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Holder continuity of bounded generalized
solutions for some degenerated quasilinear

elliptic equations with natural growth terms

SALVATORE BONAFEDE

Abstract. We prove the local Holder continuity of bounded generalized solutions
of the Dirichlet problem associated to the equation
1o}

i1 O%i

assuming that the principal part of the equation satisfies the following degenerate
ellipticity condition

Aul) Y- ail@, u,n)mi > v(@)nl?,
i=1

and the lower-order term f has a natural growth with respect to Vu.
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Classification: 35J15, 35J70, 35B65

1. Introduction

Consider the equation

m
0

1.1 ——ai(z,u, Vu) — colu|P"*u = f(z,u, Vu in €,
L3 e V)~ = (o V)
where €2 is a bounded open set of R™, m > 2, ¢y is a positive constant, Vu is
the gradient of unknown function u and f is a nonlinear function which has the
growth of rate p, 1 < p < m, with respect to the gradient Vu. We shall suppose
that the following degenerate ellipticity condition is satisfied:

m

(1.2) Mlul) Y~ ai(w, uyn)n; = v(@)nl?,

i=1

where 1 = (771;7727 ooy Mm) € R™, |77| = (77% +oe 7772n)1/27 and v: Q — (0700)7
A: [0,00) — [1,00) are functions with properties to be specified later on.
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In the present article, we prove the local Holder continuity in 2 of every
bounded generalized solution of equation (1.1) under the condition (1.2). We
want to emphasize that the study of the quasilinear equations where the lower-
order term has natural p-growth deserves special attention because to obtain the
existence of the solutions, if 1 < p < m, it is not possible to directly apply
the standard theory of the pseudomonotone operators; moreover, the solution in
general is unbounded. In this regard, we refer, for instance, to [1], [8], [20].

Existence and L*°-estimates of bounded solutions for quasilinear elliptic equa-
tions with natural growth of lower-order terms, in nondegenerate case, were es-
tablished, for instance, in [2], [3], [7], [29], [30], [31], and the Holder continuity on
compact subsets of 2 of solutions was proved in [19, Chapter IX, Section 2], [32].
Similar results for elliptic equations and variational inequalities without the natu-
ral growth were obtained in [23], [25], [26] for the nondegenerate case, and also in
[15]-[18], [22], [27], [28] for the degenerate case. We also mention the articles [10],
[33] where the linear case is studied with weights belonging to Muckenhoupt’s
class.

Assuming the degenerate ellipticity condition (1.2), Drdbek and Nicolosi in [9]
obtained the existence of bounded generalized solutions of equation (1.1) estab-
lishing more general results than those obtained from Boccardo, Murat and Puel
in [2], [3]. On the related topic and in degenerate-case, we also refer to [4]-[6] and
[12], [13]. The results obtained in [9] are the starting point for this research.

The present paper is organized as follows. In Section 2 we formulate the hy-
potheses, we state our problem and the main results. Section 3 consists of prelim-
inary lemmas which are sufficient in the proof of our main results. In Section 4
we prove local Holder continuity of solutions of Dirichlet problem associated to
equation (1.1). For the proof, we use an analogue of Moser’s method (see [21])
proposed in [25] and modified in [32] for equations with natural growth terms. In
Section 5 we give examples where all our assumptions are satisfied.

2. Hypotheses and formulation of the main results

We shall suppose that R™, m > 2, is the m-dimensional euclidean space with
elements x = (z1,z2,...,%,m). Let Q be an open bounded nonempty subset
of R™.

Let p be a real number such that 1 < p < m.

Hypothesis 2.1. Let v: Q — (0,00) be a measurable function such that

Vo) L@, (575) € Lhl®)

We denote W1P(1, ) as the set of all functions u € LP() having for every
i=1,...,m the weak derivative du/0z; with the property v|0u/dx;|P € L*(Q).
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The space WP (v, ) is a Banach space with respect to the norm
1/p
fullp = | [ (Gl + 19 a
Q
The space W12 (v, Q) is the closure of C$°(Q) in WL (1, Q). Put W =W1? (v, Q)N
L>(Q).
Hypothesis 2.2. We assume that

1 S
meL(Q)

with s > max(1/(p — 1), m/p).
We set p = mp/(m — p+m/s). Then, we have W1?(v,Q) C LP(Q) and there
exists ¢ > 0 depending only on m, p, s, and Q such that for every u € W1P(v, Q)

1/p ) 1/(ps) m 1/p
. 1\ ou |P

ul? dz <é / - dz> </ v dz> .
(/Q [ ) ( suppu (V) 2 ; O

In this connection see, for instance, [13] and [22].

Hypothesis 2.3. The functions f(x,u,n), a;(x,u,n), i = 1,2,...,m, are Cara-
théodory functions in 2 x R x R™, i.e., measurable with respect to x for every
(u,n) € R x R™ and continuous with respect to (u,n) for almost every = € Q.

Hypothesis 2.4. There exist a number ¢ and a function f*(z) such that

2 —
max (O,Tp) <o<1, fre (9

and
(21)  |f @ um)] < Aul)[f*(@) + [uP 7+ @2 @) )P+ v(@)nlP]

holds for almost every x € Q) and for all real numbers w, 71,72, . .., 9m.

Hypothesis 2.5. There exist a nonnegative number ¢; < ¢y and a function
fo(z) € L>*(£2) such that for almost all z € Q and for all real numbers wu, 7,
N2, ..., Nm the inequality

(2.2) u fz,u,n) + cful” + A(lu))v(@)n + fo(z) =0
holds.

Hypothesis 2.6. There exists a function a* € LP/(P=1(Q) such that for almost
every x € ) and for any real numbers u, 71,72, - .., N, the inequality
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2 Rl et @) + P @l

holds.

Hypothesis 2.7. The condition (1.2) is satisfied for almost every z € 2 and
for all real numbers u, 11,72, ...,Mm; the function A = A(z) is monotone and
non-decreasing.

Hypothesis 2.8. For almost all x € ) and for every real u, n1,72,...,%m,
T1,T2,...,Tm the inequality

m

> lai(@,u,n) — iz, u, 7)) — ) >0

i=1
holds while the inequality holds if and only if n # .
Assumptions 2.1-2.4, 2.6 and 2.7 provide the correctness of the following defi-

nition.
Definition. A generalized solution of equation (1.1) is a function u € W such
that for every function w € W,

m

0
(2.4) /Q{Z a;(z,u, Vu) 6;0 + coluPPuw +  f(x,u, Vu)w} dz =0.

i=1 v

Note that if in addition to Assumptions 2.1-2.4, 2.6 and 2.7 they hold Assump-
tions 2.5 and 2.8, then there exists a generalized solution of equation (1.1). This
follows from Theorem 2.1 of [9].

We will need the following further hypotheses on weight function.

Hypothesis 2.9. There exists a real number ¢ > ms/(ps — m) such that
v(z) € LHQ).
For every y € R™ and R > 0 we denote
Br(y) ={x e R™: |z —y| < R};

when not important, or clear from the context, we shall omit denoting the center
as follows: Br = Bgr(y).

Hypothesis 2.10. There exists ¢ > 0 such that for every y € Q and R > 0 with
Br(y) C Q the following inequality holds

18 1/s B 1/t
{Rm/ (—) dx} {Rm/ V dx} <e
Br(y) \V Br(y)
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As for Hypotheses 2.9 and 2.10 see, for example, [5]. Such kind of assumptions
on weight function, introduced in [22], [27], [28], have been used in recent articles,
see, for example, [16] and [18].

The main result of the present paper is a theorem on the local Holder continuity
of any generalized solution u € W of equation (1.1). More precisely, we prove the
following

Theorem 2.11. Assume that Hypotheses 2.1-2.4, 2.6, 2.7, 2.9 and 2.10 are satis-
fied with the functions |a*|P/("=1), f* belonging to L™ (Q) with 7 > ms/(ps — m).
Let u € W be a generalized solution of equation (1.1) and M = |u| g (q)-

Then there exist positive constants C and ¢’ such that for every open set §,
Q' C Q and every o', 2" €

lu(z') — u(z")| < C[dist(Q,09)] " |2' — "|",

where o/ = o¢'(data) < 1, C = C(data) and data = (m,p,7,t,s, M, \(z),
1F*(| 27 @, a* [P/ P~V 1 (), 0, meas ).

3. Auxiliary results

Lemma 3.1. Let f € Wh9(Bg), ¢ > 1. Suppose there exist a measurable subset
G C Bpg and positive constants C' and C" such that

measG > C'R™, mgx|f| <cC".
Then
m af q -
fquSCRq( / dz + R™ q),
/BR| | ; By | 0T

where C' is a positive constant depending only on m, q, C', C".

The proof of this lemma is given in [24, Chapter 1, Section 2, Lemma 4].
The following lemma is due to John and Nirenberg (see [14], and see also [11,
Theorem 7.21]).

Lemma 3.2. Let f € WH1(O) where O is a convex domain in R™. Suppose
there exists a positive constant K such that

; /OHB,_, ’6.1‘1

Then there exist positive constants og and C' depending only on m such that

de < Ko™ ! for all balls B,.

/Oexp (%|f - (f)o|) dz < C(diam O)™,

where 0 = og(meas O)(diam O)™™, (f)o = —5 [, [ dz.
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The following result is discussed in [11, Lemma 8.23] (see also [19, Lemma 4.8]).

Lemma 3.3. Let w be a non-decreasing function on an interval (0, Ry satisfying
for all R < Ry the inequality

w(YR) < 0w(R) + ¢(R),

where @ is also non-decreasing function and 0 < ¢,0 < 1. Then for any 6 € (0,1)
and R < Ry we have

w(R) < C((%)ew(Ro) + w(RéRg—é)),

where C = C(9,0) and € = €(9, 0, d) are positive constants.

4. Proof of Theorem 2.11

Suppose that Hypotheses 2.1-2.4, 2.6, 2.7, 2.9 and 2.10 hold with the functions
la*[P/®P=1) | f* € L7(Q), T > ms/(ps —m). Let u € W be a generalized solution
of equation (1.1). We set M = ||u||s0, thus

(4.1) lu] < M < o0 on .

By di, i =1,2,..., we denote positive constants depending only on data.
Furthermore, let £’ be an arbitrary open subset of  such that ' C Q and
d = dist(Q', 89). We fix zo € €. For every R € (0, min{1,d/4}), we set

wi(R) = min u, we(R) = max u, w(R) = w2(R) — w1 (R).
BR(CE()) BR(CEO)

Here the symbols min and max of course stands for essential infimum and supre-
mum.
We fix a positive number 7 such that

(4.2) 1 m_m

where t, = min(7, 7).
For every R € (0,min{1,d/4}), we shall establish the inequality

(4.3) w(R) < aw(2R) + R"

with a constant « € (0, 1) depending only on data. This inequality and Lemma 3.3
imply the validity of Theorem 2.11.

To prove (4.3), we fix R such that 0 < R < min{1,d/4}. If w(2R) < R", then
inequality (4.3) is evident. Therefore, we shall suppose that

(4.4) w(2R) > R'.
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We shall also assume that
1
(4.5) meas G(R) > 5 meas Bsg/2(z0),

where G(R) = {x € Bsgr/2(x0): u(z) < (w1(2R) + w2(2R))/2}.
Let Fi: Q2 — R be the function such that

ew(2R .
F = wz(zR)(—QuiRT in Bap(zo),
& in Q\BQR(IL‘()).

Due to (4.4) we have F; > e in Q.
Now, we need some integral estimates of solution wu.

Lemma 4.1. Let B, C Q and let ( € C§°(Q) be a function such that
(4.6) (=0 inQ\ B, and 0< (¢ <1.

Then there exist positive constants di,ds such that

(4.7) /B

PROOF: For every x € Q we set v;(z) = eM"(*)(P(x) where

IR VA
v|VulP ¢Pdx < dlgm(T—l)/T +dy rr}gax |VC|p(/ Jt dac) Qm(t—l)/t-
e BQ

e

(4.8) A1 = 3X\2(M).

Simple calculations show that v; € W7 (v, Q)NL>(2) and the following assertion
holds:

(a) for every i =1,2,...,m,
Z;t = )\16’\1“(”% ere)‘l“Cp*laa—xi a.e. in Q.

Since v; € WhP(v, Q) N L>®(Q), by virtue of (2.4), we have

m

/ {Z a;(z, u, Vu)gvl + colulP2uvy + f(x,u, Vu)vl} dz = 0.
0 €T

i=1 v

From this equality, using (1.2), (2.1), (4.8) and assertion (a), we deduce that

(4.9) )\(M)/ v|VulPer P de < 1, + e”\lM/ g*(x) de,
BQ

e
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where

6A1u<p71 dl‘,

I, :pZ/B las(z, u, V)] ]%
i=1"YPe B

g*(x) = coMP~1 4 2A(M)][| f* ()| + MP~1+7 4 1).

Let us obtain suitable estimate for the first addend in the right-hand side of (4.9).
Estimate of I,. Using the Young’s inequality with the exponents p/(p—1) and p,
(2.3), (4.1) and (4.6), we obtain

I, < @/ v|VulPe (P da

(4.10) Pe
+ dge’\lM/ g91(z) dz +d4€A1M/ v|V¢|P dz,
B B,

where
g1(x) = 41/(1771)()\(]\4))10/(1071)[|a*($)|p/(p71) + MP].
From (4.9), (4.10) it follows that

(4.11) @/ V|VulPer (P do < ds/ (9" +g1)dz + d6/ v[V(|P da.
B B

e e e

By Holder’s inequality and the inequality 7 > ms/(ps — m) we have

/ (g +g1)dz < ||lg* + g1+ | Bo| TV < dygm U/

e

Moreover

B B _ 1/t
/ v|V(Pdx < dg max |V¢|P oD/t (/ vt dac) .
e B

e e

The last two inequalities and (4.11) imply inequality (4.7).
The lemma is proved. O

Lemma 4.2. Let B, C Bagr(zo) and let ¢ € C5°(2) be a function such that
condition (4.6) is satisfied. Then there exist positive constants dg, d1g,d11 such
that

V|VulP ¢P dz e / -\
4.12 < dggmPtm/s P t
(4.12) /BQ (@2(2R) —u + R)P = dyo +d1orrjlgagx|VC| ( i vt de

e

~ Qm(ffl)/f_’_dllgm('rfl)/‘r.
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PRrROOF: For every x € Bap(xo), we set U(x) = w2(2R) — u(z) + R",

vo(a) = {<p<x>w<x>11p if @ € Ban(ao).
0 if ZL‘EQ\BQR(J)Q).

Simple calculations show that
vy € WHP (1, Q) N L=(Q)

and the following assertion holds:

(b) for every i =1,2,...,m

0 0 0 .
8:; = pUlprpfla—xi +(p- l)U’p(pa—;i a.e. in Bog.

Putting the function ve into (2.4) instead of w and using (1.2), (2.1), (4.1) and
assertion (b), we obtain

2M + 1
(4.13) / VIVulP U PP dz < I, + I3, + % / g U™P da,
B, - B

1
(M) L

e

where

Utrertda,

N 9¢
IQ7Q —plzzl /BQ |al(x,u, VU)| ’8_1‘1
_2M(M)

-1

3,0 =

/ v|VulP UPCP da.
BQ

Let us obtain suitable estimates for I5 ,, I3 ,.
Estimate of I ,. Using the Young’s inequality with the exponents p/(p—1) and p,
(2.3), (4.1) and (4.6), we obtain

1
4.14 I, < ——— py—PcP
( ) 2,0 = 4>\(M) /BQ Vlvul U™P¢Pdz

+d12/
B

Estimate of Is,. We use (4.1), the Young’s inequality, (4.6) and (4.7) to obtain

N Y
g U Pdx + dy3 r%ax |V<|p (/ vt dz> Qm(t—l)/t.
o B,

e

1
. < YulP U PP
(4.15) Iz, 4)\( ) /g v|Vul ¢Pdx

NV
+diag™ T+ das max VP ( / A dx) A
o BQ

53
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Collecting (4.13), (4.14) and (4.15), we get

1
IN(M)

(4.16) / v|VaulP U™PCP dx < digom T~ D/7
BQ

N
+ d1g max [V(|? </ vt dz> gm<t*1>/t+dl7/ gUPdx
o B

e e

where g = g* + g1.
By Hoélder’s inequality, U > R" and p/2 < R < 1, we have

(r—1)/7 9\rp
/ gu Pde < ||9|T(/ y—r/(r=b dac) < d18(—) T/
B B, 0

From last inequality, taking into account relation (4.2), we get

e

(4.17) / gUPdz < dygo™ P/,
BQ

Inequalities (4.16) and (4.17) imply inequality (4.12). The lemma is proved. O

Define in € the function vg = In Fy .
Let us prove that vy satisfies some integral inequalities.

Lemma 4.3. Let o = sp/(s + 1). Then, there exist positive constants dag, do1,
d22, d23 such that

. 1
o [, s el o
Bsr 2 (o)

Le(Q)

Rm(T—l)/T

}s/<s+1>
L=(Q) '

1
+ ds | - |
v

PROOF: We choose a function {; € C§°(€2) such that

0<G <1 inQ, ¢ =1 in Bsgjs(zo), G =0 inQ\ Brg/a(zo),

0
ﬁ <K,R! fori=1,2,...,m,
81‘1'

where K; is an absolute constant, not depending on R. By definition of vq it
results 1 < vy < 14+1n4 on G(R); moreover from (4.5) it follows that meas G(R) >
dogR™.

Hence from Lemma 3.1 we find that:

i m
(419) / 1)60 dzx S dgsRm + dgsR/ {
Bsry2(z0) Bsry2(z0) Zl Oui

=

} U_lvg"_1 dz.
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By means of Young inequality we get

| Ou 1
(4.20) dosR / { }Ulvg“ dz
Bsry2(zo) ; O
1 , “ou ", -1
< —(dasR)™ / { Z “ } U~ dg + 2 / v, dz.

7o Bspr/a(zo) ;21 O To Bsr/2(x0)

From (4.19) and (4.20) we have:
, m 8u ro .,
(421) ’UOO dx S T0d26Rm + d27RTO U~ dz.
B3zr/2(x0) Bzr/2(x0) j—1 O

Using Hoélder inequality with p/rg and (1 —r9/p)~! = (s + 1) and the definition
of the function (; we obtain

m r 1 s
/ 3 O™ r—r0 g < d28</ (—) dx)
Bsry2(w0) j—1 O Brrya(zo) VY

o/(s+1)
X (/ v|VulP FUP dx) :
Brrya(xo0)

Finally, we acquire inequality (4.18) from (4.21) estimating the last integral of
previous inequality by Lemma 4.2 and taking into account that from the Hypo-
thesis 2.10 we have

188 1/s B 1/2 _
{/ (—) dx} {/ thx} < dag RM1/5+1/D),
Brrya(zo) NV Brrya(zo)

The lemma is proved. (I

1/(s+1)

Lemma 4.4. For every £ > 1 there is a positive constant ¢ = c(data, k) such
that lim,_,~ c(data, k) = co and

(4.22) / vy dr < cR™.
B3 r/2(z0)

PROOF: At first, we estimate from above the integral average

1

V0) B o () = ———————— v dz
( O)BsR/z( 0) meaSBgR/Q(l‘o) /BSR/Q(I[)) 0

by a constant depending only on data.
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Using Holder’s inequality and Lemma 4.3 we get

1/7“0
(4.23) (00) By ja(wo) < dao R~/ ( / vy dx)
Bsry2(z0)

< dzgR™™/™ [d3lRm/T” + dazR(d?,3Rmﬂwm/S
+ d34Rm(T—1)/T)1/p] < dss.

Next, let By, C Bag(xo), and let (o € C§° () be a function such that

0§C2§1 inQ, ngl int, CQZO inQ\ng,

9¢2

< Koot fori=1,2,...,m,
8:51-

where K5 is an absolute constant, not depending on g. Using Holder’s inequality,
Lemma 4.2, Hypothesis 2.10, the properties of the function (; and that 7 >
ms/(ps —m), s > 1/(p— 1), we derive that

m (p—1)/p
Z / ‘81}0 dz < dsg (/ A dx)
‘=1 /Bo 0x; B,

1/p
x(/ y|vu|P<§U—de) < dgro™ L.
B,

Hence, by Lemma 3.2, we have
(4.24) / eXp(d3g| Vo — (UO)B3R/2 |) dx S dgng.
Bsr/2(20)

Now let x > 1. Then inequalities (4.23) and (4.24) imply (4.22).
The lemma is proved. ([

Lemma 4.5. There is a positive constant ¢z = cs(data) such that
(425) ||’U0||Loo(BR(w0)) S C3.

PROOF: We proceed the proof in four steps.
Step 1. We fix a function ¢ € C§°(R) such that

0<¢o<1 onR, =1 in[-1,1, =0 inR\(-3/2,3/2).

For any z € Q we set ¢(x) = ¢o(|Jz — zo|/R),

3(z) = [vo(2)]* ! (@) [U(x)]* P if & € Bap(ay)
0 ifl‘GQ\BgR(IU),
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where U = w2 (2R) —u+ R",

(4.26) k >k := max{p, 2(6 M + 1)\*(M)},
(4.27) t>p.

Simple calculations show that
5 e WHP (v, Q) N L®(Q)

and the following assertion holds:

(c) for every i =1,2,...,m,
8’17 6’& d40t1}0 ’(/}t 1 . Q
oz, Con, = mueT e m®

where z = [(p — 1)vf + kvh 'J9!U P and dyy > 0 depends only on
maxg |9]-
Putting the function ¥ into (2.4) instead of w and using (1.2), (2.1), and asser-
tion (c), we obtain

(p—1) —p, k)t
(4.28) v|VulP U™ Pyiyt de
)‘(M) Bar(zo) ’
k / —p, k=1t
+ — v|VulP U Puy™ "Y' de
)‘(M) Bar(zo) | | 0

< 2)\(M)/ v|VulP U Pofyt do
Bar(zo0)

+/ grosptU P da 4+ T,
Bar (o)

where ¢g*(z) was defined in Lemma 4.1 and

m

(4.29) dmz / |ai(z, u, Vu)|U " Pokypt =t da.

Bag(z0)

Step 2. We show that the first term in the right-hand side of inequality (4.28) is
absorbed by the second term in its left-hand side. For this we need the inequality

(430) UUO S 6 M +1 a.e. in BQR(ZL'()).

To prove it, we consider the function

2w(2R)

X(s) = (s + B 225

, s € [0,w(2R)].
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According to (4.4) and to the elementary inequality Inb < b, b > 0, we obtain
that for every s € [0,w(2R)]

0 < x(s) <2w(2R) < 4M.
Now inequality (4.30) follows from the relations R < 1 and
Uvg = w2(2R) —u+ R" + x(w2(2R) — u) a.e. in Bag(xg).

Using (4.30), the first term on the right-hand side of inequality (4.28) is esti-
mated in the following way

(4.31) 2)\(M)/B ( )y|vu|PU1*Pv§¢tdz

< 2(6M + DA(M) / V|VulP U=PoE 1yt da.
Bar (o)

Now (4.26), (4.28) and (4.31) imply the inequality

(r-1 —p, k.t
(4.32) v|VulP U Py’ de
)\(M) BQR(CE()) 0
< (2M + 1)/ GUEPTU P de + T .
B2r(zo)

Step 3. Let us estimate from above the quantity Z, which is defined by (4.29).
We use (2.3) and Young’s inequality

lyz| < elylP/ P 4P 2P,
where

y = lai(e,u, Va) U P® D2 (@) VP, =12, m,
z =t pEP/Py ()P /R,

and ¢ is an appropriate positive number, to obtain

(p—l)/ —p, kit
v|VulP U Pugyt do
2AMM) J By (w0) Vel 0

dgotP
+ dg1 / glvgth_p dx + 42 / vail)t_p dz,
Bzr(z0) Rp Bar(zo)

(433) I<

where g1 (2) was defined in Lemma 4.1.
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From (4.32) and (4.33), for every k > k and ¢ > p, it follows that
Ba2r (o) Bar (o)

where 91 (x) = R™"P[g1(x) + ¢*(z)] + v(z)RP.
It results

1/t 1/t
(4.35) (/ (I dz> <R7? (/ Vi dx)
Bar(z0) Bagr(zo)

+ R7"P|lg1 + 9" Lt (0)-
Now, we fix arbitrary k& > kp/p and ¢ > p and let
2 = Uéﬂ/ﬁwt/;ﬁl
We have z; € W2 (1, Q) and for every i = 1,2,...,m,

021
/Q V‘ 0x;

pdx§d44kp/ | 2
Bar(zo) 6‘1'1

v’gl’/ﬁ U*pd,tp/ﬁ dz

+ dyst? / Py opP Pt/ PP 4y
Bar(z0)

From last inequality and (4.34) we obtain

/ ‘ 621
v

o 10
Estimating integral to second term of last inequality by Holder’s inequality

with the exponents t, and t./(tx — 1), we obtain that for every k > kp/p and
t > p the following inequality holds:

Ozn 1P 1/t,
(4.36) / | L Az < dygkPe ( / i dx)
o 10z Bar(z0)

i (L1t
y < / P /B =) ) 0 =1)) =pte /(02 1) dx) _
Bar(zo0)

p g ~
dz < dygkPt? / wlvgp/p»(/}(t/l’—l)? dz.
Bar(xo)

Step 4. We set

H(k,t) = / vhyt d, keR, t>0,
Bar(z0)

9:ﬁ<t*_1)7 = jum .
Pty te — 1
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Due to Hypothesis 2.2. we have

3 1 s 1P/ (ps) Dz P p/p
4. H <éP .
(4.37) (k1) < e { /B G dx} [ / Z - ]
From (4.36) and (4.37) it follows that

. 1\s /s 1/t \B/p
(4.38) H(k,t) < d47(k+t)2p{{/ (—) dx} [/ i dx} }
Bar(zo) VY Bar (o)
E ot N\
G -]

Using (4.35), (4.2) and Hypothesis 2.10, we obtain

115 1/s 1/t
(4.39) {/ (_) dl‘] [/ Ple dx} < d48R*p+m/s+m/t*.
Bag(zo) VY Bar(zo)

Note that due to the definition of p and 8 we have

(4.40) (pfﬂfﬂ)l5 =m0 —1).
From (4.38), (4.39) and (4.40) we get
(4.41) H(k,t) < dug(k + )P R~ [H(% g - m)r

for every k > kp/p and t > p.
We choose a number ig € N such that §%° > kp/p and set

- mé
ki = 0ot 4= (gt 1) §=0,1,2,...
0—1
Then (4.41) and the inequality € > 1 imply that for every i = 1,2,...,
[H (s, t:)]Y/% < [dso R™™H (ko to)]/*".
By Lemma 4.4 we have

H(ko,to) < / 00" dz < ds  R™.
B3zr/2(zo)

From the last two inequalities it follows that

i—00 i—00

1/k7;
[00]| Lo (B (o)) = lim (/ vg! dz> < limsup[H (ks, t:)]Y% < ¢s.
Br(o)

The lemma is proved.
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Inequality (4.25) implies (4.3). Recall that we proved (4.3) under assump-
tion (4.5). If (4.5) is not true, we take instead of Fy the function Fp = 2ew(2R) x
(u—w1(2R) + R") ™! in Bag(zo), and Fy = e in Q \ Bag(zo), and arguing as
above, we establish (4.3) again. Hence according to Lemma 3.3, the assertions of
Theorem 2.11 are true.

Remark. The technique used to prove the local Holder continuity for bounded
generalized solutions of the Dirichlet problem associated with equation (1.1), as-
suming the degenerate ellipticity condition (1.2), can be repeated for bounded
generalized solutions of equation (1.1) with the following boundary Neumann
condition:

Zai(x,u, Vu) cos(f, z;) + calulP~2u + F(z,u) = 0, cg >0, z €99,
i=1

where 0 is locally Lipschitz boundary and # = 7i(z) is the outwardly directed
(relative to ) unit vector normal to 02 at every point z € 9Q (see [6] for
the Existence theorem in such case). So, we can prove that every function u €
WhP(v, Q) N L>(Q) satisfying

/ { Z a’i(za u, VU) Ow + 00|u|p_2uw + f(za u, Vu)w} dz
Q

o0x;
i=1 v

+ {ea|ulP?uw + F (2, u)w} ds = 0
X9)

for any w € WhP(v,Q) N L>°(Q), it is locally Holder continuous in €.

5. Examples

Example 5.1. Let 2 C R™ be an open bounded set. Suppose for simplicity that
0 € 09 and, additionally, we assume that

p > %, m > 4.
Let 0 <~ < (m/2)(p—m/2)(3m/2 —p)~ !, and let v: Q — (0,0) be defined by
v(z) = |z|.
Let s be such that

< <1+m
—_— S -—.
p—m/2 2y
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It results m/p < s < m/~, then the function v satisfies Hypotheses 2.1 and 2.2.
Moreover, it is easy to verify that

lz|?7 € Ait1/s-1 (Muckenhoupt’s class)

then, Hypotheses 2.9 and 2.10 hold with £ = 2.
Consider the following boundary value problem

v
(5.1) —div (1 |i||u| |Vu|p_2Vu) + uf|u|P~2 + ez | VuP} = g(z) in Q,

(5.2) u=0 on 09,

where g(x) € L*(£).
In this case we have:

|| 2 Ou :
\V4 b= =1,2,...
(1“ U U) 1 + | || | 81:1, ? Y ) 7m7
1 3
f(@,u, Vu) = wel™z||VulP — §u|u|1”*2 —9(@), =3

If we put A(Ju]) = (1 + |u|)el*!, it is possible to verify all the Hypotheses
2.3-2.8. To verify (2.1), for example, it will be sufficient to note that the function
|u|P=2 /e~ 1"l is bounded from above by ((p —2)/e)?~2 in ]— oo, 00].

Hence, boundary value problem (5.1), (5.2) has at least one weak solution in
the sense (2.4), i.e., there exists at least one u € W such that

N
/ ] |Vu|p72Vqudz+/u{|u|p72+e|“‘|z|7|Vu|p}wdz:/g(:r)wdz
o 1+ [ul Q 0

holds for every w € W.
Moreover, from Theorem 2.11, u is locally Hélder continuous in §2.

Example 5.2. Let Q C R™ be an open bounded set and let g € L*°(2). Put
v(z) =1 in Q and consider boundary value problem
— le (W|Vu|p 2VU) + 6 |U|p + |Vu|p = g(l') in Q,
u=0 on 0f).

In this case we have:

1 ou
1+ |ulp ox;’
flz,u, Vu) =e" — |ulP — u|u|p*2 + |Vul? — g(z), co =1,

ai(x,u, Vu) =

|Vul?~?

i=1,2,...,m,

and A(|u|) = e/*". All Hypotheses 2.1-2.8 are satisfied. It may be worth noting
that the function u(e® — |ulP — u|u[P~2) has minimum (negative) in R. Hence
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every functions u € W satisfying

1
/ |VulP~ 2Vqudx+/{e |u|p+|Vu|p}wdx—/g(ac)wdx
T+ Julp Q

for every w € W is locally Holder continuous in ).
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