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Abstract. This paper is concerned with the oscillatory behavior of first-order nonlinear
difference equations with variable deviating arguments. The corresponding difference equa-
tions of both retarded and advanced type are studied. Examples illustrating the results are
also given.
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1. INTRODUCTION

In this paper we establish sufficient conditions for the oscillation of all solutions
of the nonlinear retarded difference equations

(1.1) Az(n) + Y filn,z(ri(n)) =0, 7(n) <n, n>ng
i=1

and the (dual) nonlinear advanced difference equations

(1.2) Vz(n) — Zfi(n,x(oi(n))) =0, oi(n)>n, n=no.

Here, f; are real-valued functions, 7; and o; are integer-valued sequences, A denotes
the forward difference operator Az(n) = z(n+ 1) — z(n) and V corresponds to the
backward difference operator Vz(n) = z(n) — z(n — 1).
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By a solution of (1.1), we mean a sequence of real numbers {z(n)}, which satis-
fies (1.1). When the initial data

z(n) = ¢(n) for S12117150  in Ti(s) <n < ng
is given, we can obtain a unique solution to (1.1) by using the method of steps.

By a solution of (1.2), we mean a sequence of real numbers {z(n)}, which sat-
isfies (1.2). Existence of solutions to (1.2) is usually proved using a fixed point
argument.

We shall assume the existence of solutions, and concentrate on the study of their
oscillatory behavior.

A solution {z(n)}, of (1.1) or (1.2) is called oscillatory, if the terms z(n) of the
sequence are neither eventually positive nor eventually negative. Otherwise, the
solution is said to be nonoscillatory.

First, we state some known results for particular cases of (1.1) and (1.2). When
filn,z) = p;(n)z, equations (1.1) and (1.2) become the linear equations:

(1.3) Ax(n) + Z pi(m)z((n)) = 0

and
(1.4) Va(n) — sz(n)a:(az(n)) =0,
respectively.

Under the assumption that the retarded arguments 7;(n), 1 < ¢ < m are non-
decreasing, Chatzarakis et al. [3], Theorem 2.2 proved that if

n—

m m 1
1
(1.5) lim sup Zpi(n) >0, 1iminfz Z pi(j) > >
i=1 i=1 )

n—o00 n—00 .
j=Ti(n

then all solutions of (1.3) oscillate.
In the same paper [3], Theorem 3.2, they proved that if

m m  oi(n)
. . . 1
(1.6) lim sup Z;pi(m >0, hnrgggfz > pilh) > o
=

nreo i=1 j=n-+1

where the advanced arguments o;(n), 1 < i@ < m are non-decreasing, then all solu-
tions of (1.4) oscillate.
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Yan et al. [17] proved that if

— n—7;(j)+1
(1.7) %ngEZ E:% C%;¥;%?1) KT

j=7(n) i=1
where 7(n) = max 7 (n), then all solutions of (1.3) oscillate.
<i<m
If 7;(n) = n — k;, condition (1.7) is expressed as

n—1

N T A .
(1.8) %gﬁ}j( E ) _Ejpmn>1
i=1 j=n—k
and was used by Li and Zhou [12]. When m = 1, condition (1.8) reduces to
koo k+l
(1) w3 00> ()"
j=n—k

which was used by Ladas et al. [9]. For more information about difference and
differential equations, the reader may refer to the references [1]-[18].

Note that the summations in conditions (1.5)—(1.9) have finitely many terms and
relate to equations wih monotone deviating arguments. Our goal is to find an infinite
summation condition that applies to some cases where (1.5) cannot be applied. In
addition, we consider nonlinear difference equations, and do not assume that the
deviating arguments are monotone. To establish an infinite sum condition, we adapt
on the steps used by Li [11] for the linear delay differential equation

(1.10) +§:m x(t — 1) =0,

where p;(t) > 0 are continuous and 7; are positive constants. For this equation, Li
proved the following theorem:

Theorem 1.1 ([11], Theorem 2). Let 7. = max{7,72,...,Tm}. Suppose that
m t+7;

Z/ pi(s)ds >0 fort > tg, tg >0

i=171

and
t+Tx

lim sup/ p«(s)ds > 0.
t

t—o0

/t:o (gw(ﬂ) In (eg/t“m pi(s) ds) dt = oo,

then all solutions of (1.10) oscillate.

If, in addition,
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Strong interest in the nonlinear retarded difference equation (1.1) is motivated
by the fact that it represents a discrete analogue of the nonlinear delay differential

equation
(1.11) ' (t) + zm: fi(t,x(73(t))) =0, t > to,
i=1
where
(1.12) 7(t) <t fort>ty and tlirgon(t) =00, 1<i<m.

Recently, Dix et al. [5] proved the following theorem:

Theorem 1.2 ([5], Theorem 4). Assume that (1.12) holds, x f;(t,z) > 0 and there
exist continuous functions p;(t) > 0 and g;(x) such that

|fi(t, )| = pi(t)]gi(x)] VaeR, t=>to,

where xg;(x) > 0 for x # 0 and limsup x/g;(z) < co. If, in addition,
z—0

Tinv(s) ™
/ ij(r)dr>0 Vs>t
s J

)

and
o M Tinv(s) ™
/ Zpi(s) (1 + ln/ ij(r) dr> ds = oo,
to =1 s Jj=1
where Tiny(s) = max{t: 7(t) = s}, 7(t) = max 79(s), 70(t) = max 7;(t), then all

to<s<t 1<i<m
solutions of (1.11) oscillate.

An interesting question then arises whether there exists a discrete analogue of
Theorem 1.2 for (1.1), and consequently for (1.2).

In the present paper an affirmative answer to the above question is given.
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2. NONLINEAR RETARDED DIFFERENCE EQUATIONS

In this section we make the following assumptions:
(A1) The retarded arguments satisfy 7;(n) < n and nh_{r;o Tin)=occfor1 <i<m
and n > ng;
(A2) zfi(n,x) > 0 and there exist non-negative functions p; such that |f;(n,z)| >
pi(n)|z| for all x € R, n > no.

Having made these assumptions, we define the sequences

(2.1) Ti(n) = max{r;(s): 1 <s<n}
and
(2:2) 7(n) = max 7(n).

Clearly, the sequences 7;(n) and 7(n) are non-decreasing and

(2.3) 7i(n) < Ti(n) <T(n) <n, 1<i<m, VYn=ng.

Lemma 2.1. Assume (Al) and (A2) hold and z is a nonoscillatory solution
of (1.1). Then there exists a positive integer ny such that: When x is eventually
positive, then x(n) > 0, z(7;(n)) > 0, z(7;(n)) > 0, x(7(n)) > 0 for all n > n; and
x(n) is non-increasing. When x is eventually negative, then xz(n) < 0, z(7;(n)) < 0,
x(7T3(n)) < 0, z(7(n)) <0 for all n > ny and x(n) is non-decreasing.

Proof. First, assume that x is eventually positive. Then there exists n* such
that z(n) > 0 for all n > n*. Since lim 7;(n) = oo, there exists ny > n* such that
n— oo
7i(n) = n* for all n > ny. By (2.3) the result follows. In view of (A2), (1.1) gives

m

Az(n) == filn,2(ri(n))) < — Zpi(n)w(n(n)) <0

i=1

therefore x(n) is non-increasing.
For eventually negative solutions, the corresponding statements are shown simi-
larly. (I

From the definition of 7 it follows that 7(n) is non-decreasing, but it may not be
one-to-one. We define an “inverse” function by taking the largest element in the set
{n: 7(n) < s}. This set is bounded because lim 7(n) = oo. Let

n—oo
~inv

T (s) = max{n: 7(n) < s}.
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This function is defined for all s > T(ng), and is non-decreasing. In addition, by (A1),
it satisfies

T(n) <n< Finv (n).

Lemma 2.2. Assume (Al) and (A2) hold and z is a nonoscillatory solution
of (1.1). Then

;inv n

(n) m
Z Zpi(j)<1 forn > nj.
Jj=n =1

Proof. First, assume that x is eventually positive. By Lemma 2.1, x is non-
increasing. In view of (A2), (1.1) gives

(2.4) Ax(n) == filn,a(ri(n)) < — Zpi(n)w(n(n))

< =Y pim)a(Fi(n)) < —z(7(n)) sz(n)

m
To abbreviate the notation, let P(n) = > p;(n). Summing this inequality from n

to 70V (n) yields -
| - F0Y ()
27 () + 1) —an) <= D0 2FHIPG) < —x(n) Yo PU);

Since z(-) > 0, we have
;inV(n)

0 < o)+ 1) < a0o) (1 - > P0))

and the result follows for eventually positive solutions.
Now, assume that x is eventually negative. By Lemma 2.1, x is non-decreasing.
In view of (A2), (1.1) gives

(2.5) Ax(n) ==Y filn,a(ri(n)) > ~ Zpi(n)w(n(n))

> =Y pi(m)a(7i(n) > —x(7(n)) sz(n)
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Summing this inequality from n to 7"V (n) yields

@)+ ) —an) 2= ), «FENPG) = —e(n) 3, PO)-

Since z(-) < 0, we have
?irxv(n)

0> z(7™(n) + 1) > z(n) (1 — ;l P(i))

and the result follows for eventually negative solutions. O

From Lemma 2.2, using a contradiction argument we can show that if

F0n) m
lim sup 1,
msup ) > )

j=n =1

then all solutions of (1.1) are oscillatory.

Lemma 2.3. Assume (Al) and (A2) hold and z is a nonoscillatory solution
of (1.1). Furthermore, assume that

;iUV(n) m

(2.6) lim sup Z Zpi(j) >0

N0 it i=1

Then

imin (7 (n)) 00
ln_wof () <

Proof. From (2.6), it is clear that there exist a positive constant d and a
sequence {ny}72,, converging to oo, such that

;inV(nk)

(2.7) S PG =d>0 fork=12,...,

j=nr+1
where P(j) = Z pi(j). Then in each interval [nj + 1,71V(ny)] there exists an
integer 0 such that

L d 7 (ny) d
(2.8) Z P(j)> 5 and > P >3
j=nk+1 J=0

Note that P () is included in both the summations.
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To find 0y, partial sums are considered recursively: If P(n; + 1) > %d, we set
0 = ny,+1; otherwise, we proceed with the next term. If P(ny+1)+P(n,+2) > 3d,
we set 0 = ni+2; otherwise proceed with the next term. This process will eventually
stop, after finitely many steps, since the whole summation is greater than %d.

In the first part of this proof, we assume that the solution x is eventually positive.
Summing (2.4) from ny to i, and using that = is non-increasing, we have

Ok 05
0> 3 Aa)+ Y 2FG)IPG) > @b + 1) - alm) + a(7(60)) Z P(j

Since z(0 + 1) > 0, by omitting this term and using (2.8), we have

0
o) > (7 0)) Y PU) > 2705
Thus
o7 0) _ 2
(2.9) 0< Tn:) <3

Summing (2.4) from 6, to 7"V (ny), and using that = is non-increasing, we have

Y () Y ()
0> Y Az()+ Y. =(FG)PG)
J=0k j=0k
()
> (7™ (ng) + 1) — (k) + z(nk) Z P
=0k

Since z(7V(ny) + 1) > 0, by omitting this term and using (2.8), we have

T (ng)
(ek >.23 ’I’Lk Z 73 )2
J=0k
Thus
x(ng) 2
2.1 —
(2.10) 0< 20r) < pi

Combining the inequalities (2.9) and (2.10), we obtain

x(T(0k) - (2)2.

2(0),) d
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Note that the right-hand side is independent of k. Therefore, the conclusion follows
for eventually positive solutions.

Now, assume that x is eventually negative. Summing (2.5) from n; to 0, and
using that x is non-decreasing, we have

[ [
0< Z Az(j) + Z c(F()PG) < 20 + 1) — z(ng) + z(F(01)) Z P(j

Since z(0 + 1) < 0, by omitting this term and using (2.8), we have

0
~ , ~ d
2(n) < 2(7(601)) Y- PU) < 2(7(0.).
J="nk
Thus
z(7(0k) _ 2
2.11 — < -
(2.11) 0< P <7
Summing (2.5) from 6 to 7"V (ny), and using that x is non-decreasing, we have
F () F ()
0< Y Az()+ Y. =(FG)PG)
J=0k j=0k
7 (ny)
< z(T™(ng) + 1) — 2(0k) + x(nk) Z P
=0k

Since z(71"V(ny) 4+ 1) < 0, by omitting this term and using (2.8), we have

~inv<nk)

d
J=0k
Thus
x(ng) 2
(2.12) 0< 2(00) < p

Combining the inequalities (2.11) and (2.12), we obtain

x(T(0k) - (2)2.

2(0),) d

Note that the right-hand side is independent of k. Therefore, the conclusion follows
for eventually negative solutions. (I
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Theorem 2.4. Assume (Al), (A2), (2.6) hold, and

7f:in\r(n) m

(2.13) Z<sz )m <e > Zpi(j)> =0

n=1 j=n+1i=1

Then all solutions of (1.1) are oscillatory.

Proof. To reach a contradiction, suppose that z is an eventually positive
solution of (1.1). By Lemma 2.1, z(n) is positive and non-increasing for n > n;.
Recall that In(r) < r — 1 for » > 0. Defining a new variable { and using this
inequality, we have

£(n) = ~ Az(n) _ _(m(n—f—l) _1) <-hn (m(n+1))

Summing from 7(n) to n — 1, we have

@ §ae- 5 ()
Jj=7(n) j=7(n)
z(T(n) +1 z(n 2(F(n
——In (% XX 756(”(_)1)) —n ( ;(51)))).

i=1

_ AW 2(F ),
(2.15) % > xf(gg))

~ n—1
1 (S2) 5 (2200 5 2

Jj=7(n)
Therefore,
n—1
(2.16) ) > Pwes( Y &0):
j=7(n)
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Next we use the inequality e® > y + In(eb)/b which holds for b > 0. Indeed,
the function g(y) = e — y — In(eb)/b attains its absolute minimum g, = 0 at
y = —In(b)/b. Using this inequality, with

7V () n—1
bn)= 3 PG) and y—bi 3 &
j=n+1 j=7(n)
n (2.16), we obtain
1 n—1
&(n) > Y Z 30 In(eb(n))
0y 3, €0 gy )

Then
Eb(m) — Pn) 3 €0) > P() In(eb(n).
J=7(n)
We select a positive integer v such that 7(v — 1) < 7(v). Note that there are
infinitely many integers with this property because lim 7(n) = oco. By selecting
such an integer, we aim at interchanging the order, inn‘oleodouble summation below.
Summing the above inequality from u to v — 1 (with v < 7(v — 1)), we have

(2.17) if(n)b(n i Z £(j ZP ) In(eb(n)).
n=u n=u j=7(n) n=u

Interchanging the order in the double summation, and shortening the area of sum-

mation, we have

vl ?(H) 7 () 7 7 (n)
> P Z§ > ) €6) Y P Z§ > PO
n=u j= ‘r(n j=u—1 n=j+1 n=u—1 j=n+1
Z §(n Z §(n
n=u—1 n=u

From this inequality and (2.17), we obtain

T(v—1)

z_:g(n)b(n)— Z E(n)b( Z’P ) In(eb(n)).

n=u n=u n=u

By Lemma 2.2, we have b(n) < 1 (with one term to spare). Therefore

v—1
> &n) ZP In(eb(n)).

n=7(v—1)+1 n=u
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Applying (2.14) with v — 1 instead of n, it follows that

v—1

ln<%__ll)))) = Z ZP In(eb(n)).

n=7(v— 1)+1
Since (2.13) holds, the last inequality yields

(2.18) Jim % = 0.

Using a contradiction argument, from (2.13) we can show the existence of a se-
quence {0} converging to oo, such that

7 (0k)

Z Py g fork>1

J=0k+1

Therefore (2.6) is satisfied and Lemma 2.3 implies

.. TV

This contradicts (2.18), and shows that a solution cannot be eventually positive.

Now we assume that z is an eventually negative solution of (1.1). By Lemma 2.1,
x is negative and non-decreasing for n > ny. Dividing by xz(n) in (2.5), we have

Then we follow the steps in the first part of this proof to show that a solution cannot
be eventually negative. O

Next we compare our oscillation condition with those stated in the introduction.
First we show that (1.5) implies (2.13). It is easy to see that (1.5) implies the
existence of a constant o > 1/e such that

5 )>a
i=1 j=7;(n)

Using this constant, we can show (2.13).
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Example 2.5. In this example (2.13) is satisfied, but (1.5) and (1.8) are not.
Consider the retarded difference equation

1 3
(2.19) Ax(n) + gesmnm(n -1+ gesmnx(n -2)=0, n=2

_ 2
Here 7(n) =n—1, 7™ (n) =n+1, and Y pi(n) = & exp(sinn)/e > 0. Using that
=1

In(-) is a non-decreasing function, we obtain

[e%s) 2 n+1 2 11 e’} n+1
S(Lnm)n(e 3 ) s gdenn(e 3 no)
n=2 “i=1 j=n+1i=1 n=2 j=n+1
11 = sinn 1 = sin j
—— _ J
= % Ze In ee Z €
n=2 j=n+1
11 o n+1
28_Zeslnn Z Sinj
en:2 j=n+1
11
= — S " sin(n +1).
8e
n=2

To estimate the above series, we make groups of 7 summands

6 6

e8] 6
ng(n):Z@(n+2)+2¢(n+9)+2¢(n+16)+...
n=2 n=0

n=0 n=0
Using that e$™"sin(n + 1) is 2m-periodic, each summation can be written as

6 .
> esin(n+t) sin(n + 1 + t) for certain values of ¢t € [0,2n). Computations (using
n=0

Mathematica) show that

6

inf S sin(n + 1 +t) = 1.26288.
0<t<2n =

oo .

Therefore > e*""sin(n + 1) = oo, and consequently all solutions of (2.19) are
n=2

oscillatory.

To show that (1.5) and (1.8) are not satisfied, note that

m n—1 n—1 n—1
liminf > pz(3)=hnrgioréf( > )+ Y p2(])>
i=1 j=7;(n) j=n—1 j=n—2
_ : 11 sin(n—1) sin(n—2) | _ 7 1
= liminf (e 0+ 0V = 5 <
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and

n—1

1)ki+1 Z pi(4)

m k;
ity (55)
i=1 j=n—1

—1Lrggf<(%)2 ni:l p1(j)+(g)3 ni:l Pz(j)>
e A~

1 .
= hmlnf( esin(n—1) 4 27 8 sm(nfl))
e

n—oo 64e
R T 337 sin(n—1) 337
= liminf (Groe™ V) g <1

The next two examples show that conditions (1.9) and (2.13) are independent of
each other.

Example 2.6. Consider the retarded difference equation

1 ..
(2.20) Az(n) + gesmnm(n -1)=0, n>2.
Clearly
_ _ sin(n—1)
it 5 o PU) = i uf Zl ~limint e
j=n— j=n

1 ko \k+l N2 1
*@<@Tﬂ -(3) =3
which means that (1.9) is not satisfied.

Observe, however, that (2.13) holds. Indeed, as in the previous example

Z:Qp(n)ln<e ni:l > Z e sin(n + 1) = oo

j=n+1 n=2

(‘Dln—

and therefore all solutions of (2.20) are oscillatory.
Example 2.7. Let k > 3 be an integer and « a real number such that
Eo\k+1 1
(k——f—l) <a< o
Also let 7(n) =n—k, m =1, and
0 if j is a multiple of k&,
pli) = { % otherwise.
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We consider the nonlinear equation

Az(n) = —p(n) (%x(n —k)+ 1—10 sin(n — k))

Then for the corresponding linear equation (1.3), condition (1.9) is satisfied because
1 n—1 k k+1
XX =a> ()
i=1 j=n—
To show that (2.13) is not satisfied, we have 7%V(n) = n + k, and
n+k 1
> Souti)—a<y
j=n+1i=1

Therefore, In(-) < 0 in (2.13), and the series cannot approach oo.

3. NONLINEAR ADVANCED DIFFERENCE EQUATIONS

In this section we make the following assumptions:

(A2) zfi(n,z) > 0 and there exist non-negative functions p; such that |f;(n,z)| >
pi(n)|z| for all z € R, n = no.
(A3) The advanced arguments satisfy o;(n) > n for 1 < i < m and n > no;

Having made these assumptions, we define the sequences:

(3.1) gi(n) = min{o;(s): s > n}
and
(3.2) a(n) = égignm ai(n).

Clearly, the sequences 7;(n) and (n) are non-decreasing and
(3.3) n<o(n) <oi(n) <oi(n), 1<i<m, Vn>=no.

Lemma 3.1. Assume (A2) and (A3) hold and x is a nonoscillatory solution
of (1.2). Then there exists a positive integer ny such that: When x is eventually
positive, then x(n) > 0, z(o;(n)) > 0, z(d;(n)) > 0, z(g(n)) > 0 for all n > nq and
x(n) is non-decreasing. When x is eventually negative, then x(n) < 0, z(o;(n)) < 0,
z(oi(n)) <0, z(g(n)) <0 for all n > n; and x(n) is non-increasing.
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The proof of this lemma is similar to that of Lemma 2.1, so we omit it.

From the definition of & it follows that (n) is non-decreasing, but it may not be
one-to-one. We define an “inverse” function by taking the smallest element in the
set 7 1(s) = {n: &(n) > s}. This function is defined for s > &(ng) and is bounded
below because n < o(n). Let

o™ (s) = min{n: 7(n) > s}.
This sequence is non-decreasing. In addition, by (A3), it satisfies

™ (n) <n < o(n).

Lemma 3.2. Assume (A2) and (A3) hold and z is a nonoscillatory solution
of (1.2). Then

n
Z Zr.nlpi(j)<1 for n > ny.
=

J=5" ()

Proof. First assume that x is eventually positive. By Lemma 3.1, = is non-
decreasing. Then by (A2) we have

(3. Va(n) = 3 filna(o:(0)) > Y piln)a(oi(n)

>3 pi)a@n) > o@) > pin)
As before, we let P(n) = % p;(n). Summing this inequality from n to o(n) yields
&(n) a(n)
z(@(n)) —ax(n—1)= > =(@()PU) = x((n) ) P3)

Then
a(n)
0<z(n—1)<a(@(n)) (1 - Z P(f))

and the result follows for eventually positive solutions.
Now assume that x is eventually negative. By Lemma 3.1, x is non-increasing.
Then by (A2) we have

(3.5) Va(n) = Z fi(n,z(oi(n))) < Zpi(n)ﬂ?(ai(n))
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Summing this inequality from n to o(n) yields

a(n) &(n)
2(F(n)) —x(n—1) < > 2(G()))P(j) < 2(5(n)) Z P(5)

Then
5(n)
0>z(n—1)>z(5(n)) (1 -> P(j)>
j=n
and the result follows for eventually negative solutions. O

From Lemma 3.2, using the contradiction argument we can show that if
n m
limsup D > pi() > 1,
n—oo e .
j=oinv(n) i=1

then all solutions of (1.2) are oscillatory.

Theorem 3.3. Assume (A2), (A3) hold and that

(3.6) f:: @pi(n)) e _Z( )im(i)) ~ .

Then all solutions of (1.2) are oscillatory.

Proof. To reach a contradiction, suppose that z is an eventually positive
solution of (1.2). By Lemma 3.1, z(n) is positive and non-decreasing for n > n;.
Recall that In(r) < r—1 for r > 0. Defining a new variable £ and using this inequality,

£(n) = Vz(n) _ _(a:(n— 1 1) <—n (M)

we have

Summing from n + 1 to &(n), we have

ov ¥ e 3 - n ()
j=n+1 j=n+1

m
Dividing by z(n) in (3.4) and using the notation P = 3" p;(j), we have
i=1
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or

&) _ 2(G(0)
(38) Pn) > aln)

Applying logarithms on both sides and using (3.7), we obtain

5(n)
In (%) >In (xf(n"))) > jz%lf(j),

or
F(n)

(3.9) ) > Pwen( Y €0)).
j=n+1

Using the inequality e? > y + In(eb) /b, with

n—1 a(n)

)= S PG) and yzfln) 3 €)
j=mv (n) j=n+1
n (3.9), we obtain
1 a(n)
§(n) = Pn)| -— £(j In(eb(n))
(5, 2,50 g )
Then
a(n)
£(n)b( n) Y &G n) In(eb(n)).
j=n+1

We select a positive integer u such that o(u — 1) < o(u). Note that there are

infinitely many integers with this property because lim &(n) = co. By selecting
—00

such an integer, we aim at interchanging the order in the double summation below.

Summing the above inequality from u to v — 1 (with &(u) < v — 1), we have

v—1 v—1 a(n) v—1
(3.10) Zf(n)b(n Z Z &@y Z (n) In(eb(n)).
n=u n=u j=n+1 n=u

Interchanging the order in the double summation and shortening the summation

area, we have

v—1 a(n) v Jj—1 v n—1
DPm) D= D] €@ Y Py= D) &m) D PG)
n=u j=n+1 j=o(u) n=o"v(j) n=c(u) =5V (n)
v v—1
Y Empm) = Y Enb(n)
n=o(u) n=oc(u)+1
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From this inequality and (3.10) we obtain

v—1 v—1

> &m)b(n) — Z E(mb(n) = Y P(n)In(eb(n)).

n=u n=ao(u)+1 n=u

By Lemma 3.2, we have b(n) < 1 (with one term to spare). Therefore

o (u) v—1
> &)= > P(n)In(eb(n)).

Note that the left-hand side is independent of v. By keeping u fixed and letting v
approach oo, we have a contradiction to (3.6).

Now we assume that z is an eventually negative solution of (1.2). By Lemma 3.1,
x is negative and non-increasing for n > ny. Dividing by z(n) in (3.5), we have

Then following the steps in the first part of the proof, we can show that a solution

cannot be eventually negative. O

Example 3.4. Consider the advanced difference equation

1 . 1
(3.11) Va(n) — —eSmnteosnyy 4 1) - —esinn/ng(n 4 9) =0, n>3.
€ e

Computations (using Mathematica) show that

i(gpi(n)) hl( Z z_: )

i=1 j=n—

n—1

_Z ( 81nn+cosn 1 smn/n) hl( Z esm]—i—cosg + Z esm]/])
Jj=n—1 ] n—2

- = Z ( smn-l—cosn 1 smn/n)

l sin(n—2)/(n—2) sin(n—1)/(n—1) _
(e +e ) 0.
e

% 1n (esin(n—l)-i-cos(n—l) +
Thus .
S (Snm)mw (> > »i ) =

=3 “Mi=1 3

that is (3.6) is satisfied, and therefore all solutions of (3.11) are oscillatory.
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Remark 3.5. A slight modification in the proofs of Theorems 2.4 and 3.3 leads
to the following results about difference inequalities.

Theorem 3.6. Assume that all the conditions of Theorem 2.4 hold. Then
(i) the retarded difference inequality

Az(n) + Z filn,z(1(n))) <0 ¥Yn>=mng

has no eventually positive solutions;

(ii) the retarded difference inequality
Az(n) + Y filn,z(ri(n))) =0 Vn >mng
i=1

has no eventually negative solutions.

Theorem 3.7. Assume that all the conditions of Theorem 3.3 hold. Then

(i) the advanced difference inequality

has no eventually positive solutions;

(if) the advanced difference inequality

has no eventually negative solutions.
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