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Abstract. The notion of cumulative past inaccuracy (CPI) measure has recently been
proposed in the literature as a generalization of cumulative past entropy (CPE) in univariate
as well as bivariate setup. In this paper, we introduce the notion of CPI of order « and study
the proposed measure for conditionally specified models of two components failed at different
time instants, called generalized conditional CPI (GCCPI). Several properties, including the
effect of monotone transformation and bounds of GCCPI are discussed. Furthermore, we
characterize some bivariate distributions under the assumption of conditional proportional
reversed hazard rate model. Finally, the role of GCCPI in reliability modeling has also been
investigated for a real-life problem.

Keywords: cumulative past inaccuracy; marginal and conditional past lifetimes; condi-
tional proportional reversed hazard rate model; usual stochastic order
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1. INTRODUCTION

Information theory, a unifying theory with profound intersections with probabil-
ity, statistics, physics, economics, statistical mechanics, computer science, and many
other fields, continues to set the stage for the development of communications, data
storage and processing, and other information technologies. Information theory has
its roots in Shannon’s [41] pioneering work on communication which provides a math-
ematical definition of information dubbed as Shannon entropy. Since its inception,
numerous entropy and information indices have been developed in the literature
in both the parametric and nonparametric points of view and used extensively in
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various disciplines. One important development in this direction is Kerridge [21]
inaccuracy measure which can be thought of as a non-parametric generalization of
Shannon entropy. It is worth mentioning that the continuous version of the inaccu-
racy is closely related to Fraser information [12] which was extensively used by Kent
[19], [20], Ebrahimi et al. [11] and several others in terms of the “information gain”
about a parameter.

Let X and Y be two absolutely continuous nonnegative random variables with
cumulative distribution functions (cdf’s) F', G and probability distribution functions
(pdf’s) f, g, respectively. If F' is the actual distribution corresponding to the obser-
vations and G is the distribution assigned by the experimenter, then the inaccuracy
measure of X and Y (also known as cross entropy of Y on X or relative distance
between X and Y) is given by

(1.1) Kxy=— /0Oo f(z)Ing(z)dz,

which has wide range of applications in statistical inference, estimation and coding
theory. In statistical inference, (1.1) is enormously used to measure the deviation
of a distribution of interest from a reference distribution. The inaccuracy mea-
sure/cross entropy is proportional to the Kullback-Leibler divergence [23] and it is
useful in comparing different probabilistic models when we do not know the actual
probability distribution that generated some data. It allows the experimenter to as-
sign a distribution which is an approximation to the true distribution. The assigned
distribution will be more accurate to the true distribution as much as closer (1.1)
will be to the Shannon entropy. Thus, the difference between the inaccuracy and the
entropy is a measure of how accurate a model is.

There have been various attempts for the parametric generalizations of these in-
formation measures which make them sensitive to different shapes of probability
distributions. It was Renyi [37] who embodied the idea of parametric generalization
by introducing entropy of order «, called Renyi’s entropy, which has a paramount
importance in different areas such as physics, electronics, engineering, ecology, and
statistics as a measure of uncertainty and diversity. In this direction, Nath [30]
defined inaccuracy measure of order « as

1
1 —«

[ee]
(12) Ky = 1ol [ f@)o@) ! s
0
where 0 < o # 1. As a — 1, (1.2) reduces to inaccuracy measure (1.1). Due to
presence of an extra parameter, the proposed measure is more flexible than (1.1)
and with help of this parameter «, one can make it more or less sensitive to the
shape of probability distribution.
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It is well known that the distribution function is more regular than the density
function. Moreover, in practice what is of interest and/or measurable is the distribu-
tion function. To this aim, many researchers have shown a great interest to discover
a new/novel measure of information based on the probability distribution function
of a random variable rather than its density function. Rao et al. [36] introduced an
alternating measure of uncertainty, called cumulative residual entropy (CRE), which
is mathematically more rigorous and also overcomes several drawbacks of Shannon
entropy. It is reasonable to presume that in many realistic situations uncertainty is
not necessarily related to the future but can also refer to the past. Based on this
idea Di Crescenzo and Longobardi [8] have studied a dual concept of CRE called
cumulative past entropy (CPE) defined as

(1.3) 2(X)=- /000 F(z)In F(z)dx.

For more properties, applications and recent developments of CRE and CPE, one
may refer to Wang et al. [45], Cahill et al. [6], Di Crescenzo and Longobardi [8]; [9],
Navarro et al. [31], Sunoj and Linu [43], Shi et al. [42], Park and Kim [33], Kundu
and Nanda [27], Psarrakos and Toomaj [35], and Toomaj et al. [44].

Motivated by the wide applicability of CPE, Kundu et al. [24] introduced the
concept of cumulative past inaccuracy (CPI) which is defined as

(1.4) Kxy = - /0 h F(z)In G(z) dz.

The basic idea is to replace the density function by the distribution function in
Kerridge inaccuracy measure defined in (1.1). Thus, (1.4) can be viewed as a suitable
extension of the Kerridge inaccuracy measure to the cumulative distribution function.
In analogy with cumulative residual inaccuracy (cf. Kundu et al., [24]), CPI can also
be considered as a measure of inaccuracy for past lifetimes. We also recall that the
cumulative Kullback-Leibler (CKL) information (cf. Park et al., [34]) of X and Y is
defined as

(1.5) Txy = /Oo F@)n 2% 4y 4 BX) - B(Y),
’ 0 G(x)

where E(X) and E(Y') are the expected values of X and Y, respectively. Note that
Zxy > 0 and the equality holds if and only if F(z) = G(z) almost everywhere.
For more details about CKL information, we refer to Di Crescenzo and Longob-
ardi [10]. The measure given in (1.5) for past lifetimes can be considered as an
analog of the cumulative residual Kullback-Leibler (CRKL) divergence (cf. Barat-
pour and Rad [4]). The best model is determined by minimizing the CRKL/CKL
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between the true distribution and the approximate model. In view of (1.3) and (1.4),
(1.5) can alternatively be rewritten as

(1.6) Ixy =Kxy —&8X)+E(X)-E(Y),

where (X)) is the CPE of the true distribution. Thus, minimizing the cumulative
Kullback-Leibler information to select the best model is equivalent to minimizing
the CPL If G(z) = F(z), the CPI is said to be at a minimum and Kxy = £(X).
Indeed, closer the value of CPI is to the CPE, the better Y is an approximation
of X. CPI can therefore be used to compare approximate models. From two models,
the more accurate model will be the one with the lower CPI. Consider the following
example to manifest the important role of CPI for measuring quality in models. For
a detailed discussion on the role of inaccuracy measure (cross entropy) for comparing
models one may refer to Burnham and Anderson [5] and Choe [7].

Example 1.1. Let X be the true distribution that generated some data
and Y, Z be two power distributions assigned by the experimenter in order to
approximate X. Write the pdf’s of X, Y and Z as f(z) = 1, g(z) = 2z, and
h(z) = 322 for all z € (0,1), respectively. Then after simple calculation one can
see that the entropy of X is zero whereas the inaccuracy measures Kxy = 0.3068
and Kx,z = 0.9014. Thus, Y has a lower inaccuracy measure on X. Therefore,
Y is better than Z at approximating the true distribution X. Now, we calculate
E(X) = 0.25, (Y) = 0.22, 5(Z) = 0.1875, Kx,y = 0.5, and Kx,z = 0.75. Thus,
the CPI between X and Y is less than the CPI between X and Z. Therefore, on
using the notion of CPI it is also verified that the distribution of Y gives better
approximation to X than that of Z.

Next, we recall a connection between the CPI and expected inactivity time (EIT),
a well-known reliability measure having application in many areas such as reliability
theory, survival analysis and actuarial studies. The EIT of a random variable X is
defined as mx(t) = E(t — X | X < t). In the following proposition we show how
CPI is related to the EIT.

Proposition 1.1. Let X andY be two absolutely continuous nonnegative random
variables with distribution functions F(-) and G(-), respectively, and let T x (t) be
the EIT corresponding to the random variable X. If Kxy < oo, then
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For further applications and perspectives of CPI along the same line, one may
refer to Ghosh and Kundu [13].
In analogy with (1.2), the notion of CPI of order o (CPI(«)) is defined as

oo
(1.7) Kxy = — m/ F(z)(G(z)* tde, 0<a#l.
0
Note that the well known failure entropy of order « (cf. Abbasnejad [1]), also de-
nominated as CPE of order «, can be obtained from (1.7) by taking G(z) = F(z).

Unlike the univariate case, the study of information theoretic measures based
on multivariate lifetimes have attracted increasing attention in the recent years. In
many practical problems, multivariate lifetime data arise in a variety of observational
and experimental studies such as medicine, biology, public health, epidemiology,
engineering, economic and demography. In these situations it is important to consider
different multivariate models that could be used to model such multivariate lifetime
data. For example, the analysis of survival times for twins, siblings or other related
individuals. For an encyclopedia on various multivariate models, their properties
and applications, one may refer to the book by Kotz et al. [22]. Let X = (X7, X5) be
a bivariate random vector with support (0,7) x (0,) for > 0. Assume that X; and
X5 describe the failure times of two components. Consider the conditional random
variables )/fi = (X; | X1 < t1,X2 < tg) and )qu = (X; | Xi < t;,X; =t;) for
i =1,2, 5 =3 — 1, where t; and t5 may not necessarily be identical. Note that in
view of the joint past lifetime [(Xl,Xg) | X1 < t1, X2 < ta] when both components
failed before inspection, X 1 and Xg are realized as marginal past lifetimes while lej,
i =1,2, j = 3 — i as conditional past lifetimes. Here Xi represents the conditional
distributions of X; subject to the condition that failure of the first component had
occurred in (0,t1) and the second failed before ¢5. Recently, Ghosh and Kundu [13]
and Kundu and Kundu [26] have considered the bivariate extension of (1.4) and
CPE of order «, respectively, for marginal and conditional past lifetimes. Motivated
by this, in this article we extend the concept of CPI(«) in bivariate setup with
focus on marginal and conditional past lifetimes and study their properties useful
in reliability modeling. It is worthwhile to mention that the concepts in past time
are more appropriate than those truncated from below when the observations are
predominantly from left tail. For some recent work on conditionally specified models,
we refer to Navarro et al. [32], Ahmadi et al. [2], Ghosh and Kundu [14], [13], [15],
Kayal and Sunoj [18], Kundu and Kundu [25], [26], and the references therein.

The outline of this paper is as follows: In Section 2, we provide one parametric
generalization of conditional CPI for the marginal past lifetimes )?i, 1= 1,2, called
generalized conditional CPI (GCCPI). We investigate several properties of the new
notion, such as the effect of monotone transformations, and obtain some bounds in
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context of usual stochastic order. In Section 3, we provide some characterization
results based on GCCPI under the assumption of conditional proportional reversed
hazard rate (CPRHR) model. Note that the results corresponding to the conditional
past lifetimes X z*‘ It
presented here. Finally, in Section 4, we conclude the present study with a real-life

i =1,2, j = 3—1 are analogous to that of Section 2 and hence not

application in reliability modeling.

2. DEFINITION AND PROPERTIES OF GCCPI For (X; | X, < t;)

Let (X1,X2), (Y1,Y2), and (Z1,Z32) be three absolutely continuous bivariate
random vectors with common support (0,1) x (0,1) for I > 0. Note that ! can
be equal to oo. The joint pdf and cdf of (X1,Xs) are denoted by f and F and
those of (Y1,Y2) by ¢ and G and of (Z1,Z5) by h and H, respectively. Consider
the marginal past lifetimes (X; | X1 < t1, X2 < t2), (Vi | Y1 < 61,Y2 < t2)
and (Z; | Z1 < t1,Z2 < tg) for i = 1,2. For simplicity we denote them by
)/(:i, Y; and Z, i = 1,2, respectively. We denote the pdf’s and cdf’s of these
random variables by f;(i, Fss 9y, Gﬁ and hz , Hy , respectively. Now, for
i = 1,2, we define fg (z1) = fi(z1,t2)/F(t1,t2), fg,(x2) = faltr,22)/F(t1,12),
Fg = F(z1,t2)/F(ti,t2), and Fg = F(ti,22)/F(t1,t2), where fi(z1,t2) =
(8/8x1)F(x1,t2), fg(tl,xg) = (8/8x2)F(t1,x2), 0 < I < tl, 0 < To < tQ, with
a similar definition for 17; and Z. Then the CPI for )?i and }7;, called conditional
CPI (CCPI), are defined as

— b F(:L’l,tg) G(:L’l,tg)
(21) CKXl,Yl (tl,tg) = —/0 F(tl,tg) ln< G(tl,f,g) ) d:L’l

and

t2 F(tl,.lﬁg) ln(G(tl,J?Q)

(2.2) CKx,y,(t1,t2) = —/ G(t1,12)

o F(ly, 1) ) dz,

where t1,t2 > 0. Several aspects of (2.1)—(2.2) have recently been discussed in
Ghosh and Kundu [13]. Along a similar line, CPI(«) for X; and Y;, i = 1,2, called
generalized conditional CPI (GCCPI) measure, can be defined as

— 1 t F(J?l,f,g) G(J?l,tg) a—1
2. K = 1
(23) Chxm(tto) 1—a o Flti,t2) (G(thtz)) o
and

—« 1 t2 F(tl,xg) G(tl,xg) a—1
2.4 K ti,ta) = 1 d
2.4) Chxw(tn, ) -« n/o F(t17t2)<G(t17t2)) e
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where ¢1,t2 > 0 and 0 < o # 1. Note that (2.3) and (2.4) can be thought of as
a generalization of conditional CPE of order a (CCPE(«)) studied by Kundu and
Kundu [26] which are given below. The CCPE(«a) of the bivariate random vector
X = (X1, X2), takes the form

1 B P (21, t2)\@
2. £1a(X; - : Fltrt2)
(25) (Xt = o n [ (s ) e
and

1 t2 F(t1,z2)\
9. (Xt 1) = 1 — ) d
(2.6) (Xt ta) = 7 n/o <F(tlvt2)) "

where t1,t2 > 0 and 0 < a # 1. Now we consider the following example.

Example 2.1. Let X = (X3, X>3) follow the standard bivariate logistic distri-
bution (cf. Gumbel [16]) with joint cdf

F(tl,tg) = (1 + el + eitz)il, ti1,to > 0,

and let Y = (Y1, Y2) follow the bivariate inverse exponential distribution

1 1 0

G(t1,t2) = eXP( —————

— ), 0<0<1, t1,t3>0.
1 to tltg) R

Then Figure 1 gives C?;‘(im(tl,tg) for « = 1.5 and § = 0.75. It is to be mentioned
here that while plotting curves, the substitutions {1 = —Inx and t2 = —Iny have
been used so that Cfihyl (t1,t2) = CK; (z,y) and CK;Q’YQ (t1,t2) = CKq(z,y),
(say).

(i) Plot of CK (z,y). (ii) Plot of CKy (, ).
Figure 1. Graphical representation of CK 7 (z,y) and CK3 (z,y) (Example 2.1).
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In order to pinpoint a probabilistic meaning of GCCPI, let us introduce the fol-
lowing functions for 0 < x; < t;, i = 1,2,

t1
(1, s t2) :/ (G(v1,12))'° "V doy

z

and

to
77§2) (xg,tg;tl) = / (G(tl,vg))(ail) dvs.

z2

It is worth mentioning that (8/8t1)n§2)(x1,t1;t2) = (G(t1,t2)) @Y. Thus, the sig-

nificance of 77§2)(x1, t1;t2) is that its partial derivative is closely related to the distri-

bution function of Y. The interpretation for 7752)(3:2, to;t1) is similar. The following
theorem provides a relation between GCCPI and 771(2) (@i tisty), 1 =1,2, j =3 — 1,

which also generalizes Theorem 3.1 of Kundu and Kundu [26].

Theorem 2.1. Let X = (X1,X2) and Y = (Y1,Y2) be two absolutely continu-
ous nonnegative bivariate random variables with joint cdf’s F(t1,t2) and G(t1,t2),
respectively. Then, for all t1,t3 >0 andi=1,2, j =3 — i,

E[n§2) (X tisty) | Xu <t1, Xo <to] = (G(h,t2))(a71)e(1_aw?;"”y" (Br.t2),

where 0 < a # 1.

Proof. Using Fubini’s theorem for i =1 and ¢1,%3 > 0, we have

E[U§2)(X17t1;t2) | X1 < t1, Xo < to]

t t
_ ([ (a=1) gy, | fLELT2)
- /0 (/:161 (G(Ul7t2)) 1 dvl) F(tlatQ) dxl

_ t1 v fl(mlatQ) ()
a /0 ( 0 mdml) (G(v1,t2)) @Y duy

_ b F(’Ul,tg) (G(Ul,tg)
o F(t1,t2) \G(t1,12)

(1)

) (Gl )@ da,
which gives the stated result for ¢ = 1. The proof for ¢ = 2 follows in the same
line. Il

Let us now define bivariate reversed hazard rate (BRHR) and bivariate expected
inactivity time (BEIT). For more properties of these two functions one may refer to
Roy [38] and Nair and Asha [29], respectively.
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Definition 2.1. For a random vector X = (X7, X3) with distribution function
F(t1,t2),
(i) the BRHR is defined as a vector ¢ (t1,t2) = (43 (t1,t2), 93 (t1,t2)), where
X (t1,t2) = (0/0t;) In F(t1,t2), i = 1,2 are the components of BRHR;
(i) the BEIT, is defined as a vector m™ (t1,ts) = (M (t1,t2), Ma (t1,t2)), where

m;-x(tl,tg):E(ti—Xi|X1<t1,X2<t2), 1 =1,2, t; > 0.

A fundamental relationship between BRHR and BEIT is
X —X 0 _x
(27) ¢1 (tl,ﬁg)ml (tl,tg) =1- 8_t1m1 (tl,tg).

Hereafter, we study some properties and obtain few bounds of GCCPI in terms
of CCPE(«) and BEIT. It is worthwhile to mention that for most of the well-known
bivariate models, the proposed measures have no simple closed form to perform the
analytic treatment and this necessitates to construct such bounds to get some idea
of the corresponding measures very easily. Also, these bounds are quite useful in
studying comparative behaviour of the proposed measures in reliability theory and
for applications in other disciplines.

Theorem 2.2. Let X = (X3, X2) and Y = (Y1, Y2) be two nonnegative bivariate
random variables. Then for 0 < o # 1, we have

hl[m;‘x (tla tQ)]v

_ 1

where m;X (t1,1s), i = 1,2, are the components of BEIT of X.

Proof. It is known that for ¢ = 1, G(x1,t2) is nondecreasing in z; for fixed ¢o.
As a consequence, for x; < t; we have

G(x1,t2)\21
(G

Hence the stated result, for ¢ = 1, follows from (2.3). The proof for i = 2 is analogous

1 . 0<a<l,
) according as

VAN

a > 1.

and hence omitted. (]

We give the following example to support the above theorem.
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Let X and Y be two nonnegative bivariate random variables

Example 2.2.

with cdf’s

0<t1, to <1

F(t1,t2) = tito,

and

0<ty, ta <1,

)

G(t1,t2)

tita(ts + t2)
2

(t1,t2))] =

X
K3
(t1,t2), (say), are always positive for « = 0.75 and 7 = 1, 2, satisfying Theorem 2.2.

ms

respectively. Then Fig. 2 shows that [Cfiy (t1,t2) —1/(1 — )~ In(

&

(11) Plot of fg (tl, tg).

and ¢5 (Example 2.2).

(1) Plot of f‘f‘ (tl, tg).

Figure 2. Graphical representation of £{*

Recall that for two univariate nonnegative random variables X and Y with cdf’s

, written as

X is said to be less than Y in the convex order

F and G, respectively,

X <

ex Y, if for all convex functions ¢: R — R,

2.8)

(

One can see

).

(see Shaked and Shanthikumar [40]

provided the expectations exist
that (2.8) is equivalent to

/OIF(u)dué/OIG(u)du V.

(Y1,Y2) be two nonnegative bivariate

(Xl,XQ) and Y

random variables. For all t1,to > 0

Theorem 2.3. Let X

(1) if X; Zex f/; and 0 < o < 1, then

~

(t1,t2)],

In[m)

1

11—«

i

CKY, y.(t1,t2) >
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(ii) jf)?i <ex 1//\; and o > 1, then

ln[mzY (tlv t2)]a

— 1
CEX, i (tt2) > 1

where M) (t1,t2), i = 1,2, are the components of BEIT of Y.

Proof. Let us assume for ¢ = 1 that )AQ Zex 171, which leads to

t F(i[,’l tg) t1 G(i[,’l tg)
2.9 T2 g s [ L2
. /o Flty,tz) /o Gltr, 1)

Now, using the nondecreasing property of G(z1,t2) with respect to x; for fixed to,
we have for 0 < a < 1

2 F(l‘l tg) G(l‘l tg) a—1 /t1 F(J?l lfg)
’ ’ dzy > — 2 dx.
o F(ty,t2) (G(tl,tg)) Y2 ), Fltnty) !

Using (2.9), we get

" F(xy1,t9) (G, 1) ! "Gz, t2)
> _ .
hl/o F(ty, t2) (G(tl,tg)) dzy > hl/o Gl i) 411

Multiplying both sides by 1/(1 — «), we obtain the required result for ¢ = 1. The
proof of the other cases is similar and hence omitted. ([

Theorem 2.4. Let X and Y be two nonnegative bivariate random variables.

Then for o > 1 we have
_ 2—« .
CKYx, v (t1,t2) > T Eaa(Vitnt), i=12,

where€; , _1(Y';t1,t2) is the conditional CPE of order (a«—1) for the random vector Y.

Proof. TFor i = 1, using the nondecreasing property of F(x1,t2) in z; for
fixed to, we get
F(l‘l, t2) g 17
F(tq1,t2)
G ,t a—1 .
for x1 < t;. Multiplying both sides by (M) , we obtain
G(t1,t2)

b F(i[,’l tg) G((El tg) a—1 t G((El tg) a—1
) ) < ) .
) ) (G(tl,tQ)) dz1 S 1n/0 (G(tl,tQ)) dz

Hence, the stated result is obtained for ¢ = 1 by multiplying both sides by 1/(1 — «).
The proof for i = 2 being analogous is omitted. O
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The following example illustrates the above theorem.

Example 2.3. Let X and Y be two nonnegative bivariate random variables
with cdf’s
tita(ts + t2)

F(t17t2) = 9 )

0<ty, toa <1,

and
1
Gty ty) = ———————, 0<ty, ty <1,
(t, t2) 1ty + 1/ty — 1 b

respectively. Then Figure 3 shows that [Cfihyi(tl,tQ) — (322)Er 1 (Yt t)] =

-« i,—1

P& (t1,t2), ¢ = 1,2, (say), are always positive for o = 1.25 satisfying Theorem 2.4.

(1) Plot of wix (tl, f,g) (11) Plot of ’Lpg (f,l, tg)
Figure 3. Graphical representation of ¥{* and ¢§ (Example 2.3).

Theorem 2.5. Let X andY be two nonnegative bivariate random vectors. Then,
for i =1,2 and t1,t3 > 0, we have

[1— e I KR v ()] < (1 = )CK Y,y (1, 2) < [e17 0K Xy (tt2) _q),

Proof. For i =1, using the fact that Inz < x — 1, we obtain

b F(J?l lfg) G(J?l lfg) a—1 b F(J?l lfg) G(J?l lfg) a—1
1 ) ) < ) ) _1.
n/o F(ty, t2) (G(tl,t2)> dz /0 F(t1, t) (G(tl,t2)> dzy

By some algebraic manipulation and with help of (2.3), we have

(2.10) (1 - Q)CK Y, y, (t1, 12) < [0 im0 1] for0 <o # 1.

178



Again, using Inz > (z — 1)/, along a similar line, we get

e(lfa)Cﬁil 1 (tl,tz) -1

=107
. - > —5
(2.11) (1= a)CKx, (0, T2) o(1=)CKS, v, (t1,t2)

where 0 < o # 1. Thus the desired result for ¢ = 1 follows by combining (2.10)
and (2.11). The proof for ¢ = 2 follows in the same line. O

In the next theorem, we analyze the effect of monotone transformation on GCCPI
to obtain their bounds. Heuristically, the results enable one to examine the informa-
tion properties of lifetime models that can be obtained by transformation of simpler
models.

Theorem 2.6. Let X = (X;,X2) andY = (Y1,Y2) be two absolutely continuous
nonnegative bivariate random variables. Suppose p(x) is a strictly increasing, con-
tinuous and differentiable function. If a < ¢'(x) < b,a,b > 0, then for all t1,t2 > 0
andi=1,2,

GCF;,Y,;(SOA(U)’@ '(t2)) CK«p(X)«p(Y)(tlatQ)

<
< bCKX“Yi(ga Lt), ¢ 1(t2)), for0<a<l1

and

bCF?(,‘,,m(@ﬂ(tl)a@ '(t2)) < CK, o(X)p(vy) (15 12)

<
<aCKX At Y(t1), o (t2)), for a > 1.

Proof. Let us consider the conditional random variables
P(Xi) = (p(X0) | p(X1) < t1, p(X2) <t2), i=1,2,

and similar expression for ¢(Y;). First we prove the result for i = 1. From (2.3), we
have

CRg(x,) p0r) (t1st2)
LR A Al CAV R ). (G(So_l(xl)aW_l(t2>)>a71dl‘l
L—a " Jy F(emt(t1), o= (t2)) \ G(p~1(t1) )

L P Py, 0 (t) 1
1—a1/0 o o () Gl e

4
Thus, the stated result is obtained by using the fact that ¢ < ¢'(z) < band0 < a < 1
or a > 1. A similar result is obtained for i = 2. O
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In the sequel we obtain some bounds for GCCPI based on the usual stochastic
order. We recall that for two univariate random variables X and Y with cdf’s F
and G, respectively, X is said to be less than Y in the usual stochastic order, written
as X <g Y, if F(x) > G(z).

Theorem 2.7. Let X and Y be two absolutely continuous nonnegative random
vectors. For i = 1,2 and t1,t2 >0

() lf)(z st Y then CKX Y; (f,l, tg) maX{E (X t1, tg), &5, a(Y t1, tg)} when 0 <
a < 1, and 5z7a(X,t1,t2) < CKXim(tl,tg) < €i7a(Y,t1,t2) when o > 1;

(i) if X; >« Y; then CKy, y, (t1,t2) < min{e] o (X;t1,t2), 50 (Ysta, 12)} for 0 <
a<1land;,(Yit1,t2) < CKx, y,(t1,t2) <o (Xita,t2) fora > 1.

Proof. Let us suppose, for i = 1, that )?1 <st }71 holds. Then
(2.12) F)?l (J?l,tg) 2 Gf,l (J)l,tg)
for z1 < t1. Taking algebraic power (o — 1) on both sides of (2.12) and multiplying

by Fg (21,t2), we have

t1 < t1
ln/o F)?l(xl,tg)(F)?l(x17t2))a_1dxl{2}111 ; Fg, (x1,t2)(Gy, (21,t2))* " day,

according as 0 < o < 1 or a > 1. Multiplying both sides by 1/(1 — «) and simplify-
ing, we obtain

(2.13) CKX1 v, (t1,t2) 2 E] o (Xit1,t2) for0<a#1.

Again, multiplying both sides of (2.12) by (Gg, (71,t2))*~ ! and integrating, we get

ty
ln/ FA 1‘1, tQ G (J?l,f,g))a 1 dJ?l > ln/ (G?l (J?l,f,g))a dl‘l.
0
Multiplying both sides by 1/(1 — «), we have

. <
(2.14) CK?(17Y1 (t1,t2) { ;}Eia(Y;tl,tg), according as 0 < a < 1 or a > 1.

=

Combining (2.13) and (2.14), one can easily conclude that
CKX1 v (t1,t2) > max{z] ,(X;t1,t2),2] ,(Yit1,t2)} when 0 <a <1

and
gT(y(X;tl,tQ) CKX1 Yl(tl,tg) Ela(y tl,tg) when o > 1.
Hence (i) holds for ¢ = 1. The proof of the other cases being analogous is omitted.
O
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The proof of the following theorem is similar to that of Theorem 2.7 and hence
omitted.

Theorem 2.8. For two nonnegative bivariate random vectors X = (X1, Xs) and
Y = (Y1,Y2),
(i) if X; < Vi, i = 1,2, then

CKy. x.(t1,12) <Efo(Xit1, 1) < CKY, v (t1,05) when0 < a <1
and
&l o(Xit1, t2) < min{CKY, y, (t1,t2),CKy, x,(t1,t2)} when a > 1;
(ii) Again, if )?i >t ﬁ-, 1=1,2, then
CF?(,;,Y,;(tl;tQ) <E o (Xt t2) < CF(;X (t1,t2) when0<a<1
and
Eia(Xiti, t2) > maX{CFii,Yi (h,tz),CF%,Xi (t1,t2)} when o > 1,

where t1,ts > 0.

Theorem 2.9. Let X = (X1,X2), Y = (V1,Y2) and Z = (Z1,Z,) be three
nonnegative bivariate random vectors. Iin{ § }Zi, i1 =1,2, then for t1,ts > 0

— S —Q
CRY, v (t112) 4 S FCRY, 7,(t1,t),

=

where 0 < a # 1.

Proof. Let }7; <st Z hold for i = 1. As an immediate consequence we have

G(J?l, lfg)/G(f,l, tg)
H(:L’l, tg)/H(tl, tg)

(2.15) > 1.

Again, (2.3) can alternatively be rewritten as

(2.16) (1 —a)CKY, y,(t1,t2)

_ U P (w1, t9) (H(xy, t2)\ 1t Gay, t2) /Gt t2) \@!
’ln/o F(tl,t2)<H(t1,t2)) (H(a:l,tg)/H(tl,tg)) dzy.

Hence, the stated result for ¢ = 1 follows from (2.16) by making use of (2.15). The
proof of the other cases follows in the same line. This completes the proof. O
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Theorem 2.10. Let X, Y and Z be three nonnegative bivariate random vectors.
If)?i <st }Afi, then for t1,to > 0 and i = 1,2 we have

— >

X

} CF;,ZI (tl’ t2)

for0<a<lora>1.

Proof. Let us assume that )?i <st }Afi, i=1,2. Then for i =1, )?1 <st }71 leads
to

F(J?l, lfg)/F(f,l, lfg)
G(J?l, lfg)/G(f,l, tg)

(2.17) > 1.

By applying (2.3), C?;‘(hzl (t1,t2) can be rewritten as

(2.18) (1 - a)CKY, z (t1,t2)
" G2y, t2) (H(ﬂ?hb))a*lF(ﬂ?latz)/F( t2)
0 G(tlatQ) H(tlth) G(xlatQ)/G( )

Therefore, the desired result for ¢ = 1 is obtained by using (2.17) and (2.18). The
proof of the other cases is similar and therefore omitted. O

=In

dl‘l

As a continuation of the above result we have the following theorem.

Theorem 2.11. Let X, Y and Z be three nonnegative bivariate random vectors.
Iffori=1,2, Xz <st Zz <st Y“ then

and
CFZ“XI (tl’tQ) < CfgL,XL (t17t2) < CF;,ZI (tl’tQ)) « > ]‘)
where t1,t2 > 0.

Proof. With help of (2.3), for i =1, CF;,Xl (t1,t2) can be written as

(219) CKYl Xl (tl,tg

B G$17t2 H(zy, t2) Nt ¢ Fzy, t2) /[ F(t, t2) !
B ln/ (tlﬂfz)) <H($17t2)/H(t1at2)) do

Alternatively (2.19) can also be represented as

(2.20) CKy, x,(t1,t2)
1 t H((El,tg) (F(:L’l,tg))(’_l G(:L’l,tg)/G(tl,tg)

= In
1l -« 0 H(tl,tg) F(tl,tg) H(J?l,tg)/H(tl,tg)

diL’l.
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Now, let us assume for i = 1 that )/(\'1 <st 21 holds. As a consequence, we have

F(J?l,tg)/F(tl,f,Q)
H(l’l,tg)/H(tl,tg)

> 1.

After some algebraic manipulations, we obtain

b G(l‘l,ﬁg) H(J)l,tg) a—1 F(J?l,tg)/F(tl,f,Q) a—1
o G(tl,tg)(H(tl,tQ)) (H(ml,tg)/H(tl,tg)) dz

< f G(:L’l,tg) H(xl,tQ) a—1
{>}ln 0 G(tlatQ)(H(tth)) dz,

In

according as 0 < @ < 1 or @ > 1. Multiplying both sides by 1/(1—«) and using (2.19),
we obtain

(2.21) CKy, x,(ti,t2) <CKy, 7, (t1,t2) for0<a#1.

Again, assuming for ¢ = 1 that 21 <st }71 holds and then proceeding in the same
line, we get

t H(:L’l,tg) (F((El,tg))afl G(l’l,tg)/G(tl,tg)

(2.22) In dz;

o H(ti,ta) \ F(t1,t2) H(zy,t2)/H(t1,t2)
t1 1
< 1n H(‘T"l) t2) (F(xl, t2))a d 1,
o H(t1,t2) \ F(t1,t2)

for 0 < a # 1. Multiplying by 1/(1 — «) and then with the aid of (2.20), we have

— < — .
(2.23)  CKy, x, (t1,t2) { >}CK21,X1 (t1,t2), according as 0 < a < 1 or a > 1.
Thus, from (2.21) and (2.22), we conclude that the given results hold for i = 1. The
proof for i = 2 being analogous is omitted. O

3. CHARACTERIZATION

In the last three decades, several attempts have been made to characterize proba-
bility distributions in both the univariate and multivariate setup. Characterizations
of multivariate distributions have become a topic of great interest in the literature of
applied statistics, reliability and information theory. In this section we discuss char-
acterization theorems associated with some bivariate models based on the functional
form of GCCPI, BRHR and BEIT. Although the uniqueness of a characterization
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result is highly questionable, nonetheless under some conditions GCCPI uniquely
determines the parent distribution. Recall that the random vectors X = (X1, X2)
and Y = (Y1,Y2) are said to satisfy the conditional proportional reversed hazard rate
(CPRHR) model when the corresponding conditional reversed hazard rate functions
of )/(\'i and }7; satisfy

(3.1) 7 (t1,t2) = 0i(t;)97 (t1, t2)

fori =1,2; j = 3 —14, and t1,t2 > 0. Here 61(t2) and 02(t1) are positive functions
of to and t;, respectively. In the following theorem we show that GCCPI determines
the distribution function uniquely under CPRHR model assumption.

Theorem 3.1. Let X = (X1, X2) and Y = (Y1,Y2) be two absolutely continuous
nonnegative random vectors with cdf’s F(t1,t2), G(t1,t2), respectively, and satisfy
the CPRHR model given in (3.1). If (0/0t;)F(t1,t2) Is continuous in t;, i = 1,2,
then for each «, C?;i% (t1,t2) uniquely determine F'(t1,t2).

Proof. Let X = (X1,Xs5) and Y = (Y1,Y3) satisfy the CPRHR model with
the constant of proportion 6;(¢;), ¢ = 1,2; j = 3 — i. Assume that Z = (Z1,Z2)
and W = (W3, Wa) are other two absolutely continuous random variables with the
same support as that of X and Y and also satisfy the CPRHR model with the same
constant of proportion, i.e. 8;(t;). Now for i =1, Cfihyl (t1,t2) = Cfghwl (t1,t2)
implies that

9 —a 9 .
(1- a)ﬁ_thKX“Yl (t1,t2) = (1 - O‘)a_thKZl,Wl (t1,t2).

The above equation simplifies to
(= 1)@y (t1,t2) + 67 (t1, t2) = (= 1)) (t1, t2) + &7 (t1, t2).
Under the CPRHR model assumption, we have
O (tr, t2) = 67 (1, t2).
By retracing the above steps, we obtain
03 (tr,t2) = 65 (1, t2).

Thus, in general
¢z‘X(t17t2) = ¢¢Z(t1,t2), 1=1,2.

Hence, the result follows by using the fact that the vector valued reversed hazard
rate uniquely determines the bivariate distribution function (cf. Roy [38]). O
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In the sequel, we provide some characterization results with dependent marginals.

Theorem 3.2. Let X = (X1, X2) and Y = (Y1,Y2) be two random vectors satis-
fying the CPRHR model given in (3.1) for i = 1,2, j = 3 —i. If (0/0t;)F(t1,t2) is
continuous in t;, then for 0 < t1,to <1,i=1,2; 7 =3 — 1,

(3.2) (1 = a)CR 5, y, (b, t2) = Infuws (&)X (11, 12)]
if and only if X follows the distribution
(3.3) F(ty,ty) = titHM 2, 0 <ty,ty < 1, p <0,

where
24 plnt;

1+ 0:(tj)(@—1) +1)(1 + plnt;)

In particular, for u = 0, (3.3) is bivariate uniform.

wi(t;) =

Proof. Theif part is trivial when noting that if X follows the distribution (3.3)
then for i =1,2; j =3 — 4,

t.
J— K]
Xt ty) = — >
m; (t1,t2) 5 Int,

and
1 t;

CHxvilhite) = o I T T A+ pny)

To prove the converse let us assume that (3.2) holds. Under the CPRHR model
assumptions, for ¢ = 1, differentiating both sides of (3.2) with respect to t;, we get

_ 1+ Mlntg
b'e X
t1,t t1,tg) = ————.
¢1 ( 1, Q)ml ( 1, 2) 2+M1Dt2
Using (2.7), we have
1
—X

— i (ty, ) = ————

8t1m1(1’ 2) 2—|—ulnt2’
which by integration gives

my (t1, t2) = B S l1(t2),
2+ Mlntg

where [ (t2) is a constant of integration. Ast; — 0,75 (t1,t2) — 0 implies [1(t2) = 0,
which in turn gives the bivariate EIT of (3.3). Hence, the result follows for i = 1 by
virtue of the fact that bivariate EIT determines the distribution uniquely. The proof
of the other case is similar and hence omitted. O
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The next theorem gives a characterization of the bivariate power distribution.

Theorem 3.3. Let (X1, X2) and (Y1,Y2) be two absolutely continuous nonneg-
ative random vectors with common support (0,b1) x (0,b2) satisfying the CPRHR
model given in (3.1) for i = 1,2, j = 3 —i. If (0/0t;)F(t1,1t2) is continuous in t;,
i =1,2, then

(3.4) (1 — a)CK, y, (t1, t2) = In[d; (t; )T (t1, t2))],
where ) )
0<di(tj)< 1+(a—1)9i(tj)’ O<9i(ﬁj)< 1 —a
and .
di(t;) 0i(t;) >0

>
1+ (a—1)0;(¢))’
according as 0 < o < 1 and o > 1, respectively, characterizes the bivariate power

distribution
tl c1 t2 co+p ln(tl/bl)
. = (= — <0,
where

1—d;(bj)
[(a = 1)0(b;) + 1]di(b;) — 1°

C; —

Proof. The if part is straightforward. To prove the reverse implication, let us
assume that (3.4) holds. Under the CPRHR model assumptions, for i = 1, (3.4) can
alternatively be rewritten as

t1 ty
/ (Fa1, 1)) 0@ DV dp — d () (F (b1, £2))" 02 @D / Flay, t2) da.
0 0

Differentiating both sides with respect to ¢; and using (2.7), we get after some
algebraic manipulation

[(a—1)01(t2) + 1]d1(t2) — 1

7 = T e - 1)

oty
the integration of which gives

[(a —1)61(t2) + 1]di(t2) — 1
d1 (tg)gl (tg)(a — ].)

where nj(tz) is a constant of integration. As t; — 0, ™5 (t1,t2) — 0 implies

m{((thb) = t1 + ni(te),

n1(t2) = 0. By retracing the above steps, we obtain in general

[(a—1)8;(t;) + 1]di(t;) — 1
di(t;)0;(t;) (e = 1)
The rest of the proof follows from Theorem 2.1 of Nair and Asha [29]. g

m;X (tla t2) =

t, i=1,2; j=3—1i.
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Theorem 3.4. Let (X1, X5) and (Y1,Y2) be two absolutely continuous nonneg-
ative random vectors with common support (0,b1) x (0,be) satisfying the CPRHR
model given in (3.1) for i = 1,2; j = 3 —i. If (0/0t;)F(t1,t2) is continuous in t;,
i =1,2, then

(3.6) CKYX, v, (t1,t2) = Ci(t) — —a In[¢7 (1, 12)],
where
Ci(tj) < ! In ! 0<0;(ty) < !
ST —a T T+ (a—=1)0i(ty)] B
and
Ci(ty) > ——7 [l + (e = 1)fi(t;)], 6i(t;) >0

according as 0 < o < 1 and a > 1, respectively, characterizes the bivariate power
distribution given in (3.5) with

e(1=a)Ci(b;)

1 — [(or = 1)i(b;) + 1]e(t=)Culbs) "

C; =

Proof. The if part is straightforward. To prove the converse part, let us assume
that (3.6) holds. Under the CPRHR model assumptions, for i = 1, some algebraic
manipulations from (3.6), yield

t1 A y
/ (F(xl, t2))91(tz)(a—1)+1 dz; = Xli(Q)(F(tl, t2))01(t2)(a—1)+1’
0 (bl (tlatQ)

where A;(t2) = e(1=a)C1(t2) Differentiating both sides with respect to ¢; and sim-

plifying, we obtain

0 1 . 1-— [1 + (Oé — 1)01(t2)]A1(t2)
Oty oF (tr,ta) Ax(t2) ’

which with help of (2.7) leads to

Aq(ta)
1-— (a — 1)91(t2)A1 (tg).

O1 (b1, L)y (t,t2) =

Now, the rest of the proof follows from Theorem 3.1 of Nair and Asha [29]. A similar
result is obtained for i = 2. This completes the proof. O
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Now we provide a result where the support of the components is not restricted to
positive real half line. Here we assume that X = (X7, X5) and Y = (Y1,Y2) have
a common support D = (=00, b1) X (—o0, bz) with b; < co. Consequently, the lower
limit of integrations in (2.3)—(2.4) will be taken with —oo instead of zero.

Theorem 3.5. Let (X1, X2) and (Y1,Y2) be two absolutely continuous nonnega-
tive random vectors with common support D and satisfy the CPRHR model given
n (3.1). If (0/0t;)F(t1,t2) is continuous in t;, i = 1,2, then the following conditions
are equivalent:

(1) Cfii%(tl,tg) only depends on t; fori=1,2;j =3 —1,
(ii) (X1, X2) has the joint cdf’s of the form

F(tl,tg) = exp[cl(tl — bl) + Cg(tg — bg) + Cg(tl — bl)(tg — bg)],
where ¢; > 0.

Proof. Toprove (i) implies (ii), let us assume that CF?(“YL' (t1,t2) only depends
ont; for i =1,2; j =3 —1, ie. Cﬁii,m(tlvb) = ¢i(t;). Then for i = 1 we have
from (2.3)

ty
/ (F(21, 1))@= DH Qo = Ay (1) (F(t, t)) 0 t2) 0D+

— 00

where A; (t2) = ell=®)ei(t2) > (. Now differentiating both sides partially with respect
to t1, we have

1 1
) = e 1 - B Y

Thus, ¢:*(t1,t2) is independent of ¢; and only depends on t,. Similarly, it can be
shown that ¢ (t1,t2) only depends on t;. Let us assume that ¢ (t1,t2) = 71 (t2)
and ¢35 (t1,t2) = 72(t1). Using (2.7), we obtain after some algebraic manipulation
my (t1,te) = 1/7i(t;) = a4(t;), (say), for i = 1,2; j = 3 —i. Now, the rest of
the proof follows from Theorem 2.3 of Nair and Asha [29]. The converse part is
straightforward.

4. APPLICATION TO ELECTRICAL APPLIANCE FAILURE DATA

In this section, we illustrate the contribution of our proposed measure (i.e. GCCPI)
in a real-life problem. Note that our approach is parametric which involves specific
families of distributions.
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Information measures appear to be suitable performance criteria in estimation
and model selection. The use of information-theoretic approaches provides a new
paradigm for model selection in the analysis of empirical data. Model selection based
on information theory represents a quite different approach in the statistical sciences,
and the resulting selected model may differ substantially from model selection based
on some form of statistical null hypothesis testing. Though the information-theoretic
methods may not always be the very best for a particular situation, they do represent
a unified and rigorous theory, an extension of the likelihood theory, an important
application of the information theory, and they are objective and practical to em-
ploy across a very wide class of empirical problems. Model selection, under the
information-theoretic approach, attempts to identify the (likely) best model from
the candidate models available and orders the models from best to worst. Accord-
ing to the information-theoretic approach for model selection due to Burnham and
Anderson [5], for a given data set, the best fitted model is the one which has mini-
mum Kullback-Leibler (K-L) information or distance. The K-L distance between
models is a fundamental quantity in science and information theory (see Akaike [3])
and is the logical basis for model selection in conjunction with likelihood inference.
A good model contains the information in the data, leaving only noise. Of course,
we seek an approximating model that looses as little information as possible; this is
equivalent to minimizing K-L information. Again, in view of (1.6), minimizing the
K-L distance is equivalent to minimizing the (cumulative) inaccuracy measure (cross
entropy). Note that the most well-known model selection criterion, the Akaike in-
formation criterion (AIC), is an asymptotically unbiased estimator of the inaccuracy
measure from a parametric distribution to the true distribution of data. Minimizing
the AIC can be interpreted as minimizing an asymptotically unbiased estimator of
the inaccuracy/cross entropy. For some flavour of fascinating growth of cross entropy
for comparing models, one may refer to Burnham and Anderson [5], Jurafsky and
Martin [17] and Choe [7]. With this motivation, various generalized inaccuracy mea-
sures have been proposed in the literature which may contain minimum inaccuracy
(but could not be less than the information given by the Shannon entropy).

The use of CPI (Kx y) for comparing the true distribution to the used distribution
in statistical modeling has been discussed by Kundu et al. [24] in the univariate case.
To see the effectiveness of GCCPI in reliability modeling we consider the electrical
appliance failure data which are from an experiment in which new models of a small
electrical appliance were being tested (see Lawless [28]). The data set consists of
failure times or censoring times for 36 appliances subjected to an automated life
test. Failures are mainly classified into 18 different modes, though among 33 observed
failures only 7 modes are present and only modes 6 and 9 appear more than once.
We are mainly interested in the failure mode 9. The data consist of two causes of

189



failures, § = 1 (failure mode 9), 6 = 2 (all other failure modes), and § = 0 indicates
that the data are censored at that time point. The data are given below:

Data Set: (11,2), (35,2), (49,2), (170,2), (329,2), (381,2), (708,2), (958,2),
1062,2), (1167,1), (1594,2), (1925,1), (1990,1), (2223,1), (2327,2), (2400,1),
2451,2), (2471,1), (2551,1), (2565,0), (2568,1), (2694,1), (2702,2), (2761,2),
2831,2), (3034,1), (3059,2), (3112,1), (3214,1), (3478,1), (3504,1), (4329,1),
6367,0), (6976, 1), (7846, 1), (13403, 0).

The joint distribution of failure times and failure modes is of special interest.

~ o~~~

This can be used to help plan further development and testing of the appliance.
The failure time distribution will change as the appliance is developed, and product
improvements effectively remove certain causes of failure. In the final stages, the
failure time distribution model can be used to predict the implications of a warranty
plan for the appliance.

We now turn to an examination of statistical models for this data set. Sankaran
and Kundu [39] used Lindley-Singpurwalla bivariate Pareto (LSBP) distribution

(4.1) F(xlva) = (1+ Bz + 52352)70, z1,%2 > 0,

to analyze the data and estimated 31 = 0.00019, Bg = 0.00272, and 9 = 0.46683.
They also observed that the Sankaran-Nair bivariate Pareto (SNBP) distribution
given by

(4.2) F(z1,22) = (1 4+ mx1 +y2m2 + ’Yo$1$2)7¢7 z1,22 > 0,

can also be fitted to the data where 3 = 0.000340, 72 = 0.00454, 55 = 0.000074,
and ¢ = 0.43103. They have concluded that (4.1) provides a better fit than (4.2) to
the given data set. Now we will use GCCPI to identify which of these two models
is the closest to the distribution that generated the given data set. It has already
been mentioned that between two models, the more accurate model will be the one
with the lower inaccuracy measure. Let X = (X1, X2) and YV = (Y1,Y2) be two
nonnegative bivariate random vectors which follow the distributions (4.1) and (4.2),
respectively. Then Figure 4 shows that [CK, y, (t1,t2) —CKY. x, (t1,t2)] = 95 (t1, t2),

i = 1,2, are always positive for « = 1.5. Note that the substitutions t; = —Inx
and to = —Iny have been used while plotting curves so that ¥$(t1,t2) = 9% (z,y),
i=1,2.

From Figure 4 we observe that the GCCPI of X on Y, for some specific value of
the parameter, is less than when their role is inverted, which indeed shows that X
provides a better approximation to the true distribution that generated the data set
than Y. Hence, in agreement with Sankaran and Kundu [39], we can conclude that
(4.1) gives a better fit to the given data set.
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(i) Plot of 9% (z,y). (ii) Plot of 95 (z,y).
Figure 4. Graphical representation of 97 (z,y) and 95 (z, y).

Acknowledgements. Wesincerely thank the anonymous reviewer for several
helpful comments and suggestions which have considerably improved the content of
the paper.

References

[1] M. Abbasnejad: Some characterization results based on dynamic survival and failure
entropies. Commun. Stat. Appl. Methods 18 (2011), 787-798. doi]
[2] J. Akmadi, A. Di Crescenzo, M. Longobardi: On dynamic mutual information for bivari-

ate lifetimes. Adv. Appl. Probab. 47 (2015), 1157-1174. IMR]

[3] H.Akatke: Information measures and model selection. Bull. Int. Stat. Inst. 50 (1983),

277-290. MR

[4] S. Baratpour, A.H. Rad: Testing goodness-of-fit for exponential distribution based on

cumulative residual entropy. Commun. Stat., Theory Methods 41 (2012), 1387-1396. IMR]

[5] K.P.Burnham, D. R. Anderson: Model Selection and Multimodel Inference: A Practical

Information-Theoretic Approach. Springer, New York, 2002. MR

[6] N.D. Cahill, J. A.Schnabel, J. A. Noble, D.J. Hawkes: Overlap invariance of cumula-
tive residual entropy measures for multimodal image alignment. Medical Imaging 2009
(J.P.W.Pluim, B.M.Dawant, eds.). Proceedings of SPIE 7259, Society of Photo-
Optical Instrumentation Engineers, Washington, 2009, Article ID 72590I.

[7] Y. Choe: Information criterion for minimum cross-entropy model selection. Available at
https://arxiv.org/abs/1704.04315 (2017), 32 pages.

[8] A.Di Crescenzo, M. Longobardi: On cumulative entropies. J. Stat. Plann. Inference 139

(2009), 4072-4087. MR

[9] A.Di Crescenzo, M. Longobardi: Stochastic comparisons of cumulative entropies.
Stochastic Orders in Reliability and Risk (H.Li, X. Li, eds.). Lecture Notes in Statistics

208, Springer, New York, 2013, pp. 167-182. MR

[10] A.Di Crescenzo, M. Longobardi: Some properties and applications of cumulative
Kullback-Leibler information. Appl. Stoch. Models Bus. Ind. 31 (2015), 875-891. MR]
[11] N. Ebrahimi, E. S. Soofi, R. Soyer: Information measures in perspective. Int. Stat. Rev.
78 (2010), 383-412. doi]

[12] D.A.S. Fraser: On information in statistics. Ann. Math. Stat. 36 (1965), 890-896. MR

191


http://dx.doi.org/10.5351/ckss.2011.18.6.787
https://zbmath.org/?q=an:1355.94022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3433300
http://dx.doi.org/10.1239/aap/1449859804
https://zbmath.org/?q=an:0578.62059
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0820726
https://zbmath.org/?q=an:1319.62095
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2902993
http://dx.doi.org/10.1080/03610926.2010.542857
https://zbmath.org/?q=an:1005.62007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1919620
http://dx.doi.org/10.1007/b97636
http://dx.doi.org/10.1117/12.811585
https://zbmath.org/?q=an:1172.94543
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2558351
http://dx.doi.org/10.1016/j.jspi.2009.05.038
https://zbmath.org/?q=an:1312.62011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3156874
http://dx.doi.org/10.1007/978-1-4614-6892-9_8
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3445978
http://dx.doi.org/10.1002/asmb.2116
http://dx.doi.org/10.1111/j.1751-5823.2010.00105.x
https://zbmath.org/?q=an:0141.35501
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0176550
http://dx.doi.org/10.1214/aoms/1177700061

[13]
[14]
[15]
[16]
[17]
18]

[19]
[20]

21]
22]

23]
[24]
[25]
[26]
27]
28]
[20]

[30]
[31]

[32]

[33]
34]
[35]
[36]
37]

[38]

192

A. Ghosh, C.Kundu: Bivariate extension of (dynamic) cumulative residual and past

inaccuracy measures. To appear in Stat. Pap. doi
A. Ghosh, C. Kundu: Chernoff distance for conditionally specified models. To appear in
Stat. Pap. doi

A. Ghosh, C. Kundu: On some dynamic generalized measures of information for condi-

tionally specified models in past life. Statistics 51 (2017), 1398-1418. IMR]
E. J. Gumbel: Bivariate logistic distributions. J. Am. Stat. Assoc. 56 (1961), 335-349. MR
D. Jurafsky, J. H. Martin: Speech and Language Processing: An Introduction to Natural

Language Processing, Computational Linguistics, and Speech Recognition. Prentice-

Hall, Englewood Cliffs, 2009.

S. Kayal, S. M. Sunoj: Generalized Kerridge’s inaccuracy measure for conditionally spec-

ified models. Commun. Stat., Theory Methods 46 (2017), 8257-8268. zbl MR
J. T. Kent: Robust properties of likelihood ratio tests. Biometrika 69 (1982), 19-27. MR
J. T. Kent: Information gain and a general measure of correlation. Biometrika 70 (1983),

163-173. MR
D. F. Kerridge: Inaccuracy and inference. J. R. Stat. Soc., Ser. B 23 (1961), 184-194. E9I IVi§

S. Kotz, N. Balakrishnan, N. L. Johnson: Continuous Multivariate Distributions. Vol. 1:

= =

Models and Applications. Wiley, New York, 2000. MR
S. Kullback, R. A. Leibler: On information and sufficiency. Ann. Math. Stat. 22 (1951),

79-86. IMR]
C. Kundu, A.Di Crescenzo, M. Longobardi: On cumulative residual (past) inaccuracy

for truncated random variables. Metrika 79 (2016), 335-356. IMR]
A. Kundu, C. Kundu: Bivariate extension of (dynamic) cumulative past entropy. Com-

mun. Stat., Theory Methods 46 (2017), 4163-4180. MR
A. Kundu, C. Kundu: Bivariate extension of generalized cumulative past entropy. Com-

mun. Stat., Theory Methods 47 (2018), 1962-1977. MR]

A. Kundu, A. K. Nanda: On study of dynamic survival and cumulative past entropies.

Commun. Stat., Theory Methods 45 (2016), 104-122. IMR]
J. F. Lawless: Statistical Models and Methods for Lifetime Data. Wiley Series in Prob-

ability and Mathematical Statistics, John Wiley & Sons, New York, 1982. MR

N. U. Nair, G. Asha: Some characterizations based on bivariate reversed mean residual

life. ProbStat Forum 1 (2008), 1-14.

P. Nath: Inaccuracy and coding theory. Metrika 13 (1968), 123-135. MR
J. Navarro, Y. del Aguila, M. Asadi: Some new results on the cumulative residual en-

tropy. J. Stat. Plann. Inference 140 (2010), 310-322. MR

J. Navarro, S. M. Sunoj, N.N. Linu: Characterizations of bivariate models using some
dynamic conditional information divergence measures. Commun. Stat., Theory Methods

43 (2014), 1939-1948. IMR]
S. Park, I. Kim: On cumulative residual entropy of order statistics. Stat. Probab. Lett.

94 (2014), 170-175. MR
S. Park, M. Rao, D. W. Shin: On cumulative residual Kullback-Leibler information. Stat.

Probab. Lett. 82 (2012), 2025-2032. MR
G. Psarrakos, A. Toomaj: On the generalized cumulative residual entropy with applica-

tions in actuarial science. J. Comput. Appl. Math. 309 (2017), 186-199. MR
M. Rao, Y. Chen, B. C. Vemuri, F. Wang: Cumulative residual entropy: a new measure

of information. IEEE Trans. Inf. Theory 50 (2004), 1220-1228. IMR]
A. Rényi: On measures of entropy and information. Proc. 4th Berkeley Symp. Math.

Stat. Probab. 1. Univ. California Press, Berkeley, 1961, pp. 547-561. MR

D. Roy: A characterization of model approach for generating bivariate life distributions

using reversed hazard rates. J. Jpn. Stat. Soc. 32 (2002), 239-245. MR


http://dx.doi.org/10.1007/s00362-017-0917-5
http://dx.doi.org/10.1007/s00362-016-0804-5
https://zbmath.org/?q=an:06825550
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3734030
http://dx.doi.org/10.1080/02331888.2017.1335315
https://zbmath.org/?q=an:0099.14502
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0158451
http://dx.doi.org/10.2307/2282259
https://zbmath.org/?q=an:06790749
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3660053
http://dx.doi.org/10.1080/03610926.2016.1177083
https://zbmath.org/?q=an:0485.62031
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0655667
http://dx.doi.org/10.1093/biomet/69.1.19
https://zbmath.org/?q=an:0521.62003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0742986
http://dx.doi.org/10.1093/biomet/70.1.163
https://zbmath.org/?q=an:0112.10302
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0123375
https://zbmath.org/?q=an:0946.62001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1788152
http://dx.doi.org/10.1002/0471722065
https://zbmath.org/?q=an:0042.38403
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0039968
http://dx.doi.org/10.1214/aoms/1177729694
https://zbmath.org/?q=an:1333.94025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3473632
http://dx.doi.org/10.1007/s00184-015-0557-5
https://zbmath.org/?q=an:1368.62012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3599701
http://dx.doi.org/10.1080/03610926.2015.1080838
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3757723
http://dx.doi.org/10.1080/03610926.2017.1335412
https://zbmath.org/?q=an:1338.60055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3440373
http://dx.doi.org/10.1080/03610926.2013.824591
https://zbmath.org/?q=an:0541.62081
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0640866
https://zbmath.org/?q=an:05633231
https://zbmath.org/?q=an:0162.51101
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0238439
http://dx.doi.org/10.1007/BF02613380
https://zbmath.org/?q=an:1177.62005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2568141
http://dx.doi.org/10.1016/j.jspi.2009.07.015
https://zbmath.org/?q=an:06302741
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3196235
http://dx.doi.org/10.1080/03610926.2012.677925
https://zbmath.org/?q=an:1301.62047
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3257376
http://dx.doi.org/10.1016/j.spl.2014.07.020
https://zbmath.org/?q=an:1312.62012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2970308
http://dx.doi.org/10.1016/j.spl.2012.06.015
https://zbmath.org/?q=an:06626242
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3539777
http://dx.doi.org/10.1016/j.cam.2016.06.037
https://zbmath.org/?q=an:1302.94025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2094878
http://dx.doi.org/10.1109/TIT.2004.828057
https://zbmath.org/?q=an:0106.33001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0132570
https://zbmath.org/?q=an:1047.62050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1960368
http://dx.doi.org/10.14490/jjss.32.239

[39] P.G. Sankaran, D. Kundu: A bivariate Pareto model. Statistics 48 (2014), 241-255. MR

[40] M. Shaked, J. G.Shanthikumar: Stochastic Orders. Springer Series in Statistics,

Springer, New York, 2007. IMR]

[41] C. E. Shannon: A mathematical theory of communication. Bell Syst. Tech. J. 27 (1948),

379-423, 623-656. MR]

[42] J. Shi, Y. Cai, J. Zhu, J. Zhong, F. Wang: SEMG-based hand motion recognition us-
ing cumulative residual entropy and extreme learning machine. Medical & Biological
Engineering & Computing 51 (2013), 417-427. doi

[43] S. M. Sunoj, M. N. Linu: Dynamic cumulative residual Rényi’s entropy. Statistics 46

(2012), 41-56. MR

[44] A. Toomaj, S. M. Sunoj, J. Navarro: Some properties of the cumulative residual entropy

of coherent and mixed systems. J. Appl. Probab. 54 (2017), 379-393. MR]
[45] F. Wang, B. C. Vemuri, M. Rao, Y. Chen: A new & robust information theoretic measure

and its application to image alignment. Information Processing in Medical Imaging

(C. Taylor, J. A.Noble, eds.). Lecture Notes in Computer Science 2732, Springer, Berlin,

2003, pp. 388-400. doi

Authors’ address: Amit Ghosh, Chanchal Kundu (corresponding author), Department of
Mathematics, Rajiv Gandhi Institute of Petroleum Technology, Jais 229 304, Uttar Pradesh,
India, e-mail: ckundu@rgipt.ac.in, chanchal_kundu@yahoo.com.

193


https://zbmath.org/?q=an:1367.62282
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3175768
http://dx.doi.org/10.1080/02331888.2012.719521
https://zbmath.org/?q=an:1111.62016
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2265633
http://dx.doi.org/10.1007/978-0-387-34675-5
https://zbmath.org/?q=an:1154.94303
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0026286
http://dx.doi.org/10.1002/j.1538-7305.1948.tb01338.x
http://dx.doi.org/10.1007/s11517-012-1010-9
https://zbmath.org/?q=an:1307.62240
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2889011
http://dx.doi.org/10.1080/02331888.2010.494730
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3668472
http://dx.doi.org/10.1017/jpr.2017.6
http://dx.doi.org/10.1007/978-3-540-45087-0_33

		webmaster@dml.cz
	2020-07-02T14:58:35+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




