, the amount of cash held by the MM, and
his inventory. Interestingly, the spread itself does not depend on the inventory.

In the present paper, we build a (discrete time) dynamical model in which we let the
MM maximize the discounted running consumption plus the terminal wealth. Even if
we in fact assume a linear utility function, our MM cannot be viewed as risk neutral
as he keeps the probability of his bankruptcy at a prescribed level. In line with [II],
we assume that the market orders’ arrival intensities increase linearly with distances of
the quotes from the “fair” (log)price; contrary to [I1], however, our fair price is random
rather than constant, following a normal random walk. Similarly to [7], our MM tries to
avoid running out of the cash or the instrument traded; contrary to this paper, however,
our constraints are probabilistic.

There are four main original contributions of our paper: Firstly, the value of the
fair price might not be known exactly to the MM in our setting, which makes the
adverse selection implicit to our model. Secondly, the time horizon may be infinite, so
we may avoid problematic final valuation of the inventory. Thirdly, we (approximately)
describe a joint distribution of the quotes - hence of the market price - and the MM'’s
inventory. Finally, we show how the price increments and their conditional volatility
may be decomposed into three components: the first one “caused” by the fair price, the
second one by the inventory and the third one by the uncertainty.

We proceed as follows: after the definitions (Section , we derive an approximate
joint conditional distribution of the fair price and the inventory given the MM’s quotes
(Section. Further, our main result is formulated, saying that the MM’s quotes depend
solely on the expected fair price, the inventory level and the MM’s uncertainty (Section
. Further, we discuss some implications of our results, namely the price decomposition
resulting from the model and the joint dynamics of the midpoint price, spread and
the inventory (Section . Consequently we estimate the parameters of the resulting

2[26], in addition, mentions an “option” risk stemming from the fact that, by putting a limit order,
the MM in fact underwrites an option with the strike price equal to the limit price; this risk, however,
may be minimized by frequent adjustments of the quotations.
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equations in the presence of noise limit orders using 10-second high frequency data of
three US stocks from ten US electronic markets, and we demonstrate that results at
least do not contradict our model and that they mostly confirm stylized facts (M1) and
(M3) (Section @ In addition, we show that three simple benchmark models assuming
irrationality of the MM’s and/or of the liquidity takers may be rejected in favour of our
model (Section [7). Finally, we conclude the paper (Section [§). Two longer proofs, a
discussion of consistency and asymptotic normality of our estimates, and the detailed
results of the estimation are presented in the Appendix.

2. THE SETTING

In the present Section, we formally define our model and do some approximations nec-
essary for the model to be at least partially tractable.

2.1. The agents

We assume that there is a (single representative) market maker, continuum of irrational
liquidity traders and continuum of averagely rational (informed) liquidity traders.

At each t € NE| the market maker sets the log-quotes a; and b; (the actual best ask
and best bid, i.e. the prices for which the liquidity traders can buy, sell, respectively,
are then A; = e, B; = e’ respectively) in order to maximize his overall discounted
consumption and terminal wealth (see Section [2.2]).

In reaction to the quotes, averagely rational liquidity traders post buy and sell market
orders, i.e. requests to buy or to sell certain amount of the instrument for the ask price,
bid price, respectively. The numbers of those buy- and sell-market orders having arrived
between times t — 1 to t, are Poisson distributed with intensities

)\(atfl _7Tt71)7 )\(7Tt71 —bt71),

respectively, where

zZ

)\(z):{r(l_D) z<D for some r > 0 and D > 0
0 z>D

and m; € R is a log-fair price.

The numbers of irrational liquidity traders’ market orders, on the other hand, follow
a Poisson distribution with constant intensity x for both buy and sell orders.

The sizes of the market orders are random, with a common distribution D having
mean j and the non-central second moment s (i. e. the variance of D is s—p?), dependent
neither on each other nor on the number of the orders arrived.

The log-fair price 7 follows a normal random walk with EAm, = 0. We distinguish
three possible degrees of information, available to the MM:

(I) The MM is fully informed, i.e., the values of m are observable to him.

3Different trading frequencies may be modelled by scaling of the time.
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(P) The MM is partially informed, i.e., he observes a proxy
et =T+ Yt
instead of m; at each ¢ > 0, where 7; is normal with E(vy;) = 0.

(U) The MM is uninformed.

As cases (I) and (U) may be approximated by (P) with var(y;) very small, very large,
respectively, we shall assume only (P) in the rest of the paper.

Denoting X; and Y; the total volume of the buy market orders, sell market orders,
respectively, arriving from ¢ — 1 to ¢, and denoting

E‘r:(7703607X17Y136177T1a~'-aXT>Y7'7€Ta7TT)’ 7 € No, (1)

all the (historical) information relevant for the market, our setting may be formally
defined as follows: For each ¢ > 0,

(D1) X;|Z¢—1 ~ CP (k + Mag—1 — m—1), D),

(D2) YiZ¢—1 ~ CP (K + AMm—1 — bi—1), D),

(D3) Am ~ N(0,va7), for some constant var,

(D4) v ~ N(0,v,) for some constant v,

(I1) Amy, v+ and (E¢—1, X¢, Y:) are mutually independent,

(I2) E;_1, X; and Y; are mutually conditionally independent given (a;—1 — mi—1, T —1 —
btfl).

Here, CP(:, Q) denotes the compound Poisson distribution with intensity ¢ and sum-
mands’ distribution Q.

Remark 2.1. If a;_; = b;—; = p for some p (i.e. if the market price were p), then
the expectedﬁ total volume of the buy market orders, sell market orders, respectively,
between ¢ —1 and ¢ would be equal to Dy (p) := p[s+Ap—mi_1)], S¢(p) := plr+A(m_1—
p)], respectively. Thus, we may interpret functions D; and S; as the (expected) demand
curve, supply curve, respectively. Moreover, since m;_; = argmax,|[D;(p) A Si(p)] we
may regard m;_1 as the equilibrium price. Further, if the market price was 7;_1, then
the expected overall traded volume between ¢ — 1 and ¢ would be Dy (m;_1) = S;(m_1) =
w(k + 1) (note that this amount does not depend on 7).

4The expectation is a conditional one, given (m¢—1,at—1,bt—1)
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2.2. The MM'’s decision problem

Let us turn our attention to the decision problem. Assume that MM holds M, units of
cash and Ny units of the traded instrument at the time 0. Given that he sets quotes
to a; and b; at each time ¢ = 0,1,... and consumes C; at each time ¢t = 1,2,..., the
increments of his cash holding, instrument holding, respectively, are

AMt = Amt - Ot7 Amt = Eatlet — Bbtfli/t, t > 07 (2)
AN, =Y, - X,, t>0. (3)

We assume that the consumption C; may be also negative, i.e. it is allowed to MM to
“put money into the business” if needed. Moreover, we allow the MM to borrow stocks
for a single period.

As the MM observes values of the fair price only through the proxy, his information
set at the time ¢ consists of

gt = (607X17Y17€17X2a}/27 .. ~Xta}/1-faet)

(recall that e; = m; in case of (I)).

As it was premised, we assume the MM to maximize his discounted consumption
at time ¢ plus his discounted wealth at a time horizon so that both the probability
of running out of the money (i.e. of M;y1 < 0) and the probability of depleting the
instruments (i.e. of N;y; < 0) at the next step are less than a prescribed level.

Definition 2.2. The decision problem, solved by the MM at each ¢t € NU {0}, is given

by
T—1
Vi(&) = sup E|> e 0C, + e T (Mp + €™ Nr)l& | (4)
ar,br,Cr€REI<T<T pt
subject to
E(r) (ar,br, C;) is o(&;)measurable,
A(T) ar; > b,
M(7) P[Mry1 <0lé-] <,
Ni(r) PN, 11 < 0l&] <7,
t<rt<T.

Here, T is a time horizon fulfilling ¢t < T < o0, p is a discount factor and + is a pre-chosen
probability level.
2.3. Approximation

For any 7, denote
h‘r = ]E(ﬂ_ﬂ"g‘r)»

the (conditionally) expected log-fair price. Our next aim is to describe the dynamics of
h, and the distribution of the fair price observation error

Nr = hy — ;.
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Denote
Uy,r = var(n-|¢-)
its conditional variance.
Because, except of an (unrealistic) case (I), the computation of A, and a distribution
of 1 is non-trivial, we have to approximate our model. To this end, note that, once r and

k are high enough, we may approximate the Compound Poisson conditional distribution
of X; given Z;_1 by

N(uls + Mai—1 = m-1)], s[k + Aag—1 — me-1)])

(see [3], Sec. 3.9). Further, if
a1 —hi—1 <D

and
Vg1 < D

then, by Chebyshev inequality, the conditional probability of event
[at—1 — 71 > D] = [az—1 — hy—1 +mi—1 > D]

is small, so we may assume

Ap—1 — T¢—
Mar 1 — 10 1) ”(1_“1)“)’

(i.e., that A is linear in b;_1). Both this and an analogous approximation of \(e —b;_1)
may be formally expressed by keeping (D3), (D4), (I1) and (I2) and assuming

(A1) X;|=¢ ~N(uf<;+,ur (1—%) , SK + st [(17’“’1;;“’1) \/OD ,

(A2) Y}\Et,l,rv/\/'(,um—&—;ﬂ‘ (1 - m’lfzbt’l) , Sk + ST [(1 — m’lf?bt’l) \/OD.

Unfortunately, even given this approximation, we would not get analytical formulas for
the conditional distribution of 7; given & which we need to describe the dynamics of the
price-volume process (the reason being dependence of conditional variances on both X;
and Y; on m—1). One way to overcome this would be to approximate the conditional
density; however, since the formulas resulting from that approach would still be quite
complex, we rather assume that, instead of both the volumes X; and Y;, the MM takes
into account only their difference (the increase of the inventory)

ANy =Y, — Xy,

whose conditional variance does not depend on m;_; given that x+r[1 — “=z"=2] > 0,

K4+ r[l— m”fgbt’l} > 0, probability of which, however, we assumed to be negligible.

This simplification could be partially justified by the fact that when we do it, the loss
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of information would not be largeﬂ Hence, we assume that the information available to
the MM is the proxy and the inventory, i.e.

(A3) gt = (GO,ANl,el, .. '7ANt7et)

until the end of the paper.
Before going on, note that, given (Al) and (A2),

1= b
AN Eio1 ~ N (g(at—l +be—1 = 2m1), 25K + s7 [2 - atlDtl])

and

Amt|Et_1 ~ N(eat*l]E(thEt_l) — ebtflE(}/AEt_l),

e2-1var(X,|Z_1) 4+ e®t-tvar(V;|Z,_1))
and, specially, that var (Am;|Z;) > 0 if K > 0.

3. CONDITIONAL DISTRIBUTIONS

The goal of the present Section is to determine the conditional distributions, important
for the rest of the paper, and to describe the evolution of the fair price estimator h;. To
this end, denote

P = ar + by
2
the (log)midpoint price and define, for any ¢ > 0,
—-b
op = Py — hy, Ut:at2 t7 (5)

the price bias, half-spread, respectively.
Proposition 3.1. Let t € N. Assume (D3), (D4), (I1), (I2), (A1)-(A3). If
Ne—11&e—1 ~ N (0, v5,6-1) (6)

for some &;_i-measurable variable v, ¢—1, then

(i)

Ay 0 var 0 0 0
Ve N 0 0 v, 0 0

AN; G~ N kéi—1 |’ 0 0 uNe  kUpi—1

Tt—1 0 0 0 kvn,t—l Un,t—1

5Say that we want to construct a linear estimate of m; based on (et, X¢,Y:). As, due to , the
variances of Y; and X; are similar, being around sk + sr, and as their relation to e; is symmetric.
the absolute values of the corresponding coefficients in the estimate should be close to being the same.
Further, as Y; depends on 7 reverse way than X; does, the signs of the coefficients should be opposite.
Thus, any linear estimator or 7; based on (Xt, Y%, et) should not be much different from a that based
on (AN, eq).
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where k = 255 and vy = vy (v —1,00-1) = 25(k + 1 — “Z52) + kv 1.
(i)
Ahy = cen (KT ANy — 84-1) + cepler — hy—1)
where
ent = en (g -1, 0¢-1), Cert = Ce(Vnt—1,0t-1),
for some differentiable functions ¢y and ¢,
(iii)
Nel&e ~ N (0, vp.1)
where
Uyt = Uy(Un,t—1,0¢-1) (7)

for some differentiable function v;,.

Proof. See Appendix [A] O

Remark 3.2. (ii) of the Proposition in fact says that the MM may obtain information
about the fair price not only from the proxy but also from the results of trading.

Corollary 3.3. Let t € N. Given the assumptions of Proposition it holds that

Ay &y 0 var O 0
Yt [ A]_V ] =N 0 , 0 Uy 0
-1 k Cn,t (lflANt - 5t—1) 0 0 wyi—

k”f,,t—l Un,t—1

where wy i1 = vp1 — ET Cpp = T

Proof. The corollary follows from the well known formula for the conditional distri-
bution of a Gaussian sub-vector ([6], Proposition 3.13) applied to (i) of Proposition
O

Corollary 3.4. If 1y is centred normal, then (i)-(iii) hold for any ¢, and, moreover,
there exists a function o, such that v, ; = 0, (0¢—1,0¢—2,...,00), and similarly for vy,
CN,t> Cet a0d Cp¢.

Proof. The assertion follows from a recursive application of Proposition [3.1 O

Throughout the rest of the paper, assume that 7 is normal with known unconditional
variance vy g.

4. THE OPTIMAL DECISION

Before proceeding, note that, as h; is (by definition) {;-measurable, any feasible strategy
of may be alternatively expressed by (0,0, C;)r<1 where é, and o, are defined by
B).

The following Proposition shows that, out of the whole MM’s past information &,
the optimal decision at ¢ depends solely on M;, V¢, h; and v, ; and that J; and o; alone
depend solely on V; and vy, ;.
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Proposition 4.1. Let x > 0 and let either
(F) T be finite
or
(N) T =00, p> %(vy + var) and the problem (4)) has additional constraints

C(r) 0, € [=Dy, Dy, o, <8y, T <T, Dy, SyeRT.
Let 0 <t < T. Then

Vi(&) = My + "W (N, vy, T — t) (8)

where W (N, v,0) = Ne*"/2 and, for any 7 < T,

W(Nw,T—7) = supF(0,0,N,0,T—7) )
4,0
A c>0
N N+ k6
N <p<—+>§’y
v (v,0)

for some function F'. Here ¢ is the standard normal c.d.f.
Further, for any optimal solution (0,,0,, Cr)i<r<r, Of it holds that

0t = 0(N¢, vy, T — t) for some function 4, (10)
0 = 0(Ny, vy, T — t) for some function o, (11)
C, =M, + e (s, or,Uy,r) for some function W. (12)

Here, co—t = oo by definition; in particular, f(n,v,c0—t) denotes a function dependent
only on its first two arguments.

Proof. See Appendix[B] O

Remark 4.2. An analytical formula for ¥ exists and is given in the proof.

As it is clear from the proof, there is probably no chance for any analytical expression
of the optimal policies § and o; thus, § and o have to be computed numerically. The
important fact for us is, however, that, given the infinite horizon, both § and o depend
solely on the inventory and the conditional variance of 7.

Until the end of the paper, assume (N), i.e. that the horizon is infinite.

5. IMPLICATIONS

In the present Section, we show how the price and its volatility may be naturally decom-
posed into the parts associated with the fair price, the inventory and the uncertainty,
and we formulate equations approximately describing the dynamics of the quotes and
the inventory stemming from the optimal behaviour of the MM.
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5.1. Price decomposition

If we approximate by
d(n,v) =do + dnn + dyv, (13)

where dy, dy and d, are some real constants, then the log-midpoint price may be
naturally decomposed as

Py = hy + (N, vpt) = e+ + 0(Neyvp ) = w410+ dyvg s +do + dy Ny,

fair price uncertainty inventory

for any ¢ > 0. This is, to a certain extent, analogous to a well known decomposition
of spread into order processing, inventory and adverse selection components, widely
discussed in market macro-structure (see e.g., [I3]). Moreover, as En, = 0, the price
bias ¢; may be understood as a correction of the price for the inventory and uncertainty.

Before we give a decomposition of the mean price increments and their volatility, note
that, given (I), we would have h = 7 and v,, = 0 so it would be

APt = Aﬂ't +A(5(Nt) = A?Tt +dNANt
~ = =~ =

fair price  inventory fair price inventory
with
. *
AP& 1~N(dNdi—1, var +dnvy,) (14)
—— =~ ——
inventory fair price  jpyentory
where v}, = 2s5(k +r — “Z5=). The components of the mean and variance associated

with the uncertainty thus naturally emerge by a comparison of with the distribution
of price increments given (P):

AP, = Amy + dNANy + ce (v — mi—1) + CN,t(k_lANt — 0¢—1) + dyAvy 4,

with

APy & 1~N (e, VAP,) pe = dnOi—1 Fenebi—1 + dyAvy
——

inventory uncertainty

vaps = var(Am) + (dy + ey k) var(ANy 1) + Cg,tvar(%)
+ e pvar(ne—1|€1) + 2¢ei(dn + en k™ )eov (-1, AN [€—1)
= UAW"‘(dN+CN,tk71)2(U7\[,t+k2vn,t71)+03,tv’y +C3,tvn,t71 _2Ce,t(dN+CN»tk71)kv’77t71
= VAr + d?\;v]*v,t
) ” S~——
fair price inventory

+(2chN7tk_1 + c?v’tk_2)v]*\,’th + citvy + [(kdn + cht)Q + e, t(kCer — 2kdn — 2¢n t)] Uy -1

uncertainty

(To understand the calculation, see Proposition (1) and note that vy, = vy, +
]4321}7] t—l)-
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5.2. Approximate dynamics

In the present Subsection, we describe the dynamics of (a¢, by, NV;) expressed equivalently
by (P, o, N). As, by Proposition both P, and o; are computed by means of
functions of ¢, 0, v,, whose analytic description is unknown to us, we have to use an
approximation - in particular, we use a linearisation for §, and we approximate the
non-negative functions ¢ and v, geometrically, i.e.

o(N,v) = sgexp(N)*Nv®, so0 >0, sn,8 €R (15)

and
vy (0, v) = weo¥T v, wo >0, wy,w, €R. (16)

Denote
Sti = 8(0t—iy Ot—iz1, -y Ot—ijy) = Zw% In(o¢—i—j), ie{1,2},

where jo is large enough. Given that |w,| < 1, it follows from 7 applied iteratively,
that

vy, = 240 -+ woS,
or equivalently,
Ut = W o exp(wsSe,1) = wy o Hat 1 (17)
A combination of and then yields
50 = do + Ay N, + ds exp(we Ser),  ds = dywg " . (18)
Similarly, we may express by
Ino; =Insy+ s, o 4 SNNp + $pweSt 1. (19)

According to Proposition [3.1] (i), we then have
ANy = EO0(N¢—1,0n,0—1) ++/ON, Ft = k (do + dnNe—1 + ds exp(we St 2)) ++/Un, Fr (20)

where F; is standard normal independent of &_1, and where, by Proposition [3.1] (i) and

(2,
2sr L

UNt = Vg + VpOy—1 + Vs exp(wWeSt,2), vo=28(k+71), Vy=—7, vVs= kKw 0 v
(21)

Analogously, by Proposition [3.1](ii),

APt = A(St + Aht = A(St + CN,t(kilANt — 6t—1) + Ceﬂg(et — ht—1)~
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As
er —hi—1 = (me + 7)) — (me—1 +me—1) = Amp + 9 — M1

ans as, by Corollary
et —hi—1|&—1, AN, =N (*Cn,t(kflANt — 04—1), Wy p—1 + Uy + UAw) )

we have

AP, = A + (eny — Ce7tcv7,t)(k'_1ANt —0p—1) + Ceyt \/wn,tfl + vy +vaxGy
where G, is standard normal, independent on (&_1, AN;), hence on (£t,1,ANt,Ft)E|
Consequently, by ,

AP, = dNAN; + dslexp(weSi1) — exp(weSt,2)]

+(CN,t_Ce,tcn,t)[k_lANt_dO_dNNtfl —dg exp(wySt,2)]+Cet \/wn,tfl + vy +varGy.
(22)

Thus, the approximate dynamics of the “trade and quote” data is given by ,
and .

6. ECONOMETRIC EVIDENCE

The goal of the present Section is to get an econometric evidence supporting our model,
namely whether and how o; and d; depend on the inventory and/or the uncertainty, as
it is predicted by our model.

6.1. Dynamics with noise limit orders

Having “trade and quote” data (a,b, N) at our disposal, we may observe the quotations
and the inventory increments. In real-life, however, not all the agents putting limit orders
are MM’s. Therefore, we assume that there are some “noise” limit orders being put into
the spread by the “non-MM” agentsm so the information observed by an econometrician

at time ¢ is ~ ~ R
gt = (dlyblvAva .. ,dt,bt,ANt)

where ~
by < by <ap < ay
Denote B
Ot - a; — by
€ot = — O =
Ot 2

6To see it, note that ANy = f(£—1, Ft) for some function f, bijective in its second argument.

7Consequently, not all the trades are made through the MM’s. Moreover, because the trade data
we have at our disposal are not matched with the quote changes so we had to use our own algorithm
succeeding to match only about approximately 70% cases, the inventory data themselves are known
only subject to an error, too. We, however, do not take this “matching” noise into account in the
present paper because this would prevent the parameters or the model to be identifiable.
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the relative spread reduction and

(@ — ar) + (b — by)
2

€pt

the imbalance of the one-sided spread reductions. It is quite natural to assume that the
intensity of noise trading does not depend on the side of trading, i.e.

E(GP,t|&t—1a Et—l) =0.

It is also likely (and evident from the data) that the rate of in-spread order placement
increases with widening of the spread, which can be expressed as

E(€0,t|Gt—1, €pt, Zt) = exp(16—1 + a26;_;) (23)

for some constants o and ay such that a;s 4+ ags? < 0 for each s > 0. Strengthening
a little, we assume

€ot = exp(a1o,-1 + G2 el (24)

where (€)ren are i.1.d. positive independent of (2;,€ep ;)reny with EerX = 1. Note that
then, for any 7,

NG, =Ino, + 16, 1 +axd?_| +1Inel. (25)
Further, denote
Zti=Z(Ct—iy- o Ot—im1—jo; Wo, U1, (O42)
Jo Jo
S — ~2 .
=Y Wil — Yy wi(@bri1—j+asdiy_;), i€{l,2}
=0 =0

and note that

Jo
R L J *
Sri=2;4 g w! In €r_ij
j=0

for any 7. Using this and , we are getting

t

G, = S0+ 151+ 0267 +sn Y AN +55Z1+E& (26)
=1
lnwo Jo ;
50 = In s +$U1 _—_ +syNo+ | 1— ssjzowf) Elne}

58 = SyWo

Jo
E=lne; —Elne} — SSZwi(lneg_l_j —E(ner)).
§=0
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Further, if we assume that the initial inventory, denoted by Ny, is constant unknown,
then we get from that

t—1

AN; = ng+ny Z AN +ngexp (wsZt2) + Ft (27)
T=1
ng = kdo + deNO
nnN = de

nsg = kdsE(@l)

Fi = kdsexp (weZi2) (0i—2 —E(01)) + \/UN 1 Fy,
Jo

0: = exp(—w, wa) Ine ;).
=0

Finally, if we take ¢y = cn, Ceyt = Ce, €yt = Cyy for some constants cy, ce, ¢y, |§| and
denote
Cp =CN — CeCn.

relation becomes

t—1
AP, = —cp(do + dnNo) + (dn + cpk ™ )AN; — cpdy Y AN,
T=1

dS’ exp(waSt,l) - dS(l + CP) eXP(WaSt,2) + Ce\/wn,t—l + v’y + UAth~

Consequently, the dynamics of the increments of the noised price

- a+b
PtZ at2 ¢ :Pt+€P,t
will be
. t—1
AP, = ¢ot+danANi+on Z AN;+¢s,1 exp(weZi,1)+ 05,2 exp(we Z;,2)+G: (28)
T=1

¢o = —cp(do + dnNo)

pan =dy + k7 (en — cecy)

¢N = —cpdyn

bs1 = dsEbo,

¢s2 = —ds(l+ cp)Eb;

G =€ept —€pt—1 +dsexp(woZe,1) (0—1 — E(61))

—ds(1+ cp)exp(woZi2) (B2 — E(61)) + cen/wni—1 + v,Gh.

The noised version of the approximate dynamics , and is thus given by
, and .

8 An alternative would be to approximated cn,¢ and ce ¢, too, which would lead to an equation with
additional independent variables (e. g. exp(2wsSt,2)) — we, however, do not go this way for simplicity.
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6.2. Estimation

Because the equations defining the noised dynamics are non-linear and, moreover, some
of the coefficients are shared among equations, we estimated the equations jointly by
a non-linear least squares weighted by standard errors of the individual equations (see
Appendix [C] for details and discussion about consistency and asymptotic normality of
the estimators).

The actual estimation was performed by a C++ program, developed by the authors,
employing the MMA (Method of Moving Asymptotes) minimization algorithm from the
NLOPT package (see [15]).

As a dataset, we used 10 seconds high frequency trade and quote data from March
QOOEﬂ supplied by Tickdata Inc., of three stocks:

GE General Electric
MSFT Microsoft
XOM Exxon Mobile

from ten electronic markets: ISE, NASDAQ OMX BX,NSE,NASD ADF, Chicago,
NYSE, ARCA, NASDAQ T, CBOE, BATS, which were actually all the markets, covered
by the data, where the particular stocks were traded. The results of the estimation of

parameters from , and can be seen in Appendix@

6.3. Testing for implications of the decision model

The aim of the present Subsection is to examine a dependence of § and o on the in-
ventory and the uncertainty, predicted by our model. Given our approximations ((13)
and , this dependence would manifest itself by non-zero linear coefficients in
, respectively. Even though, except for sy, these coefficients cannot be estimated
directly from , and , their signs and significances may be deduced from
these equations. In particular, the significance and the sign of. ..

" ...s, may be taken from this of sg (note that w, > 0 by assumption).

...dy may be taken from this of ny (its significance and sign is inherited by dy).

...d, may be got from those of ng and ¢g1 (as Ef; > 0, their signs and signifi-
cances are inherited by dg and consequently by d,).

The signs of dependence resulting from our estimation together with significances of
the corresponding coefficients may be seen in Table [1f (the blank fields in the table mean
that the given stock was not traded on the given market).

Immediately we see that the most obvious dependence is the largely prevailing pos-
itive dependence of the spread on the uncertainty, speaking in favour of M3 (see the
Introduction). Then there is a mostly significant dependence of the spread on the in-
ventory which, however, changes sign.

9We chose this month arbitrarily in advance.
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ISE NAS. QB NSE NAS. ADF  Chicago

oin N 1* [ T [FFE

oinwv kR HE Pk Pk
XOM 0in N 1* ! Pk [

01N v (viaanm| | 1 1* P

01NV (via apy| HFF* kR HEK ok

oin N L | ek A | R

oinv TR HEE Pk Pk Pk
GE 0in N ! o l [ 1*

0 In v (via aN) 1* 0 Pk !

01N U (via apy| THF* PHHE Ptk ok PHEx

oin N HE THRK PHEx PREE [

o in v R Rk i Pk Pk
MSFT |6 in N 1 ! ! [ 1

0N v iaan) 7 1 1 ! Pk

01N U via apy| TFFE HEE Pk Ptk ok

NYSE ARCA NAS. T COEB BATS

ocin N ek [FRE JFHEE [REE T

oinw A PHkE Pk Pk P
XOM 0in N e ! 1* 1 o

01N v (via an|  [FHFE 1* 7 Lo [k

0N v iaar| 7 1 ! ok [

oin N T*** T*** T*** l*** T***

o in v PHHk Pk Pk Pokk P
GE 6in N 1* ! ! [ |

01N v viaan) T* 1 0 l l

01N U (via aP) T ] 0 T*** T*

oin N 1 [FFE THEE

oinwv Rk Ptk Pk
MSFT |6 in N T ! *

(5 in V (via AN) l T

0 IN V (via aP) T*** T*** T***

Tab. 1. Dependence of § and o on the inventory and uncertainty.
The number of stars denote a significance on levels 0.05, 0.01 and

0.001, respectively.

937
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The dependence of the price bias ¢ on the inventory is almost always negative (but
not always significant), which again speaks for the findings of the market micro-structure
theory, namely for M1 from the Introduction. Further, we can observe mostly positive
dependence of § on the uncertainty.

7. COMPARISON WITH BENCHMARK MODELS

An objection may arise whether our empirical findings are not spurious in some way.
Even if it is impossible to refute completely such an objection (one can never exclude a
possibility that another, perhaps richer, model explains the data better), we try to meet
such objection by examining three simple benchmark hypotheses.

7.1. All agents irrational

Assume first that neither the MM nor the liquidity traders are rational and the limit and
market orders are put in the zero-intelligence way in the sense of [24]. Then, however,
the flow of the market orders would be independent of the past, which is proved to be
false by the significant results in .

7.2. Irrational liquidity takers

Now, say that the MM’s are possibly rational but the liquidity traders are not, meaning
that they do not consider (their estimate of) the fair price but buy and sell the stocks
randomly, i.e., it is A(e) = 0. This, however, would mean that

Xt|Et_1 ~ CP(H7D), K|Et—17Xt ~ CP(I‘C,D)

saying again that AN; are independent of the past, which is falsified by the significant
results from (27).

7.3. Irrational market makers

Another case could be that the LT’s would be possibly rational and the actions of the
MM would not depend on his uncertainty. Instead, the dependence would be caused
only by the price movements. In particular, once a market order arrived and caused the
movement of a corresponding quote, the MM would set the new quote proportionally to
the size of the market order, which could be mathematically described as

Aoy = f(JAN:]) + €

for some f and white noise €,. Then, however, o; would depend only on o;_; and AN,
but not on the earlier values of o, which is evidently not true whenever sg comes out

significant in .
8. CONCLUSION

A model describing the behaviour of a market with a rational partially informed market
maker has been proposed and partially verified.
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Even though, as it is common in finance, the model did not succeed to explain ma-
jor parts of corresponding variances, it may contribute to understanding of such phe-
nomenons as micro-structure noise or the relation between price and inventory (hence
of the traded volume).

The model might be further refined in many possible ways.

A step towards its realism, suggesting itself the most, would be to assume multiple
rational agents; then, however, the model would become a dynamical stochastic game,
analysis of which would require methods of analysis completely different from those used
in the present paper.

Less radical enhancements of the model could be done, too, such as considering other
than linear utility function, or modelling the fair price by a process different from the
random walk, such as the GARCH. In both these cases, our main theoretical results
could be preserved for the price of increasing of the state space of the dynamics. The
econometric verification, however, would be probably much more complicated than this
performed in the present paper.
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A. PROOF OF PROPOSITION 3.1

As, by (I1), Amll&_1,m—1, we have, by [L6] Proposition 6.8, that Am e,  7._1.
Therefore and because, by [16] Proposition 6.6, L(Am|&—1) = L(Am), we get. using
also @7 that Amy,m—1[&—1 ~ N(0, diag(var, vy,t—1))-

By an analogous procedure, we get

Yt Aﬂ-h Mt—1 |£t71 ~ N<Oa diag(vw VAT, U’r],tfl))~ (29)
Further, denote

at—1 + b1

ﬂt = ANt — My, my = E(ANt|Et—1) =k ( 2

- Wt—l) = k(-1 + Mm—1).

By (I1), X;,Yi A=, v, Am and, as m; € Z,_1 and (§_1,7:—1) € Z4—1, we get, by [16]
Corollary 6.7 used twice, that

X, Yo,y lle, &1, me—1, Yt AT,
which is, by [16], Proposition 6.6., equivalent to
L(Xt, Ye,me|Ze—1, &1, Me—1, e, Ame) = L( X4, Vi, my|[Ep—1).
trivially implying
LOZ -1, &1, M—1, Ve ATe) = L(D¢|Eg—1). (30)

Further, by (I2) and the fact that m; is conditionally constant given =;_; hence condi-
tionally independent on any random variable given =;_1, we have

LOZi1) = LIXi|Ei-1) 0 L(=Yi|Z1-1) 0 5_pn, "= N (0,09,0) (31)

where

_1—bi_
V9t = 28K + sr (2—at1Dtl> =2s (/i—l—r—%at,l).

As vy is a function of oy_1, L(¥¢|Z¢_1) is o4_1-measurable, hence &_;-measurable, so
it may serve as a conditional probability of ¥; given & _; which, in the combination with

and , gives
LOe|Ze—1, §—15 1,71, ATe) = L(D4[§e—1) = N (0, v9,1)
ie. Uedle, [Ei1,me—1, v, ATy, trivially implying
Vedle, \Me—1,7e, ATy
By combining this and (29)), we are getting

ﬂtv Yt Aﬂ-tv MNt—1 ‘ﬁt—l ~ N(Oa diag(vﬂ,ta Uy, VAT, vn,t—l))-
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Point (i) of the Proposition now follows from the fact that

A’ﬂ't 0 1 0 0 O Aﬂ't
wol_| 0 |, 0100 -
ANy | | ki1 0 0 1 k 9
Ne—1 0 0 0 01 Ne—1
Further, since
T = he—y — 1 + Amy (32)
AN; = kdy—y + kne—1 + 3y, (33)
et =T+ = hi_1 — i1 + Amp + s, (34)
we are getting that
¢
ANy ||&i-1
€t
htfl Un,t—1 + vAar _kvn,tfl Un,t—1 + VAn
~N kéi—1 |, —kvgio1 vor + Ko —kvp -1 , (35)
hi—1 U t—1 + VAr —kvy -1 VAx + Uy + U i1

from which we get by the well known formula for conditional normal distribution ([6],
Proposition 3.13), that £(m¢|&) = L(m| ANy, er, &—1) is normal with mean

—kvy 1
h 1+ uB
=t |: Un,t—1 + VAr :|

« ( Uyt +k2vn7t—1 —kvn,t_l >_1 |: k‘ilANt —6t_1 :| (36)

—kvy 1 VAr + Uy + Up 1 e

and variance

—kvy 11
Upt = Upi—1 + VAx — K
1t = Unio1 + A { o e }
—1
o [ Vot T k?vy 11 —kvy 1 —kvy, -1 (37)
—kvy -1 VAr + Uy + Uy p—1 Upi—1+var |
As all the variables on the RHS’s in and i are constants except for vy, ;—1 and
Vgt Wthh is a function of o;_; and v,,t 1 1 ) proves (ii) (note that hy = E[m|&])
and proves (iii) (note that n; = E(m;|&;) — ¢ and that the conditional variance of

E(wt|§t), which is {;-measurable with respect to &, is zero).
B. PROOF OF PROPOSITION 4.1
Assume (F) first. Let us prove (8)) by induction: If ' = ¢ then (8] holds because

Vir(&r) = My + NpE(e™ |&r) = My + Npehrevnr/?
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(to see it, note that E(e™ |é7) = E(e "7 e/ T |¢p) = e"TE(e™ "7 ¢7))
Now let t < T and assume to hold for ¢t + 1. Applying the Bellman principle, we
get that the value function V; and the optimal solution (Ct, d;, o) must satisfy

Vi(&) = ,sup. [C + e PE (Vig1 (&e41)160)] - (38)
A M N (@)

which, by , may be written as

Vt(ft) = sup [Ct + e PE (Mt+1 + Cht+1W(Nt+1, Un,t+1, T—t— 1)|£t)} . (39)

5¢,0¢,C¢
A(t), M(t),N(t)

Using trivial identity E(M;y1|&:) = My + E(AM;|&), imposing into and noting that
a; = hy + 6 + oy, by = hy + 6y — 04, we further rewrite as

Vil§e) =e ?Mi+ sup [Cy+ e P(E(Amiga]&e) — Cy)

6¢,0¢,C4,...
+ e PeME(eM W (Nps1, v g1, T — t — 1)[&)]. (40)
Now, as
_ ag — T
E(AX14106) = E(E(AX41]Z0)[€) = E(u(s +r(1 — = D SI)
+d+o 0+ o
= B 7= T ) g - 2 E)

and as an analogous procedure may be applied to E(AX;11|&), it holds that
E(Amiia]&) = eMFOFTR(AX 41]&) — T T E(AY 1]6) = e f(6r,00)  (41)

where

0+o o—90

F(6.0) = 7l + (1 — T2)) — (i 4 r(1 - T2,

Further, as both vy ;41 and Ahyy; are functions of (AN;y1, €41 — he, Uy t, 0¢, 0¢) (see
Proposition [3.1]), we have

E(e®™ 1 W (Nyy1, vgp41, T — t — 1)|&)]
=E(g(Nt, ANy1, €441 — he, v, 0,00, T — 1)[§) = G(Ny, vy 1, 00,00, T — t)  (42)

for some g and G (the last “=" is due to the fact that the conditional distribution of
(AN¢t1, €41 —hy) given & depends only on (d;, 04, vy +), see Proposition (i) and note
that eq11 — he = Teq1 + Vg1 — he = AT — M + Yeg1)-

Using and , we may now write

Vi(&)=e "M+ sup [(1—e P)Cp+e e f(6;,00)
6¢,0¢,Cl4,...

+BipehtG(Nt,’Un,t,(st,O’t,T—t)]. (43)



944 M. SMID AND M. KOPA

Because neither f nor G depend on Cy, M(t) will be fulfilled with “=" given that C;
is optimal (if not then a greater C' would strictly increase the objective function) which
determines optimal C; uniquely as

Ci =sup{c: ¢(c — M|&) <) (44)

where ¢ is a conditional c.d.f. of Am;1|&, which is given by

)

o(xl&) = E(P(Amy1 < z[=Z)[&0)

—-F o xr — E(Amt+1|ft)
var(Amyy1|=¢)

O s (™ 7ulr + (1 SEGER)] — bl 4 (1 - T=5))) &
ehe 2005+ (1= EE) £ 20 1 (1 — 2
=RE@(e "x;6,0,m)|&)
where
y— (7l + (1= S = el 4 (1 - 251)))
0(y;6,0.m) = ¢

s+ (1= E50)) 1 e26=0)s( (1 — 52))
As the only random element inside the expectation is 7, we may write
(;b(x‘gt) = (I)(e_ht'r; 6757 Ot, U177t)7 (b(y7 57 g, U) = EUNN(O,U)H(:U; 67 a, 77)

(recall that the conditional distribution of 7;|¢; depends only on v, ; by Proposition .
Therefore, may be rewritten as

Cy = sup{c: ®(e " (c — My)|6¢, 04, v9.4) < )
= M, +sup{c— M; : ®(e " (c — My); 6,04, v.4) <)
= M; + e sup{e " (c — My) : ®(e™" (c — My); 64, 04, v00) <)
= M, + M sup{x : ®(x;0¢, 04, Unt) <)
= M; + eht\II((St, Tty Unit),s U(6,0,v) = d (v;6,0,v) (45)
which proves (the last “=” holds because ®(e;d,0,v) is continuous and strictly

monotonous for each §,0,v). }
Now, by imposing into and dropping the constraint M, we are getting

Vil¢) =e "My + sup {(1—eP)[M;+ eht\Il(ét,at, Un.t)]
6t,ot,A,./\7
+ e_peh*'f(ét,ot) + e_pehtG(Nt, Up,t, 0,00, T — 1)}
= M; + "W (Ny, vy 4, T —t)
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where

W(N.v,T—t) = sup [(1—e ")®"!(y;d,0,0)+e " f(5,0)+e PG(N,v,0,6,T—t)] (46)
5,0,/1,./\7

i.e., @) is proved, because W is of the form of @ and (/\7) may be rewritten as in .
Relations and follow from and the Bellman principlem
Before dealing with the infinite horizon, let us prove a lemma.

Lemma B.1. (i) var(n;|&) < vy,
(ii) var(Ah-|{--1) < vy +vax,
(ili) var(Ah;) < vy +vax

(iv) if 0,—1 and o,_; are bounded then |X,| + |Y;| < di 4+ daV for some constants
dy,dy and random variable V with E(V|¢,_1) = 0 and bounded var(V[&,_1).

Proof. (i) follows from the fact that var(n,|{,) = var(y,|¢,) = v, — [positive term)],
which we obtain by a procedure similar to the computation of v, ; in the previous proof
(see ) with ~, instead of m; and with the covariances changed appropriately in .

(ii) Noting that var(Ah,|¢,—1) = var(h,|{,—1) = var(E(m|¢,)|6-—1) we get, by the Law
of Iterated Variance, that

var(Ah,|&—1) = var(n,|€r—1) — E(var(m,|&;)|&r—1)
(7)
< Var(7r7_|§,r,1) = VAn, + Unr—1 < var + Vs

(iii) By the same Law,

var(Ah,) = E(var(Ah,|&r—1) + var(E(Ah,|&,-1)) = E(var(Ah,|&r-1)) (? VAR, + V.

(iv) There exist constants ¢ 2,3.4 such that the distributions would not change when we
put X, = ¢1 + co(ar—1 — 1) + \/(63 +calar—1 —7r—1)) VOU; with Uy ~ N(0,1)
independent of &,_;. Further, because a; — 7, =1, +6, + 0, and as n,_1 = /v, ,—1U>
for some Uy ~ N(0,1) such that (Uy, Us) is independent of £._1, we have

| X 7| < k1 + k2|Us| + ks + ka|Us||Ur| < k1 + k2|Us| + (Vks + vV kar/|U2))|Un|

for some k; 2,3.4. As the term has finite expectation and, by the Schwarz inequality, also
finite second moment, and as |Y;| may be bounded analogously, we are getting (iv). O

10Strictly speaking, (11) and (10) hold only under additional assumption that the choice between
possible multiple solutions does not depend on random variables which are not arguments of the value
function.
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Now assume (N). Recall that then

oo
Vi(&) = sup E lz e PTNC & (47)
Cr .8, ,0, fulfilling
£(1),C(m), A(T),N (1), M(7),7>t T=t
First we prove that, for any ¢ > 0,
T-1
Vi) = lim Vior(&),  Vir(&) = sup E|Y e 00 &
T—o0 Cr,86+,04 fulfilling
£(7),C(1),A(T),N (), M(1),7>t T=t
(48)

Before doing so, note that that the Proposition holds for the problem underlying V; r
(indeed, our proof would be valid even if the constraint C(7) is added and the zero
terminal criterion f/tj(gT) = Mg = My + e'7-1.0 is assumed).

Now let us show the limit and the expectation may be exchanged in . In order to
do so, realize that, by , gehf < Cr—M, < e’ where P =ming(r) y<o, Y(0r,07,0),

= max¢(r) v<o. ¥ (05,07, v) whenever C, is optimal|''| Consequently
(1), v<vy
Cr = M| < ey =Y+,
and, further,
‘C%|S|C}—-Nﬂ|+|wﬂ|ZWCE—-Aﬂ|+‘Nﬂ71+wﬁnh‘_cy—ﬂ
< (el +ett) + [Amy|
with
\Am7| _ |e“**1XT _ eb’*1Y7| < 6h7*1(65’*1+"’*1\X7| + 66"7170"71|YT|)
<etmie(|Xo ]+ (V7))

for some ¢ (thanks to C(7 — 1)).
Now, let p1, p2 > 0 be such that p; + p2 = p and py >
and denote e, = exp{—p7}C,. We have

Vy+VAR

5. Assume t = 0 w.l.o.g.

| < exp{—p7} (exp{h-}¥ +exp{hr—1} (¢ + c(|X7| + [Y])))
= Yexp{—p1T +ur} +Yexp{—pi7 +v; } +cexp{—p17T +w,},

Uy = —p2T + hr, Uy = —paT + hr_q, Wy = —poT + hr—1 + log(| X7 | + |Y7]).
As, by Proposition (3.1) (ii), h, is a &-martingale with differences having bounded
variance (by Lemma (iil)), we have %hT — 0 a.s. by the Strong LLN for Martingale

Differences (J20] Ch. 15 par 4.1. Theorem 8). As the probability space may be chosen
so that %(wT —h:) — —p1 a.s.m we have %wT — —p1 a.s. implying w, — —oo a.s.

11The minimum and maximum of ¥ exist as ¥ is continuous on a compact, the variable v may be
restricted thanks to Lemma (i).

12To see this, note that —~|X7| — 0 in distribution thanks to Lemma (iv) and that, by the
Almost Sure Representation, we cam choose the probability space space such that the convergence is
a.s., similarly for |Y7|.
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Consequently, there exists a r.v. K, finite almost sure, such that w, < 0,7 > K, which
further gives

00 K-1 oo
Zexp{—plT +w,}= Z exp{—p1T +w-} + Z exp{—p17} < 0. a.s.
7=0 7=0 =K

After analogous procedures with w, and v, we get that that Zi |e-| converges a.s., which
implies a.s. convergence of Zi €r.

Further, as E(exp{Ah, — p2}|&-—1) = exp{3var(Ah & 1) — pa} < exp{3(var +
vy) —p2} <1 (by Lemma (ii) and by (N)) and E(| X, |+ |Y;||¢7-1) < d; (by Lemma
[B.1] (iv)), we have

Ee'r = e PE(eAMTPE(.. . E(eM 172 E (¢ + cB(|1 X, | + [Yo[|6r—1)€-2)) - - )&1)
S ¢ + Cdla

which gives, together with similar inequalities for e~ and e’ that Ele,|) < exp{—p17}k
for some constant k. Therefore and by the Monotone Convergence Theorem, E(>~ |e,|) =
S CE(ler]) < oo. ie. Y27 |e;| may serve as an integrable majorant for Zi €r; this,
together with the convergence of Zi €r, proves the desired interchangeability by the
Fatou-Lesbeque Theorem.

The fact that the sup and the lim may be interchanged follows from variational
analysis theory: First, let us take

br = @(Cr)a T >0,

as a decision variable rather than C, to get a compact feasible set. Further, since p~1(e)
is monotone and differentiable, the objective functions fr = E(ZZ:; e PT=p=1(p,)|&),
t € N, are monotone and differentiable, too. Monotonicity, differentiability and com-
pactness imply the epi-convergence of fr to foo = E(> 72, ¢ ' (p;)|&:). Finally, having
compact set of feasible solutions, the epi-convergence of objective functions allows for
interchange of supremum and limit. See [I] (Theorem 1.10, Theorem 2.11) or [19](Th.
7.33) for more details.

Thus, we have proved .

Further, by with f/tf instead of V; (the fact that holds for ‘7t,T follows from
the discussion above),

‘/t(gt) = Mt + ehtW(Nh’UU,tv OO),

where W(N,v,00) = limp_,oo W(N,v,T —t) where W is computed from the problem
underlying V; 7. Using this and the Bellman equation

Vi(&) = sup [Ct + € PE(Vig1(§e41)161)] - (49)
8¢,04,Cy, fulfilling C(t),A(t),M(t),N(t)

easily following from , we further get the Proposition the same way as in case (F).
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C. ASYMPTOTIC PROPERTIES OF THE LS ESTIMATOR

Denote

0= (’nOa505¢07nN7sNa(bANa¢N7nSaSSa¢S71a¢5.27u)o’7wvaalaa2)

the vector of true values of the parameters and assume that

A1 the parameter space S is bounded (the bound may be arbitrarily large);

A2 vector 6 is such that there exist (possibly very large) K, L, such that, with proba-
bility 1, there exists an infinite increasing sequence (k1, ko, ... ) fulfilling

(Ng,—j,Inop,—;) € [-K, K| x [-L, L], 0 < j < jo, 1 €N, (50)
(note that then necessarily ny < 0 because otherwise N; would explode).

First, let us renumber the observations so that observations violating (50| (i.e., obser-
vations with indices other than k;) are excludecﬁ and rewrite the estimated equations

, and ), weighted by corresponding standard errors, as
Y. = A\ngn(0) + b, n €N,
where, for any k£ € NU {0},
Yapt1 = A, 1 ANy, Y342 = Ag2Inoy, Yakss = A sAP;

hak+1 = A1 Fi, hakt+2 = Ai2&k, Y3p43 = Mg 30k,

1 1 1
A2 = —), A3 = —,
Sk,N Sk Sk,p

where 3j », 5, n and 3 p, are standard errors of residuals from , and ,
respectively, estimated individually, and

Ak =

~ 3

93k+j = Gk keN, je({l,23},

where

gk,l(nOa nN,Ng,Wg, Wy, A1, OQ)

k—1
:n0+nN§ AN; 4+ ng5exp (WoZ(Fr—2, ..., Ok—jo—3; Wy, 01, Q2))
T=1
gk72(§07sNaSSawvaalva2)
k
~ ~ ~92 ~ ~ .

=80+ Q10k—1 + Q20}_1 + SN E AN + 85Z(G—15- -+ 5 Op—jo—23 Wo, 01, A2)

T=1

13In the actual data, both &; and N; seem to be mean reverting so, given large enough bounds, no
observation should be thrown out.
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9k.3(¢0, PAN, ON, 5,1, Ps,2, We, 1, Oi2)
k-1
= ¢o + PANANL + ¢N Z AN; + ¢5,1 exp(Wo Z(Fr—1, - ., Th—jo—2; Wy, O1, &2))

T=1

+ ¢s2exp(Wo Z(Gr—2; - - - Ok—jo—3; Wy, 1, O2)).
First we show that the residuals of Y’s are martingale differences:

r1 if j=1

Proposition C.1. E(hy j|Hsk+;) = 0 where Hagq,; = {(g ANy i1
k—1, AN

Proof. Letj > 1 (the slightly more complicated case) first. The assertion follows from
[23], Lemma A.1 (ii); to see it, put U = (€5, .., €5, _1: €k, Gk). and V = (€g—1, Ni) in
the Lemma. For j = 1, the proof is similar. O

Further, let us assume
A3 ns 7£ 0, Wo 7é 0
A4 All moments of €} are finite and the fourth moment of log €} is finite.

Remark C.2. Note that (A4) together with (Al) and (A2) implies that (A4) holds
with €51 instead of 7.

Consistency
For any  and k and j, denote
AG=0-0,  dp;=di;(0) =gr;(0) — gr;(0),

First, note that, thanks to the fact that the variance of the residuals in , and
is bounded from below (in the less transparent case it is because vy ; is bounded
from below), we have that

lim i%f Sk,o >0, lim i%f SN >0, lim i%f Sg,p > 0. (51)

We gradually verify the conditions, sufficient for the consistency by [14]:

LIP(f;(0)) holds because in for all j the derivatives of gy ; are continuous bounded
(which is thanks to Al).

SI({D,(0)}) Denote ||| the max norm. Note that the condition is satisfied if, for any
§>0andd fulfilling HAéH >4,

Hj=oo,  Hj:=) di, (52)
k=1
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almost surely for at least one j € {1,2,3}; note further that this is satisfied if,
for some j, there exists a filtration Z;, a constant € and a (possibly random)
subsequence k; fulfilling
var(di, ;|Zi) = €, (53)
var(6y, ;) < oo,  0;=d; ; —E(d; ;|T;) (54)
and

7;)) /7% < 0 (55)

lim Z(Var(ékhj
i=1

in which case

1 T
;Zék“j =0 (56)
i=1
a.s. by the Strong LLN for martingale differences ([21] p 487, Theorem 4), implying
1l 1 2 1 2
lim - Z di. ; = lim - Z[‘skm’ + E(dy, ;1Z:)] > lim - Z[‘ski,j + var(dy, ;|Z;)] > €
i=1 k=1 k=1

by , further yielding > di, ; = oo which suffices for .
In particular, if, for some j,

di,j = ck + fr (57)

where ¢;, is 7, measurable then
Or.j = 2c1(fu — E(flZa)) + (ff — E(fRIZx))
so, thanks to the fact that (x + y)? < 3(z2 + %?) and the Hélder inequality,
var (8| Zi) = E(6% ;|Zk) < 12civar(fulZy) + 3var(fi|Zk)
< 126G E(f7|Tk) + BE(fii|Tk) < 1265/ E(fi|Th) + 3(fi |Tk)-

Thus, for to hold, it suffices when the conditional fourth moments of fj, and
the conditional second moments of ¢j are uniformly bounded by constants F', C,
respectively which, in addition, proves because

var(0,;) = E(0; ;) < 12E(|ck| f7)+3E(fi) < 124/EGE(f$)+3E(fi) < 12VCF+3F.

Coming to condition SI itself, agree to write Ang, Asp, etc., for the first, second,
etc., component of Af and assume first that at least one of values Aa,Aas,Asg
is non-zero. Then

k
dk’g = A3g + Aa1op_1 + Aag&,%_l + Asy Z AN; + ASSZ]CJ + SsAZkJ

which may be expressed in the language of with

Ik = (5007 €o,lyvns Ea,k—2)a
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Jo Jo
. = ASg+Asn Z ANT—l—AsS(Z w)Inégg_1-; —Z w)(16g—2—; —|—a25,%727j))

Jj=1 j=0
Jo Jo
. o , ~ 5
+ s5( E (W) —wl)InGp_1_; — g W) (Aa1Gp—2-j + Aaaby_o_;)
=1 i=0
and
Aamg €_1 ,
fr = ap B, ap = | Aoy |, Ep=| (_1)
*
Asg Ine;_,

~ ~2
Nk = Ok—1exp(00p—1 + 205 _1).

As the residuals in are i.i.d. non-degenerated, we can select a sequence k;
such that &5, > h for some h > 0. Thus, there exists €, > 0 fulfilling nx, > ¢, for
each i, which implies existence of €, > 0 such that ||ax, || = afn} + a3nt + 5% > €,
and, consequently, var(dy 2|Zx) = a;, var(E;)ag, > €2 Amin Where Ay is the least
eigenvalue of var(FE;) i.e. (53) is fulfilled. Further, by A2 and A4 and by the fact
that e are i.i.d., Ecii and E f,i, are uniformly bounded, hence also and
are verified. Summarized, is proved if at least one of values Aay,Aas,Asg is
non-zero.

Now let Aaq, Aas, Asg be zero but let Aw, be non-zero. Then

Jo Jo
dk72 = A80+A8N Z ANT+55(Z((JJ1J;—UJZ)5'1§_]'_1) = SS(Z(@Z—Wi)(ak—j—1+Qt))a

j=1 j=1

Asotsn 3 AN |
55 300 (wh—ad)’
variances in the residuals in are bounded from below), a subsequence k; exists
such that dj , > e directly implying .

If Aag, Aas, Asg, Aw, are zero but at least one of the values Asy, Asg are non
zero then, for similar reasons, € and k; exist such that di,;,Q > € yielding .
Let now Aai, Aag, Asg, Aw,, Asn, Asg be zero (implying that AZ, o = 0). Then
we can decompose dy 2 according to (57)) as

where ¢z = as neither 65 nor N is convergent (note that the

dio = ¢k + fi

with Zj, = ({cs€0,15 - -+ 1 €0,k—3)-

¢, = Ang + Any ZANT,

fr = Angexp (WsZt2) + ng [exp (05 Zt2) — exp (wWoZt,2)]

= (An, + ns)(ez_z)‘:"’ exp (Wo2k) — ns(€f_o)*“" exp (wy2k) = b Fi
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where

b = ((Ans +ng)exp (s 2k) , —Ns exp (Wo2k))
Ang
ns

— exp (@021) N (( +1),—exp (_Awazk)>

Fr = ((6i-2)*, (6-2)*7), v =Zr2—Inet_y
S0
var(fk|Ik) = b;chk
where V' is a variance matrix of F} (note that it is regular because otherwise Aw,

would be zero). Note also that

2
Ang

ns

641> = exp (2 24) [( + 1> ~exp (= Awyz)

If at least one of values Aw,, Ang is non-zero then, thanks to A3 and the non-
convergence of ¢’s, there exists k; and h > 0 such that ||b,| > h implying
analogously as above. Thanks to A1 and A2, also holds true so is satisfied.
Let now Aaq, Aas, Asg, Asy, Asg, Aw,, An, Aw,, Ang be zero but at least one
of the values Ang, Any be non zero. Then

dk:,l = Ang + Any ZANT’

which diverges thanks to the non-convergence of Ny which again implies .
Finally, let Aay, Aasg, Asg, Asn, Asg, Aw,, An, Aw,, Ang, Ang, Any be zero. Then,
however,

di,3 = Apo + APANANE + Apn Ny, + Adg 1 exp(weZk,1) + Ads 2 exp(wo Zi 2)

with at least one of the coefficients being non-zero — the proof of follows the
non-convergence of o and AN similarly as above.

VAR(ox) Thanks to and the fact that only observations fulfilling A2 are involved,

it is easily seen from (26)), and that lim sup,, var(Yy|Fr—1) < oo which
suffices for VAR by [I4], Section 5.

The consistency now follows from Proposition 3.1. of [I4].

Asymptotic normality

Finally, we verify the conditions sufficient form the asymptotic normality. In order to
do this, we put an additional assumption

A5 Limit of
Ly(0) =

x| =

k
S hi(0)h7 (9)
=1

is deterministic where h's,1; =h’'y ;, j € {1,2,3},
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1 0
0 1
0 0
Zk71 ANT 0
0 SFAN,
0 0
0 0
hy, 1 (0) = 5 exp{wo Zk.2} > hia () = 55 0
’ 0 ’ Zpa
0 0
0 0
nsZk,2 eXP{waZk 2} 0
nswe eXp{waZk 2}8w Zk2 SS 82 Z ,1
nswo expiwey Zy, 2}%1 Zk2 Uk 1+ 85557 3a1 Zi1
| nswo exp{wo Zj, 2}8a Zy.2 | i 07+ 8550 8a Zia
_ 0 -
0
1
0
0
AN},
k-1
1 Z‘r ANT
hye3(0) = 3 — 0
k.3 0
exp{woZk.1}
exp{w,Zk,2}
#5172k, eXp{WaZk 1} + 0522k 2 exp{wo Zi, 2}
¢s,1 exp{wo Zy, 1}30,1 Zi + ¢s,2 explwo Zg, 2}3a1 L2
¢s,1 exp{wo Zy, 1}3a2 Zi + ¢s,2 explwo Zg, 2}3a2 L2
| 951 exp{wsZ, 1}aw Zy1 + ¢s,2 expi{we Zg, 2}3w Zr2 |
with %Zkﬂ = 72;0 uﬂat i—1—j, 8(12 ki = Z wi&t_i_l_j, and
g%vzk,i =37 Jwl (NG j —1r—i1-j — 207 i ;)

Before verifying the conditions required for the asymptotic normality, note that
1
M, =-L,"
n n n

for matrix M,, defined in Section 6 of [14].
Now let us verify the conditions, required for the normality by [I4].

953
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UNC({0,,}) Because the first and the second derivatives of h are bounded (say by
a constant C) and because the parameter space S is compact, we have

k
zhiw)h?(w) Lkl‘
=1

e

k k
%Zhi(emh?(en)L;l —1I % <Z h; (0,)h] (6,,) —
i =1

k k

< 2 00 (0i(0) — 1 (0)7 + 3 ha(O)(hs(00) — b (0))7 | |11
k k
< ( £ DO W5(0) + o0 — )|+ |1 3 Ba(O)(1(0) + 0(0, — 0))7 )
x 6 — 61l |12,

< [10n = 011 (2C + 00 — 0)) || L ]| = 0
which proves UNC.
LIMA{{6,}} would be proved similarly
SI{(M,[l,5])~'} For SI to hold, it suffices that there exists ng such that
LA <K, 0>,
for some deterministic K because then

n n > ng, (58)

il
Mnll, j]

which verifies SI. However, as the inversion of a matrix is continuous in all the
points in which the inversion exists, (58]) is verified by Ab5.

Now, thanks to A5 and the CLT for martingale arrays (as cited e.g. in [I4], Sec 8, p.
24), the estimate is asymptotically normal by Proposition 6.2 of [I4].

Remark C.3. Note that the seemingly arbitrary assumptions A2 and A5 are satisfied
if the process (at, by, Ny) is stationary ergodic.

D. ESTIMATES OF NOISED APPROXIMATE DYNAMICS

The following table shows a brief descriptive statistics and results of a joint estimation
of equations , and from Section |§| for each stock-market pair. The number
of stars denote significance on levels 0.05, 0.01 and 0.001, respectively. The actual values
of parameters oy, ¢n and ny are scaled by 10°, parameters ¢s,1 and ¢g o are scaled by
108,
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XOM / ISE

Volume/s: 7.09537
Trades/s: 0.05105
Avg. spread: 0.05510

wo  0.05344(0.019317) **
wy  0.87165(0.0073743) ***
ay  426.2(7.7373) ***

ag — 48407(1882.5) ***
EN) — 3.6899(0.033508) ***
s — 0.018084(0.0058002) ***

sg 0.13473(0.0024467) ***

¢o —0(0) *
SAN — 0.024115(0.00023285) ***
$N  8.003le — 06(3.5142¢ — 06) *

$5,1 5.0649¢ + 05(1.0585€ + 05) ***
$5,2 — 4.5818e + 05(97310) ***

ng 12.469(10.676)

nn  — 9.8757(2.3125) ***

ng — 93.184(43.857) *

XOM / NASD OB

Volume/s: 4.5922
Trades/s: 0.054805
Avg. spread: 0.022481

wo  0.95(6.099¢ + 12)
Wy 1(0.0070012) ***
a]  893.54(16.052) ***

ag — 1.1861e + 05(4888.5) ***
30 — 3.4517(0.035459) ***
s — 0.16428(0.012957) ***

sg 0.11421(0.0020317) ***

bg  — 0(0) ***

GAN — 0.073961(0.00092821) ***
¢ 4.361de — 05(1.0476e — 05) ***
$5,1 3.583le + 05(7.1984e + 19)
$s5,2 — 3.8423¢ 4 05(8.453¢ + 19)
ng 0.35364(0.28444)

ny  — 4.5709(2.2478) *
ng 7.0504(3.5887e 4 15)

XOM / NSE

Volume/s: 6.4547
Trades/s: 0.041187
Avg. spread: 0.37276

wo  0.083754(0.018494) ***
Wy 0.77437(0.00543) ***
a1 105.7(1.1647) ***

ag  — 1271.5(25.103) ***

30 — 2.4592(0.020582) ***
sy 0.0016863(0.00079383) *
sg 0.18717(0.0022769) ***

$o —0(0) *

SAN — 0.057546(0.0015561) ***
éN 9.06l4e — 07(1.9825¢ — 06)
b5,1 1.0607e + 06(1.5185¢ + 05) ***
b5,2 —1.0353e+06(1.4727e+05) ***
ng  10.449(5.0425) *

npyn  1.3314(0.26952) ***
ng  — 90.467(24.021) ***

XOM / NASD ADF

Volume/s: 26.465
Trades/s: 0.15398
Avg. spread: 0.32196

wo  0.059761(0.0029591) ***
wy  0.96131(0.003483) ***
a1 57.467(2.3121) ***

ap  — 735.07(155.42) ***

59 — 2.5948(0.02412) ***

sN  — 0.0030441(0.00010484) ***
sg  0.12215(0.0011744) ***

¢0 0(0)

GAN — 0.066904(0.0010776) ***

PN — 2.2403e — 07(1.5121e — 07)

XOM / NYSE

Volume/s: 118.22
Trades/s: 0.55785
Avg. spread: 0.025279

we  0.95(1.1359¢ + 13)
wy  1(0.014246) ***
ap  1474.7(11.841) ***

ag — 8.2627e + 05(12192) ***

30 — 5.9748(0.020342) ***

SN — 0.001624(1.1325e — 05) ***
sg 0.02855(0.0011552) ***

6o 0(0) **

DPAN — 0.0050195(3.6664e — 05)

BT

XOM / ARCA

Volume/s: 86.567
Trades/s: 0.81679
Avg. spread: 0.014917

wo  0.95(8.1009¢ + 12)
wy  1(0.0056599) ***
) 934.99(3.1889) ***
ag  7983.5(3911.8) *

59 — 5.7256(0.0060374) ***

sy — 0.024096(4.61e — 05) ***
sg  0.021896(0.00034323) ***

$0  — 0(0) ***

SAN — 0.02135(6.1542e — 05) ***

¢N 5.5859e — 06(8.0615e — 07) ***

$s,1  2.7007c + 06(93368) *** ¢N 4.9935¢ — 08(3.9065¢ — 08) #s5,1 — 1.5334e + 06(5.0362¢ + 20)

$5,2 — 2.6154e + 06(89575) *** ¢g5,1 — 2.5328e 4 05(1.1494e + 20) ¢g,2 1.5346¢ 4 06(5.0555¢ + 20)
$5,2 — 2.4135e 4 05(1.0479¢ + 20)

ng 197.8(5.9637) *** ng  41.901(3.5983) ***

npy  — 0.72481(0.031148) *** ng  396.08(9.7161) *** npy  — 4.8412(1.4614) ***

ng 376.77(29.54) *** ny  — 1.2386(0.1736) *** ng — 81937(2.6208e + 19)
ng  — 25569(1.1499¢ + 19)

XOM / NASDAQ T XOM / CBOE XOM / BATS

Volume/s: 114.54
Trades/s: 0.98704
Avg. spread: 0.015841

wo  0.95(3.7084e + 13)
wy  1(0.0034162) ***
a1 911.21(6.0542) ***
ag  8284.3(10181)

30 — 4.8612(0.0067711) ***

SN — 0.0011634(2.3809e — 05) ***
sg 0.046558(0.00042438) ***

bo  — 0(0) **x

DPAN — 0.019435(6.4418e — 05) ***
dN — 1.563e — 06(3.5772e — 07) ***
¢S,1 — 21938(6.3972¢ + 19)

$5,2 5.9243e + 05(8.642e + 20)
ng  — 42.272(4.5421) ***

ny  — 3.4918(0.79933) ***

ng — 973.61(1.5786e + 18)

Volume/s: 0.23657
Trades/s: 0.0017438
Avg. spread: 1.1452

wo  0.085351(0.0013758) ***
wy 0.86287(0.0013625) ***
ay  — 16.428(0.4417) ***
ag  525.92(7.6943) ***

30 — 0.36012(0.0094829) ***
SN — 0.6677(0.028159) ***
sg 0.23972(0.00083618) ***

b0 — 0(0) ***
éAN 0.043113(0.021867) *
éN  0.0011916(0.00015559) ***

$5,1 1.0205¢ 4 07(88056) ***
$5,2 — 9.9257e + 06(82612) ***
ng  5.0641(0.29297) ***

ny  — 2.3629(0.86311) **

ng — 15.015(1.9858) ***

Volume/s: 73.509
Trades/s: 0.73198
Avg. spread: 0.016484

wo  0.95(8.7076e + 12)
wy  1(0.0039107) ***

a1 678.01(5.6187) ***
ag  — 66251(2977.7) ***

59 — 4.3373(0.011628) ***
sy 0.0035177(0.00012081) ***
sg 0.082578(0.00080128) ***

bo  — 0(0) ***

SAN  — 0.030682(0.00014181) ***

6N — 6.7286e — 06(8.0554e — 07)
Ak

b5,1 — 5.7162e + 05(1.7723¢ + 20)

b5,2 4.3218¢ + 05(1.332¢ + 20)
ng  — 171.81(2.3484) ***
ny  — 10.087(0.98432) ***

ng 2415(8.7173e 4 17)
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D.2. MSFT
MSFT / ISE MSFT / NASD OB MSFT / NSE

Volume/s: 15.51570
Trades/s: 0.05852
Avg. spread: 0.01086

we  0.05183(0.066963)
wy  0.91097(0.014496) ***
a1 222.78(16.434) ***

Volume/s: 15.555
Trades/s: 0.062039
Avg. spread: 0.015007

wo  0.94998(1.0911e + 11)
wy  1(0.022246) ***

ay  — 400.56(9.6241) ***
ag  3.9123e + 05(2714.3) ***

Volume/s: 4.3454
Trades/s: 0.02742
Avg. spread: 0.017626

wo  0.043958(0.0060394) ***
wy  0(0.018443)
a1 374.75(1.474) ***

ag  56274(10488) *** ap  — 8212.5(54cm21) ***
- B . 59 — 5.9264(0.042675) *** - _ .
3 5.9451(0.040337) : 0.045934(0.0058773) *#* 39 8.4278(0.025502)
s 0.040779(0.00058426) *** N s 0.036478(0.0042794) ***
N y ek sg 0.037898(0.0023373) *** N o .
sg 0.049948(0.0020674) sg — 0.098783(0.0023787)
#0  — 0(0) ***
¢o — 0(0) ¢0  — 0(0) ***
SAN — 0.020949(0.00013103) ***
= _ ok = .
DAN 0.012552(6.2532¢ — 05) *** o3 1.6saze — 05(3.1455¢ — 06) | PAN - 0.033465(0.00039222)
¢nN  — 2.0493e — 06(1.0396¢ — 06) oy ¢N = 5.6632¢ — 06(3.9276¢ — 06)
$5,1 T7-6087c + 05(6.436¢ + 05) 5.1 1.0413¢ 1 06(3.8469¢ + 18) b5,1 4.7512e + 05(41206) .
$5,2 — 6.8694e + 05(5.864Ge + 05) ban — 9.219¢ 4 05(3.4058¢ + 18) bg,2 1.4588¢ 4 05(16672)
ng  — 35.949(80.939) B " ng  2.4794(25.867)
ny  — 2.2009(1.5806) Z(ij 741'?(]%#(24175’37) . nyn  — 2.2667(1.25) *
3360 . . 0 ORREO(AG 916
ng 124.21(386.03) ne 10.646(0.2742¢ 4+ 14) ng 0.95859(36.216)
MSFT / NASD ADF MSFT / Chicago MSFT / ARCA

Volume/s: 4.4333
Trades/s: 0.021722
Avg. spread: 0.077888

wo  0.065717(0.0033765) ***
wy  0.84524(0.0034994) ***
a1 155.64(2.1107) ***

ap  — 3768.9(140.85) ***

EN) — 2.7232(0.026542) ***
s 0.015255(0.0021335) ***
sg 0.16088(0.0015159) ***

Volume/s: 1.0754
Trades/s: 0.0021385
Avg. spread: 0.21988

wg 0.064128(0.0018865) ***
wy  0.91767(0.0016575) ***
a1 50.013(0.46573) ***

ag — 239.82(10.865) ***
30 — 1.0415(0.011989) ***
s — 0.039426(0.0042225) ***

sg 0.18947(0.000755) ***

Volume/s: 58.437
Trades/s: 0.30532
Avg. spread: 0.010469

wo  0.049997(0.14235)
wy  0.9437(0.0073105) ***
a1 — 46.117(15.878) **

ay  2.4978e 4 05(9822.2) ***

30 — 4.0192(0.028369) ***
sy 0.0011309(0.00034024) ***
sg 0.10424(0.0019419) ***

bo  — 0(0) *** #0  — 0(0) *** $0 —0(0)

GAN — 0.016447(0.00048424) *** AN — 0.0067275(0.0011691) *** GAN — 0.015401(1.8155e — 05) ***
¢nN  — 1.3724e — 06(3.5257¢ — 06) éN 3.5934e — 05(1.2277e — 05) ** éN  2.2894e — 06(7.8214e — 07) **
$5,1  2.7998¢ + 06(90649) *** bg,1 6.1937e + 06(95814) *** $g.1 5.7362e + 05(1.1006e + 06)
$5,2 — 2.5635¢ 4 06(81901) *** bg,2 — 5.9308e + 06(89319) *** $g.2 — 5.5472¢ + 05(1.0682¢ + 06)
ng  34.393(5.8984) *** ng  — 22.61(2.8023) *** ng  — 297.25(879.73)

npy  — 4.4514(0.91891) *** npy  1.7243(1.6636) npyn  0.45912(2.0278)

ng — 66.016(28.5) * ng 88.14(14.309) *** ng 1643.8(3243.9)

Volume/s: 0.081456
Trades/s: 0.0005438
Avg. spread: 0.17358

we  0.07184(0.0050463) ***
wy  1(0.0045003) ***
a1 32.128(0.55648) ***

ag  — 75.827(4cm993) ***

39 — 4.2534(0.031282) ***

s — 0.8546(0.073113) ***
sg  0.02747(0.0011386) ***

bp  — 0(0) ***

AN — 0.28355(0.020379) ***

¢ 0.00010124(0.00023608)
bs5,1 4.5651e + 06(4cm9e + 05) ***

b5, 2 —3.6996e+06(2.4034e+405) ***

ng 0.86831(0.35448) **
nN — 1.7913(1.5784)
ng — 4.0915(2.4088) *

Volume/s: 87.766
Trades/s: 0.5192
Avg. spread: 0.010857

we  0.047686(0.10571)

wy  0.93997(0.017539) ***
@y 289.15(17.314) ***
an  90485(10185) ***

39 — 5.7613(0.044663) ***
sn  0.015231(0.00023101) ***
sg  0.053509(0.0026472) ***

#0 —0(0)
SAN — 0.017061(4.7478e — 05) ***
¢ — 6.7627e — 07(4.3914e — 07)

$s,1 5.8381le + 05(7.8721e + 05)
¢S,2 — 5.851e 4 05(7.9192e + 05)
ng — 59.903(167.9)

n — 5.2091(1.3578) ***
ng 153.83(807.19)
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D.3. GE
GE on ISE GE on NASD OB GE on NSE
Volume/s: 58.47722 Volume/s: 14.445 ¥S;31‘?/§05382()%:559

Trades/s: 0.13993
Avg. spread: 0.01042

wg  0.05000(0.10717)
wy  0.98542(0.0051133) ***
a1 115.01(6.0202) ***

Trades/s: 0.051471
Avg. spread: 0.013025

wg  0.049965(0.028969) *
wy  0.9157(0.010515) ***
a1 17.966(7.0558) **

Avg. spread: 0.015904

wo  0.95(5.1851e + 09)
wy 1(0.020567) ***

a1 131.05(5.525) ***
ag  1905.8(805.75) **

ag  — 4511.7(1798.9) ** ag  39606(1857.5) ***
50 -5 .
b emogin to oy R s,
sn  — 0.0089245(0.00011842) *** sn  — 0.10196(0.0018156) *** S s )
sg 0.15541(0.0017559) *** sg  0.07572(0.0021302) *** sg 0. .
0 — 0(0) ***
¢g9 — 0(0) ¢g — 0(0) * o _
SAN  — 0.0085401(3.74e — 05) *** SAN — 0.048436(0.00034748) *** PAN 0.0052975(1.5484e — 05)
¢pN 6.4443e — 06(9.7995e — 07) *** ¢ 1.8813e — 05(4.3037e — 06) *** B B _
¢g.1 1.4619e + 06(2.0482¢ + 06) ¢g 1 1.2406e + 06(3.1599¢ + 05) *** zg 1 i;;’gfi 060(72(6152572595i 170>7)
’ ’ 11 .
_ _ - ,
b5.2 1.1426€ + 06(1.6029¢ + 06) bs,2 1.0206e+06(2.6586¢+05) bo's  — 1.3306e + 06(2.0319¢ + 17)
ng  — 435.06(1027) ng  99.5(49.375) * _
npy  — 1.5806(2.1401) npy  — 13.359(1.6544) *** ZO 5 56i93262§(29ii66?;)
_ . N 0. .
ng 2531.6(3805.3) ng 314.73(119.95) W il 64(.8078e + 14)
GE on NYSE

GE on NASD ADF

Volume/s: 30.757
Trades/s: 0.095042
Avg. spread: 0.040949

we  0.94974(3.0689¢ + 08)
wy  1(0.01761) ***
a1 130.29(2.8319) **x*

ag  — 2086.1(172.41) ***

39 — 4.599(0.041907) ***

sy — 0.0028928(0.0010147) **
sg 0.059258(0.0027775) ***

bo  — 0(0) ***

SAN — 0.020868(0.00018253) ***

¢N 3.778e — 06(1.5339e — 06) **

$5,1 2.3346e + 06(1.9568¢ + 16)
$5,2 — 2.2646e + 06(1.8962¢ + 16)
ng  — 33.712(6.5207) ***

ny  — 6.6238(0.9183) ***

ng 732.59(8.514le + 12)

GE on Chicago

Volume/s: 3.7557
Trades/s: 0.010167
Avg. spread: 0.035606

we  0.94961(2.0005¢ 4 07)
wy  1(0.0062228) ***
ay  70.561(0.75797) ***

ag — 406.97(9.2038) ***
30 — 2.3243(0.022114) ***
SN — 0.29927(0.0045229) ***

sg 0.10119(0.0015389) ***

¢o  — 0(0) ***
GAN  — 0.045754(0.0012499) ***
¢ 0.00012536(2.277de — 05) ***

$5,1 3.3047e + 06(1.6352¢ + 15)
$s5,2 — 3.434e + 06(1.6926e + 15)
ng  9.142(1.2257) ***

nn  — 12.571(2.4598) ***

ng — 31.283(2.5398¢ + 11)

Volume/s: 327.09
Trades/s: 0.53195
Avg. spread: 0.011136

wo  0.95(1.8282e + 10)
wy  1(0.0023119) ***

a1 401.48(0.65944) ***
ag  — 69615(190.01) ***

50 — 2.5455(0.0031375) ***
sy 0.0017114(4.0711le — 06) ***
sg  0.036345(0.00023) ***

0 —0(0) **
— 0.0040295(1.2378e — 05)

¢N 1.4787e — 06(3.3802e — 07) ***

$5.1 — 6.0035e + 05(4.2306e + 17)
b5,2 — 5.1887¢ + 06(3.1578¢ + 18)
ng  — 117.67(34.702) ***

ny  — 3.2554(1.9402) *

ng 2.0426e + 05(1.2446e + 17)

GE on ARCA

Volume/s: 181.35
Trades/s: 0.62776
Avg. spread: 0.010746

wo  0.94999(4.0059¢ + 09)
wy  1(0.0047224) ***
Q) 596.6(0.6428) ***
ag  — 1.1469e + 05(168.82) ***

EN) — 3.6532(0.0043017) ***
s 0.005801(4.2141le — 06) ***
sg 0.019062(0.00027262) ***

¢0 —0(0)
GAN — 0.0066309(1.402¢ — 05) ***
¢N  — 4.4906e — 07(4.0948¢ — 07)

$5,1 8.6993e + 07(1.2133e + 19)
$5,2 8:233¢+07(1.1391c + 19)
ng  — 106.56(32.759) ***

nn  — 5.6455(1.5924) ***

ng — 1.0665¢ + 06(1.4819¢ + 17)

GE on NASDAQ T

Volume/s: 293.88
Trades/s: 0.84622
Avg. spread: 0.01035

wo  0.95(5.7593e + 10)
wy  1(0.0012615) ***

@y 433.97(0.38833) ***
ag  — 63431(107.18) ***

30 — 2.0757(0.0020717) ***
sy 0.0033185(2.3404e — 06) ***
sg 0.043354(0.00015339) ***

¢0  — 0(0)
GAN  — 0.0075907(1.4062e — 05)
S

éN 5.0327e — 08(5.6622e — 07)

$5,1 1.8891e + 06(3.6913¢ + 18)
65,2 — 8.8483¢ + 06(1.7359¢ + 19)
ng — 63.698(31.068) *

nn  — 6.4363(2.5091) **

ng — 67683(1.3368¢ + 17)

GE on CBOE

Volume/s: 1.781
Trades/s: 0.0022853
Avg. spread: 0.056185

we  0.94187(2.7481e + 06)
wy  1(0.0092024) ***
a7 38.611(1.1982) ***

ag  — 109.06(28.624) ***

39 — 2.6066(0.027653) ***

sny  — 0.43132(0.012505) ***

sg  0.1035(0.0023159) ***

#0  — 0(0) *x*

éAN — 0.036403(0.0016178) ***

¢ 0.00031822(4cm327e — 05) ***
¢g5,1 4cmT8e + 06(2.5388e + 14)

45,2 — 3.9319e + 06(2.3965e + 14)

ng  8.1851(1.9947) ***
nN  — 15.071(3.474) ***
ng 20.363(3.1185¢ + 10)
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GE on BATS

Volume/s: 115.91
Trades/s: 0.54623
Avg. spread: 0.010922

we  0.95(1.2363e + 11)
Wy 1(0.0032372) ***

ay  416.27(1.0944) ***
ag  — 63840(287.03) ***

30 — 3.7054(0.0059007) ***
sy 0.015501(1.8261e — 05) ***
sg 0.049293(0.00043825) ***

#0 — 0(0)

SAN — 0.021838(2.8481e — 05) ***
¢N — 5.2713e — 07(7.9203e — 07)
bg,1 T.1366e + 05(2.8686e + 18)
bg,2 — 1.5651e + 06(6.3608¢ + 18)
ng  — 40.825(10.561) ***

npy  — 3.8637(1.2664) **

ng 707.46(3.2538e + 15)

M. SMID AND M. KOPA



		webmaster@dml.cz
	2018-05-25T14:38:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




