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ON A RESULT OF ZHANG AND XU
CONCERNING THEIR OPEN PROBLEM

SuJOY MAJUMDER AND RAJIB MANDAL

ABSTRACT. The motivation of this paper is to study the uniqueness of
meromorphic functions sharing a nonzero polynomial with the help of the
idea of normal family. The result of the paper improves and generalizes the
recent result due to Zhang and Xu [24]. Our another remarkable aim is to
solve an open problem as posed in the last section of [24].

1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper by meromorphic functions we shall always mean meromorphic
functions in the complex plane.

Suppose f and g are two non-constant meromorphic functions and a € C. We
say that f and g share the value a with counting multiplicities (CM), provided
that f —a and g — a have the same zeros with the same multiplicities. Similarly,
we say that f and g share the value a with ignoring multiplicities (IM), provided
that f — a and g — a have the same zeros ignoring multiplicities. Moreover we say
that f and g share co CM, if 1/f and 1/g share 0 CM, and we say that f and g
share oo IM, if 1/f and 1/g share 0 IM.

In this paper we take up the standard notations and definitions of the value
distribution theory (see [7]). For a non-constant meromorphic function f we denote
by S(r, f) any quantity satisfying the relation S(r, f) = o(T(r, f)) as r — oo except
possibly a set of finite linear measure.

We define T'(r) = max{T'(r, f),T(r,g)} and we use the notation S(r) to denote
any quantity satisfying the relation S(r) = o(T'(r)) as r — o0, outside of a possible
exceptional set of finite linear measure.

A meromorphic function «a is said to be a small function of f if T'(r,a) = S(r, f),
ie, if T(r,a) =o(T(r, f)) as r — oo except possibly a set of finite linear measure.

If f(z0) = 20, where zg € C, then 2y is called a fixed point of f(z). We use the
following definition throughout this paper

O(a; f)=1- limsup]\;Q(A;’ULJ;L,{)7
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where a € CU {o0}.
First we recall the following result due to W.K. Hayman.

Theorem A ([6]). Let f be a transcendental meromorphic function and n €
N\ {1,2}. Then f*f" =1 has infinitely many solutions.

Corresponding to Theorem A, C.C. Yang and X.H. Hua obtained the following
result.

Theorem B ([19]). Let f and g be two non-constant meromorphic functions, n € N
withn > 11. If f*f" and g™g' share 1 CM, then either f(z) = c1e%*, g(z) = coe™ %,
where c1, co and c are three constants satisfying (cic2)"t1c? = —1 or f =tg for a
constant t such that t"T1 = 1.

In 2002, using the idea of sharing fixed points, M.L. Fang and H.L. Qiu further
generalized and improved Theorem B in the following manner.

Theorem C ([4]). Let f and g be two non-constant meromorphic functions, and let
n € N withn > 11. If f*f' — 2z and g"g' — z share 0 CM, then either f(z) = cre,
g(z) = 026*“2, where c1, ca and ¢ are three non-zero complex numbers satisfying
4(crco)"tre? = —1 or f =tg for a complex number t such that t"T! = 1.

For the last couple of years a handful numbers of astonishing results have been
obtained regarding the value sharing of non-linear differential polynomials which
are mainly the k-th derivative of some linear expression of f and g.

In 2010, J.F. Xu, F. Lii and H.X. Yi studied the analogous problem corresponding
to Theorem C where in addition to the fixed point sharing problem, sharing of
poles are also taken under supposition. Thus the research has somehow been shifted
to wards the following direction.

Theorem D ([I6]). Let f and g be two non-constant meromorphic functions, and
let n, k € N with n > 3k 4+ 10. If (f*)® and (¢")*® share z CM, f and g share
oo IM, then either f(z) = cleczz, g9(z) = 626_622, where ¢1, co and ¢ are three
constants satisfying 4n*(cico)"c? = —1 or f = tg for a constant t such that t"* = 1.

Theorem E ([16]). Let f and g be two non-constant meromorphic functions
satisfying ©(co, f) > %, and let n, k € N with n > 3k +12. If (f*(f —1))®) and
(g"(g —1))*) share z CM, f and g share oo IM, then f = g.

Recently, X.B. Zhang and J.F. Xu further generalized and improved the results
obtained in [I6] in the following manner.

Theorem F ([24]). Let f and g be two transcendental meromorphic functions, let
p(2) be a non-zero polynomial with deg(p) =1 <5, n, k, m € N withn > 3k+m+7.
Let P*(w) = amw™ + @pm_1w™ L + -+ + ajw + ag be a non-zero polynomial. If
[f"P*()]*) and [¢"P*(g)]*) share p CM, f and g share oo IM then one of the
following three cases hold:

(1) f(z) = tg(z) for a constant t such that t* = 1, where d = GCD(n +
Mmy...,n+m=—1,...,n), Gpu_; # 0 for somei=1,2,...,m,
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(2) f and g satisfy the algebraic equation R(f,g) = 0, where R(wi,ws) =
WH AW} + 1w 4 4 ag) — B (AW + AWy T - ag);

(3) P*(2) reduces to a non-zero monomial, namely P*(z) = a;z* # 0 for
some i € {0,1,...,m}; if p(z) is not a constant, then f(z) = c1e°?(*),
9(2) = c2e7 Q) where Q(z) = fOZ p(t)dt, c1, co and ¢ are constants such
that a?(cic2)" ¥ [(n +i)c)> = —1, if p(z) is a non-zero constant b, then
f(2) = cze®, g(z) = cqe™ %, where c3, ¢4 and ¢ are constants such that
(—=1)*a2(c3cq)" T (n +i)c)?* = b2,

i

cz

Zhang and Xu made the following commend in Remark 1.2 [24]:

“From the proof of Theorem 1.3, when deg(p) becomes large we can see that the
computation will be very complicated and so we are not sure whether Theorem 1.3
holds for the general polynomial p(z).”

In addition they [24] posed the following open problem at the end of their paper.
Open problem. What happens to Theorem 1.3 [24] if the condition “I < 57 is
removed?

Regarding the above result, the first author [I3] asked the following question in
2016.

Question 1. Can the lower bound of n be further reduced in Theorem F?

Keeping in mind the above question, the first author obtained the following
result.

Theorem G ([13]). Let f and g be two transcendental meromorphic functions, let
p(z) be a nonzero polynomial with deg(p) <n—1, n(>1), k(> 1) and m(>0) be
three integers such that n > 3k +m + 6 and P*(z) be defined as in Theorem F. If
[ P*(£)]®), [g"P*(g)]*) share p CM and f, g share oo IM then the conclusion
of Theorem F holds.

This paper is motivated by the following questions
Question 2. Can one remove the conditions “I < 5” and “deg(p) < n — 1” respec-
tively in Theorems F and G?
Question 3. Can one deduce a generalized result in which Theorems F and G will
be included?
Question 4. Can the lower bound of n be further reduced in Theorem G?

Our main objective to write this paper is to solve the above questions.

2. MAIN RESULT AND DEFINITIONS
Throughout this paper, we always use P(z) to denote an arbitrary non-constant
polynomial of degree n as follows
P(2) = apn2" + anp_ 12"+ +ag

(2.1) =an(z—e)M(z—ex)® ... (2 — ey,
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where a; € C (1 =0,1,...,n) with a,, #0, e;(j = 1,2,...,s) are distinct numbers
in C and dy,dy,...,ds € NU{0}, n, s € N with

i=1

Let d = max{dy,ds,...,ds} and e be the corresponding zero of P(z) of multiplicity
d. We set an arbitrary non-zero polynomial P (z) by

S

(2.2) Pi(z) =an H (2 — )b = bp2™ + by_12™ L 4 4 by,
ditd
where a,, = b,,, and m =n —d. Let z1 = z — e. Then
Pi(z) =Pi(z1+€) = Pa(21) = 2" + cm,lzinfl +--decrz + oo,
where ¢, = b, = a,,. Obviously
(2.3) P(2) = (z — e)?Pi(2) = 2{Py(21) .
Let

S
my = Z dia
i=1
di#d
di <k+1
where k € N. Suppose I' = m + (k + 2)mgy, where mgy is the number of zeros of
Py (z) with multiplicities > k 4 2. Clearly I' < deg(Py) = m.
Before going to our main result we now explain the following useful definition

and notation.

Definition 1 ([I0, [1I]). Let k¥ € NU{oo}. For a € CU{oo} we denote by Ej(a; f)
the set of all a-points of f where an a-point of multiplicity m is counted m times if
m < k and k+1 times if m > k. If Ex(a; f) = Ex(a; g), we say that f, g share the
value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, )
respectively. If a is a small function, we define that f and g share (a,k) if f —a
and g — a share (0, k).

In this paper, taking the possible answers of the above questions into background
we obtain the following result.

Theorem 1. Let f and g be two transcendental meromorphic functions and let d,
n, k€ N and m, ' € NU{0} such that n > 2I' + 3k + 6 and d > k. Let p(z) be a
nonzero polynomial and P(z) be defined as in R.1)). If [P(f)]®, [P(g)]® share

(p, k1) where k1 = [ni'};]jl] + 3 and f, g share (0c0,0) then one of the following

three cases holds
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(1) f(2) —e = t(g(z) — e) for a constant t such that t% = 1, where dy =
GCD(d+m,...,d+m —1i,...,d), ¢y—i #0 for somei=1,2,...,m,

(2) f1 and g1 satisfy the algebraic equation R(f1,¢1) =0, where R(wi,ws) =
W (Cmwi 4 Cm1W] ™ ) — W emWE F Cmo1wd T A - 4 ),
where fi=f—eand g1 =g —e;

(3) P(2) takes the form P(z) = c;(z—e)¥+* £ 0 for somei € {0,1,...,m}. Also
if p(2) is not a constant, then f(z) = die® @) e, g(2) = dpe= ) f¢,
where Q(z) = [ p(t)dt, di, da and c¢* are constants such that c3(dyda)*™*
[(d + i)c*)? = =1, if p(z) is a non-zero constant, say b, then f(z) =
dse * +e, g(z) = dee= €%+ e, where ds, dy and ¢* are constants such that
(—1)kc2(d3ds)H[(d + i) c*]?k = b2

Remark 1. In this paper we can able to remove the conditions “I < 5” and
“deg(p) < n — 1” respectively in Theorems F and G without imposing any other
conditions and keeping all the conclusions intact. As a result both Theorems F and
G hold for a general non-zero polynomial p(z).

Remark 2. Let ustake d = n, e = 0 and Py (2) = apmz™+am_12" 1+ +a1z+ag
in (2.3), where ag,a1,...,amn_1, an, are complex constants. Then by replacing n

by d + m in Theorem [I] we can easily get a theorem which is the improvement of
Theorems F and G.

We give the following definitions and notations which are used in the paper.

Definition 2 ([9]). Let a € CU {cc}. For p € N we denote by N(r,a; f |< p)
the counting function of those a-points of f (counted with multiplicities) whose
multiplicities are not greater than p. By N(r, a; f |< p) we denote the corresponding
reduced counting function.

In an analogous manner we can define N(r,a; f |> p) and N(r,a; f |> p).

Definition 3 ([II]). Let k¥ € NU {oo}. We denote by N (r,a; f) the counting
function of a-points of f, where an a-point of multiplicity m is counted m times
if m < k and k times if m > k. Then Ni(r,a;f) = N(r,a;f) + N(r,a; f |>
2) + -+ N(r,a; f |> k). Clearly Ni(r,a; f) = N(r,a; f).

Definition 4 ([2]). Let f and g be two non-constant meromorphic functions
such that f and g share (a,0) for a € CU {oo}. Let zy be an a-point of f with
multiplicity p and also an a-point of g with multiplicity q. We denote by Nr.(r,a; f)
(Nr(r,a;g)) the reduced counting function of those a-points of f and g, where

p>q>1(qg>p=>1). Also we denote by Wg(r, a; f) the reduced counting function
of those a-points of f and g, where p = ¢ > 1.

Definition 5 ([I0, I1]). Let f and g be two non-constant meromorphic functions
such that f and g share (a,0). We denote by N.(r,a; f,g) the reduced counting
function of those a-points of f whose multiplicities differ from the multiplici-
ties of the corresponding a-points of g. Clearly N.(r,a; f,g) = N.(r,a;g, f) and
Nu(rya; f,9) = Np(r,a; f) + No(r, a5 9).
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Definition 6 ([§]). Let a,bq,b2,...,by € C U{oc}. We denote by N(r,a; f | g #
bi,ba,...,by) the counting function of those a-points of f, counted according to
multiplicity, which are not the b;-points of g for i =1,2,...,q.

Definition 7. Let h be a meromorphic function in C. Then h is called a normal
function if there exists a positive real number M such that h#(z) < M V z € C,
where

)
O = e

denotes the spherical derivative of h.

Definition 8. Let F be a family of meromorphic functions in a domain D C C.
We say that F is normal in D if every sequence {f,}, C F contains a subsequence
which converges spherically and uniformly on the compact subsets of D (see [15]).

3. LEMMAS

Let F' and G be two non-constant meromorphic functions defined in C. We
define the meromorphic functions H and V in the following manner

(31) H-(F-7) - (G- a27)
and

, , 1 l
(3.2) VZ(Ffil_%)_(Gcil_%)'

Lemma 1 ([I8]). Let f be a non-constant meromorphic function and let a,,(z)(# 0),
an—-1(2),...,a0(2) be meromorphic functions such that T(r,a;(z)) = S(r, f) for
i=0,1,2,...,n. Then

T(ryanf™ + an1f" '+ +arf+ao) =nT(r, f)+S(rf).

Lemma 2 ([23]). Let f be a non-constant meromorphic function and p, k € N.
Then

(3.3) Ny (r, 0; fO) < T(r, fR)) —T(r, f) + Npyno(r, 05 f) + S(r, f)

(34) Np (7", 0; f(k)) < /{N(’h oQ; f) + Np+k(rv 03 f) + S(T7 f) .

Lemma 3 ([12]). If N(r,0; f*) | f #0) denotes the counting function of those
zeros of f¥) which are not the zeros of f, where a zero of f*) is counted according
to its multiplicity, then

N(r,0; f®) | £ #0) < kN(r,00; f) + N(r,05 f |< k) + kN (r,0; f |2 k) + S(r, f).
Lemma 4 ([7, Theorem 3.10]). Suppose that f is a non-constant meromorphic

function, k € N\ {1}. If

N(r,00, f) + N, 05 f) + N, 05 f9) = 5, ];) ,

then f(z) = e***b where a # 0, b are constants.
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Lemma 5 ([5]). Let f(z) be a non-constant entire function and let k € N\ {1}. If
F(2)fF)(2) #0, then f(z) = e***, where a # 0, b are constant.

Lemma 6 ([20, Theorem 1.24]). Let f be a non-constant meromorphic function
and let k € N. Suppose that f¥) £ 0, then

N(r,0; f®) < N(r,0; f) + kN (r, 001 f) + S(r, f).
Lemma 7. Let f, g be non-constant meromorphic functions and let n, k, ' € N
with n > k4T 4 2. Let P(z) be defined as in and a(z)(# 0,00) be a small
function of f. If [P(f)]*) and [P(g)]*® share (a,0), then T(r,f) = O(T(r,g)),
T(r,g) = O(T(r, f))-
Proof. Let fi = f —e. Clearly F = f{P,(f). By the second fundamental theorem
for small functions (see [17]), we have

(35)  T(r, F®) <N(r, f) + N(r,0; F®) + N(r,a; F®) + (e + 0(1)) T(r, f)
for all e > 0. From (3.5)) and Lemmas with p = 1 we have
nT(r, f) < N(r, f) + Npa (r,0: F) + N(r,a; FV) 4 (e + 0(1)) T(r, f)

< N(r, f) + (k+ 1)N(r,0; f1) + N1 (r, 0; Py(f))
+ N(r,a; [P(£)]™) + (e + o(1))T(r, f)

< N(r, f) + (k+ 1)N(r,0; f1) + N2 (r, 0; Py (f))
+ N (r,a; [P(FIM) + (e + o(1))T(r, f)

< (k+T+2)T(r, f) + N(r,a; [P(9)]®) + (e +0o(1)) T(r, f),
ie.,
(n—k =T = 2)T(r, f) < N(r.: [P(@)]P) + (¢ + o(1) T ).
Since n > k + T+ 2, take ¢ < 1 and we have T'(r, f) = O(T'(r, g)). Similarly we
have T'(r,g) = O(T(r, f)). This completes the proof. O

Lemma 8. Let f and g be two non-constant meromorphic functions. Let P(z) be
defined as in 2.1) and k, T, n € N with n > 3k +2 T. If [P(f)]*® = [P(g)]®,
then P(f) = P(g).

Proof. We have [P(f)]*®) = [P(g)]®). Integrating we get
[POFY = [P(g)]* Y + et

If possible suppose c;_1 # 0. Now in view of Lemma [2| for p = 1 and using the
second fundamental theorem we get

nT(r,f) =T(r, P(f)) + O(1) < T(r,[P(F*) = N(r,0:[P(£) ")
+ Ni(r, 0 P(f) + S(r, f)
< N(r, 0 [P(£)]*D) + N(r, 005 f) + N (r, en—n; [P(£)] V)
= N, 0: [P(H*Y) + Nio(r, 0 P(f)) + S(r. )
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IA

N(r,00; f) + N(r,0; [P(9)] ¥ V) + Ny (r,0; P(f)) + S(r, f)

N(r,00; f)+(k—1)N(r, 00; g)+Ni(r,0; P(g)) + Nk (r,0; P(f)) +S(r, f)
N(r,00; f) + (k = 1)N(r,00;9) + k N(r,0; g1) + Ni.(r, 0; P1(9))

+k N(r,0; f1) + Ni(r,0; P (f)) + S(r, f)

< N(r,00; f) + (k — 1)N(r,00; g) + k N(r,0; 91) + Niy2(r, 0; Pr(g))
+k N(r,0; f1) + Nig2(r,0; PL(f)) + S(r, f)

<k+T+D)Tr )+ R2k+T —1)T(r,g9)+ S(r, f) +S(r,g)

< (Bk+2D)T(r) + S(r).

IN

IN

Similarly we get
nT(r,g) < Bk+2T)T(r)+ S(r).
Combining we get
nT(r)<Bk+20)T(r)+ S(r),
which is a contradiction since n > 3k +2T". Therefore ¢, _; = 0 and so [P(f)]*~1) =

[P(g)]*~1). Proceeding in this way after (k—1)-th step, we obtain [P(f)]' = [P(g)]'.
Integrating we get P(f) = P(g) + ¢o. If possible suppose ¢y # 0. Now using the
second fundamental theorem we get

nT(r, f)=T(r,P(f)) +O(1)
< N(T,O;P(f)) —I—N(r OO'P(f)) N(r co,P(f)) + S(r, f)
< N(r,0;P(f)) + N(r,00; f) + N(r,0; P(g)) + S(r, f)
< N(r, 05 f1) + N(r,0; Pu(f)) + (T,OO;f) +N(r,0;91)
+ N (r,0; Pi(g)) +5(r, f)
< N(r,0; f1) 4+ Nis2(r, 03 PL(f)) + N(r, 005 f) + N(r, 05 91)
+ Nig2(r,0; Pi(g)) + S(r, f)
<(T+2)T(r,f)+ T+ 1)T(r,g) + S(r, f) + S(r,g)
< 2T+ 3)T(r) + S(r) .

Similarly we get

A

nT(r,g) < 2L +3)T(r)+ S(r).
Combining these we get
(n—2I'=3)T(r) <5(r),

which is a contradiction since n > 2I" 4+ 3. Therefore ¢y = 0 and so P(f) = P(g).
This proves the lemma. O
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Lemma 9. Let f, g be transcendental meromorphic functions and let P(z) be
defined as in . Let d(> 1), m(> 0) and k(> 1) be three integers such that
d > k. If[P()]®[P(g)]*) = p?, where p(z) is a non-zero polynomial and f, g share
(00,0), then Py(21) is reduced to a non-zero monomial, namely Py(z1) = c;zt #0
for some i € {0,1,...,m} and so P(z) takes the form P(z) = ci(z — e)4T? £ 0 for
some i € {0,1,...,m}.

Proof. Suppose
[P(NPP(g) ™ = p?,

ie.,

(3.6) (e P ()] W92 Pa(g0)] @ = p?,

where f; = f — e and g1 = g — e. Since f and g share (00, 0), it follows that f and
g are transcendental entire functions.
Suppose on the contrary that, P>(z1) does not reduce to a non-zero monomial.

Then without loss of generality, we may assume that
Py(z1) = 2 + 12 ez + o,

where ¢y # 0,¢1,...,Cn_1,Cm 7# 0 are complex constants.
Since the number of zeros of p(z) is finite, it follows that both f; and g; have
finitely many zeros. Then f;(z) takes the form

f1(2) = h(z)e"?),
where h is a non-zero polynomial and «y is a non-constant entire function. Clearly
i (2) = AT ()l 4019,
where i = 0,1,...,m. Then by induction we have
(3.7) [cif{j“(z)](k) =1; (’y’,'y”, . ,’y(k), [ h(k))e(dH)V(’z) ,

where t;(v, 7", ..., y®, 0 0 hE) (G = 0,1,...,m) are differential polyno-
mials in

VA" AE R R ) Since fi(2) is a transcendental entire function, from
(13.7) we see that

ti(7/77”7' A 77(k)7h/7 h//7' * '7h(k)) % 0’
1 =0,1,...,m. Note that

k - i - i i
(3.8) [ffiP2(f1)}( = Dl ® =3 el = ey e
i=1 i=0 i=0
and so [f{P2(f1)]*) # 0. Note that f; = he?. So f; = h'e” 4+ o’he”. Therefore
% = %, +~'. Since v/ is an entire function, we have

/ /

T(r,y") =m(r,y') = m(r, f—i - E) < m(T, fé) —|—m(7“, %)

= S(r, f) + O(logr) = S(r, f)
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i.e.,
T(r,')=S(rf).
Therefore
T(r,y") = 5(r, f),
where i = 1,2,..., k. Since h are non-zero polynomial, it follows that T'(r,¢;) =

S(r, f), where i =0, 1,...,m. Note that
N(r,0; [f{Pa(f1)]®) < N(r,0,p%) < S(r, f) .
Now from ({3.6)) we have

(3.9) N(r,0;tg +t1€7 4 -+ tpe™?) < S(r, f) .
Since to + t1€” + - -+ + ™7 is a transcendental entire function and #y(z) is a
polynomial, it follows that tq is a small function of tg +t1e” + -+ + t,,™7. So from
(3-9) and using the second fundamental theorem for small functions (see [17]), we
obtain
mT(r, f1)=T(r,t1e7 + - + t,ne™) + S(r, f1)
< N(r,0;t,,e™ + tme1e™ DY 4 tie?)
+ N (1,05 tin€™ + tip_1e™ D7 4 tyeY + 1) + S(r, f1)

<N, 05 tye™ D7 1t ™D ) + S, 1)

< (m - ]')T(T7f1) + S(rvfl)a
which is a contradiction. Hence Py(z1) is reduced to a non-zero monomial, namely
Py(z1) = ¢zt # 0 for some i € {0,1,...,m} and so P(z) takes the form P(z) =
ci(z — €)™ £ 0 for some i € {0,1,...,m}. This proves the lemma. O
Lemma 10. Let f, g be two transcendental meromorphic functions and let P(z)
be defined as in (2.1)). Let F' = W, G = w, where p(z) is a non-zero
polynomial and n, k € N, m € NU {0} such that n > 3k +2T +3. If f, g
share (00,0) and H =0, then either [P(f)]®[P(f)]*) = p?, where [P(f)]*) and
[P(f)]*) share p CM or P(f) = P(g).

Proof. Since H = 0, on integration we get
1 bG+a—0
F-1 ~G-1 "~
where a, b are constants and a # 0. From , we see that F' and G share 1 CM.

‘We now consider the following cases.
Case 1. Let b# 0 and a # b. If b = —1, then from (3.10) we have

(3.10)

—a
F=_—"
G—-—a-1

Therefore
N(r,a+1;G) = N(r,00; F) = N(r,00; f) + S(r, f) .
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So in view of Lemmas[I] and 2] for p = 1 and using the second fundamental theorem
we get

nT(r,g) T( ) + S(r, 9)
T IP@IO) + N (1,05 P(@) ~ N (10, [P ®) + 50r,0)
T(r, G) + Nk;Jrl (r,0; P(g9)) — N(r,0;G) + S(r, g)
N(r,00;G) + N(r,0;G) + N(r,a+ 1;G) + Ni11(r,0; P(g))
— N(r,0;G) + S(r, g)
< N(r,00; f) + N(r,00; g) + Nyt1(r,0; P(g)) + S(r, f) + S(r, 9)
<2 N(r,00;9) + (k+1) N(r,e; f) + T T(r,g) + S(r, f) + S(r, 9)
< (k+T+3)T(r,g)+S(r, f)+S(rg),
which is a contradiction since n > k+ T + 3. If b # —1, from we obtain that

\/\/\

IN

—a

F—(1+i)=b2[0+a;b].

So

b_Ta;G) = N(r,00; F) = N(r,00; f) + S(r, f) .

Using Lemmas and the same argument as used in the case when b = —1 we

can get a contradiction.

Case 2. Let b# 0 and a = b. If b = —1, then from (3.10) we have FG =1, i.e.,
[P [P())W = p?,

where [P(f)]*) and [P(g)]*®) share p CM. If b # —1, from (3.10) we have

1 G
F (1+bG-1

N(n

Therefore
_ 1 _
N(r7:G) = N0 F).
Tl—i—bG (r,0; F)

So in view of Lemmas|[I|and [2 for p = 1 and using the second fundamental theorem
we get

nT(r,g) =T(r,P(g)) + S(r.g)
< T(r, [P(9)]™) + Nys1 (r,0; P(g)) = N (r,0; [P(9)]®) + S(r, 9)
< T(r,G) + Nipa (r,0; P(g)) — N(r,0;G) + S(r, 9)
< N(r,00;G) 4+ N(r,0; G) + N(r, %er; G) + Ni11(r,0; P(g))
— N(r,0,G) + S(r,g)
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§ N(Ta 003 g) + Nk+1 (Ta Oa P(g)) + N(Ta Oa F) + S(T‘, g)
< N(r,00;9) + Nit1(r,0; P(9)) + Nyt (r, 0; P(£))
+k N(r,00; f) + S(r, f) + 5(r 9)

<(k+T4+2)T(r,g) + Qk+T +1)T(r, f) + S(r, f) +S(r,9).
Without loss of generality, we suppose that there exists a set I with infinite measure
such that T'(r, f) < T(r,g) for r € I. So for r € I we have

(TL —3k—-2T-— 3) T(T7g) < S(T,g),

which is a contradiction since n > 3k +2 I 4 3.
Case 3. Let b= 0. From (3.10) we obtain
G+a-1
—
If a # 1 then from (3.11)) we obtain N(r,1 —a;G) = N(r,0; F). We can similarly
deduce a contradiction as in Case 2. Therefore ¢ = 1 and from (3.11)) we obtain
F =G, ie., [P(f)]® =[P(9)]®). Then by Lemmawe have P(f) = P(g). This
completes the proof. O

(3.11) F=

Lemma 11 ([7, Lemma 3.5]). Suppose that F is meromorphic in a domain D

and set f = % Then forn > 1,

F(") nin —1 _ _ n—
7 =/ %f” 2 4 anf T b fUTHED? A+ Paes(f),

where a, = gn(n —1)(n —2), b, = gn(n — 1)(n — 2)(n — 3) and P,_3(f) is a

differential polynomial with constant coefficients, which vanishes identically for

n < 3 and has degree n — 3 when n > 3.

Lemma 12 ([3]). Let f be a meromorphic function on C with finitely many poles.
If f has bounded spherical derivative on C, then f is of order at most 1.

Lemma 13 ([20, Theorem 2.11]). Let f be a transcendental meromorphic function
in the complex plane such that p(f) > 0. If f has two distinct Borel exceptional
values in the extended complex plane, then p(f) = p(f) and p(f) is a positive
integer or 0.

Lemma 14 ([22]). Let F' be a family of meromorphic functions in the unit disc A
such that all zeros of functions in F' have multiplicity greater than or equal to |
and all poles of functions in F' have multiplicity greater than or equal to j and
be a real number satisfying —l < a < j. Then F is not normal in any neighborhood
of zo € A, if and only if there exist
(i) points z, € A, z, — 2o,

(ii) positive numbers p,, pp — 0% and

(iii) functions f, € F,
such that p,® frn(zn + pnC) — g({) spherically locally uniformly in C, where g is a
non-constant meromorphic function. The function g may be taken to satisfy the
normalisation g% (¢) < g (0) = 1(¢ € C).
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Remark 3. Suppose in Lemma [14] that F' is a family of holomorphic functions in
the domain D and there exists a number A > 1 such that |f*) ()| < A, whenever
f = 0. Then the real number a in Lemma can be such that 0 < o < k. In
that case also fr,(zn + pn¢) — g(¢) spherically locally uniformly in C, where g is a
non-constant holomorphic function. The function g may be taken to satisfy the
normalisation g7 () < g#(0) = kA + 1(¢ € C).

Lemma 15 ([20]). Let f; (j = 1,2,3) be meromorphic functions, where f1 be
non-constant. Suppose that

1

3
> f
j=1
and

3
N(r,0; f;) +2)  N(r,00; f;) < (A+o(1))T(r),

3
=1 j=1

j
asrT — +oo, r € I, A <1 and T(r) = maxi<j<s T(r, f;). Then fa =1 or f3 =1.

Lemma 16. Let f, g be two transcendental entire functions such that f and g
have no zeros and p be a non-constant polynomial. Suppose (f™)'(g") = p?, where
n € N. Now

(i) if p(2) is not a constant, then f(z) = d1e°@), g(2) = doe Q%) where Q(z) =
Jy p(t)dt, di, dy and c are constants such that (nc)?(didz)" = —1,

(ii) if p(z) is a non-zero constant, say b, then f(z) = dze®*, g(z) = dge™ %, where
ds, d4 and c are constants such that (—1)*(dsdy)"™(nc)?* = b2.
Proof. Proof of lemma follows from proof of Theorem 1.3 [24]. (I

Lemma 17. Let f, g be two transcendental meromorphic functions such that f,
g share (00,0) and p be a non-zero polynomial. Let n, k € N such that n > k.
Suppose (f7)*F) (™)K = p2, where (f)*) - p(2) and (g")*®) — p(2) share 0 CM.
Now

(i) if p(z) is not a constant, then f(z) = d1e@®), g(z) = dye= Q)| where Q(z) =
Jo p(t)dt, di, dy and ¢ are constants such that (nc)?(dyds)"™ = —1,

(ii) if p(2) is a non-zero constant, say b, then f(z) = dze®®, g(z) = dye™*, where
ds, dy and c are constants such that (—1)*(dzds)™(nc)?* = b2,

Proof. Suppose

(3.12) (fM® (g™ =p*.
Since f and g share (00,0), from (3.12) one can easily say that f and g are
transcendental entire functions. Let

n\ (k) n\ (k)
(3.13) [ A A S A Uy
p P

From (3.12)) we get
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If Fy = ¢jGy, where ¢f € C\ {0}, then from (3.14) we have Fj is a constant and
so f is a polynomial, which contradicts our assumption. Hence Fy # ¢;Gj.
Let

ny(k) _
(3.15) P = (f)%
(g")®) —p
We deduce from ([3.15)) that
(3.16) O =en,
where v is an entire function Let f1=F1, fo =—e"G1 and f3 = e". Here f; is
transcendental. Now from (3.15)) and (| -, we have
fi+fot+fa=1.

Hence by Lemma [6] we get
3 3
S N0 f;) 42> N(r,00; f;) < N(r,0; Fy) + N(r,0;¢"G1) + O(log )
j=1 j=1
< (A+o(1)T(r),

as r — +o0, r € I, A <1 and T(r) = maxi<;<3 T(r, f;).
So by Lemmal[T5] we get either €7'G; = —1 or €”* = 1. But here the only possibility
is that €'G| = —1, i.e., (¢")*) = —e~"p(2) and so from (3.12) we get

(3.17) (fM® =czenp,  (¢")W =cjep,

where ¢3 = +1. This shows that (f")*) and (g”)(k) share 0 CM. Let 2, be a zero
of f(z) of multiplicity p and z, be a zero of g(z) of multiplicity ¢. Since n > k, it
follows that z, will be a zero of (f™(2))*) of multiplicity np — k and z, will be a
zero of (g"(2))®) of multiplicity ng — k. Since (f"(2))*) and (¢™(2))*) share 0
CM, it follows that z, = 2z, and p = ¢. Consequently f(z) and g(z) share 0 CM.
Since N(r,0; f) = O(logr) and N(r,0;¢g) = O(logr), so we can take

(3.18) f(2)=h(2)e®®, g(2) = h(2)e’?,

where h; is a non-zero polynomial and «, 3 are two non-constant entire functions.
We consider the following cases.

Case 1. Suppose 0 is a Picard exceptional value of both f and g.

We now consider the following sub-cases.

Sub-case 1.1. Let deg(p) =1 € N.

Since N(r,0; f) = 0 and N(r,0;g) = 0, so we can take

(3.19) flz)=e"® g(z) =€),

where a and (8 are two non-constant entire functions.
We deduce from (3.12) and (3.19) that either both a and [ are transcendental
entire functions or both are polynomials. We consider the following sub-cases.
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Sub-case 1.1.1. Let k € N\ {1}.
First we suppose both « and 3 are transcendental entire functions. Note that

S(r,na’) = S(r, (J;:L)/) . S(r,nB) = S(r, (ggz)/) .

Moreover we see that
N(r, 05 (fM)™®) < N(r,0;p*) = O(logr) .
N(r,0; (g")(k)) < N(r,0;p%) = O(log ) .
From these and using (3.19)) we have

(3.20) N (r,00; f*) + N(r,0; f*) + N(r,0; (f")(k)) = S(r,na’) = S(r,

and

(321) N(ro0ig") + N(r0:g") + N (r.0: (")) = S(r.n) = 5(r. LY.

Then from (3.20)), (3.21) and Lemma 4| we must have
(322) f(Z) = ea;z—‘rb; y g(z) = eC§Z+d§ s

where a3 # 0, b3, ¢ # 0 and dj are constants. But these types of f and g do not

agree with the relation ([3.12)).
Next we suppose a and § are both non-constant polynomials.

Also from (3.12)) we get o + 8 = C1, i.e., o/ = —3'. Therefore deg(a) = deg(f).
If deg(a) = deg() = 1, then we again get a contradiction from (3.12). Next we
suppose deg(a) = deg(3) > 2. Now from (3.19) and Lemma [11| we see that
k(k—1
(fn)(k) — [nk(al)k + ( 5 )nkfl(a/)k72a// + Pk—l(a,)} ene
Similarly we have

(gn)(k) _ [nk(ﬂ')k + k(k; 1)nk71(6/)k72/8// + Pk—l(ﬁ/):| enﬁ

— |:(—1)knk(0/)k _ k(kQ_ l)nk—l(_l)k—Q(a/)k—2a// + Pk—l(—a/)} ene

Since deg(a) > 2, we observe that deg((a’)*) > k deg(a’) and so (o/)¥~2a/ is
either a non-zero constant or deg((a/)*~2a”") > (k — 1) deg(a’) — 1. Also we see
that

deg ((o/)*) > deg ((a/)"2”) > deg (Pr—2(a’)) (or deg (Pr_2(—a'))).
Let
[a(2)] = ez’ +err_1287 4 e,
where ej; € C\ {0}. Then we have

(l(2)])" = €l 2™ +iel termr 21+
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where ¢ € N. Therefore we have
(fM®) = [nFef, 2" + Enfefley, 127 4o 4 (Dy + Do)2R 1 e
and

(g”)(k) — [(_l)knkellctzkt T (_1)kknkellet—lelt_lzkt71 +. .

+{(=1)*Dy + (=1)* ' Do} L Te

where Dy, Dy € C such that Dy = @tnk_le’ftfl. Since (f*)*) and (g")®*)
share 0 CM, we have

nkek M 4 knkekler, 2L 4y (D) + Do)kt 4
= di{(—1)FnFef, 2" + (=1)Fknkel ey, 12M1 ...
(3.23) +{(=1)FDy + (-1 Do} )
where dj € C\ {0}. From we get Dy =0, i.e.,

=), st g,

2
which is impossible for k& > 2.
Sub-case 1.1.2. Let k£ = 1. Remaining part follows from Lemma
Sub-case 1.2. Let p(z) = b € C\ {0}. Since n > 2k, we have f # 0 and g # 0.
Now using Sub-case 1.1 we can prove that f = e® and g = €, where o and f3 are
non-constant entire functions. We now consider the following two sub-cases.
Sub-case 1.2.1. Let k > 2. We see that N(r,0; (f*)*)) = 0. Clearly

(3.24) rEEE)" 20, @) £o.

Then from and Lemma [5] we must have f(2) = e?**?, g(2) = e“*%, where
a #0,b, ¢ # 0 and d are constants. From it is clear that a 4+ ¢ = 0. Therefore
f and g take the forms f(z) = dse®?, g(z) = dye™ %, where d3, d4, ¢ € C such that
(—1)F(dsdy)™(nc)?F = b2

Sub-case 1.2.2. Let k = 1. Remaining part follows from Lemma

Case 2. Suppose 0 is not a Picard exceptional value of f and g.

Let H=f" H=g" F= % and G = %. Let F = {F,} and G = {G,}, where

F,(z)=F(z+w) = IZ((ZZ_tj)) and G,(z) = G(z +w) = I;((ZZ;:’)), z € C. Clearly F
and G are two families of meromorphic functions defined on C. We now consider
following two sub-cases.

Sub-case 2.1. Suppose that one of the families F and G, say F, is normal on C.
Then by Marty’s theorem F#(w) = F#(0) < M for some M > 0 and for all w € C.

Hence by Lemma [12| we have F' is of order at most 1. Now from ([3.12)) we have

(3.25) = olg") = (L) = plg) <1
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Noting that f and g are transcendental entire functions, we observe from ({3.25))
and Lemma [13] that u(f) = p(f) = 1. Now from (3.18) we have
(3.26) f=he”, g=hye’,

where o and (§ are non-constant polynomials with degree 1. From (3.12)) we see
that a + 8 = C; where C is a constant and so o’ + ' = 0. Again from (3.26) we
have

k .
() = e 3 kCitmary = (hi(=) ",

=0
where we define (h}(2))©) = h”(z) Similarly we have

(g (k) nBZkC )k—z(h?(z))(i) )

Since (f™)*) and (¢g™)*) share 0 CM, it follows that

k k
(3:21) ) FCalna’)* 7 (k(2)) " = d5 D FOU(=1)F ma')* T (ki ()

i=0 1=0
where d5 € C\ {0}. But from (3.27) we arrive at a contradiction.
Sub-case 2.2. Suppose that one of the families F and G, say F is not normal on
C. Then there exists at least one zg € A such that F is not normal 2y, we assume
that zp = 0. Now by Marty’s theorem there exists a sequence of meromorphic
functions {F(z4+w;)} C F, where z € {z : |2] < 1} and {w;} C C is some sequence
of complex numbers such that
F* (wj ) - 0,

as |wj| — oo. Note that p has only finitely many zeros. So there exists a r > 0
such that p(z) # 0 in D = {z : |z| > r}. Since p(z) is a polynomial, for all z € C
satisfying |z| > r, we have
P(z)| . My

<My ) 20,
p(2) 17 |2
Also since w; — oo as j — oo, without loss of generality we may assume that
|lw;j| > 7+ 1 for all j. Let D1 = {z: |z| < 1} and
H(w; + 2)
p(wj +z)
Since |w; + z| > |w;| — |#|, it follows that w; + z € D for all z € D;. Also since
p(z) # 0 in D, it follows that p(w; + 2z) # 0 in D; for all j. Observing that F(z) is
analytic in D, so F(w; + z) is analytic in D;. Therefore all F'(w; + z) are analytic
in Dy. Also from (3.17)) we see that every zeros of hi(z) must be the zeros of p(z).
Thus we have structured a family {F(w; + z)} of holomorphic functions such that
F(wj +z) # 0in Dy for all j.
Then by Lemma [14] there exist

(i) points zj, |z;] <1,

(3.28)

F(wj +z) =
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(ii) positive numbers p;, p; — 07,

(iii) a subsequence {F'(w; + z; + p;{)} of {F(w; + 2)}

such that

h;(€) = pj " F(wj + 2 + p;C) — h(¢)
ie.,
(3.20) h(Q) = pr* L EE 00 )

p(w; + 2 + p;C)
spherically locally uniformly in C, where h(¢) is some non-constant holomorphic
function such that h#(¢) < h#(0) = 1. Now from Lemmawe see that p(h) < 1.

By Hurwitz’s theorem we can see that h(¢) # 0. In the proof of Zalcman’s lemma
(see [14, 21]) we see that

and
(3.31) F#(b;) 2 F*(w)),

where b; = w; + z;. Note that

pWitzitrd)
p(w;j+ 2+ p;C)

as j — oo. We now prove that

(3.32)

®)  H®(wj + 2+ p;Q)

3.33 h; — hF)(¢).
(3.33) (h;(¢)) (5 + 2 + 730) (©)
Note that from

—ep1 H (Wi + 2 + p50) —k1 P (w5 + 2+ piC)
—k+1 1A RIS gy 4 pr JTE P fr (g2 4 piC
]( ) P] p2(w]—|—2]+p]<) ( J J pJ )

o plws 2+ ps0)
P + 25 + psC)
3.34 =h.(¢) + pj——T—L—L2h,(C).
Now from (3.29)), (3.32)) and (3.34)) we observe that

—p H'(w) + 25 + p;0)

— R ().
T plwi+ 2+ pi0) ©
Suppose
._k+lH(l)(Wj 2+ 00 hD(¢) .
7w+ 7+ piQ)
Let

HO(w; + 2 + p;<)
G, I J J Jj
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Then
G3(¢) = nM(Q).

Note that

i1 HOD (0t 24p5€)  GL(C) P (witz+p;¢)
! p(wj+ 2+ p;iQ) ! ! P*(wj + 2 + p;€)

"(wj + 25 + p;¢)

335 — G/' + pp J J J
So from (3.32) and (3.35)) we see that

—k+i+1 H (w) + 25 + p;¢)
! p(wj + 2+ p;iC)

HO(wj+2+p;¢)

G;(C).

ie.,

! p(wj + 2z + p;C) !
Then by mathematical induction we get the desired result (3.33). Let
(k) _ ﬁ(k)(wj + z; + ij)
p(w; + 2 + p;C)

(3.36) (h;(0))

From (3.12) we have
H® (w; 4 25+ p;Q) HW(w; + 25 +p;¢) _
pwj + 2 +pi0) P + 2+ p;i()
and so from (3.33)) and (3.36]) we get

k) (3 (k)
(3.37) (h; () (hy ()™ =1.
Now from (3.33)), (3.37)) and the formula of higher derivatives we can deduce that
hy(€) = h(Q)
ie.,

A

H(a)j+2j+ij) _}]fL(C)
p(w; + 2 + p;C) ’
spherically locally uniformly in C, where }AL(C) is some non-constant holomorphic

function in the complex plane. By Hurwitz’s theorem we can see that ﬁ(() # 0.
Therefore (3.38]) can be rewritten as

(3.38)

A k A k
(3.39) (hi()™ = ()™
spherically locally uniformly in C. From , and we get
E) /3 k
(3.40) (n())™® ()™ =1.

Now from (3.40) and p(h) < 1 we see that
(3.41) p(h) = p(h*)) = p(h")) = p(h) < 1.
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Noting that h and h are transcendental entire functions, we observe from ({3.41)
and Lemma that p(h) = p(h) = 1. Therefore we have

(3.42) h(z) = c1e®®, h(z) = ée

where c;, é& and c are non-zero constants satisfying (—1)*(c1é2)(c)?* = 1. Also
from (3.42)) we have

h;(©) _ p'F,(wj tzi+pQ) Q) _

h; (<) JF(ijFZjJerC) h(C) ’

spherically locally uniformly in C. From and (| we get

(3.43)

). Fllwj+2z)] _ 1+ |F(wj + Zj)|2 |F'(wj + 25|
T F(wj +2) [F'(wj +2))| [F(w; + 2)l
_ 1+|F(w]'+2j)|2 h/(O)‘ _ |C|
[F(wj + 2] 0) ’

which implies that
(3.44) jlggo F(wj+2;)#0, co.
From (3.29) and (3.44) we see that
(3.45) h .(0) = p; "F(wj + 2j) — .
Again from and (| we have
(3.46) hj( ) — h(0)=c1.
Now from (3.45) and (3.46)) we arrive at a contradiction. This completes the
lemma. (]

Lemma 18. Let f and g be two transcendental meromorphic functions and let
d(>1),m(> 0),k(> 1) be three integers such that d > k. Let P(z) be defined as in
@1) and p(z) be a non-zero polynomial. Suppose [P(f)]*F)[P(g)]*) = p?, where
[P(£)]®), [P(9)]*®) share p CM and f, g share (00,0), then Py(z1) is reduced to
a non-zero monomial, namely Py(z1) = ¢;2% # 0 for some i € {0,1,...,m} and
so P(z) takes the form P(z) = c;(z — )" # 0 for some i € {0,1,...,m}; if
p(z) is not a constant, then f(z) — e = die® @), g(z) — e = doe ¢ Q) where
= [ p(t)dt, di, dz and c* are constants such that C; (dldz)d+l[(d+z) 2 = -1,
zfp( ) is a non-zero constant, say b, then f(z) — e = dse® *, g(z) — e = dye 7,
where d3, dy and c* are constants such that (—1)¥c2(dsdys)?[(d + i)c*]?k = b2

Proof. The proof of lemma follows from Lemmas [J] and O

Lemma 19 ([1]). Let f and g be two non-constant meromorphic functions sharing
(1,k1), where 2 < ky < oco. Then

N1 f|=2)+2N(r1;f|=3)+-+ (ks = 1) N(r,1; f |= k1) + k1 Np.(r,1; f)

(k1+1

+ (k1 +1) Np(r,1;9)+ ki N " (r,1;9) < N(r,1;9) — N(r, 1;g9) .
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Lemma 20. Suppose that f and g be two non-constant meromorphic functions.
Let F = [P(f)]®, G = [P(9)]®), where n, k € N and P(z) be defined as in (2.1).
Suppose H #£ 0. If f, g share (00,0) and F, G share (1,k1), where 0 < k; < oo
then
(n—k=1)N(r,00; f) < (k+T + 1) {T(r, f) + T(r, 9)}
+ Nu(r, 1 F,G)+ S(r, f) +S(r,9) .

Proof. If co is a Picard exceptional value of f and g, then the result follows
immediately.

Next we suppose oo is not a Picard exceptional value of f and g. Since H # 0, it
follows that F' #Z G. We claim that V' # 0. If possible suppose V' = 0. Then by
integration we obtain

1—%:14(1—%).

Note that if 2] is a pole of f then it is a pole of g. Hence from the definition of F’
and G we have F(lz*) 0 and G( 5 = = 0. So A =1 and hence F = G, which is a
1

contradiction.

We suppose that z; is a pole of f with multiplicity ¢ and a pole of g with multiplicity
r. Clearly zq is a pole of F' with multiplicity nq+ k& and a pole of G with multiplicity
nr + k. Clearly % = O((z — 2)™**=1) and % = O((z —
20)"TF=1). Consequently, V = O((z — z)"*t*~1), where t = min{g,r}. Noting
that f, g share (00,0), from the definition of V' it is clear that zy is a zero of V
with multiplicity at least n + k — 1. Now using the Milloux theorem [7, p. 55],
and Lemma [T} we obtain from the definition of V' that m(r, V') = S(r, f) 4+ S(r, g).
Thus using Lemma |1| and we get

(n+k—1)N(r,00; f) < N(r,0;V) < T(r,V)+0(1) < N(r,00; V)+m(r,V)+0(1)
< N(r,0; F) + N(r,0;G) + N.(r, 1; F,G) + S(r, f) + S(r, 9)
< Ni41(r,0; P(f)) + Nya (7,05 P(g)) + kN(r, 003 f)
+kN(r,00;9) + Nu(r,1; F,G) + S(r, f) + S(r, 9)
< Ni1(r,0; P(f)) + Nya (7,05 P(g)) + 2kN(r, 00; f)
+ N.(r,; F,G)+ S(r, f) + S(r,9)
<(k+T+1)T(r f)+(k+T+1)T(r,g) + 2kN(r,00; f)
+ N.(r,; F,G)+ S(r, f) + S(r,9) .
This gives
(n — k- 1)N(r,oo;f) <Kk+T+0){T(r,f)+T(r,g9)}
+ No(r,1;F,G)+ S(r, f) +S(r,9) .
This completes the proof. (I
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4. PROOFS OF THE THEOREM

Proof of Theorem [Il Let F = [P(J;]( : and G = T] Note that since f and
g are transcendental meromorphic functlons, p is a small function with respect to
both [P(f)]*) and [P(g)]*®). Also F, G share (1,k;) except for the zeros of p and
f, g share (00,0).

Case 1. Let H # 0.

From it can be easily calculated that the possible poles of H occur at (i)
multiple zeros of F' and G, (ii) those 1 points of F' and G whose multiplicities are
different, (iii) those poles of F' and G whose multiplicities are different, (iv) zeros
of F'(G’) which are not the zeros of F(F — 1)(G(G — 1)).

Since H has only simple poles we get

N(r,o0; H) < Nu(r,00; F,G) + Ni(r,1; F,G) + N(r,0; F| > 2)
(4.1) + N(r,0;G| > 2) + No(r,0; F') + No(r,0;G") + S(r, f) + S(r,9),
where Ng(r,0; F') is the reduced counting function of those zeros of F’ which are
not the zeros of F(F — 1) and N(r,0; G’) is similarly defined.

Let zo be a simple zero of F(z) — 1 but p(zp) # 0. Then zj is a simple zero of
G — 1 and a zero of H. So

(4.2) N(r,l;F| =1) < N(r,0; H) < N(r,o0; H) + S(r, f) + S(r,9) .
Using (4.1)) and we get
N(r, 1;F) < N(r, 1;F| =1)+ N(r,1;F| > 2)
< Nu(r,00; f,9) + N(r,0; F| > 2) + N(r,0;G| > 2) + N.(r,1; F, G)
+ N(r,1;F| > 2) + No(r,0; F') + No(r,0; G') + S(r, f) + S(r, g)
< N(r,o0; f) + N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r,; F,G)
(4.3) + N(r,1;F| > 2) + No(r,0; F') + No(r,0; G') + S(r, f) + S(r, g) -
Now in view of Lemmas [TI9] and [3] we get
No(r,0;G") + N(r,1;F |[>2) + N.(r,1; F,G)
< No(r,0;G)+ N(r,1; F|=2)+ N(r, ;F| =3)+--- + N(r, 1; F| = k1)
FNWTY L F) + No(r 1 F) + No(r,1;G) + Na(r, 1, F, G)
< No(r,0;G") = N(r,1; F| =3) — - — (k1 —2)N(r, 1; F| = k1)
(k1 = )N 1, F) — 5y NL(r 1G) — (ki — DN (1 1; F)
+ N(r,1;G) = N(r,1;G) + N.(r,1; F,G)
< No(r,0;G") + N(r,1;G) — N(r, 1,G) — (ky —2)N(r,1; F)
— (k1 — 1)]\/'1;(7‘7 1;G)
<N 0;G' |G#0)— (ki —2)Np(r,1; F) — (ky — )N (r, 1;G)
(4.4) < N(r,0;G) + N(r,00;9) — (k1 —2)N.(r,1; F,G) — Np(r,1;G).
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Hence using ., Lemmas [2| . and [20) . we get from the second fundamental
theorem that

nT(r, f) < T(r,F) + Nyy2(r,0; P(f)) — Na(r,0; F) + S(r, f)
< N(r,0; F) + N(r, oo;F)—i—N(r,l;F)—|—Nk+2(r,0;P(f))
— Na(r,0; F) — No(r,0; F") + S(r, f)
< N(r,00, f) + N(r,00; ) + N(r,0; F) + Niyo (1, 05 P(f))
+ N(r,0;F| >2)+ N(r,0;G| > 2) + N(r,1; F| > 2)
+ N, (r,1;F,G) + No(r,0;G') — Nao(r,0; F) + S(r, f) + S(r, g)
< 3 N(r,00; f)+Nis2(r,0; P(f)) + Na(r,0;G) — (k1 — 2) No(r,1; F, G)
—Np(r,1;G)+ S(r, f) + S(r,9)
< 3(r, 005 £)+ Nusa (1,0 P(F)) +  N(r,00: ) + Ny (1:0; P(9))
— (k1 —2) Nu(r, 1, F,G) + S(r, f) + S(r, 9)
< (B+k)N(r,o0; f) + (k+T +2) T(r, f) + (k+T +2) T(r, )
— (k1 —2) No(r, 1; F,G) + S(r, f) + S(r, 9)
< (k+T+2) {T(r,f) +T(r,g)} + (3 + k)N (r, 00; f)
— (k1 —2) Nu(r, 1, F,G) + S(r, f) + S(r, 9)
B+k)(E+T+1)
—k-1
. N.(r,1;F,G)— (k1 —2) N.(r,1; F,G) + S(r, f) + S(r, 9)

n—k—
< [k+r+2+(3+k)(k+1"+1)
n—k—1

(4.5) +S(r, f)+ S(r,9) .

In a similar way we can obtain

< (k4T +2){T(r, /)+T(r,9)} + {T(r, f)+T(r,9)}

3+k

| {76 5) + T, 9}

(3+E)(k+T +1)

nT(rg) < [k+T+2+ | 176, 1)+ T, 9}

n—k—1
(4.6) +S(r f)+S(r,g).
Adding (4.5) and (| we get
(6+2k)(k+F+ 1)

PPQF—%—4— }{ﬂnﬂ+Tmm}gann+Smm,

n—k—1

ie.,

[nQ—n(3k+ 2T + 5)—(2k+2)}

- [T, N+T(1,9)} < 5. /) +8(rg).

(4.7)

Note that

2T + 3k + 5 + /(2T + 3k + 5)2 + 4(2k + 2)
5 :

2+ 3k +6 >
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Consequently when n > 2I" 4+ 3k + 6, we obtain a contradiction from (4.7)).
Case 2. Let H = 0. Then by Lemma [10| we have

(4.8) (PN [P(g)) " =
(4.9) P(f)=P(g)-
From we get

(410) fld(c1nf1m+ Cm—lfim_l + -+ Co) = gtli(cmg{n + Cm—lgln_l 4+ 4 CO) .

Let h = %' If h is a constant, then substituting f; = g1h into (4.10) we deduce
that

Cm@T™ (R 1) 4 ey gAY ) £ b pgf(hY 1) =0,

which implies h% = 1, where dy = GCD(d +m,...,d+m —i,...,d), cp_; # 0
for some i = 0,1,...,m. Thus fi = tgy, i.e., f(z) —e =1t(g(z) — e) for a constant
t such that t% = 1, where dy = GCD(d +m,...,d+m —i,...,d), ¢;_; # 0 for
some ¢t =0,1,...,m.

If h is not a constant, then from we see that f1 and g1 satisfying the
algebraic equation R(f1,91) = 0, where R(wy,ws) = wi(Cpmwl® + 1wt 4+ +
o) — W (Cmwi + cm_1wh T+ - co).

Remaining part of the theorem follows from and Lemma |18 This completes
the proof. ([l
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